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In Memory
David P. DeWitt
March 2, 1934–May 17, 2005
The year 2005 was marked by the loss of Dr. David P. DeWitt, a dear friend and colleague who contributed significantly to heat transfer technology and pedagogy
throughout a distinguished 45-year career. Dave was educated as a mechanical engineer, receiving a BS degree from Duke University, an MS from MIT, and the PhD
degree from Purdue University. His graduate studies at Purdue nucleated a strong
interest in the fields of thermal physics and radiometry, in which he worked until
illness made it impossible to continue. Dave was instrumental in developing radiometric measurement standards at Purdue’s Thermophysical Properties Research
Center, eventually becoming its deputy director and president of Technometrics Inc.,
an optical and thermal instrument design company. In 1973 he joined Purdue’s
School of Mechanical Engineering at the rank of professor, where he taught and conducted research until his retirement in 2000. From 2000 to 2004, he worked in the
Optical Technology Division of the National Institute of Technology and Standards.
Dave was an excellent and demanding teacher, a good researcher and a superb
engineer. In our nearly thirty-year collaboration, he provided complementary skills
that contributed significantly to the success of the books we have co-authored.
However, it is much more on a personal than a professional level that I have my
fondest memories of this very special colleague.
As co-authors, Dave and I spent thousands of hours working together on all
facets of our books, typically in blocks of three to five hours. This time often involved spontaneous diversions from the task at hand, typically marked by humor or
reflections on our personal lives.
Dave and I each have three daughters of comparable ages, and we would often
share stories on the joys and challenges of nurturing them. It’s hard to think about
Dave without reflecting on the love and pride he had for his daughters (Karen, Amy,
and Debbie). In 1990 Dave lost his first wife Jody due to cancer, and I witnessed
first hand his personal character and strength as he supported her in battling this
terrible disease. I also experienced the joy he felt in the relationship he developed
with his second wife Phyllis, whom he married in 1997.
I will always remember Dave as a sensitive and kind person of good humor and
generosity. Dear friend, we miss you greatly, but we are comforted by the knowledge that you are now free of pain and in a better place.
Frank P. Incropera
Notre Dame, Indiana
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Forward to Preface

Not too long after finishing the previous editions of Fundamentals of Heat and
Mass Transfer and Introduction to Heat Transfer, Dave DeWitt and I felt the need
to plan for that time when we would no longer be able to add appropriate value to
future editions. There were two matters of special concern. First, we were advancing in years, and the potential for disruption due to declining health or our own mortality could not be ignored. But, perhaps more pertinent to maintaining freshness
and vitality to the text books, we also recognized that we were becoming ever more
distant from leading-edge activities in the field.
In 2002, we concluded that we should proactively establish a succession plan
involving the participation of additional co-authors. In establishing desired attributes of potential candidates, we placed high priority on the following: a record of
success in teaching heat and mass transfer, active involvement with research in the
field, a history of service to the heat transfer community, and the ability to sustain
an effective collaborative relationship. A large weighting factor was attached to this
last attribute, since it was believed to have contributed significantly to whatever
success Dave DeWitt and I have enjoyed with the previous editions.
After reflecting long and hard on the many excellent options, Dave and I invited Ted Bergman and Adrienne Lavine, professors of Mechanical Engineering at
the University of Connecticut and the University of California, Los Angeles, respectively, to join us as co-authors. We were grateful for their acceptance. Ted and
Adrienne are listed as third and fourth authors for this edition, will move to first and
second authors on the next edition, and will thereafter appear as sole authors.
Ted and Adrienne have worked extremely hard on the current edition, and you
will see numerous enhancements from their efforts, particularly in modern applications related to subjects such as nano and biotechnology. It is therefore most appropriate for Ted and Adrienne to share their thoughts in the following preface.
Frank P. Incropera
Notre Dame, Indiana
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Preface

Since the last edition, fundamental changes have occurred, both nationally and
globally, in how engineering is practiced, with questions raised about the future of
the profession. How will the practice of engineering evolve over the next decade?
Will tomorrow’s engineer be more valued if he is a specialist, or more handsomely
rewarded if she has knowledge of greater breadth but less depth? How will engineering educators respond to changing market forces? Will the traditional boundaries that separate the engineering disciplines in the typical college or university
remain in place?
We believe that, because technology provides the foundation for improving the
standard of living of all humankind, the future of engineering is bright. But, in light
of the tension between external demand for generalization and intellectual satisfaction of specialization, how will the discipline of heat transfer remain relevant? What
will the value of this discipline be in the future? To what new problems will the
knowledge of heat transfer be applied?
In preparing this edition, we attempted to identify emerging issues in technology and science in which heat transfer is central to the realization of new products
in areas such as information technology, biotechnology and pharmacology, alternative energy, and nanotechnology. These new applications, along with traditional applications in energy generation, energy utilization, and manufacturing, suggest that
the discipline of heat transfer is healthy. Furthermore, when applied to problems
that transcend traditional boundaries, heat transfer will be a vital and enabling discipline of the future.
We have strived to remain true to the fundamental pedagogical approach of
previous editions by retaining a rigorous and systematic methodology for problem
solving, by including examples and problems that reveal the richness and beauty of
the discipline, and by providing students with opportunities to meet the learning
objectives.
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Approach and Organization
From our perspective, the four learning objectives desired in any first course in heat
transfer, detailed in the previous edition, remain as follows:
1. The student should internalize the meaning of the terminology and physical principles associated with the subject.
2. The student should be able to delineate pertinent transport phenomena for any
process or system involving heat transfer.
3. The student should be able to use requisite inputs for computing heat transfer
rates and/or material temperatures.
4. The student should be able to develop representative models of real processes
and systems and draw conclusions concerning process/system design or performance from attendant analysis.
As in the previous edition, learning objectives for each chapter are clarified to
enhance the means by which they are achieved, as well as means by which achievement may be assessed. The summary of each chapter highlights key terminology
and concepts developed in the chapter, and poses questions to test and enhance student comprehension.
For problems involving complex models and/or exploratory, what-if, and parameter sensitivity considerations, it is recommended that they be addressed by using a
computational equation-solving package. To this end, the Interactive Heat Transfer
(IHT) package developed by Intellipro, Inc. (New Brunswick, New Jersey) and
available in the previous edition has been updated. The seasoned user will find the
technical content of IHT to be largely unchanged, but the computational capability
and features have been improved significantly. Specifically, IHT is now capable of
solving 300 or more simultaneous equations. The user interface has been updated to
include a full-function workspace editor with complete control over formatting of
text, copy and paste functionality, an equation editor, a new graphing subsystem, and
enhanced syntax checking. In addition, the software now has the capability to export
IHT-specific functions (e.g. properties and correlations) as Microsoft Excel add-ins.
A second software package, Finite Element Heat Transfer (FEHT), developed by
F-Chart Software of Middleton, Wisconsin, provides enhanced capabilities for solving two-dimensional conduction heat transfer problems.
As in the previous edition, many homework problems that involve a computerbased solution appear as extensions to problems that can be solved by hand calculation. This approach is time tested and allows students to validate their computer
predictions by checking the predictions with their hand solutions. They may then
proceed with parametric studies that explore related design and operating conditions.
Such problems are identified by enclosing the exploratory part in a red rectangle, as,
for example (b) , (c) , or (d) . This feature also allows instructors who wish to limit
their assignments of computer-based problems to benefit from the richness of these
problems. Solutions to problems for which the number itself is highlighted, as, for
example, 1.26 , should be entirely computer based.
We are aware that some instructors who use the text have not utilized IHT in
their courses. We encourage our colleagues to dedicate, at a minimum, one-half hour
of lecture or recitation time to demonstrate IHT as a tool for solving simultaneous
equations, and for evaluating the thermophysical properties of various materials. We
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have found that, once students have seen its power and ease of use, they will eagerly
utilize IHT’s additional features on their own. This will enable them to solve problems faster, with fewer numerical errors, thereby freeing them to concentrate on the
more substantive aspects of the problems.

What’s New in the 6th Edition
Problem Sets This edition contains a significant number of new, revised, and
renumbered end-of-chapter problems. Many of the new problems require relatively
straightforward analyses, and many involve applications in nontraditional areas of
science and technology. The solutions manual has undergone extensive revision.
Streamlined Presentation The text has been streamlined by moving a small
amount of material to stand-alone supplemental sections that can be accessed electronically from the companion website. The supplemental sections are called out
with marginal notes throughout the text. If instructors prefer to use material from
the supplemental sections, it is readily available from the Wiley website (see
below). Homework problem statements associated with the supplemental sections
are also available electronically.
Chapter-by-Chapter Content Changes To help motivate the reader, Chapter 1 includes an expanded discussion of the relevance of heat transfer. The richness and pertinence of the topic are conveyed by discussion of energy conversion
devices including fuel cells, applications in information technology and biological
as well as biomedical engineering. The presentation of the conservation of energy
requirement has been revised.
New material on micro- and nanoscale conduction has been included in Chapter 2. Because in-depth treatment of these effects would overwhelm most students,
they are introduced and illustrated by describing the motion of energy carriers including phonons and electrons. Approximate expressions for the effective thermal
conductivity of thin films are presented and are explained in terms of energy carrier
behavior at physical boundaries. The thermal conductivity of nanostructured versus
conventional materials is presented and used to demonstrate practical applications
of recent nanotechnology research. Microscale-related limitations of the heat diffusion equation are explained. The bioheat equation is introduced in Chapter 3, and
its similarity to the heat equation for extended surfaces is pointed out in order to facilitate its use and solution.
The Chapter 4 discussion of conduction shape factors, applied to multidimensional steady-state conduction, is embellished with recent results involving the dimensionless conduction heat rate. Although we have moved the graphical method to
the supplemental material, discussion of two-dimensional isotherm and heat flow line
distributions has been enhanced in order to assist students to conceptualize the conduction process. Use of the dimensionless conduction heat rate is extended to transient situations in Chapter 5. A new, unified approach to transient heat transfer is
presented; easy-to-use approximate solutions associated with a range of geometries
and time scales have been added. Recently, we have noted that few students use the
graphical representations of the one-dimensional, transient conduction solutions
(Heisler charts); most prefer to solve the approximate or exact analytical expressions.
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Hence, we have relegated the graphical representations to the supplemental material.
Because of the ease and frequency with which computational methods are used by
students today, analytical solutions involving multidimensional effects have also
been moved to the supplemental material. We have added a brief section on periodic
heating and have demonstrated its relevance by presenting a modern method used to
measure the thermophysical properties of nanostructured materials.
Introduction to the fundamentals of convection, included in Chapter 6, has been
simplified and streamlined. The description of turbulence and transition to turbulence has been updated. Proper accounting of the temperature-dependence of thermophysical properties is emphasized. Derivation of the convection transfer
equations is now relegated to the supplemental material.
The treatment of external flow in Chapter 7 is largely unchanged. Chapter 8 correlations for the entrance regions of internal flow have been updated, while the discussion of heat transfer enhancement has been expanded by adding correlations for
flow in curved tubes. Microsale-related limitations of the convective correlations for
internal flow are presented. Chapter 9 correlations for the effective thermal conductivity associated with free convection in enclosures have been revised in order to
more directly relate these correlations to the conduction results of Chapter 3.
Presentation of boiling heat transfer in Chapter 10 has been modified to improve student understanding of the boiling curve by relating aspects of boiling phenomena to forced convection and free convection concepts from previous chapters.
Values of the constants used in the boiling correlations have been modified to reflect the current literature. Reference to refrigerants that are no longer used has been
eliminated, and replacement refrigerant properties have been added. Heat transfer
correlations for internal two-phase flow are presented. Microscale-related limitations of the correlations for internal two-phase flow are discussed. A much-simplified method for solution of condensation problems is presented.
The use of the log mean temperature difference (LMTD) method is retained for developing correlations for concentric tube heat exchangers in Chapter 11, but, because of
the flexibility of the effectiveness-NTU method, the LMTD-based analysis of heat exchangers of other types has been relegated to the supplemental material. Again, the supplemental sections can be accessed at the companion website. Treatment of radiation
heat transfer in Chapter 12 and 13 has undergone modest revision and streamlining.
The coverage of mass transfer, Chapter 14, has been revised extensively. The
chapter has been reorganized so that instructors can either cover the entire content
or seamlessly restrict attention to mass transfer in stationary media. The latter
approach is recommended if time is limited, and/or if interest is limited to mass
transfer in liquids or solids. The new example problems of Chapter 14 reflect contemporary applications. Discussion of the various boundary conditions used in mass
transfer has been clarified and simplified.
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Supplemental and Website Material
The companion website for the text is www.wiley.com/college/incropera. By clicking on the ‘student companion site’ link, students may access the answers to the
homework problems and the Supplemental Sections of the text.
Material available for instructors only includes the instructor Solutions Manual, Powerpoint slides that can be used by instructors for lectures, and electronic
versions of figures from the texts for those wishing to prepare their own materials
for electronic classroom presentation. The instructor Solutions Manual is for use by
instructors who are requiring use of the text for their course. Copying or distributing all or part of the Solutions Manual in any form without the Publisher’s permission is a violation of copyright law.
Interactive Heat Transfer v3.0/FEHT with User’s Guide is available either
with the text or as a separate purchase. This software tool provides modeling and
computational features useful in solving many problems in the text, and enables
what-if and exploratory analysis of many types of heat transfer problems. The
CD/booklet package is available as a stand-alone purchase from the Wiley website,
www.wiley.com, or through your local bookstore. Faculty interested in using this
tool in their course may order the software shrinkwrapped to the text at a significant
discount. Contact your local Wiley representative for details.
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Introduction

F

rom the study of thermodynamics, you have learned that energy can be transferred by interactions of a system with its surroundings. These interactions are
called work and heat. However, thermodynamics deals with the end states of the
process during which an interaction occurs and provides no information concerning
the nature of the interaction or the time rate at which it occurs. The objective of this
text is to extend thermodynamic analysis through study of the modes of heat transfer and through development of relations to calculate heat transfer rates.
In this chapter we lay the foundation for much of the material treated in the
text. We do so by raising several questions. What is heat transfer? How is heat
transferred? Why is it important? One objective is to develop an appreciation for
the fundamental concepts and principles that underlie heat transfer processes. A
second objective is to illustrate the manner in which a knowledge of heat transfer
may be used with the first law of thermodynamics (conservation of energy) to solve
problems relevant to technology and society.

1.1
What and How?
A simple, yet general, definition provides sufficient response to the question: What
is heat transfer?
Heat transfer (or heat) is thermal energy in transit due to a spatial temperature difference.

Whenever there exists a temperature difference in a medium or between media, heat
transfer must occur.
As shown in Figure 1.1, we refer to different types of heat transfer processes
as modes. When a temperature gradient exists in a stationary medium, which may
be a solid or a fluid, we use the term conduction to refer to the heat transfer that
will occur across the medium. In contrast, the term convection refers to heat transfer that will occur between a surface and a moving fluid when they are at different

Conduction through a solid
or a stationary fluid

T1

T1 > T2

T2

Convection from a surface
to a moving fluid

Net radiation heat exchange
between two surfaces

Ts > T∞

Surface, T1

Moving fluid, T∞

q"

Surface, T2

q"

q"1
Ts

q"2

FIGURE 1.1 Conduction, convection, and radiation heat transfer modes.
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Physical Origins and Rate Equations

temperatures. The third mode of heat transfer is termed thermal radiation. All surfaces of finite temperature emit energy in the form of electromagnetic waves. Hence,
in the absence of an intervening medium, there is net heat transfer by radiation
between two surfaces at different temperatures.

1.2
Physical Origins and Rate Equations
As engineers it is important that we understand the physical mechanisms which underlie the heat transfer modes and that we be able to use the rate equations that
quantify the amount of energy being transferred per unit time.

1.2.1 Conduction
At mention of the word conduction, we should immediately conjure up concepts of
atomic and molecular activity, for it is processes at these levels that sustain this
mode of heat transfer. Conduction may be viewed as the transfer of energy from the
more energetic to the less energetic particles of a substance due to interactions between the particles.
The physical mechanism of conduction is most easily explained by considering
a gas and using ideas familiar from your thermodynamics background. Consider a
gas in which there exists a temperature gradient and assume that there is no bulk, or
macroscopic, motion. The gas may occupy the space between two surfaces that are
maintained at different temperatures, as shown in Figure 1.2. We associate the temperature at any point with the energy of gas molecules in proximity to the point. This
energy is related to the random translational motion, as well as to the internal rotational and vibrational motions, of the molecules.

T

xo

q"x

x

FIGURE 1.2 Association of conduction heat transfer with diffusion of energy due to
molecular activity.

T1 > T2

q"x

T2
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Higher temperatures are associated with higher molecular energies, and when
neighboring molecules collide, as they are constantly doing, a transfer of energy
from the more energetic to the less energetic molecules must occur. In the presence
of a temperature gradient, energy transfer by conduction must then occur in the
direction of decreasing temperature. This would even be true in the absence of
collisions, as is evident from Figure 1.2. The hypothetical plane at xo is constantly
being crossed by molecules from above and below due to their random motion.
However, molecules from above are associated with a larger temperature than
those from below, in which case there must be a net transfer of energy in the positive x direction. Collisions between molecules enhance this energy transfer. We
may speak of the net transfer of energy by random molecular motion as a diffusion
of energy.
The situation is much the same in liquids, although the molecules are more
closely spaced and the molecular interactions are stronger and more frequent. Similarly, in a solid, conduction may be attributed to atomic activity in the form of lattice vibrations. The modern view is to ascribe the energy transfer to lattice waves
induced by atomic motion. In an electrical nonconductor, the energy transfer is exclusively via these lattice waves; in a conductor it is also due to the translational
motion of the free electrons. We treat the important properties associated with conduction phenomena in Chapter 2 and in Appendix A.
Examples of conduction heat transfer are legion. The exposed end of a metal
spoon suddenly immersed in a cup of hot coffee will eventually be warmed due to
the conduction of energy through the spoon. On a winter day there is significant
energy loss from a heated room to the outside air. This loss is principally due to
conduction heat transfer through the wall that separates the room air from the outside air.
It is possible to quantify heat transfer processes in terms of appropriate rate
equations. These equations may be used to compute the amount of energy being
transferred per unit time. For heat conduction, the rate equation is known as
Fourier’s law. For the one-dimensional plane wall shown in Figure 1.3, having a
temperature distribution T(x), the rate equation is expressed as

T

T1
q"x

dT
qx  k
dx

T(x)
T2
L

FIGURE 1.3
One-dimensional heat
transfer by conduction
(diffusion of energy).

x

(1.1)

The heat flux qx (W/m2) is the heat transfer rate in the x direction per unit area perpendicular to the direction of transfer, and it is proportional to the temperature gradient, dT/dx, in this direction. The parameter k is a transport property known as the
thermal conductivity (W/m  K) and is a characteristic of the wall material. The
minus sign is a consequence of the fact that heat is transferred in the direction of decreasing temperature. Under the steady-state conditions shown in Figure 1.3, where
the temperature distribution is linear, the temperature gradient may be expressed as
dT T2  T1

L
dx
and the heat flux is then
qx  k

T2  T1
L
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or
qx  k

T1  T2
 k T
L
L

(1.2)

Note that this equation provides a heat flux, that is, the rate of heat transfer per unit
area. The heat rate by conduction, qx (W), through a plane wall of area A is then the
product of the flux and the area, qx  qx  A.

EXAMPLE 1.1
The wall of an industrial furnace is constructed from 0.15-m-thick fireclay brick
having a thermal conductivity of 1.7 W/m  K. Measurements made during steadystate operation reveal temperatures of 1400 and 1150 K at the inner and outer surfaces, respectively. What is the rate of heat loss through a wall that is 0.5 m by
1.2 m on a side?

SOLUTION
Known: Steady-state conditions with prescribed wall thickness, area, thermal
conductivity, and surface temperatures.

Find: Wall heat loss.
Schematic:

W = 1.2 m
H = 0.5 m
k = 1.7 W/m•K
T2 = 1150 K

T1 = 1400 K

qx
qx''

Wall area, A

x

L = 0.15 m

x

L

Assumptions:
1. Steady-state conditions.
2. One-dimensional conduction through the wall.
3. Constant thermal conductivity.

Analysis: Since heat transfer through the wall is by conduction, the heat flux
may be determined from Fourier’s law. Using Equation 1.2, we have
250 K
qx  k T  1.7 W/m  K 
 2833 W/m2
L
0.15 m
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The heat flux represents the rate of heat transfer through a section of unit area, and it
is uniform (invariant) across the surface of the wall. The heat loss through the wall
of area A  H  W is then
qx  (HW) qx  (0.5 m  1.2 m) 2833 W/m2  1700 W



Comments: Note the direction of heat flow and the distinction between heat flux
and heat rate.

1.2.2

Convection

The convection heat transfer mode is comprised of two mechanisms. In addition to
energy transfer due to random molecular motion (diffusion), energy is also transferred by the bulk, or macroscopic, motion of the fluid. This fluid motion is associated with the fact that, at any instant, large numbers of molecules are moving collectively or as aggregates. Such motion, in the presence of a temperature gradient,
contributes to heat transfer. Because the molecules in the aggregate retain their random motion, the total heat transfer is then due to a superposition of energy transport
by the random motion of the molecules and by the bulk motion of the fluid. It is
customary to use the term convection when referring to this cumulative transport
and the term advection when referring to transport due to bulk fluid motion.
We are especially interested in convection heat transfer, which occurs between
a fluid in motion and a bounding surface when the two are at different temperatures.
Consider fluid flow over the heated surface of Figure 1.4. A consequence of the
fluid–surface interaction is the development of a region in the fluid through which
the velocity varies from zero at the surface to a finite value u associated with the
flow. This region of the fluid is known as the hydrodynamic, or velocity, boundary
layer. Moreover, if the surface and flow temperatures differ, there will be a region
of the fluid through which the temperature varies from Ts at y  0 to T in the outer
flow. This region, called the thermal boundary layer, may be smaller, larger, or the
same size as that through which the velocity varies. In any case, if Ts  T, convection heat transfer will occur from the surface to the outer flow.
The convection heat transfer mode is sustained both by random molecular motion and by the bulk motion of the fluid within the boundary layer. The contribution
due to random molecular motion (diffusion) dominates near the surface where the

y

y

Fluid

u∞

Velocity
distribution
u(y)

q"

T∞

Temperature
distribution
T(y)
Ts
x

u(y)

Heated
surface

T(y)

FIGURE 1.4
Boundary layer development in
convection heat transfer.
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fluid velocity is low. In fact, at the interface between the surface and the fluid
(y  0), the fluid velocity is zero and heat is transferred by this mechanism only.
The contribution due to bulk fluid motion originates from the fact that the boundary
layer grows as the flow progresses in the x direction. In effect, the heat that is conducted into this layer is swept downstream and is eventually transferred to the fluid
outside the boundary layer. Appreciation of boundary layer phenomena is essential
to understanding convection heat transfer. It is for this reason that the discipline of
fluid mechanics will play a vital role in our later analysis of convection.
Convection heat transfer may be classified according to the nature of the flow.
We speak of forced convection when the flow is caused by external means, such as
by a fan, a pump, or atmospheric winds. As an example, consider the use of a fan to
provide forced convection air cooling of hot electrical components on a stack of
printed circuit boards (Figure 1.5a). In contrast, for free (or natural) convection the
flow is induced by buoyancy forces, which are due to density differences caused by
temperature variations in the fluid. An example is the free convection heat transfer
that occurs from hot components on a vertical array of circuit boards in air (Figure
1.5b). Air that makes contact with the components experiences an increase in temperature and hence a reduction in density. Since it is now lighter than the surrounding air, buoyancy forces induce a vertical motion for which warm air ascending
from the boards is replaced by an inflow of cooler ambient air.
While we have presumed pure forced convection in Figure 1.5a and pure natural convection in Figure 1.5b, conditions corresponding to mixed (combined)
forced and natural convection may exist. For example, if velocities associated with

Buoyancy-driven
flow
Forced
flow

q''
Hot components
on printed
circuit boards

Air

q''

Air
(a)

(b)

Moist air

q''
Cold
water
Vapor
bubbles

Water
droplets

q"
Water

Hot plate
(c)

(d)

FIGURE 1.5 Convection heat transfer processes. (a) Forced convection. (b) Natural
convection. (c) Boiling. (d) Condensation.
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the flow of Figure 1.5a are small and/or buoyancy forces are large, a secondary
flow that is comparable to the imposed forced flow could be induced. In this case,
the buoyancy-induced flow would be normal to the forced flow and could have a
significant effect on convection heat transfer from the components. In Figure 1.5b,
mixed convection would result if a fan were used to force air upward between the
circuit boards, thereby assisting the buoyancy flow, or downward, thereby opposing
the buoyancy flow.
We have described the convection heat transfer mode as energy transfer occurring within a fluid due to the combined effects of conduction and bulk fluid motion.
Typically, the energy that is being transferred is the sensible, or internal thermal,
energy of the fluid. However, there are convection processes for which there is, in
addition, latent heat exchange. This latent heat exchange is generally associated
with a phase change between the liquid and vapor states of the fluid. Two special
cases of interest in this text are boiling and condensation. For example, convection
heat transfer results from fluid motion induced by vapor bubbles generated at the
bottom of a pan of boiling water (Figure 1.5c) or by the condensation of water
vapor on the outer surface of a cold water pipe (Figure 1.5d ).
Regardless of the particular nature of the convection heat transfer process, the
appropriate rate equation is of the form
q  h(Ts  T)

(1.3a)

where q, the convective heat flux (W/m2), is proportional to the difference between
the surface and fluid temperatures, Ts and T, respectively. This expression is
known as Newton’s law of cooling, and the parameter h (W/m2  K) is termed the
convection heat transfer coefficient. It depends on conditions in the boundary layer,
which are influenced by surface geometry, the nature of the fluid motion, and an assortment of fluid thermodynamic and transport properties.
Any study of convection ultimately reduces to a study of the means by which h
may be determined. Although consideration of these means is deferred to Chapter 6,
convection heat transfer will frequently appear as a boundary condition in the solution of conduction problems (Chapters 2 through 5). In the solution of such problems we presume h to be known, using typical values given in Table 1.1.

TABLE 1.1 Typical values of the
convection heat transfer coefficient
Process
Free convection
Gases
Liquids
Forced convection
Gases
Liquids
Convection with phase change
Boiling or condensation

h
(W/m2  K)
2–25
50–1000
25–250
100–20,000
2500–100,000
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When Equation 1.3a is used, the convection heat flux is presumed to be positive
if heat is transferred from the surface (Ts  T) and negative if heat is transferred to
the surface (T  Ts). However, if T  Ts, there is nothing to preclude us from expressing Newton’s law of cooling as
q  h(T  Ts)

(1.3b)

in which case heat transfer is positive if it is to the surface.

1.2.3

Radiation

Thermal radiation is energy emitted by matter that is at a nonzero temperature. Although we will focus on radiation from solid surfaces, emission may also occur
from liquids and gases. Regardless of the form of matter, the emission may be attributed to changes in the electron configurations of the constituent atoms or molecules. The energy of the radiation field is transported by electromagnetic waves (or
alternatively, photons). While the transfer of energy by conduction or convection
requires the presence of a material medium, radiation does not. In fact, radiation
transfer occurs most efficiently in a vacuum.
Consider radiation transfer processes for the surface of Figure 1.6a. Radiation
that is emitted by the surface originates from the thermal energy of matter bounded
by the surface, and the rate at which energy is released per unit area (W/m2) is
termed the surface emissive power E. There is an upper limit to the emissive power,
which is prescribed by the Stefan–Boltzmann law
Eb  T 4s

(1.4)

where Ts is the absolute temperature (K) of the surface and  is the Stefan–
Boltzmann constant (  5.67  108 W/m2  K4). Such a surface is called an ideal
radiator or blackbody.
The heat flux emitted by a real surface is less than that of a blackbody at the
same temperature and is given by
E  T 4s

G

Gas

Gas

T∞, h

T∞, h

E
q"conv

Surface of emissivity
ε , absorptivity α, and
temperature Ts
(a)

(1.5)

Surroundings
at Tsur

q"rad

Surface of emissivity
ε = α , area A, and
temperature Ts

q"conv

Ts > Tsur, Ts > T∞

(b)

FIGURE 1.6 Radiation exchange: (a) at a surface and (b) between a surface and large
surroundings.
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where  is a radiative property of the surface termed the emissivity. With values in
the range 0    1, this property provides a measure of how efficiently a surface
emits energy relative to a blackbody. It depends strongly on the surface material
and finish, and representative values are provided in Appendix A.
Radiation may also be incident on a surface from its surroundings. The radiation may originate from a special source, such as the sun, or from other surfaces to
which the surface of interest is exposed. Irrespective of the source(s), we designate
the rate at which all such radiation is incident on a unit area of the surface as the irradiation G (Figure 1.6a).
A portion, or all, of the irradiation may be absorbed by the surface, thereby increasing the thermal energy of the material. The rate at which radiant energy is absorbed per unit surface area may be evaluated from knowledge of a surface radiative property termed the absorptivity . That is,
Gabs  G
(1.6)
where 0    1. If   1 and the surface is opaque, portions of the irradiation are
reflected. If the surface is semitransparent, portions of the irradiation may also be
transmitted. However, while absorbed and emitted radiation increase and reduce, respectively, the thermal energy of matter, reflected and transmitted radiation have no
effect on this energy. Note that the value of  depends on the nature of the irradiation,
as well as on the surface itself. For example, the absorptivity of a surface to solar radiation may differ from its absorptivity to radiation emitted by the walls of a furnace.
In many engineering problems (a notable exception being problems involving
solar radiation or radiation from other very high temperature sources), liquids can
be considered opaque, and gases can be considered transparent, to radiation heat
transfer. Solids can be opaque (as is the case for metals) or semitransparent (as is
the case for thin sheets of some polymers and some semiconducting materials).
A special case that occurs frequently involves radiation exchange between a
small surface at Ts and a much larger, isothermal surface that completely surrounds
the smaller one (Figure 1.6b). The surroundings could, for example, be the walls of a
room or a furnace whose temperature Tsur differs from that of an enclosed surface
(Tsur  Ts). We will show in Chapter 12 that, for such a condition, the irradiation may
4
be approximated by emission from a blackbody at Tsur, in which case G  T sur
. If
the surface is assumed to be one for which    (a gray surface), the net rate of radiation heat transfer from the surface, expressed per unit area of the surface, is
q rad 

q
4
 E b(Ts )  G  (T 4s  Tsur
)
A

(1.7)

This expression provides the difference between thermal energy that is released due
to radiation emission and that which is gained due to radiation absorption.
There are many applications for which it is convenient to express the net radiation heat exchange in the form
qrad  hr A(Ts  Tsur)
(1.8)
where, from Equation 1.7, the radiation heat transfer coefficient hr is
2
h r  (Ts  Tsur)(Ts2  T sur
)

(1.9)

Here we have modeled the radiation mode in a manner similar to convection. In this
sense we have linearized the radiation rate equation, making the heat rate proportional
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to a temperature difference rather than to the difference between two temperatures
to the fourth power. Note, however, that hr depends strongly on temperature, while
the temperature dependence of the convection heat transfer coefficient h is generally
weak.
The surfaces of Figure 1.6 may also simultaneously transfer heat by convection
to an adjoining gas. For the conditions of Figure 1.6b, the total rate of heat transfer
from the surface is then
4
q  qconv  qrad  hA(Ts  T)  A(Ts4  Tsur
)

(1.10)

EXAMPLE 1.2
An uninsulated steam pipe passes through a room in which the air and walls are at
25°C. The outside diameter of the pipe is 70 mm, and its surface temperature and
emissivity are 200°C and 0.8, respectively. What are the surface emissive power
and irradiation? If the coefficient associated with free convection heat transfer from
the surface to the air is 15 W/m2  K, what is the rate of heat loss from the surface
per unit length of pipe?

SOLUTION
Known: Uninsulated pipe of prescribed diameter, emissivity, and surface temperature in a room with fixed wall and air temperatures.

Find:
1. Surface emissive power and irradiation.
2. Pipe heat loss per unit length, q.

Schematic:

Air

q'

T∞ = 25°C
h = 15 W/m2•K

E
L
Ts = 200°C
ε = 0.8
G

D = 70 mm

Tsur = 25°C

Assumptions:
1. Steady-state conditions.
2. Radiation exchange between the pipe and the room is between a small surface
and a much larger enclosure.
3. The surface emissivity and absorptivity are equal.
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Analysis:
1. The surface emissive power may be evaluated from Equation 1.5, while the ir4
. Hence
radiation corresponds to G Tsur
E  Ts4  0.8(5.67  108 W/m2  K 4) (473 K)4  2270 W/m2
4
G  T sur
 5.67  108 W/m2  K 4 (298 K)4  447 W/m2

2. Heat loss from the pipe is by convection to the room air and by radiation exchange with the walls. Hence, q  qconv  qrad and from Equation 1.10, with
A  DL,
4
)
q  h(DL)(Ts  T)  (DL)(T 4s  Tsur
The heat loss per unit length of pipe is then
q
q   15 W/m2  K(  0.07 m)(200  25)C
L
 0.8(  0.07 m) 5.67  108 W/m2  K4 (4734  2984) K4
q  577 W/m 421 W/m  998 W/m



Comments:
1. Note that temperature may be expressed in units of °C or K when evaluating
the temperature difference for a convection (or conduction) heat transfer rate.
However, temperature must be expressed in kelvins (K) when evaluating a radiation transfer rate.
2. The net rate of radiation heat transfer from the pipe may be expressed as
qrad  D (E  G)
qrad    0.07 m (2270  0.8  447) W/m2  421 W/m
3. In this situation the radiation and convection heat transfer rates are comparable
because Ts is large compared to Tsur and the coefficient associated with free convection is small. For more moderate values of Ts and the larger values of h associated with forced convection, the effect of radiation may often be neglected.
The radiation heat transfer coefficient may be computed from Equation 1.9, and
for the conditions of this problem its value is hr  11 W/m2  K .
4. This example is provided as a tutorial session in the Interactive Heat Transfer
(IHT) software accompanying your text.

1.2.4

Relationship to Thermodynamics

At this point it is appropriate to note the fundamental differences between heat
transfer and thermodynamics. Although thermodynamics is concerned with the heat
interaction and the vital role it plays in the first and second laws, it considers neither
the mechanisms that provide for heat exchange nor the methods that exist for computing the rate of heat exchange. Thermodynamics is concerned with equilibrium
states of matter, where an equilibrium state necessarily precludes the existence of a
temperature gradient. Although thermodynamics may be used to determine the amount
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of energy required in the form of heat for a system to pass from one equilibrium
state to another, it does not acknowledge that heat transfer is inherently a nonequilibrium process. For heat transfer to occur, there must be a temperature gradient
and, hence, thermodynamic nonequilibrium. The discipline of heat transfer therefore seeks to do what thermodynamics is inherently unable to do, namely, to quantify the rate at which heat transfer occurs in terms of the degree of thermal nonequilibrium. This is done through the rate equations for the three modes, expressed, for
example, by Equations 1.2, 1.3, and 1.7.

1.3
The Conservation of Energy Requirement
The subjects of thermodynamics and heat transfer are highly complementary. For
example, because it treats the rate at which heat is transferred, the subject of heat
transfer may be viewed as an extension of thermodynamics. Conversely, for many
heat transfer problems, the first law of thermodynamics (the law of conservation of
energy) provides a useful, often essential, tool. In anticipation of such problems,
general formulations of the first law are now obtained.

1.3.1 Conservation of Energy for a Control Volume
At its heart, the first law of thermodynamics is simply a statement that the total energy
of a system is conserved, and therefore the only way that the amount of energy in a
system can change is if energy crosses its boundaries. The first law also addresses the
ways in which energy can cross the boundaries of a system. For a closed system (a region of fixed mass), there are only two: heat transfer through the boundaries and work
done on or by the system. This leads to the following statement of the first law for a
closed system, which will be familiar if you have taken a course in thermodynamics:
Esttot  Q  W

(1.11a)

Etot
st

where
is the change in the total energy stored in the system, Q is the net heat
transferred to the system, and W is the net work done by the system. This is
schematically illustrated in Figure 1.7a.

W
Q
•

tot
∆ Est

E in

•

•

E g, E st
•

E out

( a)

(b)

FIGURE 1.7 Conservation of energy: (a) for a closed system over a time interval, and (b) for a
control volume at an instant.
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The first law can also be applied to a control volume (or open system), a region
of space bounded by a control surface through which mass may pass. Mass entering
and leaving the control volume carries energy with it; this process, termed energy
advection, adds a third way in which energy can cross the boundaries of a control
volume. To summarize, the first law of thermodynamics can be very simply stated
as follows for both a control volume and a closed system.
First Law of Thermodynamics over a Time Interval (t)
The increase in the amount of energy stored in a control volume must equal the amount of
energy that enters the control volume, minus the amount of energy that leaves the control
volume.

In applying this principle, it is recognized that energy can enter and leave the
control volume due to heat transfer through the boundaries, work done on or by the
control volume, and energy advection.
The first law of thermodynamics addresses total energy, which consists of kinetic and potential energies (together known as mechanical energy) and internal
energy. Internal energy can be further subdivided into thermal energy (which will
be defined more carefully later) and other forms of internal energy such as chemical
and nuclear energy. For the study of heat transfer, we wish to focus attention on
the thermal and mechanical forms of energy. We must recognize that the sum of
thermal and mechanical energy is not conserved, because there can be conversion
between other forms of energy and thermal energy. For example, if a chemical reaction occurs that decreases the amount of chemical energy in the system, it will result
in an increase in the thermal energy of the system. Thus, we can think of energy conversion as resulting in thermal energy generation (which can be either positive or negative). So, a statement of the first law that is well suited for heat transfer analysis is:
Thermal and Mechanical Energy Equation over a Time Interval (t)
The increase in the amount of thermal and mechanical energy stored in the control volume
must equal the amount of thermal and mechanical energy that enters the control volume,
minus the amount of thermal and mechanical energy that leaves the control volume, plus
the amount of thermal energy that is generated within the control volume.

This expression applies over a time interval t, and all the energy terms are measured in joules. Since the first law must be satisfied at each and every instant of time
t, we can also formulate the law on a rate basis. That is, at any instant, there must be
a balance between all energy rates, as measured in joules per second (W). In words,
this is expressed as:
Thermal and Mechanical Energy Equation at an Instant (t)
The rate of increase of thermal and mechanical energy stored in the control volume must
equal the rate at which thermal and mechanical energy enter the control volume, minus
the rate at which thermal and mechanical energy leave the control volume, plus the rate
at which thermal energy is generated within the control volume.

If the inflow and generation of thermal and mechanical energy exceed the outflow,
there must be an increase in the amount of thermal and mechanical energy stored
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(accumulated) in the control volume; if the converse is true, there will be a decrease
in thermal and mechanical energy storage. If the inflow and generation equal the
outflow, a steady-state condition must prevail such that there will be no change in
the amount of thermal and mechanical energy stored in the control volume.
We will now define symbols for each of the energy terms so that the boxed
statements can be rewritten as equations. We let E stand for the sum of thermal and
mechanical energy (in contrast to the symbol Etot for total energy). Using the subscript st to denote energy stored in the control volume, the change in thermal and mechanical energy stored over the time interval t is then Est. The subscripts in and
out refer to energy entering and leaving the control volume. Finally, thermal energy
generation is given the symbol Eg. Thus, the first boxed statement can be written as:
Est  EinEout  Eg

(1.11b)

Next, using a dot over a term to indicate a rate, the second boxed statement
becomes:
Ėst 

dEst
 Ėin  Ėout  Ėg
dt

(1.11c)

This expression is illustrated schematically in Figure 1.7b.
Equations 1.11b,c provide important and, in some cases, essential tools for solving heat transfer problems. Every application of the first law must begin with the
identification of an appropriate control volume and its control surface, to which an
analysis is subsequently applied. The first step is to indicate the control surface by
drawing a dashed line. The second step is to decide whether to perform the analysis
for a time interval t (Equation 1.11b) or on a rate basis (Equation 1.11c). This
choice depends on the objective of the solution and the way in which information is
given in the problem. The next step is to identify the energy terms that are relevant in
the problem you are solving. To develop your confidence in taking this last step, the
remainder of this section is devoted to clarifying the following energy terms:
• Stored thermal and mechanical energy, Est.
• Thermal energy generation, Eg.
• Thermal and mechanical energy transport across the control surfaces, that is, the
inflow and outflow terms, Ein and Eout.
In the statement of the first law (Equation 1.11a), the total energy, Etot, consists
of kinetic energy (KE  1⁄2mV2, where m and V are mass and velocity, respectively),
potential energy (PE  mgz, where g is the gravitational acceleration and z is the
vertical coordinate), and internal energy (U). Mechanical energy is defined as the
sum of kinetic and potential energy. It will most often be the case in heat transfer
problems that the changes in kinetic and potential energy are small and can be neglected. The internal energy consists of a sensible component, which accounts for
the translational, rotational, and/or vibrational motion of the atoms/molecules comprising the matter; a latent component, which relates to intermolecular forces influencing phase change between solid, liquid, and vapor states; a chemical component,
which accounts for energy stored in the chemical bonds between atoms; and a nuclear component, which accounts for the binding forces in the nucleus.
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For the study of heat transfer, we focus attention on the sensible and latent
components of the internal energy (Usens and Ulat, respectively), which are together
referred to as thermal energy, Ut. The sensible energy is the portion that we associate mainly with changes in temperature (although it can also depend on pressure).
The latent energy is the component we associate with changes in phase. For example, if the material in the control volume changes from solid to liquid (melting) or
from liquid to vapor (vaporization, evaporation, boiling), the latent energy increases. Conversely, if the phase change is from vapor to liquid (condensation) or
from liquid to solid (solidification, freezing), the latent energy decreases. Obviously, if there is no phase change occurring, there is no change in latent energy, and
this term can be neglected.
Based on the above discussion, the stored thermal and mechanical energy is
given by Est  KE  PE  Ut, where Ut  Usens  Ulat. In many problems, the only
relevant energy term will be the sensible energy, that is, Est  Usens.
The energy generation term is associated with conversion from some other
form of internal energy (chemical, electrical, electromagnetic, or nuclear) to thermal energy. It is a volumetric phenomenon. That is, it occurs within the control volume and is generally proportional to the magnitude of this volume. For example, an
exothermic chemical reaction may be occurring, converting chemical energy to
thermal energy. The net effect is an increase in the thermal energy of the matter
within the control volume. Another source of thermal energy is the conversion from
electrical energy that occurs due to resistance heating when an electric current is
passed through a conductor. That is, if an electric current I passes through a resistance R in the control volume, electrical energy is dissipated at a rate I2R, which
corresponds to the rate at which thermal energy is generated (released) within the
volume. In all applications of interest in this text, if chemical, electrical, or nuclear
effects exist, they are treated as sources (or sinks, which correspond to negative
sources) of thermal energy and hence are included in the generation terms of Equations 1.11b,c.
The inflow and outflow terms are surface phenomena. That is, they are associated exclusively with processes occurring at the control surface and are generally
proportional to the surface area. As discussed previously, the energy inflow and outflow terms include heat transfer (which can be by conduction, convection, and/or
radiation) and work interactions occurring at the system boundaries (e.g., due to displacement of a boundary, a rotating shaft, and/or electromagnetic effects). For cases
in which mass crosses the control volume boundary (e.g., for situations involving
fluid flow), the inflow and outflow terms also include energy (thermal and mechanical) advected (carried) by mass entering and leaving the control volume. For instance, if the mass flow rate entering through the boundary is ṁ, then the rate at
which thermal and mechanical energy enters with the flow is ṁ (ut  1⁄2V2  gz),
where ut is the thermal energy per unit mass.
When the first law is applied to a control volume with fluid crossing its boundary, it is customary to divide the work term into two contributions. The first contribution, termed flow work, is associated with work done by pressure forces moving
fluid through the boundary. For a unit mass, the amount of work is equivalent to the
product of the pressure and the specific volume of the fluid ( pv). The symbol Ẇ is
traditionally used for the remainder of the work term (not including flow work). If
operation is under steady-state conditions (dEst /dt  0) and there is no thermal energy generation, Equation 1.11c reduces to the following form of the steady-flow
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q
zout

(ut , pv, V)in

zin

(ut , pv, V)out

•

W

Reference height

FIGURE 1.8 Conservation of energy for a steady-flow, open system.

energy equation (see Figure 1.8) which will be familiar if you have taken a thermodynamics course:
ṁ (ut  pv  1⁄2 V2  gz)in  ṁ (ut  pv  1⁄2 V2  gz)out  q  Ẇ  0

(1.11d)

Terms within the parentheses are expressed for a unit mass of fluid at the inflow and
outflow locations. When multiplied by the mass flow rate ṁ, they yield the rate at
which the corresponding form of the energy (thermal, flow work, kinetic, and potential) enters or leaves the control volume. The sum of thermal energy and flow
work per unit mass may be replaced by the enthalpy per unit mass, i  ut  pv.
In most open system applications of interest in this text, changes in latent energy between the inflow and outflow conditions of Equation 1.11d may be neglected, so the thermal energy reduces to only the sensible component. If the fluid is
approximated as an ideal gas with constant specific heats, the difference in enthalpies (per unit mass) between the inlet and outlet flows may then be expressed as
(iin  iout)  cp (Tin  Tout), where cp is the specific heat at constant pressure and
Tin and Tout are the inlet and outlet temperatures, respectively. If the fluid is an incompressible liquid, its specific heats at constant pressure and volume are equal,
cp  cv  c, and for Equation 1.11d the change in sensible energy (per unit mass)
reduces to (ut,in  ut,out)  c(Tin  Tout). Unless the pressure drop is extremely large,
the difference in flow work terms, (pv)in  ( pv)out, is negligible for a liquid.
Having already assumed steady-state conditions, no changes in latent energy,
and no thermal energy generation, there are at least four cases in which further assumptions can be made to reduce Equation 1.11d to the simplified steady-flow thermal energy equation:
q  ṁ cp(Tout  Tin)

(1.11e)

The right-hand side of Equation 1.11e represents the net rate of outflow of enthalpy
(thermal energy plus flow work) for an ideal gas or of thermal energy for an incompressible liquid.
The first two cases for which Equation 1.11e holds can readily be verified by
examining Equation 1.11d. They are:
1. An ideal gas with negligible kinetic and potential energy changes and negligible work (other than flow work).
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2. An incompressible liquid with negligible kinetic and potential energy changes
and negligible work, including flow work. As noted in the preceding discussion, flow work is negligible for an incompressible liquid provided the pressure
variation is not too great.
The second pair of cases cannot be directly derived from Equation 1.11d but require
further knowledge of how mechanical energy is converted into thermal energy.
These cases are:
3. An ideal gas with negligible viscous dissipation and negligible pressure variation.
4. An incompressible liquid with negligible viscous dissipation.
Viscous dissipation is the conversion from mechanical energy to thermal energy associated with viscous forces acting in a fluid. It is only important in cases involving
high-speed flow and/or highly viscous fluid. Since so many engineering applications satisfy one or more of the above four conditions, Equation 1.11e is commonly
used for the analysis of heat transfer in moving fluids. It will be used in Chapter 8 in
the study of convection heat transfer in internal flow.
The mass flow rate ṁ of the fluid may be expressed as ṁ  VAc, where  is the
fluid density and Ac is the cross-sectional area of the channel through which the
˙  VA  ṁ/.
fluid flows. The volumetric flow rate is simply 
c

EXAMPLE 1.3
A long conducting rod of diameter D and electrical resistance per unit length Re is
initially in thermal equilibrium with the ambient air and its surroundings. This equilibrium is disturbed when an electrical current I is passed through the rod. Develop
an equation that could be used to compute the variation of the rod temperature with
time during passage of the current.

SOLUTION
Known: Temperature of a rod of prescribed diameter and electrical resistance
changes with time due to passage of an electrical current.

Find: Equation that governs temperature change with time for the rod.
Schematic:
Air

•

E out

T∞, h

T

I

•

•

E g, E st
L

Tsur

Diameter,
D
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Assumptions:
1. At any time t the temperature of the rod is uniform.
2. Constant properties (, c,   ).
3. Radiation exchange between the outer surface of the rod and the surroundings
is between a small surface and a large enclosure.

Analysis: The first law of thermodynamics may often be used to determine an
unknown temperature. In this case, relevant terms include heat transfer by convection and radiation from the surface, energy generation due to Ohmic heating
within the conductor, and a change in thermal energy storage. Since we wish to
determine the rate of change of the temperature, the first law should be applied at an
instant of time. Hence, applying Equation 1.11c to a control volume of length L
about the rod, it follows that
Ėg  Ėout  Ėst
where energy generation is due to the electric resistance heating,
Ėg  I 2ReL
Heating occurs uniformly within the control volume and could also be expressed in
terms of a volumetric heat generation rate q̇ (W/m3). The generation rate for the
entire control volume is then Ėg  q̇V , where q̇  I 2Re/(D2/4). Energy outflow is
due to convection and net radiation from the surface, Equations 1.3a and 1.7,
respectively,
4
Ė out  h(DL)(T  T)  (DL)(T 4  Tsur
)

and the change in energy storage is due to the temperature change,
Ėst 

dUt d
 (VcT)
dt
dt

The term Ėst is associated with the rate of change in the internal thermal energy of
the rod, where  and c are the mass density and the specific heat, respectively, of the
rod material, and V is the volume of the rod, V  (D2/4)L. Substituting the rate
equations into the energy balance, it follows that
4
)  c
I 2R eL  h(DL)(T  T)  (DL)(T 4  Tsur

D4 L dTdt
2

Hence
2
4
4
dT I Re  Dh(T  T)  D(T  T sur)

2
dt
c(D /4)



Comments:
1. The above equation could be solved for the time dependence of the rod temperature by integrating numerically. A steady-state condition would eventually be
reached for which dT/dt  0. The rod temperature is then determined by an algebraic equation of the form
4
Dh(T  T)  D(T 4  Tsur
)  I 2R e
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2. For fixed environmental conditions (h, T, Tsur), as well as a rod of fixed geometry (D) and properties (, Re), the steady-state temperature depends on the rate
of thermal energy generation and hence on the value of the electric current.
Consider an uninsulated copper wire (D  1 mm,   0.8, Re  0.4 /m) in a
relatively large enclosure (Tsur  300 K) through which cooling air is circulated
(h  100 W/m2  K, T  300 K). Substituting these values into the foregoing
equation, the rod temperature has been computed for operating currents in the
range 0  I  10 A and the following results were obtained:
150
125
100

T (°C)

20

75
60
50
25
0

0

2

4

5.2

6

8

10

I (amperes)

3. If a maximum operating temperature of T  60C is prescribed for safety reasons, the current should not exceed 5.2 A. At this temperature, heat transfer by
radiation (0.6 W/m) is much less than heat transfer by convection (10.4 W/m).
Hence, if one wished to operate at a larger current while maintaining the rod
temperature within the safety limit, the convection coefficient would have to
be increased by increasing the velocity of the circulating air. For h  250
W/m2  K, the maximum allowable current could be increased to 8.1 A.
4. The Interactive Heat Transfer (IHT) software accompanying your text is especially useful for solving equations, such as the energy balance in Comment 1,
and generating the graphical results of Comment 2. To apply IHT for this purpose, key the energy balance into the Workspace using the following free-form
symbol format.
pi*D*h*(T  Tinf )  pi*D*eps*sigma*(T^4  Tsur^4)  I^2*Re
Next, key in the known input parameters, press Solve, and find T. To determine
T for the operating current range, 0  I  10 A, use the Explore feature to
sweep over the variable I. You may plot T vs I using the Graph feature and
may label the plot to provide a professional appearance.

EXAMPLE 1.4
A hydrogen-air Proton Exchange Membrane (PEM) fuel cell is illustrated below. It
consists of an electrolytic membrane sandwiched between porous cathode and
anode materials, forming a very thin, three-layer membrane electrode assembly
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(MEA). At the anode, protons and electrons are generated (2H2 l 4H  4e),
while at the cathode the protons and electrons recombine to form water (O2  4e 
4H l 2H2O). The overall reaction is then 2H2  O2 l 2H2O. The dual role of the
electrolytic membrane is to transfer hydrogen ions and serve as a barrier to electron
transfer, forcing the electrons to the electrical load that is external to the fuel cell.
Ec

I

e

e

Tsur

e O2

H2 e

H2

H

•

Eg
H2

H2O
e

e

O2

Tc
O2

q

q
H

H2O
e O2

H2 e
H

Porous anode

H2O

Tsur

H2O  O2

Porous cathode
Electrolytic membrane

Air

h, T∞

The membrane must operate in a moist state in order to conduct ions. However,
the presence of liquid water in the cathode material may block the oxygen from
reaching the cathode reaction sites, resulting in failure of the fuel cell. Therefore, it
is critical to control the temperature of the fuel cell, Tc, so that the cathode side contains saturated water vapor.
For a given set of H2 and air inlet flow rates and use of a 50 mm  50 mm
MEA, the fuel cell generates P  I  Ec  9 W of electrical power, associated with a
cell voltage Ec  0.6 volts and electric current I  15 A. Saturated vapor conditions
exist in the fuel cell, corresponding to Tc  Tsat  56.4C. The overall electrochemical reaction is exothermic and the corresponding thermal generation rate of Ėg 
11.25 W must be removed from the fuel cell by convection and radiation. The ambient and surrounding temperatures are T  Tsur  25C, and the relationship between
the cooling air velocity and the convection heat transfer coefficient, h, is
h  10.9 W  s0.8/m2.8  K  V 0.8
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where V has units of m/s. The exterior surface of the fuel cell has an emissivity of
  0.88. Determine the value of the cooling air velocity needed to maintain steadystate operating conditions. Assume the edges of the fuel cell are well insulated.

SOLUTION
Known: Ambient and surrounding temperatures, fuel cell output voltage and
electrical current, heat generated by the overall electrochemical reaction, and the
desired fuel cell operating temperature.

Find: The required cooling air velocity, V, needed to maintain steady-state operation at Tc  56.4C.
Schematic:

W = 50 mm

H = 50 mm
q

Tsur = 25°C

•

Eg

Tc = 56.4°C
ε = 0.88

Air

T∞ = 25°C
h

Assumptions:
1.
2.
3.
4.
5.

Steady-state conditions.
Negligible temperature variations within the fuel cell.
Fuel cell is placed in large surroundings.
Edges of the fuel cell are well insulated.
Negligible energy entering or leaving the control volume due to gas or liquid
flows.

Analysis: To determine the required cooling air velocity, we must first perform
an energy balance on the fuel cell. With Ėin  0 and Ėout  Ėg,
qconvqrad  Ėg11.25 W
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where
4
qrad  A (T 4c  Tsur
)
 0.88  (2  0.05 m  0.05 m)  5.67  108 W/m2 K 4  (329.44  2984)K 4
 0.97 W

Therefore, we may find
qconv  11.25 W  0.97 W  10.28 W
 hA(Tc  T)
 10.9 W  s0.8/m2.8  K  V0.8 A(TcT)
which may be rearranged to yield
V

10.9 Ws



10.28 W
/m K  (2  0.05 m  0.05 m)  (56.4  25)C

0.8

2.8

1.25

V  9.4 m/s

Comments:
1. Temperature and humidity of the MEA will vary from location to location
within the fuel cell. Prediction of the local conditions within the fuel cell would
require a more detailed analysis.
2. The required cooling air velocity is quite high. Decreased cooling velocities
could be used if heat transfer enhancement devices were added to the exterior
of the fuel cell.
3. The convective heat rate is significantly greater than the radiation heat rate.
4. The chemical energy (20.25 W) of the hydrogen and oxygen is converted to
electrical (9 W) and thermal (11.25 W) energy. This fuel cell operates at a conversion efficiency of (9 W)/(20.25 W)  100  44 percent.

EXAMPLE 1.5
Large PEM fuel cells, such as those used in automotive applications, often require internal cooling using pure liquid water to maintain their temperature at a desired level
(see Example 1.4). In cold climates, the cooling water must be drained from the fuel
cell to an adjoining container when the automobile is turned off so that harmful freezing does not occur within the fuel cell. Consider a mass M of ice that was frozen while
the automobile was not being operated. The ice is at the fusion temperature (Tf  0C)
and is enclosed in a cubical container of width W on a side. The container wall is of
thickness L and thermal conductivity k. If the outer surface of the wall is heated to a
temperature T1 Tf to melt the ice, obtain an expression for the time needed to melt
the entire mass of ice and, in turn, deliver cooling water to, and energize, the fuel cell.

SOLUTION
Known: Mass and temperature of ice. Dimensions, thermal conductivity, and
outer surface temperature of containing wall.
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Find: Expression for time needed to melt the ice.
Schematic:
Section A-A

A

A

T1

Ein

∆ Est

Ice-water
mixture (Tf )

W

k

L

Assumptions:
1.
2.
3.
4.

Inner surface of wall is at Tƒ throughout the process.
Constant properties.
Steady-state, one-dimensional conduction through each wall.
Conduction area of one wall may be approximated as W 2 (L W ).

Analysis: Since we must determine the melting time tm, the first law should be
applied over the time interval t  tm. Hence, applying Equation 1.11b to a control
volume about the ice–water mixture, it follows that
Ein  Est  Ulat
where the increase in energy stored within the control volume is due exclusively to
the change in latent energy associated with conversion from the solid to liquid state.
Heat is transferred to the ice by means of conduction through the container wall,
and since the temperature difference across the wall is assumed to remain at
(T1Tƒ) throughout the melting process, the wall conduction rate is a constant
qcond  k(6W 2)

T1  Tf
L

and the amount of energy inflow is



Ein  k(6W 2)

T1  Tf
tm
L



The amount of energy required to effect such a phase change per unit mass of solid is
termed the latent heat of fusion hsƒ. Hence the increase in energy storage is
Est  Mhsf
By substituting into the first law expression, it follows that
tm 

Mhsf L
6W k(T1  Tf)
2



Comments:
1. Several complications would arise if the ice were initially subcooled. The storage
term would have to include the change in sensible (internal thermal) energy required
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to take the ice from the subcooled to the fusion temperature. During this process,
temperature gradients would develop in the ice.
2. Consider a cavity of width W  100 mm on a side, wall thickness L  5 mm,
and thermal conductivity k  0.05 W/m  K. The mass of the ice in the cavity is
M  s(W  2L)3  920 kg/m3  (0.100  0.01)3 m3  0.67 kg
If the outer surface temperature is T1  30C, the time required to melt the ice is
tm 

0.67 kg  334,000 J/kg  0.005 m
1243 s  20.7 min
6(0.100 m)2  0.05 W/m  K (30  0)C

The density and latent heat of fusion of the ice are s  920 kg/m3 and
hsf  334 kJ/kg, respectively.
3. Note that the units of K and C cancel each other in the foregoing expression
for tm. Such cancellation occurs frequently in heat transfer analysis and is due
to both units appearing in the context of a temperature difference.

1.3.2 The Surface Energy Balance
We will frequently have occasion to apply the conservation of energy requirement
at the surface of a medium. In this special case the control surfaces are located on
either side of the physical boundary and enclose no mass or volume (see Figure 1.9).
Accordingly, the generation and storage terms of the conservation expression, Equation 1.11c, are no longer relevant and it is only necessary to deal with surface
phenomena. For this case the conservation requirement becomes
Ėin  Ėout  0

(1.12)

Even though thermal energy generation may be occurring in the medium, the process
would not affect the energy balance at the control surface. Moreover, this conservation requirement holds for both steady-state and transient conditions.
In Figure 1.9 three heat transfer terms are shown for the control surface. On a
 ),
unit area basis they are conduction from the medium to the control surface (qcond

Surroundings

Tsur
q"rad
T1

q"cond
Fluid

q"conv
T

u∞, T∞

T2
x

T∞
Control surfaces

FIGURE 1.9
The energy balance for conservation
of energy at the surface of a medium.
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 ), and net radiation exchange from the
convection from the surface to a fluid (qconv

surface to the surroundings (qrad). The energy balance then takes the form
qcond  qconv  qrad  0

(1.13)

and we can express each of the terms using the appropriate rate equations, Equations 1.2, 1.3a, and 1.7.

EXAMPLE 1.6
Humans are able to control their heat production rate and heat loss rate to maintain
a nearly constant core temperature of Tc  37C under a wide range of environmental conditions. This process is called thermoregulation. From the perspective of calculating heat transfer between a human body and its surroundings, we focus on a
layer of skin and fat, with its outer surface exposed to the environment and its inner
surface at a temperature slightly less than the core temperature, Ti  35C  308 K.
Consider a person with a skin/fat layer of thickness L  3 mm and effective thermal
conductivity k  0.3 W/m  K. The person has a surface area A  1.8 m2 and is
dressed in a bathing suit. The emissivity of the skin is   0.95.
1. When the person is in still air at T  297 K, what is the skin surface temperature and rate of heat loss to the environment? Convection heat transfer to the air
is characterized by a free convection coefficient of h  2 W/m2  K.
2. When the person is in water at T  297 K, what is the skin surface temperature and heat loss rate? Heat transfer to the water is characterized by a convection coefficient of h  200 W/m2  K.

SOLUTION
Known: Inner surface temperature of a skin/fat layer of known thickness, thermal conductivity, emissivity, and surface area. Ambient conditions.

Find: Skin surface temperature and heat loss rate for the person in air and the
person in water.
Schematic:
Ti = 308 K

Skin/fat

Ts
ε = 0.95

q"rad

Tsur = 297 K

q"cond
q"conv
T∞ = 297 K
h = 2 W/m2•K (Air)
h = 200 W/m2•K (Water)

k = 0.3 W/m•K
L = 3 mm
Air or water
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Assumptions:
1.
2.
3.
4.
5.
6.
7.
8.

Steady-state conditions.
One-dimensional heat transfer by conduction through the skin/fat layer.
Thermal conductivity is uniform.
Radiation exchange between the skin surface and the surroundings is between a
small surface and a large enclosure at the air temperature.
Liquid water is opaque to thermal radiation.
Bathing suit has no effect on heat loss from body.
Solar radiation is negligible.
Body is completely immersed in water in part 2.

Analysis:
1. The skin surface temperature may be obtained by performing an energy balance
at the skin surface. From Equation 1.12,
Ėin  Ėout  0
It follows that, on a unit area basis,
q cond  q conv  q rad  0
or, rearranging and substituting from Equations 1.2, 1.3a, and 1.7,
Ti  Ts
4
 h(Ts  T)  (Ts4  Tsur
k
)
L
The only unknown is Ts, but we cannot solve for it explicitly because of the fourth
power dependence of the radiation term. Therefore, we must solve the equation iteratively, which can be done by hand or by using IHT or some other equation solver.
To expedite a hand solution, we write the radiation heat flux in terms of the radiation heat transfer coefficient, using Equations 1.8 and 1.9:
k

Ti  Ts
 h(Ts  T)  hr(Ts  Tsur)
L

Solving for Ts, with Tsur  T, we have
kTi
 (h  hr)T
Ts  L
k
 (h  hr)
L
We estimate hr using Equation 1.9 with a guessed value of Ts  305 K and T 
297 K, to yield hr  5.9 W/m2  K. Then, substituting numerical values into the
above equation, we find
0.3 W/m  K  308 K
 (2  5.9) W/m2  K  297 K
3  103 m
 307.2 K
Ts 
0.3 W/m  K
 (2  5.9) W/m2  K
3
3  10 m
With this new value of Ts we can recalculate hr and Ts, which are unchanged. Thus
the skin temperature is 307.2 K  34C.
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The rate of heat loss can be found by evaluating the conduction through the skin/fat
layer:
qs  kA

Ti  Ts
(308  307.2) K
 0.3 W/m  K  1.8 m2 
 146 W
L
3  103 m



2. Since liquid water is opaque to thermal radiation, heat loss from the skin surface is by convection only. Using the previous expression with hr  0, we find
0.3 W/m  K  308 K
 200 W/m2  K  297 K
3  103 m
 300.7 K
Ts 
0.3 W/m  K
 200 W/m2  K
3
3  10 m



and
qs  kA

Ti  Ts
(308  300.7) K
 0.3 W/m  K  1.8 m2 
 1320 W
L
3  103 m



Comments:
1. When using energy balances involving radiation exchange, the temperatures
appearing in the radiation terms must be expressed in kelvins, and it is good
practice to use kelvins in all terms to avoid confusion.
2. In part 1, heat losses due to convection and radiation are 37 W and 109 W, respectively. Thus, it would not have been reasonable to neglect radiation. Care
must be taken to include radiation when the heat transfer coefficient is small (as
it often is for natural convection to a gas), even if the problem statement does
not give any indication of its importance.
3. A typical rate of metabolic heat generation is 100 W. If the person stayed in the
water too long the core body temperature would begin to fall. The large heat
loss in water is due to the higher heat transfer coefficient, which in turn is due
to the much larger thermal conductivity of water compared to air.
4. The skin temperature of 34C in part 1 is comfortable, but the skin temperature
of 28C in part 2 is uncomfortably cold.
5. By entering the energy balance and appropriate input parameters in the IHT
Workspace, a model of the system may be developed for calculating Ts and qs
or any other system parameter. With this model, parameter sensitivity studies
may be performed to explore, for example, the effect of changing h on Ts.
Wherever possible, it is good practice to validate your model against a known
solution, which in this case is shown in the foregoing analysis.

1.3.3 Application of the
Conservation Laws: Methodology
In addition to being familiar with the transport rate equations described in Section 1.2,
the heat transfer analyst must be able to work with the energy conservation
requirements of Equations 1.11 and 1.12. The application of these balances is simplified if a few basic rules are followed.
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1. The appropriate control volume must be defined, with the control surfaces represented by a dashed line or lines.
2. The appropriate time basis must be identified.
3. The relevant energy processes must be identified, and each process should be
shown on the control volume by an appropriately labeled arrow.
4. The conservation equation must then be written, and appropriate rate expressions must be substituted for the relevant terms in the equation.
It is important to note that the energy conservation requirement may be applied
to a finite control volume or a differential (infinitesimal) control volume. In the first
case the resulting expression governs overall system behavior. In the second case a
differential equation is obtained that can be solved for conditions at each point in
the system. Differential control volumes are introduced in Chapter 2, and both types
of control volumes are used extensively throughout the text.

1.4
Analysis of Heat Transfer Problems:
Methodology
A major objective of this text is to prepare you to solve engineering problems that
involve heat transfer processes. To this end numerous problems are provided at the
end of each chapter. In working these problems you will gain a deeper appreciation
for the fundamentals of the subject, and you will gain confidence in your ability to
apply these fundamentals to the solution of engineering problems.
In solving problems, we advocate the use of a systematic procedure characterized by a prescribed format. We consistently employ this procedure in our examples, and we require our students to use it in their problem solutions. It consists of
the following steps:
1. Known: After carefully reading the problem, state briefly and concisely what is
known about the problem. Do not repeat the problem statement.
2. Find: State briefly and concisely what must be found.
3. Schematic: Draw a schematic of the physical system. If application of the conservation laws is anticipated, represent the required control surface or surfaces
by dashed lines on the schematic. Identify relevant heat transfer processes by
appropriately labeled arrows on the schematic.
4. Assumptions: List all pertinent simplifying assumptions.
5. Properties: Compile property values needed for subsequent calculations and
identify the source from which they are obtained.
6. Analysis: Begin your analysis by applying appropriate conservation laws, and
introduce rate equations as needed. Develop the analysis as completely as possible before substituting numerical values. Perform the calculations needed to
obtain the desired results.
7. Comments: Discuss your results. Such a discussion may include a summary of
key conclusions, a critique of the original assumptions, and an inference of
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trends obtained by performing additional what-if and parameter sensitivity
calculations.
The importance of following steps 1 through 4 should not be underestimated.
They provide a useful guide to thinking about a problem before effecting its solution. In step 7 we hope you will take the initiative to gain additional insights by performing calculations that may be computer-based. The software accompanying this
text provides a suitable tool for effecting such calculations.

EXAMPLE 1.7
The coating on a plate is cured by exposure to an infrared lamp providing a uniform
irradiation of 2000 W/m2. It absorbs 80% of the irradiation and has an emissivity of
0.50. It is also exposed to an air flow and large surroundings for which temperatures
are 20°C and 30°C, respectively.
1. If the convection coefficient between the plate and the ambient air is
15 W/m2  K, what is the cure temperature of the plate?
2. Final characteristics of the coating, including wear and durability, are known to
depend on the temperature at which curing occurs. An air flow system is able to
control the air velocity, and hence the convection coefficient, on the cured surface, but the process engineer needs to know how the temperature depends on
the convection coefficient. Provide the desired information by computing and
plotting the surface temperature as a function of h for 2  h  200 W/m2  K.
What value of h would provide a cure temperature of 50°C?

SOLUTION
Known: Coating with prescribed radiation properties is cured by irradiation from
an infrared lamp. Heat transfer from the coating is by convection to ambient air and
radiation exchange with the surroundings.

Find:
1. Cure temperature for h  15 W/m2  K.
2. Effect of air flow on the cure temperature for 2  h  200 W/m2  K. Value of
h for which the cure temperature is 50°C.

Schematic:
Tsur = 30°C
Glamp = 2000 W/m2
T∞ = 20°C
2 ≤ h ≤ 200 W/m2•K

q"conv

Air
T

Coating,
 = 0.8, ε = 0.5

q"rad

 Glamp
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Assumptions:
1. Steady-state conditions.
2. Negligible heat loss from back surface of plate.
3. Plate is small object in large surroundings, and coating has an absorptivity of
sur    0.5 with respect to irradiation from the surroundings.

Analysis:
1. Since the process corresponds to steady-state conditions and there is no heat
transfer at the back surface, the plate must be isothermal (Ts  T). Hence the
desired temperature may be determined by placing a control surface about the
exposed surface and applying Equation 1.12 or by placing the control surface
about the entire plate and applying Equation 1.11c. Adopting the latter approach and recognizing that there is no internal energy generation (Ėg  0),
Equation 1.11c reduces to
Ėin  Ėout  0
where Ėst  0 for steady-state conditions. With energy inflow due to absorption
of the lamp irradiation by the coating and outflow due to convection and net
radiation transfer to the surroundings, it follows that

  qrad  0
(G)lamp  qconv
Substituting from Equations 1.3a and 1.7, we obtain
4
(G)lamp  h(T  T)  (T 4  Tsur
)0

Substituting numerical values
0.8  2000 W/m2  15 W/m2  K(T  293) K
 0.5  5.67  108 W/m2  K4 (T 4  3034) K4  0
and solving by trial-and-error, we obtain


T  377 K  104C

2. Solving the foregoing energy balance for selected values of h in the prescribed
range and plotting the results, we obtain

240
200

T (°C)

160
120
80
50
40
0

0

20

40 51 60
h (W/m2•K)

80

100
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If a cure temperature of 50°C is desired, the air flow must provide a convection
coefficient of
h(T  50C)  51.0 W/m2  K



Comments:
1. The coating (plate) temperature may be reduced by decreasing T and Tsur, as
well as by increasing the air velocity and hence the convection coefficient.
2. The relative contributions of convection and radiation to heat transfer from the
plate vary greatly with h. For h  2 W/m2  K, T  204C and radiation domi  368 W/m2). Conversely, for h  200 W/m2 K,
nates (qrad  1232 W/m2, qconv
  1606 W/m2, qrad  6 W/m2). In
T  28C and convection dominates (qconv
fact, for this condition the plate temperature is slightly less than that of the surroundings and net radiation exchange is to the plate.
3. This example is one of 15 ready-to-solve models in IHT, which may be accessed from Examples in the menu bar. As you begin each chapter, check the
corresponding model examples. Each model includes Exercises that test your
understanding of heat transfer concepts.

1.5
Relevance of Heat Transfer
We will devote much time to acquiring an understanding of heat transfer effects and
to developing the skills needed to predict heat transfer rates and temperatures that
evolve in certain situations. What is the value of this knowledge, and to what problems may it be applied? A few examples will serve to illustrate the rich breadth of
applications in which heat transfer plays a critical role.
Heat transfer is a dominant aspect of nearly every energy conversion and production device. For example, the efficiency of a gas turbine engine increases with
its operating temperature. Today, the temperatures of the combustion gases inside
these engines far exceed the melting point of the exotic alloys used to manufacture
the turbine blades and vanes. Safe operation is typically achieved by three means.
First, relatively cool gases are injected through small holes at the leading edge of a
turbine blade (Figure 1.10). These gases hug the blade as they are carried downstream and help insulate the blade from the hot combustion gases. Second, thin layers of a very low thermal conductivity, ceramic thermal barrier coating are applied
to the blades and vanes to provide an extra layer of insulation. These coatings are
produced by spraying molten ceramic powders onto the engine components using
extremely high-temperature sources such as plasma spray guns that can operate in
excess of 10,000 kelvins. Third, the blades and vanes are designed with intricate, internal cooling passages, all carefully configured by the heat transfer engineer to
allow the gas turbine engine to operate under such extreme conditions.
Emerging energy conversion devices such as fuel cells generate power from environmentally benign fuels such as hydrogen. Major roadblocks hindering widespread adoption of fuel cells are their size, weight, and limited durability. As with
the gas turbine engine, the efficiency of a fuel cell increases with temperature, but
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(a)

(b)

FIGURE 1.10 Gas turbine blade. (a) External view showing holes for injection of cooling
gases. (b) X ray view showing internal cooling passages. (Images courtesy of FarField
Technology, Ltd., Christchurch, New Zealand.)

high operating temperatures and large internal temperature gradients can cause the
delicate polymeric materials within the fuel cell to fail. The hydrogen fuel cell is the
type that might eventually be used for automotive applications and is an electrochemical reactor that will cease operating if its internal components are contaminated with impurities. Water, in both the liquid and vapor phases, exists within
every hydrogen fuel cell, but commonly used substances in internal combustion engines such as antifreeze cannot be utilized in a fuel cell. What are the heat transfer
mechanisms that must be controlled to avoid freezing of pure water within the fuel
cell engine when a vehicle of the future is parked overnight in a cold region? How
might your knowledge of internal forced convection, evaporation, or condensation be
applied to control the operating temperatures and enhance the durability of a fuel cell?
Due to the information technology revolution of the last two decades, strong industrial productivity growth has brought an improved quality of life worldwide.
Many information technology breakthroughs have been enabled by advances in heat
transfer engineering that have ensured the precise control of temperatures of systems ranging in size from nanoscale integrated circuits, to microscale storage
media including compact discs, to large data centers filled with heat-generating
equipment. As electronic devices become faster and incorporate greater functionality, they generate more thermal energy. Simultaneously, the devices have become
smaller. Inevitably, heat fluxes (W/m2) and volumetric energy generation rates
(W/m3) keep increasing; but the operating temperatures of the devices must be held
to reasonably low values to ensure their reliability.
For personal computers, cooling fins (also known as heat sinks) are fabricated
of a high thermal conductivity material (usually aluminum) and attached to the microprocessors to reduce their operating temperatures, as shown in Figure 1.11.
Small fans are used to induce forced convection over the fins. The cumulative energy that is consumed worldwide, just to (1) power the small fans that provide the
air flow over the fins and (2) manufacture the heat sinks for personal computers, is
estimated to be over 109 kW  h per year [1]. How might your knowledge of conduction, convection, and radiation be used to, for example, eliminate the fan and
minimize the size of the heat sink?
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Exploded view

FIGURE 1.11
A finned heat sink and fan assembly
(left) and microprocessor (right).

Further improvements in microprocessor technology are currently limited by our
ability to cool these tiny devices. Policy makers have voiced concern about our ability to continually reduce the cost of computing and, in turn as a society, continue the
growth in productivity that has marked the last 25 years, specifically citing the need
to enhance heat transfer in electronics cooling [2]. How might your knowledge of
heat transfer help ensure continued industrial productivity into the future?
Heat transfer is important not only in engineered systems but also in nature.
Temperature regulates and triggers biological responses in all living systems and ultimately marks the boundary between sickness and health. Two common examples
include hypothermia, which results from excessive cooling of the human body, and
heat stroke, which is triggered in warm, humid environments. Both are deadly and
are associated with core temperatures of the body exceeding physiological limits.
Both are directly linked to the convection, radiation, and evaporation processes occurring at the surface of the body, the transport of heat within the body, and the
metabolic energy generated volumetrically within the body.
Recent advances in biomedical engineering, such as laser surgery, have been
enabled by successfully applying fundamental heat transfer principles [3,4]. While
increased temperatures resulting from contact with hot objects may cause thermal
burns, beneficial hyperthermal treatments are used to purposely destroy, for example, cancerous lesions. In a similar manner, very low temperatures might induce
frostbite, but purposeful localized freezing can selectively destroy diseased tissue
during cryosurgery. Many medical therapies and devices therefore operate by destructively heating or cooling diseased tissue, while simultaneously leaving the surrounding healthy tissue unaffected.
The ability to design many medical devices and to develop the appropriate protocol for their use hinges on the engineer’s ability to predict and control the distribution
of temperatures during thermal treatment and the distribution of chemical species in
chemotherapies. The treatment of mammalian tissue is made complicated by the morphology of this tissue, as shown in Figure 1.12. The flow of blood within the venular
and capillary structure of a thermally-treated area affects heat transfer through advection processes. Larger veins and arteries, which commonly exist in pairs throughout
the body, carry blood at different temperatures and advect thermal energy at different
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Keratin
Epidermal layer
Epidermis
Basal cell layer

Sebaceous gland
Sensory receptor

Dermis

Sweat gland
Nerve fiber
Hair follicle

Subcutaneous layer
Vein
Artery

FIGURE 1.12 Morphology of human skin.

rates. Therefore, the veins and arteries exist in a counterflow heat exchange arrangement
with warm, arteriolar blood exchanging thermal energy with the cooler, venular blood
through the intervening solid tissue. Networks of smaller capillaries can also affect
local temperatures by perfusing blood through the treated area.
In subsequent chapters, many example and homework problems will deal with
the analysis of these and other thermal systems.

1.6
Units and Dimensions
The physical quantities of heat transfer are specified in terms of dimensions, which are
measured in terms of units. Four basic dimensions are required for the development of
heat transfer; they are length (L), mass (M), time (t), and temperature (T). All other
physical quantities of interest may be related to these four basic dimensions.
In the United States it has been customary to measure dimensions in terms of
an English system of units, for which the base units are
Dimension
Length (L)
Mass (M)
Time (t)
Temperature (T)

Unit
l
l
l
l

foot (ft)
pound mass (lbm)
second (s)
degree Fahrenheit (°F)
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The units required to specify other physical quantities may then be inferred from
this group. For example, the dimension of force is related to mass through Newton’s
second law of motion,
F  g1 Ma
c

(1.14)

where the acceleration a has units of feet per square second and gc is a proportionality
constant. If this constant is arbitrarily set equal to unity and made dimensionless, the
dimensions of force are (F)  (M)  (L)/(t)2 and the unit of force is
1 poundal  1 lbm  ft/s2
Alternatively, one could work with a system of basic dimensions that includes both
mass and force. However, in this case the proportionality constant must have the dimensions (M)  (L)/(F)  (t)2. Moreover, if one defines the pound force (lbf) as a unit
of force that will accelerate one pound mass by 32.17 ft/s2, the proportionality constant must be of the form
gc  32.17 lbm  ft/lbf  s2
The units of work may be inferred from its definition as the product of a force
times a distance, in which case the units are ft  lbf. The units of work and energy
are, of course, equivalent, although it is customary to use the British thermal unit
(Btu) as the unit of thermal energy. One British thermal unit will raise the temperature of 1 lbm of water at 68°F by 1°F. It is equivalent to 778.16 ft  lbf, which is
termed the mechanical equivalent of heat.
In recent years there has been a strong trend toward worldwide usage of a standard
set of units. In 1960 the SI (Système International d’Unités) system of units was defined by the Eleventh General Conference on Weights and Measures and recommended as a worldwide standard. In response to this trend, the American Society of
Mechanical Engineers (ASME) has required the use of SI units in all of its publications
since July 1, 1974. For this reason and because it is operationally more convenient than
the English system, the SI system is used for calculations of this text. However, because for some time to come, engineers will also have to work with results expressed in
the English system, you should be able to convert from one system to the other. For
your convenience, conversion factors are provided on the inside back cover of the text.
The SI base units required for this text are summarized in Table 1.2. With regard
to these units note that 1 mol is the amount of substance that has as many atoms or

TABLE 1.2 SI base and supplementary units
Quantity and Symbol
Length (L)
Mass (M)
Concentration (C )
Time (t)
Electric current (I )
Thermodynamic temperature (T)
Plane anglea ()
Solid anglea ()
a

Supplementary unit.

Unit and Symbol
meter (m)
kilogram (kg)
mole (mol)
second (s)
ampere (A)
kelvin (K)
radian (rad)
steradian (sr)
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TABLE 1.3 SI derived units for selected quantities
Quantity

Name
and Symbol

Formula

Expression
in SI Base Units

Force
Pressure and stress
Energy
Power

newton (N)
pascal (Pa)
joule (J)
watt (W)

m  kg/s2
N/m2
Nm
J/s

m  kg/s2
kg/m  s2
m2  kg/s2
m2  kg/s3

molecules as there are atoms in 12 g of carbon-12 (12C); this is the gram-mole (mol).
Although the mole has been recommended as the unit quantity of matter for the SI system, it is more consistent to work with the kilogram-mol (kmol, kg-mol). One kmol is
simply the amount of substance that has as many atoms or molecules as there are atoms
in 12 kg of 12C. As long as the use is consistent within a given problem, no difficulties
arise in using either mol or kmol. The molecular weight of a substance is the mass associated with a mole or kilogram-mole. For oxygen, as an example, the molecular
weight  is 16 g/mol or 16 kg/kmol.
Although the SI unit of temperature is the kelvin, use of the Celsius temperature scale remains widespread. Zero on the Celsius scale (0°C) is equivalent to
273.15 K on the thermodynamic scale,1 in which case
T (K)  T (C)  273.15
However, temperature differences are equivalent for the two scales and may be denoted as °C or K. Also, although the SI unit of time is the second, other units of
time (minute, hour, and day) are so common that their use with the SI system is
generally accepted.
The SI units comprise a coherent form of the metric system. That is, all remaining units may be derived from the base units using formulas that do not involve any
numerical factors. Derived units for selected quantities are listed in Table 1.3. Note
that force is measured in newtons, where a 1-N force will accelerate a 1-kg mass at

TABLE 1.4 Multiplying prefixes
Prefix

Abbreviation

Multiplier

pico
nano
micro
milli
centi
hecto
kilo
mega
giga
tera

p
n

m
c
h
k
M
G
T

1012
109
106
103
102
102
103
106
109
1012

1

The degree symbol is retained for designation of the Celsius temperature (˚C) to avoid confusion
with use of C for the unit of electrical charge (coulomb).

c01.qxd 3/6/06 10:21 AM Page 38

38

Chapter 1



Introduction

1 m/s2. Hence 1 N  1 kg  m/s2. The unit of pressure (N/m2) is often referred to as
the pascal. In the SI system there is one unit of energy (thermal, mechanical, or
electrical), called the joule (J), and 1 J  1 N  m. The unit for energy rate, or power,
is then J/s, where one joule per second is equivalent to one watt (1 J/s  1 W). Since
it is frequently necessary to work with extremely large or small numbers, a set of
standard prefixes has been introduced to simplify matters (Table 1.4). For example,
1 megawatt (MW)  106 W, and 1 micrometer (m)  106 m.

1.7
Summary
Although much of the material of this chapter will be discussed in greater detail,
you should now have a reasonable overview of heat transfer. You should be
aware of the several modes of transfer and their physical origins. Moreover, given
a physical situation, you should be able to perceive the relevant transport phenomena. The importance of developing this facility must not be underestimated.
You will be devoting much time to acquiring the tools needed to calculate heat
transfer phenomena. However, before you can begin to use these tools to solve
practical problems, you must have the intuition to determine what is happening
physically. In short, you must be able to look at a problem and identify the pertinent transport phenomena. The example and problems at the end of this chapter
should help you to begin developing this intuition.
You should also appreciate the significance of the rate equations and feel comfortable in using them to compute transport rates. These equations, summarized in
Table 1.5, should be committed to memory. You must also recognize the importance
of the conservation laws and the need to carefully identify control volumes. With
the rate equations, the conservation laws may be used to solve numerous heat transfer problems.
Lastly, you should have begun to acquire an appreciation for the terminology and
physical concepts that underpin the subject of heat transfer. Test your understanding

TABLE 1.5 Summary of heat transfer processes

Mode
Conduction

Convection

Radiation

Mechanism(s)
Diffusion of energy due
to random molecular
motion
Diffusion of energy due
to random molecular
motion plus energy
transfer due to bulk
motion (advection)
Energy transfer by
electromagnetic waves

Equation
Number

Rate Equation
qx (W/m2)  k

dT
dx

q(W/m2)  h(Ts  T)

4
)
q(W/m2)  (T s4  Tsur
or q(W)  hr A(Ts  Tsur)

Transport
Property or
Coefficient

(1.1)

k (W/m  K)

(1.3a)

h (W/m2  K)

(1.7)
(1.8)


hr (W/m2  K)
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of the important terms and concepts introduced in this chapter by addressing the following questions.

• What are the physical mechanisms associated with heat transfer by conduction,
convection, and radiation?
• What is the driving potential for heat transfer? What are analogs to this potential and to heat transfer itself for the transport of electric charge?
• What is the difference between a heat flux and a heat rate? What are their units?
• What is a temperature gradient? What are its units? What is the relationship of
heat flow to a temperature gradient?
• What is the thermal conductivity? What are its units? What role does it play in
heat transfer?
• What is Fourier’s law? Can you write the equation from memory?
• If heat transfer by conduction through a medium occurs under steady-state conditions, will the temperature at a particular instant vary with location in the
medium? Will the temperature at a particular location vary with time?
• What is the difference between natural convection and forced convection?
• What conditions are necessary for the development of a hydrodynamic boundary
layer? A thermal boundary layer? What varies across a hydrodynamic boundary
layer? A thermal boundary layer?
• If convection heat transfer for flow of a liquid or a vapor is not characterized by
liquid/vapor phase change, what is the nature of the energy being transferred?
What is it if there is such a phase change?
• What is Newton’s law of cooling? Can you write the equation from memory?
• What role is played by the convection heat transfer coefficient in Newton’s law
of cooling? What are its units?
• What effect does convection heat transfer from or to a surface have on the solid
bounded by the surface?
• What is predicted by the Stefan–Boltzmann law, and what unit of temperature
must be used with the law? Can you write the equation from memory?
• What is the emissivity, and what role does it play in characterizing radiation
transfer at a surface?
• What is irradiation, and what are its units?
• What two outcomes characterize the response of an opaque surface to incident
radiation? Which outcome affects the thermal energy of the medium bounded
by the surface and how? What property characterizes this outcome?
• What conditions are associated with use of the radiation heat transfer coefficient?
• Can you write the equation used to express net radiation exchange between a
small isothermal surface and a large isothermal enclosure?
• Consider the surface of a solid that is at an elevated temperature and exposed
to cooler surroundings. By what mode(s) is heat transferred from the surface if
(1) it is in intimate (perfect) contact with another solid, (2) it is exposed to the
flow of a liquid, (3) it is exposed to the flow of a gas, and (4) it is in an evacuated chamber?
• What is the inherent difference between application of conservation of energy
over a time interval and at an instant of time?
• What is thermal energy storage? How does it differ from thermal energy generation? What role do the terms play in a surface energy balance?
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EXAMPLE 1.8
A closed container filled with hot coffee is in a room whose air and walls are at a
fixed temperature. Identify all heat transfer processes that contribute to cooling of the
coffee. Comment on features that would contribute to a superior container design.

SOLUTION
Known: Hot coffee is separated from its cooler surroundings by a plastic flask,
an air space, and a plastic cover.

Find: Relevant heat transfer processes.
Schematic:

q8

q5

Hot
coffee

q1

q2

q6
q3

Coffee
Cover

Plastic
flask

q7

q4

Air
space

Room
air
Cover

Surroundings

Air space
Plastic flask

Pathways for energy transfer from the coffee are as follows:
q1: free convection from the coffee to the flask
q2: conduction through the flask
q3: free convection from the flask to the air
q4: free convection from the air to the cover
q5: net radiation exchange between the outer surface of the flask and the inner
surface of the cover
q6: conduction through the cover
q7: free convection from the cover to the room air
q8: net radiation exchange between the outer surface of the cover and the
surroundings

Comments: Design improvements are associated with (1) use of aluminized
(low emissivity) surfaces for the flask and cover to reduce net radiation, and
(2) evacuating the air space or using a filler material to retard free convection.
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Problems
Conduction
1.1 The thermal conductivity of a sheet of rigid, extruded
insulation is reported to be k  0.029 W/m  K. The
measured temperature difference across a 20-mm-thick
sheet of the material is T1  T2  10 C.
(a) What is the heat flux through a 2 m  2 m sheet of
the insulation?
(b) What is the rate of heat transfer through the sheet
of insulation?
1.2 A concrete wall, which has a surface area of 20 m2 and
is 0.30 m thick, separates conditioned room air from
ambient air. The temperature of the inner surface of the
wall is maintained at 25C, and the thermal conductivity of the concrete is 1 W/m  K.
(a) Determine the heat loss through the wall for outer
surface temperatures ranging from 15C to 38C,
which correspond to winter and summer extremes,
respectively. Display your results graphically.
(b) On your graph, also plot the heat loss as a function of
the outer surface temperature for wall materials having thermal conductivities of 0.75 and 1.25 W/m  K.
Explain the family of curves you have obtained.
1.3 The concrete slab of a basement is 11 m long, 8 m
wide, and 0.20 m thick. During the winter, temperatures are nominally 17 C and 10 C at the top and bottom surfaces, respectively. If the concrete has a thermal
conductivity of 1.4 W/m  K, what is the rate of heat
loss through the slab? If the basement is heated by a gas
furnace operating at an efficiency of f  0.90 and natural gas is priced at Cg  $0.01/MJ, what is the daily
cost of the heat loss?

loss through a window that is 1 m by 3 m on a side?
The thermal conductivity of glass is 1.4 W/m  K.
1.6 A glass window of width W  1 m and height H  2 m
is 5 mm thick and has a thermal conductivity of kg 
1.4 W/m  K. If the inner and outer surface temperatures of the glass are 15 C and 20 C, respectively, on
a cold winter day, what is the rate of heat loss through
the glass? To reduce heat loss through windows, it is
customary to use a double pane construction in which
adjoining panes are separated by an air space. If the
spacing is 10 mm and the glass surfaces in contact with
the air have temperatures of 10C and 15C, what is
the rate of heat loss from a 1 m  2 m window? The
thermal conductivity of air is ka  0.024 W/m  K.
1.7 A freezer compartment consists of a cubical cavity that is
2 m on a side. Assume the bottom to be perfectly insulated. What is the minimum thickness of styrofoam insulation (k  0.030 W/m  K) that must be applied to the top
and side walls to ensure a heat load of less than 500 W,
when the inner and outer surfaces are 10 and 35C?
1.8 An inexpensive food and beverage container is fabricated
from 25-mm-thick polystyrene (k  0.023 W/m  K) and
has interior dimensions of 0.8 m  0.6 m  0.6 m. Under
conditions for which an inner surface temperature of approximately 2C is maintained by an ice-water mixture
and an outer surface temperature of 20C is maintained
by the ambient, what is the heat flux through the container
wall? Assuming negligible heat gain through the 0.8 m 
0.6 m base of the cooler, what is the total heat load for the
prescribed conditions?

1.4 The heat flux through a wood slab 50 mm thick, whose
inner and outer surface temperatures are 40 and 20C,
respectively, has been determined to be 40 W/m2. What
is the thermal conductivity of the wood?

1.9 What is the thickness required of a masonry wall having thermal conductivity 0.75 W/m  K if the heat rate
is to be 80% of the heat rate through a composite structural wall having a thermal conductivity of 0.25 W/m 
K and a thickness of 100 mm? Both walls are subjected
to the same surface temperature difference.

1.5 The inner and outer surface temperatures of a glass
window 5 mm thick are 15 and 5C. What is the heat

1.10 The 5-mm-thick bottom of a 200-mm-diameter pan
may be made from aluminum (k  240 W/m  K) or
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copper (k  390 W/m  K). When used to boil water, the
surface of the bottom exposed to the water is nominally
at 110 C. If heat is transferred from the stove to the pan
at a rate of 600 W, what is the temperature of the surface
in contact with the stove for each of the two materials?
1.11 A square silicon chip (k  150 W/m  K) is of width
w  5 mm on a side and of thickness t  1 mm. The
chip is mounted in a substrate such that its side and
back surfaces are insulated, while the front surface is
exposed to a coolant.
Coolant
w
Chip

If 4 W are being dissipated in circuits mounted to the
back surface of the chip, what is the steady-state temperature difference between back and front surfaces?
1.12 A gage for measuring heat flux to a surface or through
a laminated material employs five thin-film, chromel/
alumel (type K) thermocouples deposited on the upper
and lower surfaces of a wafer with a thermal conductivity of 1.4 W/m  K and a thickness of 0.25 mm.
(a) Determine the heat flux q through the gage when
the voltage output at the copper leads is 350 V.
The Seebeck coefficient of the type-K thermocouple materials is approximately 40 V/C.
(b) What precaution should you take in using a gage of
this nature to measure heat flow through the laminated structure shown?
Chromel (A)

q"
d
Copper
leads

Thermal
barrier, k

T2

Surface-mounted
gage

T1

Gage bonded
between laminates

1.13 You’ve experienced convection cooling if you’ve ever
extended your hand out the window of a moving vehicle or into a flowing water stream. With the surface of
your hand at a temperature of 30C, determine the convection heat flux for (a) a vehicle speed of 35 km/h in
air at 5C with a convection coefficient of 40 W/m2 
K and (b) a velocity of 0.2 m/s in a water stream at
10C with a convection coefficient of 900 W/m2  K.
Which condition would feel colder? Contrast these results with a heat loss of approximately 30 W/m2 under
normal room conditions.
1.14 Air at 40C flows over a long, 25-mm-diameter cylinder
with an embedded electrical heater. In a series of tests,
measurements were made of the power per unit length,
P, required to maintain the cylinder surface temperature at 300C for different freestream velocities V of the
air. The results are as follows:

Circuits

t

Alumel (B)

Convection

Air velocity, V (m/s)
Power, P (W/m)

1
450

2
658

4
983

8
1507

12
1963

(a) Determine the convection coefficient for each velocity, and display your results graphically.
(b) Assuming the dependence of the convection coefficient on the velocity to be of the form h  CV n, determine the parameters C and n from the results of
part (a).
1.15 An electric resistance heater is embedded in a long
cylinder of diameter 30 mm. When water with a temperature of 25C and velocity of 1 m/s flows crosswise
over the cylinder, the power per unit length required to
maintain the surface at a uniform temperature of 90C
is 28 kW/m. When air, also at 25C, but with a velocity
of 10 m/s is flowing, the power per unit length required
to maintain the same surface temperature is 400 W/m.
Calculate and compare the convection coefficients for
the flows of water and air.
1.16 A cartridge electrical heater is shaped as a cylinder of
length L  200 mm and outer diameter D  20 mm.
Under normal operating conditions the heater dissipates
2 kW while submerged in a water flow that is at 20C
and provides a convection heat transfer coefficient of
h  5000 W/m2  K. Neglecting heat transfer from the
ends of the heater, determine its surface temperature Ts.
If the water flow is inadvertently terminated while the
heater continues to operate, the heater surface is exposed to air that is also at 20C but for which h  50
W/m2  K. What is the corresponding surface temperature? What are the consequences of such an event?
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1.17 A common procedure for measuring the velocity of an air
stream involves insertion of an electrically heated wire
(called a hot-wire anemometer) into the air flow, with the
axis of the wire oriented perpendicular to the flow direction. The electrical energy dissipated in the wire is assumed to be transferred to the air by forced convection.
Hence, for a prescribed electrical power, the temperature
of the wire depends on the convection coefficient, which,
in turn, depends on the velocity of the air. Consider a wire
of length L  20 mm and diameter D  0.5 mm, for
which a calibration of the form, V  6.25  105 h2, has
been determined. The velocity V and the convection coefficient h have units of m/s and W/m2  K, respectively. In
an application involving air at a temperature of T 
25C, the surface temperature of the anemometer is maintained at Ts  75C with a voltage drop of 5 V and an
electric current of 0.1 A. What is the velocity of the air?
1.18 A square isothermal chip is of width w  5 mm on a
side and is mounted in a substrate such that its side and
back surfaces are well insulated, while the front surface
is exposed to the flow of a coolant at T  15C. From
reliability considerations, the chip temperature must not
exceed T  85C.
Coolant

T ∞, h
w
Chip

If the coolant is air and the corresponding convection
coefficient is h  200 W/m2  K, what is the maximum
allowable chip power? If the coolant is a dielectric liquid for which h  3000 W/m2  K, what is the maximum allowable power?
1.19 The case of a power transistor, which is of length L  10
mm and diameter D  12 mm, is cooled by an air stream
of temperature T  25C.

Air

1.20 The use of impinging air jets is proposed as a means of
effectively cooling high-power logic chips in a computer.
However, before the technique can be implemented, the
convection coefficient associated with jet impingement
on a chip surface must be known. Design an experiment
that could be used to determine convection coefficients
associated with air jet impingement on a chip measuring
approximately 10 mm by 10 mm on a side.
1.21 The temperature controller for a clothes dryer consists
of a bimetallic switch mounted on an electrical heater
attached to a wall-mounted insulation pad.
Dryer wall

Pe

Insulation pad
Air
T∞, h

Tset = 70°C

Electrical heater
Bimetallic switch

The switch is set to open at 70C, the maximum dryer air
temperature. In order to operate the dryer at a lower air
temperature, sufficient power is supplied to the heater such
that the switch reaches 70C (Tset) when the air temperature
T is less than Tset. If the convection heat transfer coefficient
between the air and the exposed switch surface of 30 mm2
is 25 W/m2  K, how much heater power Pe is required
when the desired dryer air temperature is T  50C?
1.22 The free convection heat transfer coefficient on a thin hot
vertical plate suspended in still air can be determined
from observations of the change in plate temperature
with time as it cools. Assuming the plate is isothermal
and radiation exchange with its surroundings is negligible, evaluate the convection coefficient at the instant of
time when the plate temperature is 225C and the change
in plate temperature with time (dT/dt) is 0.022 K/s.
The ambient air temperature is 25C and the plate measures 0.3  0.3 m with a mass of 3.75 kg and a specific
heat of 2770 J/kg  K.
1.23 A transmission case measures W  0.30 m on a side and
receives a power input of Pi  150 hp from the engine.

Transistor (Ts, Pelec )

D

T∞, h
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L
Transmission case, η, Ts

Air

T∞, h

Under conditions for which the air maintains an average convection coefficient of h  100 W/m2  K on the
surface of the case, what is the maximum allowable
power dissipation if the surface temperature is not to
exceed 85C?

Pi

W
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If the transmission efficiency is  0.93 and air flow over
the case corresponds to T  30C and h  200 W/m2 
K, what is the surface temperature of the transmission?

Radiation
1.24 Under conditions for which the same room temperature
is maintained by a heating or cooling system, it is not
uncommon for a person to feel chilled in the winter but
comfortable in the summer. Provide a plausible explanation for this situation (with supporting calculations)
by considering a room whose air temperature is maintained at 20C throughout the year, while the walls of
the room are nominally at 27C and 14C in the summer and winter, respectively. The exposed surface of a
person in the room may be assumed to be at a temperature of 32C throughout the year and to have an emissivity of 0.90. The coefficient associated with heat
transfer by natural convection between the person and
the room air is approximately 2 W/m2  K.
1.25 A spherical interplanetary probe of 0.5-m diameter contains electronics that dissipate 150 W. If the probe surface has an emissivity of 0.8 and the probe does not receive radiation from other surfaces, as, for example,
from the sun, what is its surface temperature?
1.26 An instrumentation package has a spherical outer surface of diameter D  100 mm and emissivity   0.25.
The package is placed in a large space simulation
chamber whose walls are maintained at 77 K. If operation of the electronic components is restricted to the
temperature range 40  T  85 C, what is the range of
acceptable power dissipation for the package? Display
your results graphically, showing also the effect of variations in the emissivity by considering values of 0.20
and 0.30.
1.27 Consider the conditions of Problem 1.22. However,
now the plate is in a vacuum with a surrounding temperature of 25 C. What is the emissivity of the plate?
What is the rate at which radiation is emitted by the
surface?
1.28 An overhead 25-m-long, uninsulated industrial steam
pipe of 100 mm diameter is routed through a building
whose walls and air are at 25C. Pressurized steam
maintains a pipe surface temperature of 150C, and the
coefficient associated with natural convection is h  10
W/m2  K. The surface emissivity is   0.8.
(a) What is the rate of heat loss from the steam line?
(b) If the steam is generated in a gas-fired boiler operating at an efficiency of f  0.90 and natural gas is
priced at Cg  $0.01 per MJ, what is the annual
cost of heat loss from the line?

1.29 If Ts  Tsur in Equation 1.9, the radiation heat transfer
coefficient may be approximated as
hr,a  4T 3
where T  (Ts  Tsur)/2. We wish to assess the validity
of this approximation by comparing values of hr and
hr,a for the following conditions. In each case represent
your results graphically and comment on the validity of
the approximation.
(a) Consider a surface of either polished aluminum ( 
0.05) or black paint (  0.9), whose temperature
may exceed that of the surroundings (Tsur  25 C)
by 10 to 100°C. Also compare your results with values of the coefficient associated with free convection
in air (T  Tsur), where h (W/m2  K)  0.98 T 1/3.
(b) Consider initial conditions associated with placing a
workpiece at Ts  25C in a large furnace whose
wall temperature may be varied over the range
100  Tsur  1000C. According to the surface finish or coating, its emissivity may assume values of
0.05, 0.2, and 0.9. For each emissivity, plot the relative error, (hr  hr,a)/hr , as a function of the furnace
temperature.
1.30 Consider the conditions of Problem 1.18. With heat
transfer by convection to air, the maximum allowable
chip power is found to be 0.35 W. If consideration is
also given to net heat transfer by radiation from the chip
surface to large surroundings at 15°C, what is the percentage increase in the maximum allowable chip power
afforded by this consideration? The chip surface has an
emissivity of 0.9.
1.31 Chips of width L  15 mm on a side are mounted to a
substrate that is installed in an enclosure whose walls
and air are maintained at a temperature of Tsur  T 
25 C. The chips have an emissivity of   0.60 and a
maximum allowable temperature of Ts  85 C.
Enclosure, Tsur

Substrate

Air
Chip (Ts, ε)

T∞, h
L

(a) If heat is rejected from the chips by radiation and
natural convection, what is the maximum operating
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power of each chip? The convection coefficient
depends on the chip-to-air temperature difference
and may be approximated as h  C(Ts – T)1/4,
where C  4.2 W/m2  K5/4.
(b) If a fan is used to maintain air flow through the enclosure and heat transfer is by forced convection,
with h  250 W/m2  K, what is the maximum operating power?
1.32 A vacuum system, as used in sputtering electrically
conducting thin films on microcircuits, is comprised of
a baseplate maintained by an electrical heater at 300 K
and a shroud within the enclosure maintained at 77 K
by a liquid-nitrogen coolant loop. The circular baseplate, insulated on the lower side, is 0.3 m in diameter
and has an emissivity of 0.25.
Vacuum
enclosure

Liquid-nitrogen
filled shroud

LN2

Electrical heater
Baseplate

(a) How much electrical power must be provided to the
baseplate heater?
(b) At what rate must liquid nitrogen be supplied to the
shroud if its heat of vaporization is 125 kJ/kg?
(c) To reduce the liquid-nitrogen consumption, it is
proposed to bond a thin sheet of aluminum foil
(  0.09) to the baseplate. Will this have the desired effect?
1.33 Consider the transmission case of Problem 1.23, but
now allow for radiation exchange with the ground/
chassis, which may be approximated as large surroundings at Tsur  30C. If the emissivity of the case is
  0.80, what is the surface temperature?

Energy Balance and Multimode Effects
1.34 An electrical resistor is connected to a battery, as
shown schematically. After a brief transient, the resistor
assumes a nearly uniform, steady-state temperature of
95C, while the battery and lead wires remain at the
ambient temperature of 25C. Neglect the electrical resistance of the lead wires.

I = 6A

Resistor

Battery

Air

V = 24 V

T∞ = 25°C

Lead wire

(a) Consider the resistor as a system about which a
control surface is placed and Equation 1.11c is
applied. Determine the corresponding values of
Ėin(W), Ėg(W), Ėout(W), and Ėst(W). If a control
surface is placed about the entire system, what are
the values of Ėin, Ėg, Ėout, and Ėst?
(b) If electrical energy is dissipated uniformly within the
resistor, which is a cylinder of diameter D  60 mm
and length L  250 mm, what is the volumetric heat
generation rate, q (W/m3)?
(c) Neglecting radiation from the resistor, what is the
convection coefficient?
1.35 An aluminum plate 4 mm thick is mounted in a horizontal position, and its bottom surface is well insulated. A
special, thin coating is applied to the top surface such
that it absorbs 80% of any incident solar radiation, while
having an emissivity of 0.25. The density  and specific
heat c of aluminum are known to be 2700 kg/m3 and
900 J/kg  K, respectively.
(a) Consider conditions for which the plate is at a temperature of 25C and its top surface is suddenly exposed to ambient air at T  20C and to solar radiation that provides an incident flux of 900 W/m2.
The convection heat transfer coefficient between the
surface and the air is h  20 W/m2  K. What is the
initial rate of change of the plate temperature?
(b) What will be the equilibrium temperature of the
plate when steady-state conditions are reached?
(c) The surface radiative properties depend on the specific nature of the applied coating. Compute and
plot the steady-state temperature as a function of
the emissivity for 0.05    1, with all other conditions remaining as prescribed. Repeat your calculations for values of S  0.5 and 1.0, and plot the
results with those obtained for S 0.8. If the intent is to maximize the plate temperature, what is
the most desirable combination of the plate emissivity and its absorptivity to solar radiation?
1.36 A blood warmer is to be used during the transfusion of
blood to a patient. This device is to heat blood taken
from the blood bank at 10C to 37C at a flow rate of
200 ml/min. The blood passes through tubing of length
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2 m, with a rectangular cross section 6.4 mm  1.6 mm.
At what rate must heat be added to the blood to accomplish the required temperature increase? If the fluid
originates from a large tank with nearly zero velocity
and flows vertically downward for its 2-m length, estimate the magnitudes of kinetic and potential energy
changes. Assume the blood’s properties are similar to
those of water.
1.37 The energy consumption associated with a home water
heater has two components: (i) the energy that must be
supplied to bring the temperature of groundwater to the
heater storage temperature, as it is introduced to replace
hot water that has been used, and (ii) the energy needed
to compensate for heat losses incurred while the water
is stored at the prescribed temperature. In this problem,
we will evaluate the first of these components for a
family of four, whose daily hot water consumption is
approximately 100 gallons. If groundwater is available
at 15C, what is the annual energy consumption associated with heating the water to a storage temperature of
55C? For a unit electrical power cost of $0.08/kW  h,
what is the annual cost associated with supplying
hot water by means of (a) electric resistance heating or
(b) a heat pump having a COP of 3.
1.38 Three electric resistance heaters of length L  250 mm
and diameter D  25 mm are submerged in a 10 gallon
tank of water, which is initially at 295 K. The water
may be assumed to have a density and specific heat of
  990 kg/m3 and c  4180 J/kg  K.
(a) If the heaters are activated, each dissipating q1 
500 W, estimate the time required to bring the water
to a temperature of 335 K.
(b) If the natural convection coefficient is given by an
expression of the form h  370(Ts – T )1/3, where Ts
and T are temperatures of the heater surface and
water, respectively, what is the temperature of each
heater shortly after activation and just before deactivation? Units of h and (Ts – T ) are W/m2  K and
K, respectively.
(c) If the heaters are inadvertently activated when the
tank is empty, the natural convection coefficient
associated with heat transfer to the ambient air at
T  300 K may be approximated as h  0.70
(Ts – T)1/3. If the temperature of the tank walls is
also 300 K and the emissivity of the heater surface
is   0.85, what is the surface temperature of each
heater under steady-state conditions?
1.39 A hair dryer may be idealized as a circular duct through
which a small fan draws ambient air and within which
the air is heated as it flows over a coiled electric resistance wire.

Surroundings, Tsur
Air

T∞, h
Fan

Electric resistor

Discharge

To, Vo

•

Inlet, ∀, Ti

D
Pelec

Dryer, Ts, ε

(a) If a dryer is designed to operate with an electric
power consumption of Pelec  500 W and to heat air
from an ambient temperature of Ti  20C to a discharge temperature of To  45C, at what volumet˙ should the fan operate? Heat loss
ric flow rate 
from the casing to the ambient air and the surroundings may be neglected. If the duct has a diameter of
D  70 mm, what is the discharge velocity Vo of
the air? The density and specific heat of the air may
be approximated as   1.10 kg/m3 and cp  1007
J/kg  K, respectively.
(b) Consider a dryer duct length of L  150 mm and a
surface emissivity of   0.8. If the coefficient associated with heat transfer by natural convection from the
casing to the ambient air is h  4 W/m2  K and the
temperature of the air and the surroundings is T 
Tsur  20C, confirm that the heat loss from the casing
is, in fact, negligible. The casing may be assumed to
have an average surface temperature of Ts  40C.
1.40 In one stage of an annealing process, 304 stainless steel
sheet is taken from 300 K to 1250 K as it passes
through an electrically heated oven at a speed of Vs 
10 mm/s. The sheet thickness and width are ts  8 mm
and Ws  2 m, respectively, while the height, width,
and length of the oven are Ho  2 m, Wo  2.4 m, and
Lo  25 m, respectively. The top and four sides of the
oven are exposed to ambient air and large surroundings,
each at 300 K, and the corresponding surface temperature, convection coefficient, and emissivity are
Ts  350 K, h  10 W/m2  K, and s  0.8. The bottom
surface of the oven is also at 350 K and rests on a 0.5-m
thick concrete pad whose base is at 300 K. Estimate the
required electric power input, Pelec, to the oven.
Tsur
Pelec

Air

T∞, h

Ts, εs
Lo
Steel sheet

ts
Vs
Ts
Concrete pad

Tb
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1.41 Annealing, an important step in semiconductor materials processing, can be accomplished by rapidly heating
the silicon wafer to a high temperature for a short period of time. The schematic shows a method involving
use of a hot plate operating at an elevated temperature
Th. The wafer, initially at a temperature of Tw,i, is suddenly positioned at a gap separation distance L from
the hot plate. The purpose of the analysis is to compare
the heat fluxes by conduction through the gas within the
gap and by radiation exchange between the hot plate
and the cool wafer. The initial time rate of change in
the temperature of the wafer, (dTw /dt)i, is also of interest. Approximating the surfaces of the hot plate and the
wafer as blackbodies and assuming their diameter D to
be much larger than the spacing L, the radiative heat
flux may be expressed as qrad   (T h4 – Tw4). The silicon
wafer has a thickness of d  0.78 mm, a density of
2700 kg/m3, and a specific heat of 875 J/kg  K. The
thermal conductivity of the gas in the gap is 0.0436
W/m  K.

to the radiant flux (  l  0.65). For qs  3.0  105
W/m2, the temperature on its lower surface is measured
by a radiation thermometer and found to have a value of
Tw,l  997C.

Heating lamps

Tsur = 27°C

qs'' = 3 × 105 W/m2
Wafer, k, ε , αl

Tw, l = 997°C

L = 0.78 mm

To avoid warping the wafer and inducing slip planes in
the crystal structure, the temperature difference across
the thickness of the wafer must be less than 2C. Is this
condition being met?

1.43 A furnace for processing semiconductor materials is
formed by a silicon carbide chamber that is zone heated
on the top section and cooled on the lower section.
With the elevator in the lowest position, a robot arm inHot plate, Th
serts the silicon wafer on the mounting pins. In a proStagnant gas, k
duction operation, the wafer is rapidly moved toward
the hot zone to achieve the temperature-time history reSilicon wafer, Tw, i
quired for the process recipe. In this position the top
d
and bottom surfaces of the wafer exchange radiation
Positioner motion
with the hot and cool zones, respectively, of the chamber. The zone temperatures are Th  1500 K and Tc 
(a) For Th  600C and Tw,i  20C, calculate the radia330 K, and the emissivity and thickness of the wafer
tive heat flux and the heat flux by conduction across
are   0.65 and d  0.78 mm, respectively. With the
a gap distance of L  0.2 mm. Also determine the
ambient gas at T  700 K, convection coefficients at
value of (dTw /dt)i, resulting from each of the heating
the upper and lower surfaces of the wafer are 8 and
modes.
4 W/m2  K, respectively. The silicon wafer has a den(b) For gap distances of 0.2, 0.5, and 1.0 mm, detersity of 2700 kg/m3 and a specific heat of 875 J/kg  K.
mine the heat fluxes and temperature-time change
as a function of the hot plate temperature for
SiC chamber
300  Th  1300 C. Display your results graphically. Comment on the relative importance of the
Gas, T∞
two heat transfer modes and the effect of the gap
Heating zone
distance on the heating process. Under what condiWafer, Tw, ε
tions could a wafer be heated to 900 C in less than
Hot zone, Th = 1500 K
hu
10 seconds?
D

Gap, L

1.42 In the thermal processing of semiconductor materials,
annealing is accomplished by heating a silicon wafer according to a temperature-time recipe and then maintaining a fixed elevated temperature for a prescribed period
of time. For the process tool arrangement shown as follows, the wafer is in an evacuated chamber whose walls
are maintained at 27C and within which heating lamps
maintain a radiant flux qs at its upper surface. The wafer
is 0.78 mm thick, has a thermal conductivity of 30
W/m  K, and an emissivity that equals its absorptivity

hl

Mounting
pin holder

Cool zone, Tc = 330 K

Elevator
Water channel
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(a) For an initial condition corresponding to a wafer
temperature of Tw,i  300 K and the position of the
wafer shown schematically, determine the corresponding time rate of change of the wafer temperature, (dTw /dt)i.
(b) Determine the steady-state temperature reached by
the wafer if it remains in this position. How significant is convection heat transfer for this situation?
Sketch how you would expect the wafer temperature to vary as a function of vertical distance.

temperatures. The governing relation is of the form, h 
CD 0.25(T – T)0.25, where C  1.21 W  m1.75  K1.25.
The emissivity of the bar surface is   0.85.

1.44 Radioactive wastes are packed in a long, thin-walled
cylindrical container. The wastes generate thermal energy nonuniformly according to the relation q  q o[1 
(r/ro)2], where q is the local rate of energy generation
per unit volume, q o is a constant, and ro is the radius of
the container. Steady-state conditions are maintained by
submerging the container in a liquid that is at T and
provides a uniform convection coefficient h.

(b) To assess the trade-off between current-carrying
capacity, operating temperature, and bar diameter,
for diameters of 10, 20, and 40 mm, plot the bar
temperature T as a function of current for the range
100  I  5000 A. Also plot the ratio of the heat
transfer by convection to the total heat transfer.

ro

T∞, h
q• = q•o [1 – (r/ro)2]

Obtain an expression for the total rate at which energy
is generated in a unit length of the container. Use this
result to obtain an expression for the temperature Ts of
the container wall.
1.45 Consider the conducting rod of Example 1.3 under
steady-state conditions. As suggested in Comment 3,
the temperature of the rod may be controlled by varying the speed of air flow over the rod, which, in turn,
alters the convection heat transfer coefficient. To consider the effect of the convection coefficient, generate
plots of T versus I for values of h  50, 100, and 250
W/m2  K. Would variations in the surface emissivity
have a significant effect on the rod temperature?
1.46 A long bus bar (cylindrical rod used for making electrical
connections) of diameter D is installed in a large conduit
having a surface temperature of 30C and in which the
ambient air temperature is T  30C. The electrical resistivity, e(  m), of the bar material is a function of
temperature, e  e,o [1 + (T – To)], where e,o 
0.0171   m, To  25C, and   0.00396 K1. The
bar experiences free convection in the ambient air, and
the convection coefficient depends on the bar diameter, as
well as on the difference between the surface and ambient

(a) Recognizing that the electrical resistance per unit
length of the bar is R e  e /Ac, where Ac is its
cross-sectional area, calculate the current-carrying
capacity of a 20-mm-diameter bus bar if its temperature is not to exceed 65C. Compare the relative
importance of heat transfer by free convection and
radiation exchange.

1.47 A small sphere of reference-grade iron with a specific
heat of 447 J/kg  K and a mass of 0.515 kg is suddenly
immersed in a water-ice mixture. Fine thermocouple
wires suspend the sphere, and the temperature is observed to change from 15 to 14C in 6.35 s. The experiment is repeated with a metallic sphere of the same
diameter, but of unknown composition with a mass of
1.263 kg. If the same observed temperature change occurs in 4.59 s, what is the specific heat of the unknown
material?
1.48 A spherical, stainless steel (AISI 302) canister is used
to store reacting chemicals that provide for a uniform
heat flux q i to its inner surface. The canister is suddenly
submerged in a liquid bath of temperature TTi,
where Ti is the initial temperature of the canister wall.
Canister

Reacting chemicals

ro = 0.6 m
Ti = 500 K

3
 = 8055 kg/m
c = 510 J/kg•K

p

T∞ = 300 K
h = 500 W/m2•K

q"i
Bath

ri = 0.5 m

(a) Assuming negligible temperature gradients in the
canister wall and a constant heat flux q i , develop an
equation that governs the variation of the wall temperature with time during the transient process.
What is the initial rate of change of the wall temperature if q i  105 W/m2?
(b) What is the steady-state temperature of the wall?
(c) The convection coefficient depends on the velocity
associated with fluid flow over the canister and
whether or not the wall temperature is large enough
to induce boiling in the liquid. Compute and plot
the steady-state temperature as a function of h for
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the range 100  h  10,000 W/m2  K. Is there a
value of h below which operation would be unacceptable?
1.49 Liquid oxygen, which has a boiling point of 90 K and a
latent heat of vaporization of 214 kJ/kg, is stored in
a spherical container whose outer surface is of 500-mm
diameter and at a temperature of 10C. The container
is housed in a laboratory whose air and walls are
at 25C.
(a) If the surface emissivity is 0.20 and the heat
transfer coefficient associated with free convection at the outer surface of the container is 10
W / m 2  K, what is the rate, in kg/s, at which
oxygen vapor must be vented from the system?
(b) Moisture in the ambient air will result in frost formation on the container, causing the surface emissivity to increase. Assuming the surface temperature and convection coefficient to remain at 10°C
and 10 W/m2  K, respectively, compute the oxygen
evaporation rate (kg/s) as a function of surface
emissivity over the range 0.2    0.94.
1.50 A freezer compartment is covered with a 2-mm-thick
layer of frost at the time it malfunctions. If the compartment is in ambient air at 20 C and a coefficient of h  2
W/m2  K characterizes heat transfer by natural convection from the exposed surface of the layer, estimate the
time required to completely melt the frost. The frost
may be assumed to have a mass density of 700 kg/m3
and a latent heat of fusion of 334 kJ/kg.

oven where it is dried to a desired final water content. It
is observed that very little water evaporates during the
travel time. So, to increase the productivity of the line,
it is proposed that a bank of infrared radiation heaters,
which provide a uniform radiant flux of 5000 W/m2, be
installed over the conveyor. The carton has an exposed
area of 0.0625 m2 and a mass of 0.220 kg, 75% of
which is water after the forming process.
Bank of infrared radiant heaters
Gas-fired
furnace
Carton

Conveyor

The chief engineer of your plant will approve the purchase of the heaters if they can reduce the water content
by 10% of the total mass. Would you recommend the
purchase? Assume the heat of vaporization of water is
hfg  2400 kJ/kg.
1.53 Electronic power devices are mounted to a heat sink
having an exposed surface area of 0.045 m2 and an
emissivity of 0.80. When the devices dissipate a total
power of 20 W and the air and surroundings are at
27C, the average sink temperature is 42C. What
average temperature will the heat sink reach when the
devices dissipate 30 W for the same environmental
condition?
Power device

1.51 A vertical slab of Woods metal is joined to a substrate
on one surface and is melted as it is uniformly irradiated by a laser source on the opposite surface. The
metal is initially at its fusion temperature of Tf  72C,
and the melt runs off by gravity as soon as it is formed.
The absorptivity of the metal to the laser radiation is
l  0.4, and its latent heat of fusion is hsf  33 kJ/kg.
(a) Neglecting heat transfer from the irradiated surface
by convection or radiation exchange with the surroundings, determine the instantaneous rate of melting in kg/s m2 if the laser irradiation is 5 kW/m2.
How much material is removed if irradiation is
maintained for a period of 2 s?
(b) Allowing for convection to ambient air, with
T  20C and h  15 W / m 2 K, and radiation
exchange with large surroundings ( 0.4, Tsur 
20 C), determine the instantaneous rate of melting
during irradiation.
1.52 Following the hot vacuum forming of a paper-pulp
mixture, the product, an egg carton, is transported on a
conveyor for 18 s toward the entrance of a gas-fired

Tsur = 27°C

Air

Heat sink, Ts
As, ε

T∞ = 27°C

1.54 A computer consists of an array of five printed circuit
boards (PCBs), each dissipating Pb  20 W of power.
Cooling of the electronic components on a board is provided by the forced flow of air, equally distributed in
passages formed by adjoining boards, and the convection coefficient associated with heat transfer from the
components to the air is approximately h  200 W/m2 
K. Air enters the computer console at a temperature of
Ti  20C, and flow is driven by a fan whose power
consumption is Pf  25 W.
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bodily functions and is ultimately lost as heat from our
bodies. Consider a person who consumes 2100 kcal per
day (note that what are commonly referred to as food
calories are actually kilocalories), of which 2000 kcal is
converted to thermal energy. (The remaining 100 kcal
is used to do work on the environment.) The person has
a surface area of 1.8 m2 and is dressed in a bathing suit.
(a) The person is in a room at 20C, with a convection
heat transfer coefficient of 3 W/m2  K. At this air
temperature, the person is not perspiring much. Estimate the person’s average skin temperature.
(b) If the temperature of the environment were 33C,
what rate of perspiration would be needed to maintain a comfortable skin temperature of 33C?

•

Outlet air ∀, To

PCB, Pb

•

Fan, Pf

Inlet air ∀, Ti

(a) If the temperature rise of the air flow, (To  Ti), is not
to exceed 15C, what is the minimum allowable volu˙ of the air? The density and specific
metric flow rate 
heat of the air may be approximated as   1.161
kg/m3 and cp  1007 J/kg  K, respectively.
(b) The component that is most susceptible to thermal
failure dissipates 1 W/cm2 of surface area. To minimize the potential for thermal failure, where should
the component be installed on a PCB? What is its
surface temperature at this location?
1.55 The roof of a car in a parking lot absorbs a solar radiant
flux of 800 W/m2, while the underside is perfectly insulated. The convection coefficient between the roof and
the ambient air is 12 W/m2  K.
(a) Neglecting radiation exchange with the surroundings,
calculate the temperature of the roof under steadystate conditions if the ambient air temperature is 20C.
(b) For the same ambient air temperature, calculate the
temperature of the roof if its surface emissivity is 0.8.
(c) The convection coefficient depends on airflow conditions over the roof, increasing with increasing air
speed. Compute and plot the roof temperature as a
function of h for 2  h  200 W/m2  K.
1.56 Consider the conditions of Problem 1.22, but the surroundings temperature is 25C and radiation exchange
with the surroundings is not negligible. If the convection coefficient is 6.4 W/m2  K and the emissivity of the
plate is   0.42, determine the time rate of change of
the plate temperature, dT/dt, when the plate temperature
is 225C. Evaluate the heat loss by convection and the
heat loss by radiation.
1.57 Most of the energy we consume as food is converted to
thermal energy in the process of performing all our

1.58 Single fuel cells such as the one of Example 1.4 can be
scaled up by arranging them into a fuel cell stack. A stack
consists of multiple electrolytic membranes that are sandwiched between electrically conducting bipolar plates.
Air and hydrogen are fed to each membrane through flow
channels within each bipolar plate, as shown in the
sketch. With this stack arrangement, the individual fuel
cells are connected in series, electrically, producing a
stack voltage of Estack  N  Ec, where Ec is the voltage
produced across each membrane and N is the number of
membranes in the stack. The electrical current is the same
for each membrane. The cell voltage, Ec, as well as the
cell efficiency, increases with temperature (the air and hydrogen fed to the stack are humidified to allow operation
at temperatures greater than in Example 1.4), but the
membranes will fail at temperatures exceeding T  85C.
Consider L  w membranes, where L  w  100 mm, of
thickness tm  0.43 mm that each produce Ec  0.6 volts
at I  60 A, and Ėc,g  45 W of thermal energy when operating at T  80C. The external surfaces of the stack are
exposed to air at T  25C and surroundings at
Tsur  30C, with   0.88 and h  150 W/m2  K.
Lstack
Estack

Bipolar
plate
Membrane

Hydrogen flow
channel

e

Air flow
channel
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(a) Find the electrical power produced by a stack that
is Lstack  200 mm long, for bipolar plate thickness
in the range 1 mm  tbp  10 mm. Determine the
total thermal energy generated by the stack.
(b) Calculate the surface temperature and explain
whether the stack needs to be internally heated or
cooled to operate at the optimal internal temperature of 80C for various bipolar plate thicknesses.
(c) Identify how the internal stack operating temperature might be lowered or raised for a given bipolar
plate thickness, and discuss design changes that
would promote a more uniform temperature distribution within the stack. How would changes in the
external air and surroundings temperature affect
your answer? Which membrane in the stack is most
likely to fail due to high operating temperature?
1.59 Consider Problem 1.1.
(a) If the exposed cold surface of the insulation is at
T2  20C, what is the value of the convection heat
transfer coefficient on the cold side of the insulation
if the surroundings temperature is Tsur  320 K, the
ambient temperature is T  5C, and the emissivity is   0.95? Express your results in units of
W/m2  K and W/m2  C.
(b) Using the convective heat transfer coefficient you
calculated in part (a), determine the surface temperature, T2, as the emissivity of the surface is varied over the range 0.05    0.95. The hot wall
temperature of the insulation remains fixed at T1 
30 C. Display your results graphically.
1.60 The wall of an oven used to cure plastic parts is of
thickness L  0.05 m and is exposed to large surroundings and air at its outer surface. The air and the surroundings are at 300 K.
(a) If the temperature of the outer surface is 400 K
and its convection coefficient and emissivity are
h  20 W/m2  K and   0.8, respectively, what is
the temperature of the inner surface if the wall has a
thermal conductivity of k  0.7 W/m  K?
(b) Consider conditions for which the temperature of
the inner surface is maintained at 600 K, while the
air and large surroundings to which the outer surface is exposed are maintained at 300 K. Explore
the effects of variations in k, h, and  on (i) the
temperature of the outer surface, (ii) the heat flux
through the wall, and (iii) the heat fluxes associated
with convection and radiation heat transfer from
the outer surface. Specifically, compute and plot
the foregoing dependent variables for parametric
variations about baseline conditions of k  10
W/m  K, h  20 W/m2  K, and   0.5. Suggested
ranges of the independent variables are 0.1  k 

400 W/m  K, 2  h  200 W/m2  K, and 0.05 
  1. Discuss the physical implications of your
results. Under what conditions will the temperature
of the outer surface be less than 45°C, which is a
reasonable upper limit to avoid burn injuries if
contact is made?
1.61 An experiment to determine the convection coefficient
associated with airflow over the surface of a thick stainless steel casting involves insertion of thermocouples in
the casting at distances of 10 and 20 mm from the surface along a hypothetical line normal to the surface.
The steel has a thermal conductivity of 15 W/m  K. If
the thermocouples measure temperatures of 50 and
40C in the steel when the air temperature is 100C,
what is the convection coefficient?
1.62 A thin electrical heating element provides a uniform
heat flux q o to the outer surface of a duct through which
air flows. The duct wall has a thickness of 10 mm and a
thermal conductivity of 20 W/m  K.
Air

Duct

Air

Ti
Duct wall

To
Electrical
heater
Insulation

(a) At a particular location, the air temperature is 30°C
and the convection heat transfer coefficient between the air and inner surface of the duct is
100 W/m2  K. What heat flux qo is required to
maintain the inner surface of the duct at Ti  85°C?
(b) For the conditions of part (a), what is the temperature (To) of the duct surface next to the heater?
(c) With Ti  85°C, compute and plot qo and To as a
function of the air-side convection coefficient h for
the range 10  h  200 W/m2  K. Briefly discuss
your results.
1.63 A rectangular forced air heating duct is suspended from
the ceiling of a basement whose air and walls are at a
temperature of T  Tsur  5C. The duct is 15 m long,
and its cross-section is 350 mm  200 mm.
(a) For an uninsulated duct whose average surface temperature is 50C, estimate the rate of heat loss from
the duct. The surface emissivity and convection
coefficient are approximately 0.5 and 4 W/m2  K,
respectively.
(b) If heated air enters the duct at 58C and a velocity of
4 m/s and the heat loss corresponds to the result of
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part (a), what is the outlet temperature? The density
and specific heat of the air may be assumed to be
  1.10 kg/m3 and c  1008 J/kg  K, respectively.
1.64 Consider the steam pipe of Example 1.2. The facilities
manager wants you to recommend methods for reducing the heat loss to the room, and two options are proposed. The first option would restrict air movement
around the outer surface of the pipe and thereby reduce
the convection coefficient by a factor of two. The second option would coat the outer surface of the pipe with
a low emissivity (  0.4) paint.

by measuring the electrical power required to heat the
receiver to the same temperature. With a beam, such as
a laser of optical power Popt, incident on the receiver, its
temperature, Ts, increases above that of the chamber
walls held at a uniform temperature, Tsur  77 K. With
the optical beam blocked, the heater on the backside of
the receiver is energized and the electrical power, Pelec,
required to reach the same value of Ts is measured. The
purpose of your analysis is to determine the relationship between the electrical and optical power, considering heat transfer processes experienced by the receiver.
Liquid nitrogen

(a) Which of the foregoing options would you
recommend?
(b) To prepare for a presentation of your recommendation to management, generate a graph of the heat
loss q as a function of the convection coefficient
for 2  h  20 W / m 2 K and emissivities of 0.2,
0.4, and 0.8. Comment on the relative efficacy of
reducing heat losses associated with convection
and radiation.
1.65 During its manufacture, plate glass at 600C is cooled
by passing air over its surface such that the convection
heat transfer coefficient is h  5 W/m2  K. To prevent
cracking, it is known that the temperature gradient must
not exceed 15C/mm at any point in the glass during the
cooling process. If the thermal conductivity of the glass
is 1.4 W/m  K and its surface emissivity is 0.8, what is
the lowest temperature of the air that can initially be
used for the cooling? Assume that the temperature of
the air equals that of the surroundings.
1.66 The curing process of Example 1.7 involves exposure
of the plate to irradiation from an infrared lamp and attendant cooling by convection and radiation exchange
with the surroundings. Alternatively, in lieu of the
lamp, heating may be achieved by inserting the plate in
an oven whose walls (the surroundings) are maintained
at an elevated temperature.
(a) Consider conditions for which the oven walls are
at 200C, air flow over the plate is characterized by
T  20C and h  15 W/m2  K, and the coating
has an emissivity of   0.5. What is the temperature of the plate?
(b) For ambient air temperatures of 20, 40, and 60 C,
determine the plate temperature as a function of the
oven wall temperature over the range from 150 to
250 C. Plot your results, and identify conditions for
which acceptable curing temperatures between 100
and 110 C may be maintained.
1.67 The electrical-substitution radiometer shown schematically determines the optical (radiant) power of a beam

Chamber walls, Tsur

Popt
Laser beam

Heater, Pelec

Insulation
Receiver, Ts

Consider a radiometer with a 15-mm-diameter receiver
having a blackened surface with an emissivity of 0.95
and an absorptivity of 0.98 for the optical beam. When
operating in the optical mode, conduction heat losses
from the backside of the receiver are negligible. In the
electrical mode, the loss amounts to 5% of the electrical
power. What is the optical power of a beam when the
indicated electrical power is 20.64 mW? What is the
corresponding receiver temperature?
1.68 The diameter and surface emissivity of an electrically
heated plate are D  300 mm and   0.80, respectively.
(a) Estimate the power needed to maintain a surface
temperature of 200C in a room for which the air
and the walls are at 25C. The coefficient characterizing heat transfer by natural convection depends on
the surface temperature and, in units of W/m2  K,
may be approximated by an expression of the form
h  0.80(Ts  T)1/3.
(b) Assess the effect of surface temperature on the
power requirement, as well as on the relative contributions of convection and radiation to heat transfer from the surface.
1.69 Bus bars proposed for use in a power transmission station
have a rectangular cross section of height H  600 mm
and width W  200 mm. The electrical resistivity,
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e(  m), of the bar material is a function of temperature, e  e,o[1  (T  To)], where e,o  0.0828
  m, To  25C, and   0.0040 K1. The emissivity
of the bar’s painted surface is 0.8, and the temperature of
the surroundings is 30C. The convection coefficient between the bar and the ambient air at 30C is 10 W/m2  K.

and length 4 mm, conduct heat from the case to the circuit
board. The gap between the case and the board is 0.2 mm.

Air

(a) Assuming the bar has a uniform temperature T,
calculate the steady-state temperature when a current of 60,000 A passes through the bar.
(b) Compute and plot the steady-state temperature of
the bar as a function of the convection coefficient
for 10  h  100 W / m 2  K. What minimum convection coefficient is required to maintain a safeoperating temperature below 120 C? Will increasing the emissivity significantly affect this result?
1.70 A solar flux of 700 W/m2 is incident on a flat-plate solar
collector used to heat water. The area of the collector is
3 m2, and 90% of the solar radiation passes through the
cover glass and is absorbed by the absorber plate. The
remaining 10% is reflected away from the collector.
Water flows through the tube passages on the back side
of the absorber plate and is heated from an inlet temperature Ti to an outlet temperature To. The cover glass,
operating at a temperature of 30C, has an emissivity of
0.94 and experiences radiation exchange with the sky at
10C. The convection coefficient between the cover
glass and the ambient air at 25C is 10 W/m2  K.
GS
Cover glass

Transistor
case
Wire
lead
Circuit
board

Gap

(a) Assuming the case is isothermal and neglecting radiation, estimate the case temperature when 150 mW is
dissipated by the transistor and (i) stagnant air or
(ii) a conductive paste fills the gap. The thermal conductivities of the wire leads, air, and conductive
paste are 25, 0.0263, and 0.12 W/m  K, respectively.
(b) Using the conductive paste to fill the gap, we wish
to determine the extent to which increased heat dissipation may be accommodated, subject to the constraint that the case temperature not exceed 40°C.
Options include increasing the air speed to achieve
a larger convection coefficient h and/or changing
the lead wire material to one of larger thermal conductivity. Independently considering leads fabricated from materials with thermal conductivities of
200 and 400 W/m  K, compute and plot the maximum allowable heat dissipation for variations in
h over the range 50  h  250 W/m2  K.

Air space
Absorber plate
Water tubing
Insulation

(a) Perform an overall energy balance on the collector
to obtain an expression for the rate at which useful
heat is collected per unit area of the collector, q u.
Determine the value of q u.
(b) Calculate the temperature rise of the water, To  Ti,
if the flow rate is 0.01 kg/s. Assume the specific
heat of the water to be 4179 J/kg  K.
(c) The collector efficiency is defined as the ratio of the
useful heat collected to the rate at which solar energy
is incident on the collector. What is the value of ?
1.71 Consider a surface-mount type transistor on a circuit
board whose temperature is maintained at 35C. Air at
20C flows over the upper surface of dimensions 4 mm
by 8 mm with a convection coefficient of 50 W/m2  K.
Three wire leads, each of cross section 1 mm by 0.25 mm

Process Identification
1.72 In analyzing the performance of a thermal system, the
engineer must be able to identify the relevant heat
transfer processes. Only then can the system behavior
be properly quantified. For the following systems identify
the pertinent processes, designating them by appropriately
labeled arrows on a sketch of the system. Answer additional questions that appear in the problem statement.
(a) Identify the heat transfer processes that determine
the temperature of an asphalt pavement on a summer day. Write an energy balance for the surface of
the pavement.
(b) Microwave radiation is known to be transmitted by
plastics, glass, and ceramics, but to be absorbed by
materials having polar molecules such as water.
Water molecules exposed to microwave radiation
align and reverse alignment with the microwave radiation at frequencies up to 109 s1, causing heat to
be generated. Contrast cooking in a microwave
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oven with cooking in a conventional radiant or convection oven. In each case what is the physical
mechanism responsible for heating the food?
Which oven has the greater energy utilization efficiency? Why? Microwave heating is being considered for drying clothes. How would operation of a
microwave clothes dryer differ from a conventional
dryer? Which is likely to have the greater energy
utilization efficiency and why?
(c) To prevent freezing of the liquid water inside the
fuel cell of an automobile, the water is drained to
an on-board storage tank when the automobile is not
in use. (The water is transferred from the tank back to
the fuel cell when the automobile is turned on.) Consider a fuel cell–powered automobile that is parked
outside on a very cold evening with T  20C.
The storage tank is initially empty and at Ti,t  20C
when liquid water at atmospheric pressure and temperature Ti,w  50C is introduced into the tank. The
tank has a wall thickness tt and is blanketed with insulation of thickness tins. Identify the heat transfer
processes that will promote freezing of the water.
Will the likelihood of freezing change as the insulation thickness is modified? Will the likelihood of
freezing depend on the tank wall thickness and tank
wall material? Would freezing of the water be more
likely if plastic (low thermal conductivity) or stainless steel (moderate thermal conductivity) tubing is
used to transfer the water to and from the tank? Is
there an optimal tank shape that would minimize the
probability of the water freezing? Would freezing be
more likely or less likely to occur if a thin sheet of
aluminum foil (high thermal conductivity, low emissivity) is applied to the outside of the insulation?
To fuel cell
Transfer
tubing

development of such materials would do much to enhance energy conservation by reducing space heating
requirements. It has been suggested that superior
structural and insulating qualities could be obtained
by using the composite shown. The material consists
of a honeycomb, with cells of square cross section,
sandwiched between solid slabs. The cells are filled
with air, and the slabs, as well as the honeycomb matrix, are fabricated from plastics of low thermal conductivity. For heat transfer normal to the slabs, identify all heat transfer processes pertinent to the
performance of the composite. Suggest ways in
which this performance could be enhanced.

Surface
slabs

Cellular
air spaces

(f) A thermocouple junction (bead) is used to measure
the temperature of a hot gas stream flowing through
a channel by inserting the junction into the mainstream of the gas. The surface of the channel is
cooled such that its temperature is well below that
of the gas. Identify the heat transfer processes associated with the junction surface. Will the junction
sense a temperature that is less than, equal to, or
greater than the gas temperature? A radiation shield
is a small, open-ended tube that encloses the thermocouple junction, yet allows for passage of the gas
through the tube. How does use of such a shield improve the accuracy of the temperature measurement?

Tsur

Cool channel

Water

Shield

tt

Hot
gases

tins

Thermocouple
bead

h, T∞

(d) Consider an incandescent light source that consists
of a tungsten filament enclosed in a gas-filled glass
bulb. Assuming steady-state operation with the filament at a temperature of approximately 2900 K, list
all the pertinent heat transfer processes for (i) the
filament and (ii) the glass bulb.
(e) There is considerable interest in developing building
materials that have improved insulating qualities. The

(g) A double-glazed, glass fire screen is inserted between
a wood-burning fireplace and the interior of a room.
The screen consists of two vertical glass plates that
are separated by a space through which room air may
flow (the space is open at the top and bottom). Identify the heat transfer processes associated with the
fire screen.
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blown through a long duct whose cross section is
in the form of an equilateral triangle. One side of
the triangle is comprised of a double-paned, semitransparent cover, while the other two sides are
constructed from aluminum sheets painted flat
black on the inside and covered on the outside with
a layer of styrofoam insulation. During sunny periods, air entering the system is heated for delivery
to either a greenhouse, grain drying unit, or a storage system.

Air channel
Glass plate

Air

1.73 In considering the following problems involving heat
transfer in the natural environment (outdoors), recognize that solar radiation is comprised of long and short
wavelength components. If this radiation is incident on
a semitransparent medium, such as water or glass, two
things will happen to the nonreflected portion of the radiation. The long wavelength component will be absorbed
at the surface of the medium, whereas the short wavelength component will be transmitted by the surface.
(a) The number of panes in a window can strongly influence the heat loss from a heated room to the outside ambient air. Compare the single- and doublepaned units shown by identifying relevant heat
transfer processes for each case.

Double
pane
Ambient
air

Room
air
Single
pane

Doublepaned
cover

Styrofoam
Absorber
plates

Identify all heat transfer processes associated with
the cover plates, the absorber plate(s), and the air.
(d) Evacuated-tube solar collectors are capable of improved performance relative to flat-plate collectors.
The design consists of an inner tube enclosed in an
outer tube that is transparent to solar radiation. The
annular space between the tubes is evacuated. The
outer, opaque surface of the inner tube absorbs solar
radiation, and a working fluid is passed through the
tube to collect the solar energy. The collector design generally consists of a row of such tubes
arranged in front of a reflecting panel. Identify all
heat transfer processes relevant to the performance
of this device.
Solar
radiation

(b) In a typical flat-plate solar collector, energy is collected by a working fluid that is circulated through
tubes that are in good contact with the back face of
an absorber plate. The back face is insulated from
the surroundings, and the absorber plate receives
solar radiation on its front face, which is typically
covered by one or more transparent plates. Identify
the relevant heat transfer processes, first for the absorber plate with no cover plate and then for the
absorber plate with a single cover plate.
(c) The solar energy collector design shown below has
been used for agricultural applications. Air is

Evacuated
tubes
Reflecting
panel
Working
fluid
Transparent
outer tube

Evacuated
space

Inner
tube
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Introduction to Conduction

R

ecall that conduction refers to the transport of energy in a medium due to a
temperature gradient, and the physical mechanism is one of random atomic or molecular activity. In Chapter 1 we learned that conduction heat transfer is governed by
Fourier’s law and that use of the law to determine the heat flux depends on knowledge of the manner in which temperature varies within the medium (the temperature distribution). By way of introduction, we restricted our attention to simplified
conditions (one-dimensional, steady-state conduction in a plane wall) for which the
temperature distribution is readily deduced to be linear. However, Fourier’s law is
applicable to transient, multidimensional conduction in complex geometries for which
the nature of the temperature distribution is not evident.
The objectives of this chapter are twofold. First, we wish to develop a deeper
understanding of Fourier’s law. What are its origins? What form does it take for different geometries? How does its proportionality constant (the thermal conductivity)
depend on the physical nature of the medium? Our second objective is to develop,
from basic principles, the general equation, termed the heat equation, which governs the temperature distribution in a medium. It is the solution to this equation that
provides knowledge of the temperature distribution, which may then be used with
Fourier’s law to determine the heat flux.

2.1
The Conduction Rate Equation
Although the conduction rate equation, Fourier’s law, was introduced in Section 1.2,
it is now appropriate to consider its origin. Fourier’s law is phenomenological; that
is, it is developed from observed phenomena rather than being derived from first
principles. Hence, we view the rate equation as a generalization based on much experimental evidence. For example, consider the steady-state conduction experiment
of Figure 2.1. A cylindrical rod of known material is insulated on its lateral surface,
while its end faces are maintained at different temperatures, with T1  T2. The temperature difference causes conduction heat transfer in the positive x direction. We are
able to measure the heat transfer rate qx, and we seek to determine how qx depends on
the following variables: T , the temperature difference; x, the rod length; and A,
the cross-sectional area.
We might imagine first holding T and x constant and varying A. If we do so,
we find that qx is directly proportional to A. Similarly, holding T and A constant,
we observe that qx varies inversely with x. Finally, holding A and x constant, we
find that qx is directly proportional to T . The collective effect is then

qx  A T
x
∆T = T1 – T2

A, T1

T2

qx

x

∆x

FIGURE 2.1
Steady-state heat conduction experiment.
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In changing the material (e.g., from a metal to a plastic), we would find that the above
proportionality remains valid. However, we would also find that, for equal values of
A, x, and T , the value of qx would be smaller for the plastic than for the metal.
This suggests that the proportionality may be converted to an equality by introducing a coefficient that is a measure of the material behavior. Hence, we write
qx  kA T
x
where k, the thermal conductivity (W/m  K), is an important property of the material. Evaluating this expression in the limit as x l 0, we obtain for the heat rate
T(x)

qx  kA

dT
dx

(2.1)

T1

or for the heat flux

qx''

q x 

T2

qx
dT
 k
A
dx

(2.2)

x

Recall that the minus sign is necessary because heat is always transferred in the direction of decreasing temperature.
Fourier’s law, as written in Equation 2.2, implies that the heat flux is a directional quantity. In particular, the direction of q x is normal to the cross-sectional area
A. Or, more generally, the direction of heat flow will always be normal to a surface
of constant temperature, called an isothermal surface. Figure 2.2 illustrates the direction of heat flow q x in a plane wall for which the temperature gradient dT/dx is
negative. From Equation 2.2, it follows that q x is positive. Note that the isothermal
surfaces are planes normal to the x direction.
Recognizing that the heat flux is a vector quantity, we can write a more general
statement of the conduction rate equation (Fourier’s law) as follows:

FIGURE 2.2
The relationship between
coordinate system, heat
flow direction, and
temperature gradient
in one dimension.

 Tx  j Ty  k Tz 

q  kTk i

qy''

where  is the three-dimensional del operator and T(x, y, z) is the scalar temperature field. It is implicit in Equation 2.3 that the heat flux vector is in a direction
perpendicular to the isothermal surfaces. An alternative form of Fourier’s law is
therefore

qn''

qx''

q n  k

y

n
Isotherm

x

FIGURE 2.3
The heat flux vector normal
to an isotherm in a twodimensional coordinate
system.

(2.3)

T
n

(2.4)

where qn is the heat flux in a direction n, which is normal to an isotherm, as shown
for the two-dimensional case in Figure 2.3. The heat transfer is sustained by a temperature gradient along n. Note also that the heat flux vector can be resolved into
components such that, in Cartesian coordinates, the general expression for q is
q   iq x  jq y  kq z

(2.5)
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where, from Equation 2.3, it follows that
q x  k

T
x

q y  k

T
y

q z  k

T
z

(2.6)

Each of these expressions relates the heat flux across a surface to the temperature gradient in a direction perpendicular to the surface. It is also implicit in Equation 2.3 that the
medium in which the conduction occurs is isotropic. For such a medium the value of the
thermal conductivity is independent of the coordinate direction.
Fourier’s law is the cornerstone of conduction heat transfer, and its key features
are summarized as follows. It is not an expression that may be derived from first
principles; it is instead a generalization based on experimental evidence. It is an expression that defines an important material property, the thermal conductivity. In addition, Fourier’s law is a vector expression indicating that the heat flux is normal to
an isotherm and in the direction of decreasing temperature. Finally, note that
Fourier’s law applies for all matter, regardless of its state (solid, liquid, or gas).

2.2
The Thermal Properties of Matter
To use Fourier’s law, the thermal conductivity of the material must be known. This
property, which is referred to as a transport property, provides an indication of the
rate at which energy is transferred by the diffusion process. It depends on the physical
structure of matter, atomic and molecular, which is related to the state of the matter. In
this section we consider various forms of matter, identifying important aspects of their
behavior and presenting typical property values.

2.2.1

Thermal Conductivity

From Fourier’s law, Equation 2.6, the thermal conductivity associated with conduction in the x-direction is defined as
kx  

q x
(T/x)

Similar definitions are associated with thermal conductivities in the y- and
z-directions (k y, k z), but for an isotropic material the thermal conductivity is independent of the direction of transfer, k x  k y  k z  k.
From the foregoing equation, it follows that, for a prescribed temperature gradient, the conduction heat flux increases with increasing thermal conductivity. In
general, the thermal conductivity of a solid is larger than that of a liquid, which is
larger than that of a gas. As illustrated in Figure 2.4, the thermal conductivity of a
solid may be more than four orders of magnitude larger than that of a gas. This
trend is due largely to differences in intermolecular spacing for the two states.

The Solid State In the modern view of materials, a solid may be comprised of
free electrons and atoms bound in a periodic arrangement called the lattice.
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Zinc
Silver
PURE METALS
Aluminum
Nickel
ALLOYS
Plastics
Ice
Oxides
NONMETALLIC SOLIDS
Foams
Fibers
INSULATION SYSTEMS
Oils Water
Mercury
LIQUIDS
Carbon
Hydrogen
dioxide
GASES
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1
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Thermal conductivity (W/m•K)

100

1000

FIGURE 2.4 Range of thermal conductivity for various states of matter at normal
temperatures and pressure.

Accordingly, transport of thermal energy may be due to two effects: the migration
of free electrons and lattice vibrational waves. When viewed as a particle-like phenomenon, the lattice vibration quanta are termed phonons. In pure metals, the electron contribution to conduction heat transfer dominates, while in nonconductors and
semiconductors, the phonon contribution is dominant.
Kinetic theory yields the following expression for the thermal conductivity [1]:
k  1 C c mfp
3

(2.7)

For conducting materials such as metals, C  Ce is the electron specific heat per
unit volume, c is the mean electron velocity, and mfp  e is the electron mean free
path, which is defined as the average distance traveled by an electron before it collides with either an imperfection in the material or with a phonon. In nonconducting
solids, C  Cph is the phonon specific heat, c is the average speed of sound, and mfp 
ph is the phonon mean free path, which again is determined by collisions with imperfections or other phonons. In all cases, the thermal conductivity increases as the
mean free path of the energy carriers (electrons or phonons) is increased.
When electrons and phonons carry thermal energy leading to conduction heat
transfer in a solid, the thermal conductivity may be expressed as
k  k e  k ph

(2.8)

To a first approximation, ke is inversely proportional to the electrical resistivity, e.
For pure metals, which are of low e, ke is much larger than kph. In contrast, for alloys,
which are of substantially larger e, the contribution of kph to k is no longer negligible. For nonmetallic solids, k is determined primarily by kph, which increases as the
frequency of interactions between the atoms and the lattice decreases. The regularity of the lattice arrangement has an important effect on kph, with crystalline (wellordered) materials like quartz having a higher thermal conductivity than amorphous
materials like glass. In fact, for crystalline, nonmetallic solids such as diamond and
beryllium oxide, kph can be quite large, exceeding values of k associated with good
conductors, such as aluminum.
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FIGURE 2.5 The temperature dependence of the thermal conductivity of selected solids.

The temperature dependence of k is shown in Figure 2.5 for representative
metallic and nonmetallic solids. Values for selected materials of technical importance are also provided in Table A.1 (metallic solids) and Tables A.2 and A.3 (nonmetallic solids). More detailed treatments of thermal conductivity are available in
the literature [2].

The Solid State: Micro- and Nanoscale Effects In the preceding discussion, the bulk thermal conductivity is described, and the thermal conductivity values
listed in Tables A.1 through A.3 are appropriate for use when the physical dimensions of the material of interest are relatively large. This is the case in many commonplace engineering problems. However, in several areas of technology, such as
microelectronics, the material’s characteristic dimensions can be on the order of
micrometers or nanometers, in which case care must be taken to account for the
possible modifications of k that can occur as the physical dimensions become small.
Cross sections of films of the same material having thicknesses L1 and L2 are
shown in Figure 2.6. Electrons or phonons that are associated with conduction of
thermal energy are also shown qualitatively. Note that the physical boundaries of
the film act to scatter the energy carriers and redirect their propagation. For large
L/mfp (Figure 2.6a), the effect of the boundaries on reducing the average energy
carrier path length is minor, and conduction heat transfer occurs as described for
bulk materials. However, as the film becomes thinner, the physical boundaries of
the material can decrease the average net distance traveled by the energy carriers, as
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L1

L2 < L1

y

x
(b)

(a)

FIGURE 2.6 Electron or phonon trajectories in (a) a relatively thick film and (b) a relatively
thin film with boundary effects.

shown in Figure 2.6b. Moreover, electrons and phonons moving in the thin y-direction
(representing conduction in the y-direction) are affected by the boundaries to a more
significant degree than energy carriers moving in the x-direction. As such, for films
characterized by small L/mfp, we find that ky  kx  k, where k is the bulk thermal
conductivity of the film material.
For L/mfp  1, predicted values of kx and ky may be estimated to within 20%
from the following expression [1]:
k x /k  12mfp /(3L)

(2.9a)

k y /k  1mfp /(3L)

(2.9b)

Equations 2.9a, b reveal that the values of kx and ky are within approximately 5% of
the bulk thermal conductivity if L/mfp 7 (for ky) and L/mfp 4.5 (for kx). Values
of the mean free path as well as critical film thicknesses below which microscale effects must be considered, Lcrit, are included in Table 2.1 for several materials at
T  300 K. For films with mfp  L  Lcrit, kx and ky are reduced from the bulk
value as indicated in Equations 2.9a, b. No general guidelines exist for predicting
values of the thermal conductivities for L/mfp  1. Note that, in solids, the value of
mfp decreases as the temperature increases.
In addition to scattering from physical boundaries, as in the case of Figure 2.6b,
energy carriers may be redirected by chemical dopants embedded within a material
or by grain boundaries that separate individual clusters of material in otherwise
homogeneous matter. Nanostructured materials are chemically identical to their
conventional counterparts but are thermally processed to provide very small grain
sizes in the final material and, from the heat transfer perspective, significantly
increase the scattering and reflection of energy carriers at the grain boundaries.

TABLE 2.1 Mean free path and critical film thickness for
various materials at T  300 K [3,4]
Material
Aluminum oxide
Diamond (IIa)
Gallium arsenide
Gold
Silicon
Silicon dioxide
Yttria-stabilized zirconia

mfp (nm)

Lcrit,y (nm)

Lcrit,x (nm)

5.08
315
23
31
43
0.6
25

36
2200
160
220
290
4
170

22
1400
100
140
180
3
110
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FIGURE 2.7 Measured
thermal conductivity of yttriastabilized zirconia as a function
of temperature and mean grain
size [3].
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Measured values of the thermal conductivity of a bulk, nanostructured yttriastabilized zirconia material are shown in Figure 2.7. This particular ceramic is
widely used for insulation purposes in high-temperature combustion devices such as
gas turbine engines. Conduction is dominated by phonon transfer, and the mean free
path of the phonon energy carriers is, from Table 2.1, mfp  25 nm at 300 K. As
the grain sizes are reduced to characteristic dimensions less than 25 nm (and more
grain boundaries are introduced in the material per unit volume), significant reduction of the thermal conductivity occurs. Extrapolation of the results of Figure 2.7 to
higher temperatures is not recommended, since the mean free path decreases with
increasing temperature (mfp  4 nm at T  1525 K) and grains of the material may
coalesce, merge, and enlarge at elevated temperatures. Therefore, L/mfp becomes
larger at high temperatures, and reduction of k due to nanoscale effects becomes
less pronounced.

The Fluid State The fluid state includes both liquids and gases. Since the intermolecular spacing is much larger and the motion of the molecules is more random
for the fluid state than for the solid state, thermal energy transport is less effective.
The thermal conductivity of gases and liquids is therefore generally smaller than
that of solids.
The effect of temperature, pressure, and chemical species on the thermal conductivity of a gas may be explained in terms of the kinetic theory of gases [5]. From
this theory it is known that the thermal conductivity is directly proportional to the
density of the gas, the mean molecular speed c, and the mean free path mfp, which
is the average distance traveled by an energy carrier (a molecule) before experiencing a collision.
k  1c c mfp
3

(2.10)

Because c increases with increasing temperature and decreasing molecular weight, the
thermal conductivity of a gas increases with increasing temperature and decreasing
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FIGURE 2.8 The temperature dependence of the thermal conductivity of selected gases at
normal pressures. Molecular weights () of the gases are also shown.

molecular weight. These trends are shown in Figure 2.8. However, because  and
mfp are directly and inversely proportional to the gas pressure, respectively, the
thermal conductivity is independent of pressure except in extreme cases as, for example, when conditions approach that of a perfect vacuum. Therefore, the assumption that k is independent of gas pressure for large volumes of gas is appropriate for
the pressures of interest in this text. Accordingly, although the values of k presented
in Table A.4 pertain to atmospheric pressure or the saturation pressure corresponding
to the prescribed temperature, they may be used over a much wider pressure range.
Molecular conditions associated with the liquid state are more difficult to describe, and physical mechanisms for explaining the thermal conductivity are not
well understood [6]. The thermal conductivity of nonmetallic liquids generally decreases with increasing temperature. As shown in Figure 2.9, water, glycerine, and
engine oil are notable exceptions. The thermal conductivity of liquids is usually insensitive to pressure except near the critical point. Also, it is generally true that thermal conductivity decreases with increasing molecular weight. Values of the thermal
conductivity are often tabulated as a function of temperature for the saturated state
of the liquid. Tables A.5 and A.6 present such data for several common liquids.
Liquid metals are commonly used in high heat flux applications, such as occur in
nuclear power plants. The thermal conductivity of such liquids is given in Table A.7.
Note that the values are much larger than those of the nonmetallic liquids [7].

The Fluid State: Micro- and Nanoscale Effects As in the solid state, the
bulk thermal conductivity may be modified as the characteristic dimensions of the
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FIGURE 2.9 The temperature dependence of the thermal conductivity of selected
nonmetallic liquids under saturated conditions.

system become small, in particular for small values of L/mfp. As for the situation
shown in Figure 2.6b, the mean free path of the molecules becomes restricted when
the fluid is, for example, contained in an enclosure of small physical dimension.

Insulation Systems Thermal insulations consist of low thermal conductivity materials combined to achieve an even lower system thermal conductivity. In conventional fiber-, powder-, and flake-type insulations, the solid material is finely dispersed
throughout an air space. Such systems are characterized by an effective thermal conductivity, which depends on the thermal conductivity and surface radiative properties
of the solid material, as well as the nature and volumetric fraction of the air or void
space. A special parameter of the system is its bulk density (solid mass/total volume),
which depends strongly on the manner in which the material is packed.
If small voids or hollow spaces are formed by bonding or fusing portions of the
solid material, a rigid matrix is created. When these spaces are sealed from each
other, the system is referred to as a cellular insulation. Examples of such rigid insulations are foamed systems, particularly those made from plastic and glass materials. Reflective insulations are composed of multilayered, parallel, thin sheets or foils of high
reflectivity, which are spaced to reflect radiant energy back to its source. The spacing
between the foils is designed to restrict the motion of air, and in high-performance
insulations, the space is evacuated. In all types of insulation, evacuation of the air in
the void space will reduce the effective thermal conductivity of the system.
It is important to recognize that heat transfer through any of these insulation systems may include several modes: conduction through the solid materials; conduction
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FIGURE 2.10 Measured thermal conductivity of carbon-doped silica aerogel as a function of
pressure at T  300 K [10].

or convection through the air in the void spaces; and radiation exchange between the
surfaces of the solid matrix. The effective thermal conductivity accounts for all of
these processes, and values for selected insulation systems are summarized in Table
A.3. Additional background information and data are available in the literature [8, 9].
As with thin films, micro- and nanoscale effects can influence the effective
thermal conductivity of insulating materials. The value of k for a nanostructured
silica aerogel material that is composed of approximately 5% by volume solid material and 95% by volume air that is trapped within pores of L  20 nm is shown in
Figure 2.10. Note that at T  300 K, the mean free path for air at atmospheric pressure is approximately 80 nm. As the gas pressure is reduced, mfp would increase for
an unconfined gas, but the molecular motion of the trapped air is restricted by the
walls of the small pores and k is reduced to extremely small values relative to the
thermal conductivities of conventional matter reported in Figure 2.4.

2.2.2

Other Relevant Properties

In our analysis of heat transfer problems, it will be necessary to use several properties
of matter. These properties are generally referred to as thermophysical properties and
include two distinct categories, transport and thermodynamic properties. The transport
properties include the diffusion rate coefficients such as k, the thermal conductivity
(for heat transfer), and v, the kinematic viscosity (for momentum transfer). Thermodynamic properties, on the other hand, pertain to the equilibrium state of a system.
Density () and specific heat (cp) are two such properties used extensively in thermodynamic analysis. The product cp (J/m3  K), commonly termed the volumetric heat
capacity, measures the ability of a material to store thermal energy. Because substances of large density are typically characterized by small specific heats, many
solids and liquids, which are very good energy storage media, have comparable heat capacities (cp  1 MJ/m3  K). Because of their very small densities, however, gases are
poorly suited for thermal energy storage (cp  1 kJ/m3  K). Densities and specific heats
are provided in the tables of Appendix A for a wide range of solids, liquids, and gases.
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In heat transfer analysis, the ratio of the thermal conductivity to the heat capacity is an important property termed the thermal diffusivity , which has units of m2/s:
k
  c

p

It measures the ability of a material to conduct thermal energy relative to its ability
to store thermal energy. Materials of large  will respond quickly to changes in their
thermal environment, while materials of small  will respond more sluggishly, taking longer to reach a new equilibrium condition.
The accuracy of engineering calculations depends on the accuracy with which
the thermophysical properties are known [11–13]. Numerous examples could be
cited of flaws in equipment and process design or failure to meet performance specifications that were attributable to misinformation associated with the selection of
key property values used in the initial system analysis. Selection of reliable property
data is an integral part of any careful engineering analysis. The casual use of data
that have not been well characterized or evaluated, as may be found in some literature or handbooks, is to be avoided. Recommended data values for many thermophysical properties can be obtained from Reference 14. This reference, available in
most institutional libraries, was prepared by the Thermophysical Properties Research
Center (TPRC) at Purdue University.

EXAMPLE 2.1
The thermal diffusivity  is the controlling transport property for transient conduction. Using appropriate values of k, , and cp from Appendix A, calculate  for the
following materials at the prescribed temperatures: pure aluminum, 300 and 700 K;
silicon carbide, 1000 K; paraffin, 300 K.

SOLUTION
Known: Definition of the thermal diffusivity .
Find: Numerical values of  for selected materials and temperatures.
Properties: Table A.1, pure aluminum (300 K):



  2702 kg/m3
237 W/m  K
k
cp  903 J/kg  K    c 
p
2702 kg/m3 903 J/kg  K
k  237 W/m  K
 97.1

106 m2/s

Table A.1, pure aluminum (700 K):

  2702 kg/m3
cp  1090 J/kg K
k  225 W/m K

at 300 K
at 700 K (by linear interpolation)
at 700 K (by linear interpolation)
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Hence
k
c 
p

225 W/m  K
 76
2702 kg/m3 1090 J/kg  K

106 m2/s



Table A.2, silicon carbide (1000 K):



at 300 K
  3160 kg/m3
87 W/m  K
cp  1195 J/kg  K at 1000 K  
3
3160
kg/m
1195 J/kg  K
k  87 W/m  K
at 1000 K
 23

106 m2/s



Table A.3, paraffin (300 K):



  900 kg/m3
0.24 W/m  K
k
cp  2890 J/kg  K    c 
3
p
900
kg/m
2890 J/kg  K
k  0.24 W/m  K
 9.2

108 m2/s



Comments:
1. Note temperature dependence of the thermophysical properties of aluminum and
silicon carbide. For example, for silicon carbide, (1000 K)  0.1 (300 K);
hence properties of this material have a strong temperature dependence.
2. The physical interpretation of  is that it provides a measure of heat transport
(k) relative to energy storage ( cp). In general, metallic solids have higher ,
while nonmetallics (e.g., paraffin) have lower values of .
3. Linear interpolation of property values is generally acceptable for engineering
calculations.
4. Use of the low-temperature (300 K) density at higher temperatures ignores thermal expansion effects but is also acceptable for engineering calculations.
5. The IHT software provides a library of thermophysical properties for selected
solids, liquids, and gases that can be accessed from the toolbar button, Properties. The properties are expressed as intrinsic functions, as shown for the thermal conductivity of atmospheric air,
k  k_T(“Air”,T)

//Thermal conductivity, W/m  K

and are based on values tabulated in Appendix A, with temperatures in kelvin
units. You can create your own functions to represent property values or other
input data by using the User-Defined Function feature in IHT, as described in
the Help section.
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2.3
The Heat Diffusion Equation
A major objective in a conduction analysis is to determine the temperature field in a
medium resulting from conditions imposed on its boundaries. That is, we wish to
know the temperature distribution, which represents how temperature varies with
position in the medium. Once this distribution is known, the conduction heat flux at
any point in the medium or on its surface may be computed from Fourier’s law. Other
important quantities of interest may also be determined. For a solid, knowledge of the
temperature distribution could be used to ascertain structural integrity through determination of thermal stresses, expansions, and deflections. The temperature distribution could also be used to optimize the thickness of an insulating material or to determine the compatibility of special coatings or adhesives used with the material.
We now consider the manner in which the temperature distribution can be determined. The approach follows the methodology described in Section 1.3.3 of applying the energy conservation requirement. In this case, we define a differential
control volume, identify the relevant energy transfer processes, and introduce the
appropriate rate equations. The result is a differential equation whose solution, for
prescribed boundary conditions, provides the temperature distribution in the
medium.
Consider a homogeneous medium within which there is no bulk motion (advection) and the temperature distribution T(x, y, z) is expressed in Cartesian coordinates.
Following the methodology of applying conservation of energy (Section 1.3.3), we
first define an infinitesimally small (differential) control volume, dx  dy  dz, as
shown in Figure 2.11. Choosing to formulate the first law at an instant of time, the
second step is to consider the energy processes that are relevant to this control volume. If there are temperature gradients, conduction heat transfer will occur across

T(x, y, z)

qz + dz
qy + dy

dz
•

Eg

qx

•

qx + dx

E st

z
y
x

dy

qy
dx
qz

FIGURE 2.11 Differential control volume, dx dy dz, for conduction analysis in Cartesian
coordinates.
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each of the control surfaces. The conduction heat rates perpendicular to each of the
control surfaces at the x, y, and z coordinate locations are indicated by the terms qx,
qy, and qz, respectively. The conduction heat rates at the opposite surfaces can then
be expressed as a Taylor series expansion where, neglecting higher order terms,
qx  dx  qx 

qx
dx
x

(2.11a)

qy  dy  qy 

qy
dy
y

(2.11b)

qz  dz  qz 

qz
dz
z

(2.11c)

In words, Equation 2.11a simply states that the x component of the heat transfer rate
at x  dx is equal to the value of this component at x plus the amount by which it
changes with respect to x times dx.
Within the medium there may also be an energy source term associated with
the rate of thermal energy generation. This term is represented as
Ė g  q̇ dx dy dz

(2.12)

where q̇ is the rate at which energy is generated per unit volume of the medium
(W/m3). In addition, there may occur changes in the amount of the internal thermal
energy stored by the material in the control volume. If the material is not experiencing a change in phase, latent energy effects are not pertinent, and the energy storage
term may be expressed as
Ė st   cp

T
dx dy dz
t

(2.13)

where cp T/t is the time rate of change of the sensible (thermal) energy of the
medium per unit volume.
Once again it is important to note that the terms Ė g and Ė st represent different
physical processes. The energy generation term Ė g is a manifestation of some energy conversion process involving thermal energy on one hand and some other form
of energy, such as chemical, electrical, or nuclear, on the other. The term is positive
(a source) if thermal energy is being generated in the material at the expense of
some other energy form; it is negative (a sink) if thermal energy is being consumed.
In contrast, the energy storage term Ė st refers to the rate of change of thermal energy stored by the matter.
The last step in the methodology outlined in Section 1.3.3 is to express conservation of energy using the foregoing rate equations. On a rate basis, the general
form of the conservation of energy requirement is
Ė in  E˙ g  Ė out  Ė st

(1.11c)

Hence, recognizing that the conduction rates constitute the energy inflow, Ėin, and
outflow, Ė out, and substituting Equations 2.12 and 2.13, we obtain
qx  qy  qz  q̇ dx dy dz  qxdx  qydy  qzdz  cp

T
dx dy dz
t

(2.14)
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Substituting from Equations 2.11, it follows that


qy
qz
qx
T
dx 
dy 
dz  q̇ dx dy dz  cp
dx dy dz
x
y
z
t

(2.15)

The conduction heat rates may be evaluated from Fourier’s law,
qx  k dy dz

T
x

(2.16a)

qy  k dx dz

T
y

(2.16b)

qz  k dx dy

T
z

(2.16c)

where each heat flux component of Equation 2.6 has been multiplied by the appropriate control surface (differential) area to obtain the heat transfer rate. Substituting
Equations 2.16 into Equation 2.15 and dividing out the dimensions of the control
volume (dx dy dz), we obtain

 

 

 


T

T

T
T
k

k

k
 q̇  cp
x
x
y
y
z
z
t

(2.17)

Equation 2.17 is the general form, in Cartesian coordinates, of the heat diffusion equation. This equation, often referred to as the heat equation, provides the
basic tool for heat conduction analysis. From its solution, we can obtain the temperature distribution T(x, y, z) as a function of time. The apparent complexity of
this expression should not obscure the fact that it describes an important physical
condition, that is, conservation of energy. You should have a clear understanding
of the physical significance of each term appearing in the equation. For example,
the term (kT/x)/x is related to the net conduction heat flux into the control volume for the x-coordinate direction. That is, multiplying by dx,

 


T
k
dx  q x  q xdx
x
x

(2.18)

with similar expressions applying for the fluxes in the y and z directions. In words,
the heat equation, Equation 2.17, therefore states that at any point in the medium the
net rate of energy transfer by conduction into a unit volume plus the volumetric rate
of thermal energy generation must equal the rate of change of thermal energy stored
within the volume.
It is often possible to work with simplified versions of Equation 2.17. For example, if the thermal conductivity is constant, the heat equation is
2T 2T 2T q̇ 1 T


 
x 2 y 2 z 2 k  t

(2.19)

where   k/cp is the thermal diffusivity. Additional simplifications of the general
form of the heat equation are often possible. For example, under steady-state
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conditions, there can be no change in the amount of energy storage; hence Equation
2.17 reduces to

 

 

 

T

T

T

k

k

k
 q̇  0
x
x
y
y
z
z

(2.20)

Moreover, if the heat transfer is one-dimensional (e.g., in the x direction) and there
is no energy generation, Equation 2.20 reduces to

 

d
dT
k
0
dx
dx

(2.21)

The important implication of this result is that under steady-state, one-dimensional
conditions with no energy generation, the heat flux is a constant in the direction of
transfer (dq x /dx  0).
The heat equation may also be expressed in cylindrical and spherical coordinates. The differential control volumes for these two coordinate systems are shown
in Figures 2.12 and 2.13.

Cylindrical Coordinates When the del operator  of Equation 2.3 is expressed
in cylindrical coordinates, the general form of the heat flux vector, and hence of
Fourier’s law, is
T
T
k 
 Tr  j 1r 
z

q   kT  k i

(2.22)

where
q r  k

T
r

k T
q    r


q z  k

T
z

qz + dz

rdφ

qr

qφ + dφ
dz
z
r
T(r,φ ,z)

qφ
qr + dr

dr

y

r

φ

x
qz

FIGURE 2.12 Differential control volume, dr  r d  dz, for conduction analysis in
cylindrical coordinates (r, , z).

(2.23)
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qθ + dθ
r sin θ dφ
qr

qφ + dφ
rdθ

qφ

z
θ

r

qr + dr

dr

T(r, φ , θ)
y

qθ

φ

x

FIGURE 2.13 Differential control volume, dr  r sin  d  r d, for conduction analysis in
spherical coordinates (r, , ).

are heat flux components in the radial, circumferential, and axial directions, respectively. Applying an energy balance to the differential control volume of Figure 2.12,
the following general form of the heat equation is obtained:

 
 

T
T
 k   q̇  c
z
z
t

1  kr T  1  k T
r r
r
r 2  

(2.24)

p

Spherical Coordinates In spherical coordinates the general form of the heat
flux vector and Fourier’s law is
T
 Tr  j 1r T  k r sin1  


q  kT  k i

(2.25)

where
q r  k

T
r

k T
q    r


q   

k T
r sin  

(2.26)

are heat flux components in the radial, polar, and azimuthal directions, respectively.
Applying an energy balance to the differential control volume of Figure 2.13, the
following general form of the heat equation is obtained:





 

T

T
1 
kr 2
 2 1 2
k
2 r
r


r
r sin 







T
T
1
k sin 
 q̇   cp
t

r 2 sin  

(2.27)

Since it is important that you be able to apply conservation principles to differential control volumes, you should attempt to derive Equation 2.24 or 2.27 (see
Problems 2.35 and 2.36). Note that the temperature gradient in Fourier’s law must
have units of K/m. Hence, when evaluating the gradient for an angular coordinate,
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it must be expressed in terms of the differential change in arc length. For example,
the heat flux component in the circumferential direction of a cylindrical coordinate
system is q   (k/r)(T/), and not q   k(T/).

EXAMPLE 2.2
The temperature distribution across a wall 1m thick at a certain instant of time is
given as
T(x)  a  bx  cx 2
where T is in degrees Celsius and x is in meters, while a  900°C, b  300°C/m,
and c  50°C/m2. A uniform heat generation, q̇  1000 W/m3, is present in the
wall of area 10 m2 having the properties   1600 kg/m3, k  40 W/m  K, and cp 
4 kJ/kg  K.
1. Determine the rate of heat transfer entering the wall (x  0) and leaving the
wall (x  1 m).
2. Determine the rate of change of energy storage in the wall.
3. Determine the time rate of temperature change at x  0, 0.25, and 0.5 m.

SOLUTION
Known: Temperature distribution T(x) at an instant of time t in a one-dimensional
wall with uniform heat generation.

Find:
1. Heat rates entering, qin (x  0), and leaving, qout (x  1 m), the wall.
2. Rate of change of energy storage in the wall, Ė st.
3. Time rate of temperature change at x  0, 0.25, and 0.5 m.

Schematic:
q• = 1000 W/m3
k = 40 W/m•K
ρ = 1600 kg/m3
cp = 4 kJ/kg•K

A = 10 m2

T(x) =
a + bx + cx2
•

Eg
•

E st
qin

qout

L=1m
x
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Assumptions:
1. One-dimensional conduction in the x direction.
2. Isotropic medium with constant properties.
3. Uniform internal heat generation, q̇ (W/m3).

Analysis:
1. Recall that once the temperature distribution is known for a medium, it is a
simple matter to determine the conduction heat transfer rate at any point in the
medium, or at its surfaces, by using Fourier’s law. Hence the desired heat rates
may be determined by using the prescribed temperature distribution with
Equation 2.1. Accordingly,
qin  qx(0)  kA

T
  kA(b  2cx)x  0
x x  0

qin  bkA  300C/m

40 W/m  K

10 m2  120 kW



Similarly,
qout  qx(L)  kA

T
   kA(b  2cx)xL
x xL

qout  (b  2cL)kA  [  300C/m
 2(50C/m2)

1 m]

40 W/m  K

10 m2  160 kW



2. The rate of change of energy storage in the wall Ėst may be determined by applying an overall energy balance to the wall. Using Equation 1.11c for a control
volume about the wall,

Ė in  Ė g  Ė out  Ė st
.
where Ėg  qAL, it follows that
Ė st  Ė in  Ė g  Ė out  qin  q̇AL  qout
Ė st  120 kW  1000 W/m3

10 m2

1 m  160 kW

Ė st  30 kW



3. The time rate of change of the temperature at any point in the medium may be
determined from the heat equation, Equation 2.19, rewritten as
q̇
k 2T
T
c
c
t
p x 2
p
From the prescribed temperature distribution, it follows that

 

2T
 T

x 2 x x

 (b  2cx)  2c  2(50C/m2)  100C/m2
x
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Note that this derivative is independent of position in the medium. Hence the
time rate of temperature change is also independent of position and is given by
40 W/m  K
T

t
1600 kg/m3 4 kJ/kg  K


(100C/m2)

1000 W/m3
1600 kg/m3 4 kJ/kg  K

T
 6.25
t
4.69

104C/s  1.56
104C/s

104C/s


Comments:
1. From the above result it is evident that the temperature at every point within the
wall is decreasing with time.
2. Fourier’s law can always be used to compute the conduction heat rate from
knowledge of the temperature distribution, even for unsteady conditions with
internal heat generation.

Microscale Effects For most practical situations, the heat diffusion equations
generated in this text may be used with confidence. However, these equations are
based on use of Fourier’s law to describe the conduction effects, which does not account for the finite speed at which thermal information is propagated within the
medium by the various energy carriers. The consequences of the finite propagation
speed may be neglected if the heat transfer events of interest occur over a sufficiently long time scale, t, such that
mfp
ct

1

(2.28)

The heat diffusion equations of this text are likewise invalid for problems where
boundary scattering must be explicitly considered. For example, the temperature distribution within the thin film of Figure 2.6b cannot be determined by applying the
foregoing heat diffusion equations. Additional discussion of micro- and nanoscale
heat transfer applications and analysis methods is available in the literature [1, 15].

2.4
Boundary and Initial Conditions
To determine the temperature distribution in a medium, it is necessary to solve the
appropriate form of the heat equation. However, such a solution depends on the
physical conditions existing at the boundaries of the medium and, if the situation is
time dependent, on conditions existing in the medium at some initial time. With
regard to the boundary conditions, there are several common possibilities that are

c02.qxd 3/6/06 10:22 AM Page 78

78

Chapter 2

Introduction to Conduction



TABLE 2.2 Boundary conditions for the heat
diffusion equation at the surface (x  0)
1. Constant surface temperature
T(0, t)  Ts

Ts

(2.29)
T(x, t)
x

2. Constant surface heat flux
(a) Finite heat flux
k

qs''

T
  qs
x x0

(2.30)

T(x, t)
x

(b) Adiabatic or insulated surface
T
 0
x x0

(2.31)

T(x, t)
x

3. Convection surface condition
T
k
  h[T  T(0, t)]
x x0

T(0, t)

(2.32)

T∞, h
x

T(x, t)

simply expressed in mathematical form. Because the heat equation is second order
in the spatial coordinates, two boundary conditions must be expressed for each coordinate needed to describe the system. Because the equation is first order in time,
however, only one condition, termed the initial condition, must be specified.
Three kinds of boundary conditions commonly encountered in heat transfer are
summarized in Table 2.2. The conditions are specified at the surface x  0 for a
one-dimensional system. Heat transfer is in the positive x direction with the temperature distribution, which may be time dependent, designated as T(x, t). The first
condition corresponds to a situation for which the surface is maintained at a fixed
temperature Ts. It is commonly termed a Dirichlet condition, or a boundary condition
of the first kind. It is closely approximated, for example, when the surface is in contact with a melting solid or a boiling liquid. In both cases there is heat transfer at the
surface, while the surface remains at the temperature of the phase change process.
The second condition corresponds to the existence of a fixed or constant heat flux qs
at the surface. This heat flux is related to the temperature gradient at the surface by
Fourier’s law, Equation 2.6, which may be expressed as
q x(0)  k

T
  q s
x x  0

It is termed a Neumann condition, or a boundary condition of the second kind, and
may be realized by bonding a thin film electric heater to the surface. A special case
of this condition corresponds to the perfectly insulated, or adiabatic, surface for
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which T/xx0  0. The boundary condition of the third kind corresponds to the
existence of convection heating (or cooling) at the surface and is obtained from the
surface energy balance discussed in Section 1.3.2.

EXAMPLE 2.3
A long copper bar of rectangular cross section, whose width w is much greater
than its thickness L, is maintained in contact with a heat sink at its lower surface,
and the temperature throughout the bar is approximately equal to that of the sink,
To. Suddenly, an electric current is passed through the bar and an airstream of
temperature T is passed over the top surface, while the bottom surface continues
to be maintained at To. Obtain the differential equation and the boundary and initial conditions that could be solved to determine the temperature as a function of
position and time in the bar.

SOLUTION
Known: Copper bar initially in thermal equilibrium with a heat sink is suddenly
heated by passage of an electric current.

Find: Differential equation and boundary and initial conditions needed to determine temperature as a function of position and time within the bar.
Schematic:
Copper bar (k, α)
T(x, y, z, t) ≈ T(x, t)

T∞, h

x

Air

w

T∞, h

L

T(L, t)
•

q

z

y

Air

L

I

Heat sink

To

x

To = T(0, t)

Assumptions:
1. Since the bar is long and w
L, end and side effects are negligible and heat
transfer within the bar is primarily one dimensional in the x direction.
2. Uniform volumetric heat generation, q̇.
3. Constant properties.

Analysis: The temperature distribution is governed by the heat equation (2.17),
which, for the one-dimensional and constant property conditions of the present problem, reduces to
2T q̇ 1 T
 
x 2 k  t

(1)
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where the temperature is a function of position and time, T(x, t). Since this differential equation is second order in the spatial coordinate x and first order in time t, there
must be two boundary conditions for the x direction and one condition, termed the
initial condition, for time. The boundary condition at the bottom surface corresponds to case 1 of Table 2.2. In particular, since the temperature of this surface is
maintained at a value, To, which is fixed with time, it follows that
T(0, t)  To

(2)



The convection surface condition, case 3 of Table 2.2, is appropriate for the top surface. Hence
k

T
  h[T(L, t)  T]
x x  L

(3)



The initial condition is inferred from recognition that, before the change in conditions, the bar is at a uniform temperature To. Hence
T(x, 0)  To

(4)



If To, T , q̇, and h are known, Equations 1 through 4 may be solved to obtain the timevarying temperature distribution T(x, t) following imposition of the electric current.

Comments:
1. The heat sink at x  0 could be maintained by exposing the surface to an ice
bath or by attaching it to a cold plate. A cold plate contains coolant channels
machined in a solid of large thermal conductivity (usually copper). By circulating a liquid (usually water) through the channels, the plate, and hence the surface to which it is attached, may be maintained at a nearly uniform temperature.
2. The temperature of the top surface T(L, t) will change with time. This temperature is an unknown and may be obtained after finding T(x, t).
3. We may use our physical intuition to sketch temperature distributions in the bar
at selected times from the beginning to the end of the transient process. If we
assume that T  To and that the electric current is sufficiently large to heat the
bar to temperatures in excess of T, the following distributions would correspond to the initial condition (t  0), the final (steady-state) condition (t l ),
and two intermediate times.

T(x, ∞), Steady-state condition
T(x, t)

80

T∞

b

T∞
a
T(x, 0), Initial condition

To
L

0
Distance, x

Note how the distributions comply with the initial and boundary conditions.
What is a special feature of the distribution labeled (b)?
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4. Our intuition may also be used to infer the manner in which the heat flux varies
with time at the surfaces (x  0, L) of the bar. On q x  t coordinates, the transient variations are as follows.
+

q"x (x, t)

q"x (L, t)

0

q"x (0, t)

–
0

Time, t

Convince yourself that the foregoing variations are consistent with the temperature distributions of Comment 3. For t l , how are q x (0) and q x(L) related to
the volumetric rate of energy generation?

2.5
Summary
The primary objectives of this chapter were to improve your understanding of the conduction rate equation (Fourier’s law) and to familiarize you with the heat equation. You
may test your understanding of related concepts by addressing the following questions.
• In the general formulation of Fourier’s law (applicable to any geometry), what are
the vector and scalar quantities? Why is there a minus sign on the right-hand side
of the equation?
• What is an isothermal surface? What can be said about the heat flux at any location on this surface?
• What form does Fourier’s law take for each of the orthogonal directions of Cartesian,
cylindrical, and spherical coordinate systems? In each case, what are the units of
the temperature gradient? Can you write each equation from memory?
• An important property of matter is defined by Fourier’s law. What is it? What is
its physical significance? What are its units?
• What is an isotropic material?
• Why is the thermal conductivity of a solid generally larger than that of a liquid?
Why is the thermal conductivity of a liquid larger than that of a gas?
• Why is the thermal conductivity of an electrically conducting solid generally
larger than that of a nonconductor? Why are materials such as beryllium oxide,
diamond, and silicon carbide (see Table A.2) exceptions to this rule?
• Is the effective thermal conductivity of an insulation system a true manifestation of
the efficacy with which heat is transferred through the system by conduction alone?
• Why does the thermal conductivity of a gas increase with increasing temperature?
Why is it approximately independent of pressure?
• What is the physical significance of the thermal diffusivity? How is it defined and
what are its units?
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• What is the physical significance of each term appearing in the heat equation?
• Cite some examples of thermal energy generation. If the rate at which thermal energy is generated per unit volume, q̇, varies with location in a medium of volume
V, how can the rate of energy generation for the entire medium, Ėg, be determined
from knowledge of q̇(x, y, z)?
• For a chemically reacting medium, what kind of reaction provides a source of
thermal energy (q̇  0)? What kind of reaction provides a sink for thermal energy
(q̇  0)?
• To solve the heat equation for the temperature distribution in a medium, boundary
conditions must be prescribed at the surfaces of the medium. What physical conditions are commonly suitable for this purpose?
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Problems
Fourier’s Law
2.1 Assume steady-state, one-dimensional heat conduction
through the axisymmetric shape shown below.
T1

T2

T1 > T2
x

L

Assuming constant properties and no internal heat
generation, sketch the temperature distribution on T–x
coordinates. Briefly explain the shape of your curve.
2.2 A hot water pipe with outside radius r1 has a temperature T1. A thick insulation applied to reduce the heat
loss has an outer radius r2 and temperature T2. On T–r
coordinates, sketch the temperature distribution in the
insulation for one-dimensional, steady-state heat transfer with constant properties. Give a brief explanation,
justifying the shape of your curve.
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2.3 A spherical shell with inner radius r1 and outer radius r2
has surface temperatures T1 and T2, respectively, where
T1
T2. Sketch the temperature distribution on T–r
coordinates assuming steady-state, one-dimensional
conduction with constant properties. Briefly justify the
shape of your curve.
2.4 Assume steady-state, one-dimensional heat conduction
through the symmetric shape shown.

qx

x

Assuming that there is no internal heat generation, derive
an expression for the thermal conductivity k(x) for these
conditions: A(x)  (1  x), T(x)  300(1  2x  x3),
and q  6000 W, where A is in square meters, T in
kelvins, and x in meters.
2.5 A solid, truncated cone serves as a support for a system
that maintains the top (truncated) face of the cone at a
temperature T1, while the base of the cone is at a temperature T2  T1.

a plane wall for three cases corresponding to a
a  0, and a  0.

0,

2.7 A young engineer is asked to design a thermal protection barrier for a sensitive electronic device that might
be exposed to irradiation from a high-powered infrared
laser. Having learned as a student that a low thermal
conductivity material provides good insulating characteristics, the engineer specifies use of a nanostructured
aerogel, characterized by a thermal conductivity of ka 
0.005 W/m  K, for the protective barrier. The engineer’s boss questions the wisdom of selecting the aerogel because it has a low thermal conductivity. Consider
the sudden laser irradiation of (a) pure aluminum,
(b) glass, and (c) aerogel. The laser provides irradiation
of G  10 106 W/m2. The absorptivities of the materials are   0.2, 0.9, and 0.8 for the aluminum, glass,
and aerogel, respectively, and the initial temperature of
the barrier is Ti  300 K. Explain why the boss is concerned. Hint: All materials experience thermal expansion (or contraction), and local stresses that develop
within a material are, to a first approximation, proportional to the local temperature gradient.
2.8 Consider steady-state conditions for one-dimensional
conduction in a plane wall having a thermal conductivity k  50 W/m  K and a thickness L  0.25 m, with
no internal heat generation.

T1, A1

r

T1

x

x

T2 < T1
A2 > A1

The thermal conductivity of the solid depends on temperature according to the relation k  k o  aT , where a
is a positive constant, and the sides of the cone are well
insulated. Do the following quantities increase, decrease, or remain the same with increasing x: the heat
transfer rate qx, the heat flux q x , the thermal conductivity k, and the temperature gradient dT/dx?
2.6 To determine the effect of the temperature dependence
of the thermal conductivity on the temperature distribution in a solid, consider a material for which this dependence may be represented as
k  k o  aT
where ko is a positive constant and a is a coefficient that
may be positive or negative. Sketch the steady-state
temperature distribution associated with heat transfer in

T2
L

Determine the heat flux and the unknown quantity for
each case and sketch the temperature distribution, indicating the direction of the heat flux.
Case

T1(°C)

T2(°C)

1
2
3
4
5

50
30
70

20
10
40
30

dT/dx (K/m)

160
80
200

2.9 Consider a plane wall 100 mm thick and of thermal
conductivity 100 W/m  K. Steady-state conditions are
known to exist with T1  400 K and T2  600 K. Determine the heat flux qx and the temperature gradient dT/dx
for the coordinate systems shown.
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T(x)

T(x)
T2

T(x)
T2

T2

T1

T1
x

T1

x

x
( b)

(a)

(c)

2.10 A cylinder of radius ro, length L, and thermal conductivity k is immersed in a fluid of convection coefficient h and
unknown temperature T . At a certain instant the temperature distribution in the cylinder is T(r)  a  br 2, where
a and b are constants. Obtain expressions for the heat
transfer rate at ro and the fluid temperature.
2.11 In the two-dimensional body illustrated, the gradient at
surface A is found to be T/y  30 K/m. What are
T/y and T/x at surface B?
Insulation
1m

B, TB = 100°C

k = 10 W/m•K
y
2m

x
A, TA = 0°C

2.12 Sections of the trans-Alaska pipeline run above the
ground and are supported by vertical steel shafts (k  25
W/m  K) that are 1 m long and have a cross-sectional
area of 0.005 m2. Under normal operating conditions,
the temperature variation along the length of a shaft is
known to be governed by an expression of the form
T  100  150x  10x 2
where T and x have units of °C and meters, respectively. Temperature variations are small over the shaft
cross section. Evaluate the temperature and conduction
heat rate at the shaft–pipeline joint (x  0) and at the
shaft–ground interface (x  1 m). Explain the difference in the heat rates.
2.13 Steady-state, one-dimensional conduction occurs in a
rod of constant thermal conductivity k and variable
cross-sectional area Ax(x)  Aoe ax, where Ao and a are
constants. The lateral surface of the rod is well insulated.
Ax(x) = Aoeax

Ao
qx(x)

x

L

(a) Write an expression for the conduction heat rate,
qx(x). Use this expression to determine the temperature distribution T(x) and qualitatively sketch the
distribution for T(0) T(L).
(b) Now consider conditions for which thermal
energy is generated in the rod at a volumetric rate
q̇  q̇o exp(ax), where q̇o is a constant. Obtain an
expression for qx(x) when the left face (x  0) is
well insulated.

Thermophysical Properties
2.14 Consider a 300 mm
300 mm window in an aircraft.
For a temperature difference of 80C from the inner to
the outer surface of the window, calculate the heat loss
through L  10-mm-thick polycarbonate, soda lime
glass, and aerogel windows, respectively. The thermal
conductivities of the aerogel and polycarbonate are
kag  0.014 W/m  K and kpc  0.21 W/m  K, respectively. Evaluate the thermal conductivity of the soda
lime glass at 300 K. If the aircraft has 130 windows and
the cost to heat the cabin air is $1/kW  h, compare the
costs associated with the heat loss through the windows
for an 8-hour intercontinental flight.
2.15 Gold is commonly used in semiconductor packaging to
form interconnections (also known as interconnects)
that carry electrical signals between different devices in
the package. In addition to being a good electrical conductor, gold interconnects are also effective at protecting
the heat-generating devices to which they are attached
by conducting thermal energy away from the devices to
surrounding, cooler regions. Consider a thin film of gold
that has a cross section of 60 nm 250 nm.
(a) For an applied temperature difference of 20C, determine the energy conducted along a 1- m-long,
thin-film interconnect. Evaluate properties at 300 K.
(b) Plot the lengthwise (in the l- m direction) and
spanwise (in the thinnest direction) thermal conductivities of the gold film as a function of the film
thickness, L, for 30  L  140 nm.
2.16 A TV advertisement by a well-known insulation manufacturer states: it isn’t the thickness of the insulating material
that counts, it’s the R-value. The ad shows that to obtain
an R-value of 19, you need 18 ft of rock, 15 in. of wood,
or just 6 in. of the manufacturer’s insulation. Is this advertisement technically reasonable? If you are like most TV
viewers, you don’t know the R-value is defined as L/k,
where L (in.) is the thickness of the insulation and k (Btu 
in./hr  ft2  °F) is the thermal conductivity of the material.
2.17 An apparatus for measuring thermal conductivity employs an electrical heater sandwiched between two
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identical samples of diameter 30 mm and length 60 mm,
which are pressed between plates maintained at a uniform temperature To  77°C by a circulating fluid. A
conducting grease is placed between all the surfaces to
ensure good thermal contact. Differential thermocouples
are imbedded in the samples with a spacing of 15 mm.
The lateral sides of the samples are insulated to ensure
one-dimensional heat transfer through the samples.
Plate, To

Sample
Heater
leads
Sample

85

Problems

∆T1
Insulation
∆T2

thermocouples. Aerogel sheets of thickness t  5
mm are placed outside the aluminum plates, while
a coolant with an inlet temperature of Tc,i  25C
maintains the exterior surfaces of the aerogel at a
low temperature. The circular aerogel sheets are
formed so that they encase the heater and aluminum sheets, providing insulation to minimize radial heat losses. At steady state, T1  T2  55C
and the heater draws 125 mA at 10 V. Determine
the value of the aerogel thermal conductivity ka.
(c) Calculate the temperature difference across the
thickness of the 5-mm-thick aluminum plates.
Comment on whether it is important to know the
axial locations at which the temperatures of the
aluminum plates are measured.
(d) If liquid water is used as the coolant with a total
flow rate of ṁ  1 kg/min (0.5 kg/min for each of
the two streams), calculate the outlet temperature
of the water, Tc,o.

Plate, To

(a) With two samples of SS316 in the apparatus, the
heater draws 0.353 A at 100 V and the differential
thermocouples indicate T1  T2  25.0C. What
is the thermal conductivity of the stainless steel sample material? What is the average temperature of the
samples? Compare your result with the thermal conductivity value reported for this material in Table A.1.
(b) By mistake, an Armco iron sample is placed in the
lower position of the apparatus with one of the
SS316 samples from part (a) in the upper portion.
For this situation, the heater draws 0.601 A at 100 V
and the differential thermocouples indicate T1 
T2  15.0C. What are the thermal conductivity
and average temperature of the Armco iron sample?
(c) What is the advantage in constructing the apparatus
with two identical samples sandwiching the heater
rather than with a single heater–sample combination? When would heat leakage out of the lateral
surfaces of the samples become significant? Under
what conditions would you expect T1  T2?
2.18 An engineer desires to measure the thermal conductivity of an aerogel material. It is expected that the aerogel
will have an extremely small thermal conductivity.
(a) Explain why the apparatus of Problem 2.17 cannot
be used to obtain an accurate measurement of the
aerogel’s thermal conductivity.
(b) The engineer designs a new apparatus for which an
electric heater of diameter D  150 mm is sandwiched between two thin plates of aluminum. The
steady-state temperatures of the 5-mm-thick aluminum plates, T1 and T2, are measured with

Heater
leads

Tc,i

Coolant in

t

Aerogel
sample

D

Heater
x
Aluminum
plate
T 2 T1

2.19 A method for determining the thermal conductivity k
and the specific heat cp of a material is illustrated in the
sketch. Initially the two identical samples of diameter
D  60 mm and thickness L  10 mm and the thin
heater are at a uniform temperature of Ti  23.00°C,
while surrounded by an insulating powder. Suddenly
the heater is energized to provide a uniform heat flux qo
on each of the sample interfaces, and the heat flux is
maintained constant for a period of time, to. A short
time after sudden heating is initiated, the temperature at
this interface To is related to the heat flux as

ct k

1/2

To(t)  Ti  2q o

p
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For a particular test run, the electrical heater dissipates
15.0 W for a period of to  120 s and the temperature
at the interface is To(30 s)  24.57°C after 30 s of heating. A long time after the heater is deenergized, t to,
the samples reach the uniform temperature of To( ) 
33.50°C. The density of the sample materials, determined by measurement of volume and mass, is  
3965 kg/m3.

Sample 1, D, L, ρ

To(t)

Heater leads
Sample 2, D, L, ρ

Determine the specific heat and thermal conductivity of
the test material. By looking at values of the thermophysical properties in Table A.1 or A.2, identify the test
sample material.

The Heat Equation
2.20 At a given instant of time the temperature distribution
within an infinite homogeneous body is given by the
function
T(x, y, z)  x 2  2y 2  z 2  xy  2yz
Assuming constant properties and no internal heat generation, determine the regions where the temperature
changes with time.
2.21 A pan is used to boil water by placing it on a stove,
from which heat is transferred at a fixed rate qo. There
are two stages to the process. In Stage 1, the water is
taken from its initial (room) temperature Ti to the boiling point, as heat is transferred from the pan by natural
convection. During this stage, a constant value of the
convection coefficient h may be assumed, while the
bulk temperature of the water increases with time,
T  T(t). In Stage 2, the water has come to a boil,
and its temperature remains at a fixed value, T  Tb, as
heating continues. Consider a pan bottom of thickness L
and diameter D, with a coordinate system corresponding to x  0 and x  L for the surfaces in contact with
the stove and water, respectively.
(a) Write the form of the heat equation and the boundary/
initial conditions that determine the variation of
temperature with position and time, T(x,t), in the
pan bottom during Stage 1. Express your result in
terms of the parameters qo, D, L, h, and T, as well
as appropriate properties of the pan material.

(b) During Stage 2, the surface of the pan in contact
with the water is at a fixed temperature, T(L, t) 
TL  Tb. Write the form of the heat equation and
boundary conditions that determine the temperature
distribution, T(x), in the pan bottom. Express your
result in terms of the parameters qo, D, L, and TL, as
well as appropriate properties of the pan material.
2.22 Uniform internal heat generation at q̇  5 107 W/m3 is
occurring in a cylindrical nuclear reactor fuel rod of 50-mm
diameter, and under steady-state conditions the temperature distribution is of the form T(r)  a  br 2, where T is
in degrees Celsius and r is in meters, while a  800°C and
b  4.167 105°C/m2. The fuel rod properties are k 
30 W/m  K,   1100 kg/m3, and cp  800 J/kg  K.
(a) What is the rate of heat transfer per unit length of
the rod at r  0 (the centerline) and at r  25 mm
(the surface)?
(b) If the reactor power level is suddenly increased to
q̇2  108 W/m3, what is the initial time rate of temperature change at r  0 and r  25 mm?
2.23 The steady-state temperature distribution in a onedimensional wall of thermal conductivity 50 W/m  K
and thickness 50 mm is observed to be T(°C)  a  bx2,
where a  200°C, b  2000°C/m2, and x is in meters.
(a) What is the heat generation rate q̇ in the wall?
(b) Determine the heat fluxes at the two wall faces. In
what manner are these heat fluxes related to the
heat generation rate?
2.24 The temperature distribution across a wall 0.3 m thick at
a certain instant of time is T(x)  a  bx  cx 2, where T
is in degrees Celsius and x is in meters, a  200°C,
b  200°C/m, and c  30°C/m2. The wall has a thermal conductivity of 1 W/m  K.
(a) On a unit surface area basis, determine the rate of
heat transfer into and out of the wall and the rate of
change of energy stored by the wall.
(b) If the cold surface is exposed to a fluid at 100°C,
what is the convection coefficient?
2.25 A plane wall of thickness 2L  40 mm and thermal
conductivity k  5 W/m  K experiences uniform volumetric heat generation at a rate q̇, while convection heat
transfer occurs at both of its surfaces (x  L,  L),
each of which is exposed to a fluid of temperature
T  20C. Under steady-state conditions, the temperature distribution in the wall is of the form T(x)  a 
bx  cx2, where a  82.0C, b  210C/m, c 
2
104C/m2, and x is in meters. The origin of the
x-coordinate is at the midplane of the wall.
(a)

Sketch the temperature distribution and identify
significant physical features.
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What is the volumetric rate of heat generation q̇
in the wall?
Determine the surface heat fluxes, q x(L) and
q x (L). How are these fluxes related to the heat
generation rate?

(d)

What are the convection coefficients for the surfaces at x   L and x   L?

(e)

Obtain an expression for the heat flux distribution,
q x (x). Is the heat flux zero at any location? Explain
any significant features of the distribution.

(f)

If the source of the heat generation is suddenly
deactivated (q̇  0), what is the rate of change of
energy stored in the wall at this instant?

(g)

What temperature will the wall eventually reach
with q̇  0? How much energy must be removed by
the fluid per unit area of the wall (J/m2) to reach this
state? The density and specific heat of the wall material are 2600 kg/m3 and 800 J/kg  K, respectively.

2.26 One-dimensional, steady-state conduction with uniform
internal energy generation occurs in a plane wall with a
thickness of 50 mm and a constant thermal conductivity
of 5 W/m  K. For these conditions, the temperature distribution has the form, T(x)  a  bx  cx 2. The surface
at x  0 has a temperature of T(0)  To  120C and
experiences convection with a fluid for which T  20C
and h  500 W/m2  K. The surface at x  L is well
insulated.

To = 120°C

(d) Under conditions for which the internal energy generation rate is doubled, and the convection coefficient remains unchanged (h  500 W/m2  K), determine the new values of a, b, and c and plot the
corresponding temperature distribution. Referring to
the results of parts (b), (c), and (d) as Cases 1, 2, and
3, respectively, compare the temperature distributions for the three cases and discuss the effects of h
and q̇ on the distributions.
2.27 A salt-gradient solar pond is a shallow body of water
that consists of three distinct fluid layers and is used
to collect solar energy. The upper- and lower-most
layers are well mixed and serve to maintain the upper
and lower surfaces of the central layer at uniform temperatures T1 and T2, where T2  T1. Although there is
bulk fluid motion in the mixed layers, there is no such
motion in the central layer. Consider conditions for
which solar radiation absorption in the central layer
provides nonuniform heat generation of the form
q̇  Ae ax, and the temperature distribution in the central layer is
T(x)  

A  ax
e
 Bx  C
ka2

The quantities A (W/m3), a (1/m), B (K/m), and C (K)
are known constants having the prescribed units, and k
is the thermal conductivity, which is also constant.
Solar radiation

Mixed layer

T(x)

T1

T∞ = 20°C
h = 500 W/m2•K
•

x
q• (x), k

Central (stagnant) layer

q , k = 5 W/m•K
T2
Mixed layer
Fluid

x

L = 50 mm

(a) Applying an overall energy balance to the wall, calculate the internal energy generation rate, q̇.
(b) Determine the coefficients a, b, and c by applying
the boundary conditions to the prescribed temperature distribution. Use the results to calculate and
plot the temperature distribution.
(c) Consider conditions for which the convection coefficient is halved, but the internal energy generation
rate remains unchanged. Determine the new values
of a, b, and c, and use the results to plot the temperature distribution. Hint: recognize that T(0) is no
longer 120°C.

L

(a) Obtain expressions for the rate at which heat is
transferred per unit area from the lower mixed layer
to the central layer and from the central layer to the
upper mixed layer.
(b) Determine whether conditions are steady or transient.
(c) Obtain an expression for the rate at which thermal
energy is generated in the entire central layer, per
unit surface area.
2.28 The steady-state temperature distribution in a semitransparent material of thermal conductivity k and thickness
L exposed to laser irradiation is of the form
T(x)  

A  ax
e
 Bx  C
ka2

c02.qxd 3/6/06 10:22 AM Page 88

88

Chapter 2



Introduction to Conduction

respectively, compute and plot the temperature at
x  L, T(L), as a function of h for 10  h  100
W/m2  K. Briefly explain your results.

where A, a, B, and C are known constants. For this situation, radiation absorption in the material is manifested
by a distributed heat generation term, q̇(x).

2.31 A plane layer of coal of thickness L  1 m experiences
uniform volumetric generation at a rate of q̇  20 W/m3
due to slow oxidation of the coal particles. Averaged
over a daily period, the top surface of the layer transfers
heat by convection to ambient air for which
h  5 W/m2  K and T  25C, while receiving solar irradiation in the amount GS  400 W/m2. Irradiation from
the atmosphere may be neglected. The solar absorptivity
and emissivity of the surface are each S   0.95.

Laser irradiation

x
L
Semitransparent medium, T(x)

(a) Obtain expressions for the conduction heat fluxes
at the front and rear surfaces.
(b) Derive an expression for q̇(x).
(c) Derive an expression for the rate at which radiation
is absorbed in the entire material, per unit surface
area. Express your result in terms of the known
constants for the temperature distribution, the thermal conductivity of the material, and its thickness.
2.29 The steady-state temperature distribution in a onedimensional wall of thermal conductivity k and thickness
L is of the form T  ax 3  bx 2  cx  d. Derive expressions for the heat generation rate per unit volume in the
wall and the heat fluxes at the two wall faces (x  0, L).
2.30 One-dimensional, steady-state conduction with no internal energy generation is occurring in a plane wall of
constant thermal conductivity.

GS

100

Ts

L
Coal,
k, q•

x

(a) Write the steady-state form of the heat diffusion
equation for the layer of coal. Verify that this equation is satisfied by a temperature distribution of the
form
T(x)  Ts 

120



q̇L2
x2
1 2
2k
L



From this distribution, what can you say about conditions at the bottom surface (x  0)? Sketch the
temperature distribution and label key features.

80

T(°C)

Ambient air
T∞, h

60

(b) Obtain an expression for the rate of heat transfer by
conduction per unit area at x  L. Applying an
energy balance to a control surface about the top
surface of the layer, obtain an expression for Ts.
Evaluate Ts and T(0) for the prescribed conditions.

40
20
0

x
q• = 0, k = 4.5 W/m•K
T∞ = 20°C
h = 30 W/m2•K
0.18 m
Air

(a) Is the prescribed temperature distribution possible?
Briefly explain your reasoning.
(b) With the temperature at x  0 and the fluid temperature fixed at T(0)  0°C and T  20C,

(c) Daily average values of GS and h depend on a number of factors such as time of year, cloud cover,
and wind conditions. For h  5 W/m2  K, compute
and plot Ts and T(0) as a function of GS for
50  GS  500 W/m2. For GS  400 W/m2, compute and plot Ts and T(0) as a function of h for
5  h  50 W/m2  K.
2.32 The cylindrical system illustrated has negligible variation of temperature in the r and z directions. Assume
that r  ro  ri is small compared to ri and denote the
length in the z direction, normal to the page, as L.
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Insulation

φ

ri r
o

T2

T1

(a) Beginning with a properly defined control volume
and considering energy generation and storage effects, derive the differential equation that prescribes
the variation in temperature with the angular coordinate . Compare your result with Equation 2.24.
(b) For steady-state conditions with no internal heat generation and constant properties, determine the temperature distribution T() in terms of the constants
T1, T2, ri, and ro. Is this distribution linear in ?
(c) For the conditions of part (b) write the expression
for the heat rate q.
2.33 Beginning with a differential control volume in the
form of a cylindrical shell, derive the heat diffusion
equation for a one-dimensional, cylindrical, radial coordinate system with internal heat generation. Compare
your result with Equation 2.24.
2.34 Beginning with a differential control volume in the
form of a spherical shell, derive the heat diffusion equation for a one-dimensional, spherical, radial coordinate
system with internal heat generation. Compare your
result with Equation 2.27.
2.35 Derive the heat diffusion equation, Equation 2.24, for
cylindrical coordinates beginning with the differential
control volume shown in Figure 2.12.
2.36 Derive the heat diffusion equation, Equation 2.27, for
spherical coordinates beginning with the differential
control volume shown in Figure 2.13.
2.37 A steam pipe is wrapped with insulation of inner and
outer radii, ri and ro, respectively. At a particular instant
the temperature distribution in the insulation is known
to be of the form



r
T(r)  C1 ln r  C2
o
Are conditions steady-state or transient? How do the
heat flux and heat rate vary with radius?
2.38 For a long circular tube of inner and outer radii r1 and
r2, respectively, uniform temperatures T1 and T2 are
maintained at the inner and outer surfaces, while thermal energy generation is occurring within the tube wall
(r1  r  r2). Consider steady-state conditions for
which T1 T2. Is it possible to maintain a linear radial

temperature distribution in the wall? If so, what special
conditions must exist?
2.39 Passage of an electric current through a long conducting
rod of radius ri and thermal conductivity kr results in
.
uniform volumetric heating at a rate of q. The conducting rod is wrapped in an electrically nonconducting
cladding material of outer radius ro and thermal conductivity kc, and convection cooling is provided by an
adjoining fluid.

Conducting
•
rod, q, kr

ri

T∞, h
ro
Cladding, kc

For steady-state conditions, write appropriate forms of
the heat equations for the rod and cladding. Express appropriate boundary conditions for the solution of these
equations.
2.40 Two-dimensional, steady-state conduction occurs in a
hollow cylindrical solid of thermal conductivity k 
16 W/m  K, outer radius ro  1 m, and overall length
2z o  5 m, where the origin of the coordinate system is
located at the midpoint of the centerline. The inner surface of the cylinder is insulated, and the temperature distribution within the cylinder has the form T (r, z) 
a  br 2  c ln r  dz 2, where a  20C, b  150C/m2,
c  12C, d  300°C/m2 and r and z are in meters.
(a) Determine the inner radius ri of the cylinder.
(b) Obtain an expression for the volumetric rate of heat
generation, q̇(W/m3).
(c) Determine the axial distribution of the heat flux at
the outer surface, q r (ro, z). What is the heat rate at
the outer surface? Is it into or out of the cylinder?
(d) Determine the radial distribution of the heat flux at
the end faces of the cylinder, q z (r,  z o) and
q z (r,  z o). What are the corresponding heat rates?
Are they into or out of the cylinder?
(e) Verify that your results are consistent with an overall energy balance on the cylinder.
2.41 An electric cable of radius r1 and thermal conductivity kc
is enclosed by an insulating sleeve whose outer surface
is of radius r2 and experiences convection heat transfer
and radiation exchange with the adjoining air and large
surroundings, respectively. When electric current passes
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through the cable, thermal energy is generated within
the cable at a volumetric rate q̇.
Tsur

2.42 A spherical shell of inner and outer radii ri and ro, respectively, contains heat-dissipating components, and at
a particular instant the temperature distribution in the
shell is known to be of the form

Electrical cable

C1
T(r)  r  C2

Insulation

Ts, 1

Are conditions steady-state or transient? How do the
heat flux and heat rate vary with radius?

r1

Ambient air
T∞, h

r2
Ts, 2

(a) Write the steady-state forms of the heat diffusion
equation for the insulation and the cable. Verify
that these equations are satisfied by the following
temperature distributions:
Insulation: T(r)  Ts,2  (Ts,1  Ts,2)

Cable:

T(r)  Ts,1 



q̇r 21
r2
1 2
4k c
r1

ln(r/r2)
ln(r1/r2)



Sketch the temperature distribution, T(r), in the
cable and the sleeve, labeling key features.
(b) Applying Fourier’s law, show that the rate of conduction heat transfer per unit length through the
sleeve may be expressed as
q r 

2.43 A chemically reacting mixture is stored in a thin-walled
spherical container of radius r1  200 mm, and the exothermic reaction generates heat at a uniform, but temperaturedependent volumetric rate of q̇  q̇o exp(A/To), where
q̇o  5000 W/m3, A  75 K, and To is the mixture temperature in kelvins. The vessel is enclosed by an insulating
material of outer radius r2, thermal conductivity k, and
emissivity . The outer surface of the insulation experiences convection heat transfer and net radiation exchange
with the adjoining air and large surroundings, respectively.

Tsur
Chemical
•
reaction, q (To)
Ambient air

T∞, h
Insulation,
k, ε

2k s(Ts,1  Ts,2)
ln (r2/r1)

Applying an energy balance to a control surface
placed around the cable, obtain an alternative expression for q r , expressing your result in terms of q̇
and r1.
(c) Applying an energy balance to a control surface
placed around the outer surface of the sleeve, obtain
an expression from which Ts,2 may be determined as
a function of q̇, r1, h, T , , and Tsur.

r1

r2

(a) Write the steady-state form of the heat diffusion
equation for the insulation. Verify that this equation is satisfied by the temperature distribution
T(r)  Ts,1  (Ts,1  Ts,2)

1  (r1/r)
1  (r1/r2)

(d) Consider conditions for which 250 A are passing
through a cable having an electric resistance per
unit length of R e  0.005 /m, a radius of r1  15
mm, and a thermal conductivity of kc  200 W/m  K.
For k s  0.15 W/m  K, r2  15.5 mm, h  25
W/m2  K,   0.9, T  25°C, and Tsur  35°C,
evaluate the surface temperatures, Ts,1 and Ts,2, as
well as the temperature To at the centerline of the
cable.

(b) Applying Fourier’s law, show that the rate of heat
transfer by conduction through the insulation may
be expressed as

(e) With all other conditions remaining the same, compute and plot To, Ts,1, and Ts,2 as a function of r2 for
15.5  r2  20 mm.

Applying an energy balance to a control surface
about the container, obtain an alternative expression
for qr , expressing your result in terms of q̇ and r1.

Sketch the temperature distribution, T(r), labeling
key features.

qr 

4k(Ts,1  Ts,2)
(1/r1)  (1/r2)
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(c) Applying an energy balance to a control surface
placed around the outer surface of the insulation,
obtain an expression from which Ts,2 may be determined as a function of q̇, r1, h, T , , and Tsur.
(d) The process engineer wishes to maintain a reactor
temperature of To  T(r1)  95°C under conditions
for which k  0.05 W/m  K, r2  208 mm,
h  5 W/m2  K,  0.9, T  25°C, and Tsur 
35°C. What is the actual reactor temperature and
the outer surface temperature of the insulation, Ts,2?
(e) Compute and plot the variation of Ts,2 with r2 for
201  r2  210 mm. The engineer is concerned
about potential burn injuries to personnel who may
come into contact with the exposed surface of the
insulation. Is increasing the insulation thickness a
practical solution to maintaining Ts,2  45C? What
other parameter could be varied to reduce Ts,2?

Graphical Representations
2.44 The one-dimensional system of mass M with constant
properties and no internal heat generation shown in the
figure is initially at a uniform temperature Ti. The electrical heater is suddenly energized providing a uniform
heat flux q o at the surface x  0. The boundaries at x  L
and elsewhere are perfectly insulated.
Insulation

L
x

System, mass M
Electrical
heater

(a) Write the differential equation and identify the
boundary and initial conditions that could be used
to determine the temperature as a function of position and time in the system.
(b) On T – x coordinates, sketch the temperature distributions for the initial condition (t  0) and for several
times after the heater is energized. Will a steadystate temperature distribution ever be reached?
(c) On q x t coordinates, sketch the heat flux q x(x,t) at
the planes x  0, x  L/2, and x  L as a function
of time.
(d) After a period of time te has elapsed, the heater
power is switched off. Assuming that the insulation
is perfect, the system will eventually reach a final
uniform temperature Tƒ. Derive an expression that
can be used to determine Tƒ as a function of the parameters q o, te, Ti, and the system characteristics M,
cp, and As (the heater surface area).

2.45 A large plate of thickness 2L is at a uniform temperature of Ti  200C, when it is suddenly quenched by
dipping it in a liquid bath of temperature T  20C.
Heat transfer to the liquid is characterized by the convection coefficient h.
(a) If x  0 corresponds to the midplane of the wall, on
T  x coordinates, sketch the temperature distributions for the following conditions: initial condition
(t  0), steady-state condition (t l ), and two intermediate times.
(b) On q x  t coordinates, sketch the variation with
time of the heat flux at x  L.
(c) If h  100 W/m2  K, what is the heat flux at x  L
and t  0? If the wall has a thermal conductivity of
k  50 W/m  K, what is the corresponding temperature gradient at x  L?
(d) Consider a plate of thickness 2L  20 mm with a
density of   2770 kg/m3 and a specific heat
cp  875 J/kg  K. By performing an energy balance on the plate, determine the amount of energy per unit surface area of the plate (J/m2) that
is transferred to the bath over the time required to
reach steady-state conditions.
(e) From other considerations, it is known that, during
the quenching process, the heat flux at x  L and
x  L decays exponentially with time according
to the relation, q   A exp(Bt), where t is in
seconds, A  1.80 104 W/m2, and B  4.126
103 s1. Use this information to determine the energy per unit surface area of the plate that is transferred to the fluid during the quenching process.
2.46 The plane wall with constant properties and no internal
heat generation shown in the figure is initially at a uniform temperature Ti. Suddenly the surface at x  L is
heated by a fluid at T having a convection heat transfer
coefficient h. The boundary at x  0 is perfectly insulated.

T ∞, h
Insulation

x

L

(a) Write the differential equation and identify the
boundary and initial conditions that could be used
to determine the temperature as a function of position and time in the wall.
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(b) On T  x coordinates, sketch the temperature distributions for the following conditions: initial condition (t  0), steady-state condition (t l ), and
two intermediate times.

k, q• (t ≥ 0)
To

(c) On q x  t coordinates, sketch the heat flux at the
locations x  0 and x  L. That is, show qualitatively how q x (0, t) and q x (L, t) vary with time.

T∞, h

L

(d) Write an expression for the total energy transferred
to the wall per unit volume of the wall (J/m3).
2.47 A plane wall has constant properties, no internal heat
generation, and is initially at a uniform temperature Ti.
Suddenly, the surface at x  L is heated by a fluid at T
having a convection coefficient h. At the same instant,
the electrical heater is energized, providing a constant
heat flux q o at x  0.

T∞, h

Heater

x

(a) On T  x coordinates, sketch the temperature distributions for the following conditions: initial condition (t  0), steady-state condition (t l ), and for
two intermediate times. Show also the distribution
for the special condition when there is no heat flow
at the x  L boundary.
(b) On qx  t coordinates, sketch the heat flux for the
locations x  0 and x  L, that is, qx(0, t) and
qx(L, t), respectively.
2.49 Consider the conditions associated with Problem 2.48,
but now with a convection process for which T  To.

Insulation

L
x

(a) On T  x coordinates, sketch the temperature distributions for the following conditions: initial condition (t  0), steady-state condition (t l ), and for
two intermediate times.
(b) On q x  x coordinates, sketch the heat flux corresponding to the four temperature distributions of
part (a).
(c) On q x  t coordinates, sketch the heat flux at the
locations x  0 and x  L. That is, show qualitatively how qx(0, t) and qx(L, t) vary with time.
(d) Derive an expression for the steady-state temperature at the heater surface, T(0, ), in terms of qo,
T , k, h, and L.
2.48 A plane wall with constant properties is initially at a uniform temperature To. Suddenly, the surface at x  L is
exposed to a convection process with a fluid at T ( To)
having a convection coefficient h. Also, suddenly the
.
wall experiences a uniform internal volumetric heating q
that is sufficiently large to induce a maximum steadystate temperature within the wall, which exceeds that of
the fluid. The boundary at x  0 remains at To.

(a) On T  x coordinates, sketch the temperature distributions for the following conditions: initial condition
(t  0), steady-state condition (t l ), and for two intermediate times. Identify key features of the distributions, especially the location of the maximum temperature and the temperature gradient at x  L.
(b) On q  t coordinates, sketch the heat flux for the
locations x  0 and x  L, that is, q x (0, t) and
q x (L, t), respectively. Identify key features of the
flux histories.
2.50 A spherical particle of radius r1 experiences uniform
thermal generation at a rate of q̇. The particle is encapsulated by a spherical shell of outside radius r2 that is cooled
by ambient air. The thermal conductivities of the particle
and shell are k1 and k2, respectively, where k1  2k2.
Chemical reaction
•

q

r1

Ambient air
T∞, h

r2
Control volume B
Control volume A
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(a) By applying the conservation of energy principle to
spherical control volume A, which is placed at an
arbitrary location within the sphere, determine a relationship between the temperature gradient, dT/dr,
and the local radius, r, for 0  r  r1.

(a) Verify that the following equation satisfies the heat
equation and boundary conditions:

(b) By applying the conservation of energy principle to
spherical control volume B, which is placed at an
arbitrary location within the spherical shell, determine a relationship between the temperature gradient, dT/dr, and the local radius, r, for r1  r  r2.

where C1 is a constant and  is the thermal diffusivity.

(c) On T  r coordinates, sketch the temperature distribution over the range 0  r  r2.
2.51 A plane wall of thickness L  0.1 m experiences uniform volumetric heating at a rate q̇. One surface of the
wall (x  0) is insulated, while the other surface is
exposed to a fluid at T  20C, with convection heat
transfer characterized by h  1000 W/m2  K. Initially,
the temperature distribution in the wall is T(x,0) 
a  bx 2, where a  300C, b  1.0 104C/m2 and x
is in meters. Suddenly, the volumetric heat generation
is deactivated (q̇  0 for t  0), while convection heat
transfer continues to occur at x  L. The properties of
the wall are   7000 kg/m3, cp  450 J/kg  K, and
k  90 W/m  K.



  

T(x,t)  Ts
2 t
x
 C1 exp 
cos
Ti  Ts
4 L2
2L

(b) Obtain expressions for the heat flux at x  0 and
x  L.
(c) Sketch the temperature distribution T(x) at t  0, at
t l , and at an intermediate time. Sketch the
variation with time of the heat flux at x  L, q L(t).
(d) What effect does  have on the thermal response of
the material to a change in surface temperature?
2.53 A thin electrical heater dissipating 4000 W/m2 is sandwiched between two 25-mm-thick plates whose exposed surfaces experience convection with a fluid for
which T  20C and h  400 W/m2  K. The thermophysical properties of the plate material are   2500
kg/m3, c  700 J/kg  K, and k  5 W/m  K.
Electric heater, q"o

ρ , c, k

•

k, ρ , cp, q (t <
– 0)

T∞, h

x

Fluid

Fluid

T∞, h

T∞, h

L
–L

(a) Determine the magnitude of the volumetric energy
generation rate q̇ associated with the initial condition (t  0).
(b) On T  x coordinates, sketch the temperature distribution for the following conditions: initial condition
(t  0), steady-state condition (t l ), and two intermediate conditions.
(c) On qx  t coordinates, sketch the variation with
time of the heat flux at the boundary exposed
to the convection process, qx (L, t). Calculate
the corresponding value of the heat flux at
t  0, qx (L, 0).
(d) Calculate the amount of energy removed from the
wall per unit area (J/m2) by the fluid stream as the
wall cools from its initial to steady-state condition.
2.52 A plane wall that is insulated on one side (x  0) is initially at a uniform temperature Ti, when its exposed surface at x  L is suddenly raised to a temperature Ts.

0

+L

x

(a) On T  x coordinates, sketch the steady-state temperature distribution for L  x  L. Calculate
values of the temperatures at the surfaces, x   L,
and the midpoint, x  0. Label this distribution as
Case 1, and explain its salient features.
(b) Consider conditions for which there is a loss
of coolant and existence of a nearly adiabatic condition on the x  L surface. On the T  x coordinates used for part (a), sketch the corresponding
steady-state temperature distribution and indicate
the temperatures at x  0, L. Label the distribution as Case 2, and explain its key features.
(c) With the system operating as described in part (b), the
surface x  L also experiences a sudden loss of
coolant. This dangerous situation goes undetected for
15 minutes, at which time the power to the heater is
deactivated. Assuming no heat losses from the surfaces of the plates, what is the eventual (t l ), uni-
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form, steady-state temperature distribution in the
plates? Show this distribution as Case 3 on your
sketch, and explain its key features. Hint: Apply the
conservation of energy requirement on a time-interval
basis, Eq. 1.1lb, for the initial and final conditions
corresponding to Case 2 and Case 3, respectively.
(d) On T  t coordinates, sketch the temperature history at the plate locations x  0, L during the
transient period between the distributions for Cases
2 and 3. Where and when will the temperature in
the system achieve a maximum value?
2.54 Typically, air is heated in a hair dryer by blowing it
across a coiled wire through which an electric current is
passed. Thermal energy is generated by electric resistance heating within the wire and is transferred by convection from the surface of the wire to the air. Consider
conditions for which the wire is initially at room temperature, Ti, and resistance heating is concurrently initiated with air flow at t  0.
Coiled wire (ro, L, k, ρ , cp)

•

q

Air flow

Air

T∞, h
ro

r

Pelec

(a) For a wire radius ro, an air temperature T , and a
convection coefficient h, write the form of the heat
equation and the boundary/initial conditions that
govern the transient thermal response, T(r, t), of
the wire.
(b) If the length and radius of the wire are 500 mm and
1 mm, respectively, what is the volumetric rate of
thermal energy generation for a power consumption of Pelec  500 W? What is the convection heat
flux under steady-state conditions?
(c) On T  r coordinates, sketch the temperature distributions for the following conditions: initial condition (t  0), steady-state condition (t l ), and for
two intermediate times.
(d) On q r  t coordinates, sketch the variation of the
heat flux with time for locations at r  0 and r  ro.
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One-Dimensional, Steady-State Conduction

I

n this chapter we treat situations for which heat is transferred by diffusion under
one-dimensional, steady-state conditions. The term “one-dimensional” refers to the
fact that only one coordinate is needed to describe the spatial variation of the
dependent variables. Hence, in a one-dimensional system, temperature gradients
exist along only a single coordinate direction, and heat transfer occurs exclusively
in that direction. The system is characterized by steady-state conditions if the temperature at each point is independent of time. Despite their inherent simplicity, onedimensional, steady-state models may be used to accurately represent numerous
engineering systems.
We begin our consideration of one-dimensional, steady-state conduction by
discussing heat transfer with no internal generation of thermal energy (Sections 3.1
through 3.4). The objective is to determine expressions for the temperature distribution and heat transfer rate in common (planar, cylindrical, and spherical)
geometries. For such geometries, an additional objective is to introduce the concept of thermal resistance and to show how thermal circuits may be used to
model heat flow, much as electrical circuits are used for current flow. The effect
of internal heat generation is treated in Section 3.5, and again our objective is to
obtain expressions for determining temperature distributions and heat transfer
rates. In Section 3.6, we consider the special case of one-dimensional, steadystate conduction for extended surfaces. In their most common form, these surfaces are termed fins and are used to enhance heat transfer by convection to an
adjoining fluid. In addition to determining related temperature distributions and
heat rates, our objective is to introduce performance parameters that may be used
to determine their efficacy. Finally, in Section 3.7 we present concepts and equations relating to heat transfer within the human body, including the effects of
metabolic heat generation and perfusion.

3.1
The Plane Wall
For one-dimensional conduction in a plane wall, temperature is a function of the x
coordinate only and heat is transferred exclusively in this direction. In Figure 3.1a,
a plane wall separates two fluids of different temperatures. Heat transfer occurs by
convection from the hot fluid at T, 1 to one surface of the wall at Ts, 1, by conduction
through the wall, and by convection from the other surface of the wall at Ts, 2 to the
cold fluid at T, 2.
We begin by considering conditions within the wall. We first determine the
temperature distribution, from which we can then obtain the conduction heat transfer rate.

3.1.1

Temperature Distribution

The temperature distribution in the wall can be determined by solving the heat
equation with the proper boundary conditions. For steady-state conditions with no
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T∞,1
Ts,1

Ts,2
T∞,2
qx
Hot fluid

T∞,1, h1
x

x=L
Cold fluid

T∞,2, h2

(a)

T∞,1
qx

Ts,1

T∞,2

Ts,2

1
____

L
____

h1A

kA

1
____

h2A

(b)

FIGURE 3.1 Heat transfer through a plane wall. (a) Temperature distribution. (b) Equivalent
thermal circuit.

distributed source or sink of energy within the wall, the appropriate form of the heat
equation is Equation 2.21

 

d
dT
k
0
dx
dx

(3.1)

Hence, from Equation 2.2, it follows that, for one-dimensional, steady-state conduction in a plane wall with no heat generation, the heat flux is a constant, independent of x. If the thermal conductivity of the wall material is assumed to be constant,
the equation may be integrated twice to obtain the general solution
T(x)  C1 x  C2

(3.2)

To obtain the constants of integration, C1 and C2, boundary conditions must be
introduced. We choose to apply conditions of the first kind at x  0 and x  L, in
which case
T(0)  Ts,1
T(L)  Ts,2
and
Applying the condition at x  0 to the general solution, it follows that
Ts,1  C2
Similarly, at x  L,
in which case

Ts,2  C1L  C2  C1L  Ts,1
Ts,2  Ts,1
 C1
L
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Substituting into the general solution, the temperature distribution is then
T(x) (Ts,2  Ts,1)

x
 Ts, 1
L

(3.3)

From this result it is evident that, for one-dimensional, steady-state conduction in a
plane wall with no heat generation and constant thermal conductivity, the temperature varies linearly with x.
Now that we have the temperature distribution, we may use Fourier’s law,
Equation 2.1, to determine the conduction heat transfer rate. That is,
qx  kA

dT kA

(T  Ts,2)
L s,1
dx

(3.4)

Note that A is the area of the wall normal to the direction of heat transfer and, for
the plane wall, it is a constant independent of x. The heat flux is then
q x 

qx k
 (T  Ts,2)
A L s,1

(3.5)

Equations 3.4 and 3.5 indicate that both the heat rate qx and heat flux qx are constants, independent of x.
In the foregoing paragraphs we have used the standard approach to solving conduction problems. That is, the general solution for the temperature distribution is first
obtained by solving the appropriate form of the heat equation. The boundary conditions are then applied to obtain the particular solution, which is used with Fourier’s
law to determine the heat transfer rate. Note that we have opted to prescribe surface
temperatures at x  0 and x  L as boundary conditions, even though it is the fluid
temperatures, and not the surface temperatures, that are typically known. However, since
adjoining fluid and surface temperatures are easily related through a surface energy balance (see Section 1.3.2), it is a simple matter to express Equations 3.3 through 3.5 in
terms of fluid, rather than surface, temperatures. Alternatively, equivalent results
could be obtained directly by using the surface energy balances as boundary conditions of the third kind in evaluating the constants of Equation 3.2 (see Problem 3.1).

3.1.2 Thermal Resistance
At this point we note that, for the special case of one-dimensional heat transfer with
no internal energy generation and with constant properties, a very important concept is suggested by Equation 3.4. In particular, there exists an analogy between the
diffusion of heat and electrical charge. Just as an electrical resistance is associated
with the conduction of electricity, a thermal resistance may be associated with the
conduction of heat. Defining resistance as the ratio of a driving potential to the corresponding transfer rate, it follows from Equation 3.4 that the thermal resistance for
conduction in a plane wall is
R t, cond 

Ts,1  Ts,2
 L
qx
kA

(3.6)
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Similarly, for electrical conduction in the same system, Ohm’s law provides an
electrical resistance of the form
E s,1  E s,2
 L
Re 
(3.7)
I
A
The analogy between Equations 3.6 and 3.7 is obvious. A thermal resistance may
also be associated with heat transfer by convection at a surface. From Newton’s law
of cooling,
q  hA(Ts  T)
(3.8)
The thermal resistance for convection is then
R t, conv 

Ts  T
 1
q
hA

(3.9)

Circuit representations provide a useful tool for both conceptualizing and
quantifying heat transfer problems. The equivalent thermal circuit for the plane
wall with convection surface conditions is shown in Figure 3.1b. The heat transfer
rate may be determined from separate consideration of each element in the network. Since qx is constant throughout the network, it follows that
qx 

T,1  Ts,1 Ts,1  Ts,2 Ts,2  T,2


1/h 1A
L/kA
1/h 2 A

(3.10)

In terms of the overall temperature difference, T,1  T,2, and the total thermal
resistance, Rtot, the heat transfer rate may also be expressed as
T,1  T,2
(3.11)
R tot
Because the conduction and convection resistances are in series and may be
summed, it follows that
qx 

Rtot  1  L  1
h1A kA h2 A

(3.12)

Radiation exchange between the surface and surroundings may also be important if the convection heat transfer coefficient is small (as it often is for natural convection in a gas). A thermal resistance for radiation may be defined by reference to
Equation 1.8:
R t,rad 

TsTsur
1
qrad  h r A

(3.13)

For radiation between a surface and large surroundings, hr is determined from
Equation 1.9. Surface radiation and convection resistances act in parallel, and if
T  Tsur, they may be combined to obtain a single, effective surface resistance.

3.1.3

The Composite Wall

Equivalent thermal circuits may also be used for more complex systems, such as
composite walls. Such walls may involve any number of series and parallel thermal
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T∞, 1
Ts,1

T2

T3
Ts,4

Hot fluid
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LB
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kA

kB

kC

A

B

C

T∞,4

T∞,1, h1

x

qx

Cold fluid

1
____

LA
____

LB
____

LC
____

1
____

h1A

kA A

kB A

kC A

h4 A

T∞,1

Ts,1

T2

T3

Ts,4

T∞,4, h4

T∞,4

FIGURE 3.2 Equivalent thermal circuit for a series composite wall.

resistances due to layers of different materials. Consider the series composite wall
of Figure 3.2. The one-dimensional heat transfer rate for this system may be expressed as
T,1  T,4
qx 
(3.14)
R t
where T,1 T,4 is the overall temperature difference and the summation includes
all thermal resistances. Hence
qx 

T,1  T,4
[(1/h 1A)  (L A/k AA)  (L B/k BA)  (L C/k C A)  (1/h 4A)]

(3.15)

Alternatively, the heat transfer rate can be related to the temperature difference and
resistance associated with each element. For example,
qx 

T,1  Ts,1 Ts,1  T2
T2  T3


…
(1/h 1A)
(L A/k AA) (L B/k B A)

(3.16)

With composite systems it is often convenient to work with an overall
heat transfer coefficient, U, which is defined by an expression analogous to Newton’s law of cooling. Accordingly,
qx  UA T

(3.17)

where T is the overall temperature difference. The overall heat transfer coefficient
is related to the total thermal resistance, and from Equations 3.14 and 3.17 we see
that UA  1/Rtot. Hence, for the composite wall of Figure 3.2,
1
U 1 
R tot A [(1/h 1)  (L A/k A)  (L B/k B)  (L C /k C)  (1/h 4)]

(3.18)
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____
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____
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qx

LG
________
kG(A/2)

T1

T2

(a)

qx

LE
________
kE(A/2)

LF
________
kF(A/2)

LH
________
kH(A/2)

T1 L
E
________
kE(A/2)

LG
________
kG(A/2)

LH
________
kH(A/2)

T2

(b)

FIGURE 3.3

Equivalent thermal circuits for a series–parallel composite wall.

In general, we may write
R tot 

1
R  T
q UA
t

(3.19)

Composite walls may also be characterized by series–parallel configurations, such as that shown in Figure 3.3. Although the heat flow is now multidimensional, it is often reasonable to assume one-dimensional conditions. Subject
to this assumption, two different thermal circuits may be used. For case (a) it is
presumed that surfaces normal to the x direction are isothermal, while for case
(b) it is assumed that surfaces parallel to the x direction are adiabatic. Different
results are obtained for Rtot, and the corresponding values of q bracket the actual
heat transfer rate. These differences increase with increasing kF  kG, as multidimensional effects become more significant.

3.1.4

Contact Resistance

Although neglected until now, it is important to recognize that, in composite systems, the temperature drop across the interface between materials may be appreciable. This temperature change is attributed to what is known as the thermal contact
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qx"
q"contact
q"x

TA
∆T
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FIGURE 3.4 Temperature drop due to thermal contact resistance.

resistance, Rt,c. The effect is shown in Figure 3.4, and for a unit area of the interface, the resistance is defined as

 
R t,c

TA  TB
q x

(3.20)

The existence of a finite contact resistance is due principally to surface roughness effects. Contact spots are interspersed with gaps that are, in most instances,
air filled. Heat transfer is therefore due to conduction across the actual contact area
and to conduction and/or radiation across the gaps. The contact resistance may be
viewed as two parallel resistances: that due to the contact spots and that due to the
gaps. The contact area is typically small, and especially for rough surfaces, the
major contribution to the resistance is made by the gaps.
For solids whose thermal conductivities exceed that of the interfacial fluid, the
contact resistance may be reduced by increasing the area of the contact spots. Such
an increase may be effected by increasing the joint pressure and/or by reducing the
roughness of the mating surfaces. The contact resistance may also be reduced by selecting an interfacial fluid of large thermal conductivity. In this respect, no fluid (an
evacuated interface) eliminates conduction across the gap, thereby increasing the

TABLE 3.1 Thermal contact resistance for (a) metallic interfaces
under vacuum conditions and (b) aluminum interface (10-m
surface roughness, 105 N/m2) with different interfacial fluids [1]
Thermal Resistance, Rt, c  104 (m2  K/W)
(a) Vacuum Interface
Contact pressure
100 kN/m2
Stainless steel
6–25
Copper
1–10
Magnesium
1.5–3.5
Aluminum
1.5–5.0

10,000 kN/m2
0.7–4.0
0.1–0.5
0.2–0.4
0.2– 0.4

(b) Interfacial Fluid
Air
2.75
Helium
1.05
Hydrogen
0.720
Silicone oil
0.525
Glycerine
0.265
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TABLE 3.2 Thermal resistance of representative solid/solid interfaces
Interface
Silicon chip/lapped aluminum in air
(27–500 kN/m2)
Aluminum/aluminum with indium foil
filler (100 kN/m2)
Stainless/stainless with indium foil
filler (3500 kN/m2)
Aluminum/aluminum with metallic (Pb)
coating
Aluminum/aluminum with Dow Corning
340 grease (100 kN/m2)
Stainless/stainless with Dow Corning
340 grease (3500 kN/m2)
Silicon chip/aluminum with 0.02-mm
epoxy
Brass/brass with 15-m tin solder

Rt,c  104 (m2  K/W)

Source

0.3–0.6

[2]

0.07

[1, 3]

0.04

[1, 3]

0.01– 0.1

[4]

0.07

[1, 3]

0.04

[1, 3]

0.2–0.9

[5]

0.025–0.14

[6]

contact resistance. Likewise, if the characteristic gap width, L, becomes small (as,
for example, in the case of very smooth surfaces in contact), L/mfp can approach
values for which the thermal conductivity of the interfacial gas is reduced by microscale effects, as discussed in Section 2.2.
Although theories have been developed for predicting Rt, c, the most reliable results are those that have been obtained experimentally. The effect of loading on
metallic interfaces can be seen in Table 3.1a, which presents an approximate range
of thermal resistances under vacuum conditions. The effect of interfacial fluid on
the thermal resistance of an aluminum interface is shown in Table 3.1b.
Contrary to the results of Table 3.1, many applications involve contact between dissimilar solids and/or a wide range of possible interstitial (filler) materials (Table 3.2). Any interstitial substance that fills the gap between contacting
surfaces and whose thermal conductivity exceeds that of air will decrease the
contact resistance. Two classes of materials that are well suited for this purpose
are soft metals and thermal greases. The metals, which include indium, lead, tin,
and silver, may be inserted as a thin foil or applied as a thin coating to one of the
parent materials. Silicon-based thermal greases are attractive on the basis of their
ability to completely fill the interstices with a material whose thermal conductivity is as much as 50 times that of air.
Unlike the foregoing interfaces, which are not permanent, many interfaces involve permanently bonded joints. The joint could be formed from an epoxy, a soft
solder rich in lead, or a hard solder such as a gold/tin alloy. Due to interface resistances between the parent and bonding materials, the actual thermal resistance of
the joint exceeds the theoretical value (L/k) computed from the thickness L and
thermal conductivity k of the joint material. The thermal resistance of epoxied and
soldered joints is also adversely affected by voids and cracks, which may form during manufacture or as a result of thermal cycling during normal operation.
Comprehensive reviews of thermal contact resistance results and models are
provided by Snaith et al. [3], Madhusudana and Fletcher [7], and Yovanovich [8].
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EXAMPLE 3.1
In Example 1.6, we calculated the heat loss rate from a human body in air and water
environments. Now we consider the same conditions except that the surroundings
(air or water) are at 10C. To reduce the heat loss rate, the person wears special
sporting gear (snow suit and wet suit) made from a nanostructured silica aerogel insulation with an extremely low thermal conductivity of 0.014 W/m  K. The emissivity of the outer surface of the snow and wet suits is 0.95. What thickness of aerogel insulation is needed to reduce the heat loss rate to 100 W (a typical metabolic
heat generation rate) in air and water? What are the resulting skin temperatures?

SOLUTION
Known: Inner surface temperature of a skin/fat layer of known thickness, thermal conductivity, and surface area. Thermal conductivity and emissivity of snow
and wet suits. Ambient conditions.

Find: Insulation thickness needed to reduce heat loss rate to 100 W and corresponding skin temperature.
Schematic:

Ti = 35°C

Ts
Skin/fat

ε = 0.95

Tsur = 10°C

Insulation

kins = 0.014 W/m•K

ksf = 0.3 W/m•K

T∞ = 10°C
h = 2 W/m2•K (Air)
h = 200 W/m2•K (Water)
Lsf = 3 mm

Lins
Air or
water

Assumptions:
1. Steady-state conditions.
2. One-dimensional heat transfer by conduction through the skin/fat and insulation layers.
3. Contact resistance is negligible.
4. Thermal conductivities are uniform.
5. Radiation exchange between the skin surface and the surroundings is between a
small surface and a large enclosure at the air temperature.
6. Liquid water is opaque to thermal radiation.
7. Solar radiation is negligible.
8. Body is completely immersed in water in part 2.
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Analysis: The thermal circuit can be constructed by recognizing that resistance
to heat flow is associated with conduction through the skin/fat and insulation layers
and convection and radiation at the outer surface. Accordingly, the circuit and the
resistances are of the following form (with hr  0 for water):
1
____

Lsf
____
ksf A
q

Ti

hr A

Lins
kins A

Tsur
Tsur = T∞

Ts

T∞
1
____

hA

The total thermal resistance needed to achieve the desired heat loss rate is found
from Equation 3.19,
R tot 

TiT (35  10) K
q  100 W  0.25 K/ W

The total thermal resistance between the inside of the skin/fat layer and the cold surroundings includes conduction resistances for the skin/fat and insulation layers and
an effective resistance associated with convection and radiation, which act in parallel.
Hence,
R tot 



L sf
L ins

 1  1
k sfA k insA
1/hA 1/h r A



1

1
A

Lk

sf
sf



L ins
 1
k ins h  h r



This equation can be solved for the insulation thickness.

Air
The radiation heat transfer coefficient is approximated as having the same value as
in Example 1.6: hr = 5.9 W/m2  K.



L ins  k ins AR tot 



L sf
 1
k sf h  h r



 0.014 W/m  K 1.8 m2

0.25 K/W 



3 103m
1

0.3 W/m  K (2  5.9) W/m2  K

 0.0044 m  4.4 mm



Water



L ins  k ins AR tot 



L sf 1

k sf h



 0.014 W/m  K 1.8 m2
 0.0061 m  6.1 mm

0.25 K/W



3 103 m
1

0.3 W/m  K 200 W/m2  K



These required thicknesses of insulation material can easily be incorporated into the
snow and wet suits.
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The skin temperature can be calculated by considering conduction through the
skin/fat layer:
q

k sf A(Ti  Ts)
L sf

or solving for Ts,
Ts  Ti 

qL sf
100 W 3 103 m
 35C 
 34.4C
k sfA
0.3 W/m  K 1.8 m2



The skin temperature is the same in both cases because the heat loss rate and
skin/fat properties are the same.

Comments:
1. The nanostructured silica aerogel is an extremely porous material that is only
around 5% solid. Its thermal conductivity is less than the thermal conductivity
of the gas that fills its pores. As explained in Section 2.2, the reason for
this seemingly impossible result is that the pore size is only around 20 nm,
which reduces the mean free path of the gas and hence decreases its thermal
conductivity.
2. By reducing the heat loss rate to 100 W, a person could remain in the cold environments indefinitely without becoming chilled. The skin temperature of
34.4C would feel comfortable.
3. In the water case, the thermal resistance of the insulation dominates and all
other resistances can be neglected.
4. The convection heat transfer coefficient associated with the air depends on the
wind conditions, and can vary over a broad range. As it changes, so will the
outer surface temperature of the insulation layer. Since the radiation heat transfer coefficient depends on this temperature, it will also vary. We can perform a
more complete analysis which takes this into account. The radiation heat transfer coefficient is given by Equation 1.9:
h r  (Ts,o  Tsur)(T 2s,o  T 2sur)

(1)

Here Ts,o is the outer surface temperature of the insulation layer, which can be
calculated from
q
Ts,o  Ti 
(2)
L sf
L ins

k sfA k insA
Since this depends on the insulation thickness, we also need the previous equation for Lins:



L ins  k ins AR tot 

L sf
 1
k sf h  h r



(3)

With all other values known, these three equations can be solved for the required insulation thickness. Using all the values from above, these equations
have been solved for values of h in the range 0 h 100 W/m2  K, and the
results are represented graphically.

c03.qxd 3/6/06 10:34 AM Page 107

3.1



107

The Plane Wall

7

Lins (mm)

6

5

4

3

0

10

20

30

40

50

60

70

80

90

100

h (W/m2•K)

Increasing h reduces the corresponding convection resistance, which then requires additional insulation to maintain the heat transfer rate at 100 W. Once
the heat transfer coefficient exceeds approximately 60 W/m2  K, the convection resistance is negligible and further increases in h have little effect on the
required insulation thickness.
The outer surface temperature and radiation heat transfer coefficient can
also be calculated. As h increases from 0 to 100 W/m2  K, Ts,o decreases from
294 to 284 K, while hr decreases from 5.2 to 4.9 W/m2  K. The initial estimate
of hr  5.9 W/m2  K was not highly accurate. Using this more complete model
of the radiation heat transfer, with h  2 W/m2  K, the radiation heat transfer
coefficient is 5.1 W/m2  K and the required insulation thickness is 4.2 mm,
close to the value calculated in the first part of the problem.
5. This example is provided as a ready-to-solve model in IHT under Examples in
the menu bar. It could also be solved using the thermal resistance network
builder, Models/Resistance Networks. As an exercise, enter Equations 1 through
3 from Comment 4 into the IHT workspace and solve for the required insulation
thickness when the air convection heat transfer coefficient is 20 W/m2  K. All
other conditions remain the same as in the problem statement. [Answer, 5.6 mm]

EXAMPLE 3.2
A thin silicon chip and an 8-mm-thick aluminum substrate are separated by a 0.02-mmthick epoxy joint. The chip and substrate are each 10 mm on a side, and their exposed surfaces are cooled by air, which is at a temperature of 25°C and provides a
convection coefficient of 100 W/m2  K. If the chip dissipates 104 W/m2 under normal conditions, will it operate below a maximum allowable temperature of 85°C?

SOLUTION
Known: Dimensions, heat dissipation, and maximum allowable temperature of a
silicon chip. Thickness of aluminum substrate and epoxy joint. Convection conditions at exposed chip and substrate surfaces.
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Find: Whether maximum allowable temperature is exceeded.
Schematic:
Air

q1"

T∞ = 25°C
h = 100 W/m2•K
q1"

Silicon chip

_1_

Insulation

h
qc"

qc"
Epoxy joint
(0.02 mm)

T∞
Tc

R"t,c

q2"

_L_

L = 8 mm

k

Aluminum
substrate

_1_

h
Air

T∞

T∞ = 25°C
h = 100 W/m2•K

q2"

Assumptions:
1.
2.
3.
4.
5.

Steady-state conditions.
One-dimensional conduction (negligible heat transfer from sides of composite).
Negligible chip thermal resistance (an isothermal chip).
Constant properties.
Negligible radiation exchange with surroundings.

Properties: Table A.1, pure aluminum (T  350 K): k  239 W/m  K.
Analysis: Heat dissipated in the chip is transferred to the air directly from the exposed surface and indirectly through the joint and substrate. Performing an energy
balance on a control surface about the chip, it follows that, on the basis of a unit surface area,
q c  q 1  q 2
or
q c 

Tc  T
Tc T

(1/h)

R t,c  (L/k)  (1/h)

To conservatively estimate Tc, the maximum possible value of Rt,c  0.9
m2  K/W is obtained from Table 3.2. Hence



Tc  T  q c h 

1
  (L/k)  (1/h)
R t,c

104



1

or
Tc  25C  104 W/m2

100  (0.9  0.33 1 100)



1

4

10

m2  K/W

Tc  25C  50.3C  75.3C
Hence the chip will operate below its maximum allowable temperature.
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Comments:
1. The joint and substrate thermal resistances are much less than the convection
resistance. The joint resistance would have to increase to the unrealistically
large value of 50 104 m2  K/W, before the maximum allowable chip temperature would be exceeded.
2. The allowable power dissipation may be increased by increasing the convection
coefficients, either by increasing the air velocity and/or by replacing the air
with a more effective heat transfer fluid. Exploring this option for 100 h
2000 W/m2  K with Tc  85°C, the following results are obtained.
2.5

Tc = 85°C

q"c × 10–5 (W/m2)

2.0
1.5
1.0
0.5
0

0

500

1000

1500

2000

h (W/m2•K)

As h l , q2 l 0 and virtually all of the chip power is transferred directly to
the fluid stream.
3. As calculated, the difference between the air temperature (T  25C) and the
chip temperature (Tc  75.3C) is 50.3 K. Keep in mind that this is a temperature difference and therefore is the same as 50.3C.
4. Consider conditions for which air flow over the chip (upper) or substrate
(lower) surface ceases due to a blockage in the air supply channel. If heat transfer from either surface is negligible, what are the resulting chip temperatures
for q c  104 W/m2? [Answer, 126C or 125C]
5. Consider using IHT to calculate the allowable power dissipation for the prescribed air-flow conditions and Tc  85C. Plot the results and compare them
with those shown graphically in Comment 2.

EXAMPLE 3.3
The thermal conductivity of a D  14-nm-diameter carbon nanotube is measured
with an instrument that is fabricated of a wafer of silicon nitride at a temperature of
T  300 K. The 20-m-long nanotube rests on two 0.5-m-thick, 10 m 10 m
square islands that are separated by a distance s  5 m. A thin layer of platinum is
used as an electrical resistor on the heated island (at temperature Th) to dissipate
q  11.3 W of electrical power. On the sensing island, a similar layer of platinum
is used to determine its temperature, Ts. The platinum’s electrical resistance, R(Ts) 
E/I, is found by measuring the voltage drop and electrical current across the platinum layer. The temperature of the sensing island, Ts, is then determined from the
relationship of the platinum electrical resistance to its temperature. Each island is
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suspended by two Lsn  250-m-long silicon nitride beams that are wsn  3 m
wide and tsn  0.5 m thick. A platinum line of width wpt  1 m and thickness
tpt  0.2 m is deposited within each silicon nitride beam to power the heated island
or detect the voltage drop associated with the determination of Ts. The entire experiment is performed in a vacuum with Tsur  300 K and at steady state, Ts  308.4 K.
Estimate the thermal conductivity of the carbon nanotube.

SOLUTION
Known: Dimensions, heat dissipated at the heated island, and temperatures of
the sensing island and surrounding silicon nitride wafer.

Find: The thermal conductivity of the carbon nanotube.
Schematic:

Tsur = 300 K

Carbon nanotube

D = 14 nm

Heated
island

Sensing
island

s = 5 m

Sensing island Ts = 308.4 K
Heated
island

Th

s = 5 m
Lsn = 250 m

10 m
tpt = 0.2 m
wpt = 1 m

10 m
tsn = 0.5 m

wsn = 3 m
Silicon nitride block

T∞ = 300 K

Assumptions:
1.
2.
3.
4.
5.

Steady-state conditions.
One-dimensional heat transfer.
The heated and sensing islands are isothermal.
Radiation exchange between the surfaces and the surroundings is negligible.
Convection losses are negligible.
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6. Ohmic heating in the platinum signal lines is negligible.
7. Constant properties.
8. Contact resistance between the nanotube and the islands is negligible.

Properties: Table A.1, platinum (325 K, assumed): kpt  71.6 W/m  K. Table A.2,
silicon nitride (325 K, assumed): ksn  15.5 W/m  K.

Analysis: Energy that is dissipated at the heated island is transferred to the silicon nitride block through the support beams of the heated island, the carbon nanotube, and subsequently through the support beams of the sensing island. Therefore,
the thermal circuit may be constructed as follows
qh /2

qs /2

T∞

T∞

Rt,sup

Rt,sup

q

Th

Ts

s
kcn Acn

Rt,sup

Rt,sup

T∞

T∞

qh /2

qs /2

where each supporting beam provides a thermal resistance, Rt,sup, that is composed
of a resistance due to the silicon nitride (sn) in parallel with a resistance due to the
platinum (pt) line.
The cross-sectional areas of the materials in the support beams are
106 m)

Apt  wptt pt  (1

Asn  wsnt snApt  (3

106 m)  2

(0.2

106 m)

(0.5

1013 m2

106 m)  2

1013 m2  1.3

1012 m2

while the cross-sectional area of the carbon nanotube is
Acn  D 2/4  (14

109 m)2/4  1.54

1016 m2

The thermal resistance of each support is



71.6 W/m  K 2

250 10

R t,sup 

k ptApt k snAsn

L pt
L sn

1

6

 7.25



1013 m2 15.5 W/m  K 1.3 1012 m2

m
250 106 m

106 K/W

The combined heat loss through both sensing island supports is
qs  2(TsT)/R t,sup  2
 2.32

(308.4 K300 K)/(7.25

106 W  2.32 W

106 K/W)

1
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It follows that
qh  q  qs  11.3 W  2.32 W  8.98 W
and Th attains a value of
Th  T  1qhRt,sup  300 K 
2

8.98

106 W

7.25
2

106 K/W

 332.6 K

For the portion of the thermal circuit connecting Th and Ts,
qs 

Th  Ts
s/(k cn Acn)

from which
k cn 

qss
2.32 106 W 5 106 m

Acn(Th  Ts) 1.54 1016 m2 (332.6 K  308.4 K)

k cn  3113 W/m  K



Comments:
1. The measured thermal conductivity is extremely large, as evident by comparing
its value to the thermal conductivities of pure metals shown in Figure 2.4. Carbon nanotubes may be used to dope otherwise low thermal conductivity materials to improve heat transfer.
2. Contact resistances between the carbon nanotube and the heated and sensing
islands were neglected because little is known about such resistances at the
nanoscale. However, if a contact resistance were included in the analysis, the
measured thermal conductivity of the carbon nanotube would be even higher
than the predicted value.
3. The significance of radiation heat transfer may be estimated by approximating
the heated island as a blackbody radiating to Tsur from both its top and bottom
surfaces. Hence, qrad,b  5.67
108 W/m2  K4
2
(10
106 m)2
4
4
4
8
(332.6  300 )K  4.7 10 W  0.047 W, and radiation is negligible.

3.2
An Alternative Conduction Analysis
The conduction analysis of Section 3.1 was performed using the standard
approach. That is, the heat equation was solved to obtain the temperature distribution, Equation 3.3, and Fourier’s law was then applied to obtain the heat transfer
rate, Equation 3.4. However, an alternative approach may be used for the conditions presently of interest. Considering conduction in the system of Figure 3.5, we
recognize that, for steady-state conditions with no heat generation and no heat loss
from the sides, the heat transfer rate qx must be a constant independent of x. That is,
for any differential element dx, qx  qxdx. This condition is, of course, a consequence
of the energy conservation requirement, and it must apply even if the area varies
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Insulation

qx
Adiabatic
surface

T1

T0, A(x)
z
y

qx + dx

x1
x

x

qx

dx

x0

FIGURE 3.5 System with a constant conduction heat transfer rate.

with position, A(x), and the thermal conductivity varies with temperature, k(T ).
Moreover, even though the temperature distribution may be two dimensional, varying with x and y, it is often reasonable to neglect the y variation and to assume
a one-dimensional distribution in x.
For the above conditions it is possible to work exclusively with Fourier’s law
when performing a conduction analysis. In particular, since the conduction rate is
a constant, the rate equation may be integrated, even though neither the rate nor
the temperature distribution is known. Consider Fourier’s law, Equation 2.1,
which may be applied to the system of Figure 3.5. Although we may have no
knowledge of the value of qx or the form of T(x), we do know that qx is a constant.
Hence we may express Fourier’s law in the integral form
x

qx

dx

x0 A(x)

T

k(T ) dT

(3.21)

T0

The cross-sectional area may be a known function of x, and the material thermal
conductivity may vary with temperature in a known manner. If the integration is
performed from a point x0 at which the temperature T0 is known, the resulting
equation provides the functional form of T(x). Moreover, if the temperature T  T1
at some x  x1 is also known, integration between x0 and x1 provides an expression from which qx may be computed. Note that, if the area A is uniform and k is
independent of temperature, Equation 3.21 reduces to
qx x
 k T
A

(3.22)

where x  x1  x0 and T  T1  T0.
We frequently elect to solve diffusion problems by working with integrated
forms of the diffusion rate equations. However, the limiting conditions for which this
may be done should be firmly fixed in our minds: steady-state and one-dimensional
transfer with no heat generation.

EXAMPLE 3.4
The diagram shows a conical section fabricated from pyroceram. It is of circular
cross section with the diameter D  ax, where a  0.25. The small end is at
x1  50 mm and the large end at x2  250 mm. The end temperatures are T1  400
K and T2  600 K, while the lateral surface is well insulated.
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T2
T1

x1
x2

x

1. Derive an expression for the temperature distribution T(x) in symbolic form,
assuming one-dimensional conditions. Sketch the temperature distribution.
2. Calculate the heat rate qx through the cone.

SOLUTION
Known: Conduction in a circular conical section having a diameter D  ax,
where a  0.25.

Find:
1. Temperature distribution T(x).
2. Heat transfer rate qx.

Schematic:
T2 = 600 K
T1 = 400 K
qx

x1 = 0.05 m
x2 = 0.25 m
x
Pyroceram

Assumptions:
1.
2.
3.
4.

Steady-state conditions.
One-dimensional conduction in the x direction.
No internal heat generation.
Constant properties.

Properties: Table A.2, pyroceram (500 K): k  3.46 W/m  K.
Analysis:
1. Since heat conduction occurs under steady-state, one-dimensional conditions
with no internal heat generation, the heat transfer rate qx is a constant independent of x. Accordingly, Fourier’s law, Equation 2.1, may be used to determine
the temperature distribution
qx  k A

dT
dx
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where A  D2/4  a2x2/4. Separating variables,
4qx d x
 k dT
a2x 2
Integrating from x1 to any x within the cone, and recalling that qx and k are constants, it follows that
x

4qx
a2

dx
 k
2
x1 x





T

dT
T1

Hence
4qx
1x  x1  k(T  T1)
2
1
a
or solving for T
T(x)  T1 



4qx 1 1

a2k x 1 x



Although qx is a constant, it is as yet an unknown. However, it may be determined
by evaluating the above expression at x  x2, where T(x2)  T2. Hence
T2  T1 



4qx 1 1

a2k x 1 x 2



and solving for qx
qx 

a2k(T1  T2)
4[(1/x 1)  (1/x 2)]

Substituting for qx into the expression for T(x), the temperature distribution
becomes
T(x)  T1  (T1  T2)

(1/x)  (1/x )
(1/x
)  (1/x )
1

1



2

From this result, temperature may be calculated as a function of x and the distribution is as shown.

T(x)

T2

T1
x2

x1
x

Note that, since dT/dx  4qx /ka2x2 from Fourier’s law, it follows that the
temperature gradient and heat flux decrease with increasing x.
2. Substituting numerical values into the foregoing result for the heat transfer rate,
it follows that
qx 

(0.25)2 3.46 W/m  K (400  600) K
 2.12 W
4 (1/0.05 m  1/0.25 m)
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Comments: When the parameter a increases, the cross-sectional area changes
more rapidly with distance, causing the one-dimensional assumption to become less
appropriate.

3.3
Radial Systems
Cylindrical and spherical systems often experience temperature gradients in the
radial direction only and may therefore be treated as one dimensional. Moreover,
under steady-state conditions with no heat generation, such systems may be analyzed by using the standard method, which begins with the appropriate form of the
heat equation, or the alternative method, which begins with the appropriate form of
Fourier’s law. In this section, the cylindrical system is analyzed by means of the
standard method and the spherical system by means of the alternative method.

The Cylinder

3.3.1

A common example is the hollow cylinder, whose inner and outer surfaces are exposed to fluids at different temperatures (Figure 3.6). For steady-state conditions
with no heat generation, the appropriate form of the heat equation, Equation 2.24, is

 

1 d kr dT  0
r dr
dr

(3.23)

where, for the moment, k is treated as a variable. The physical significance of this
result becomes evident if we also consider the appropriate form of Fourier’s law. The

Hot fluid
T∞,1, h1
Cold fluid
T∞,2, h2

Ts,1
r

Ts,2
Ts,1

r1

r2
r

r1

L
r2
qr

Ts,2

T∞,1

Ts,1

1
________

h12 π r1L

Ts,2
r2/r1)
In(
________
2 π kL

FIGURE 3.6 Hollow cylinder with convective surface conditions.

T∞,2

1
________

h22 π r2L
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rate at which energy is conducted across any cylindrical surface in the solid may be
expressed as
qr  k A

dT
dT
 k(2rL)
dr
dr

(3.24)

where A  2rL is the area normal to the direction of heat transfer. Since
Equation 3.23 dictates that the quantity kr (dT/dr) is independent of r, it follows
from Equation 3.24 that the conduction heat transfer rate qr (not the heat flux qr ) is
a constant in the radial direction.
We may determine the temperature distribution in the cylinder by solving
Equation 3.23 and applying appropriate boundary conditions. Assuming the value
of k to be constant, Equation 3.23 may be integrated twice to obtain the general
solution
T(r)  C1 ln r  C2

(3.25)

To obtain the constants of integration C1 and C2, we introduce the following boundary conditions:
T(r1)  Ts,1

and

T(r2)  Ts,2

Applying these conditions to the general solution, we then obtain
Ts,1  C1 ln r1  C2

and

Ts,2  C1 ln r2  C2

Solving for C1 and C2 and substituting into the general solution, we then obtain
T(r) 

Ts,1  Ts,2
ln rr  Ts,2
2
ln (r1/r2)



(3.26)

Note that the temperature distribution associated with radial conduction through a
cylindrical wall is logarithmic, not linear, as it is for the plane wall under the same
conditions. The logarithmic distribution is sketched in the inset of Figure 3.6.
If the temperature distribution, Equation 3.26, is now used with Fourier’s law,
Equation 3.24, we obtain the following expression for the heat transfer rate:
qr 

2L k(Ts,1  Ts,2)
ln (r2/r1)

(3.27)

From this result it is evident that, for radial conduction in a cylindrical wall, the
thermal resistance is of the form
R t,cond 

ln (r2/r1)
2Lk

(3.28)

This resistance is shown in the series circuit of Figure 3.6. Note that since the value
of qr is independent of r, the foregoing result could have been obtained by using the
alternative method, that is, by integrating Equation 3.24.
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Ts,4

T∞,4, h4

T∞,1, h1

T3
T2
Ts,1

r1

r2

r3
r4

L

T∞,1, h1

A

C

B

T∞,4, h4
T∞,1

Ts,1
T2
T3
Ts,4

qr

T∞,1
1
__________
h12π r1L

Ts,1
In(r2/r1)
_________
2π kAL

T2

T3

In(r3/r2)
_________
2π kBL

Ts,4
In(r4/r3)
_________
2π kCL

T∞,4
T∞,4
1
__________
h42π r4L

FIGURE 3.7 Temperature distribution for a composite cylindrical wall.

Consider now the composite system of Figure 3.7. Recalling how we treated
the composite plane wall and neglecting the interfacial contact resistances, the heat
transfer rate may be expressed as
qr 

T,1  T,4
ln (r3/r2) ln (r4/r3)
ln
(r
/r
)
1
1
2 1




2r1Lh 1
2k AL
2k BL
2k CL
2r4Lh 4

(3.29)

The foregoing result may also be expressed in terms of an overall heat transfer coefficient. That is,
qr 

T,1  T,4
 UA(T,1  T,4)
R tot

(3.30)

If U is defined in terms of the inside area, A1  2r1L, Equations 3.29 and 3.30 may
be equated to yield
U1 

1
1  r1 ln r2  r1 ln r3  r1 ln r4  r1 1
h 1 k A r1 k B r2 k C r3 r4 h 4

(3.31)

This definition is arbitrary, and the overall coefficient may also be defined in terms
of A4 or any of the intermediate areas. Note that
U1A1  U2A2  U3A3  U4A4  (R t)1

(3.32)
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and the specific forms of U2, U3, and U4 may be inferred from Equations 3.29
and 3.30.

EXAMPLE 3.5
The possible existence of an optimum insulation thickness for radial systems is suggested by the presence of competing effects associated with an increase in this
thickness. In particular, although the conduction resistance increases with the addition of insulation, the convection resistance decreases due to increasing outer surface area. Hence there may exist an insulation thickness that minimizes heat loss by
maximizing the total resistance to heat transfer. Resolve this issue by considering
the following system.
1. A thin-walled copper tube of radius ri is used to transport a low-temperature
refrigerant and is at a temperature Ti that is less than that of the ambient air at T
around the tube. Is there an optimum thickness associated with application of insulation to the tube?
2. Confirm the above result by computing the total thermal resistance per unit
length of tube for a 10-mm-diameter tube having the following insulation thicknesses: 0, 2, 5, 10, 20, and 40 mm. The insulation is composed of cellular glass,
and the outer surface convection coefficient is 5 W/m2  K.

SOLUTION
Known: Radius ri and temperature Ti of a thin-walled copper tube to be insulated
from the ambient air.

Find:
1. Whether there exists an optimum insulation thickness that minimizes the heat
transfer rate.
2. Thermal resistance associated with using cellular glass insulation of varying
thickness.

Schematic:
T∞
h = 5 W/m2•K
r
ri
Air

Ti
Insulation, k

Assumptions:
1.
2.
3.
4.
5.

Steady-state conditions.
One-dimensional heat transfer in the radial (cylindrical) direction.
Negligible tube wall thermal resistance.
Constant properties for insulation.
Negligible radiation exchange between insulation outer surface and surroundings.
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Properties: Table A.3, cellular glass (285 K, assumed): k  0.055 W/m  K.
Analysis:
1. The resistance to heat transfer between the refrigerant and the air is dominated
by conduction in the insulation and convection in the air. The thermal circuit is
therefore
q'

Ti

T∞
In(r/ri)
________
2π k

1
_______
2 π rh

where the conduction and convection resistances per unit length follow from
Equations 3.28 and 3.9, respectively. The total thermal resistance per unit
length of tube is then

 
R tot

ln (r/ri)
 1
2k
2rh

where the rate of heat transfer per unit length of tube is
q 

T  Ti

R tot

An optimum insulation thickness would be associated with the value of r that
minimized q  or maximized R tot. Such a value could be obtained from the requirement that


dR tot
0
dr
Hence
1
 1 0
2kr 2r 2h
or
k
h
To determine whether the foregoing result maximizes or minimizes the total
resistance, the second derivative must be evaluated. Hence
r


d 2R tot
  1 2  13
2
dr
2kr
r h
or, at r  k/h,


d 2R tot
1
 1 2 1 1 
0
2
dr
(k/h) k 2k
2k 3/h 2





Since this result is always positive, it follows that r  k/h is the insulation
radius for which the total resistance is a minimum, not a maximum. Hence an
optimum insulation thickness does not exist.
From the above result it makes more sense to think in terms of a critical insulation radius
k
rcr 
h
which maximizes heat transfer, that is, below which q increases with increasing r and above which q decreases with increasing r.
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2. With h  5 W/m2  K and k  0.055 W/m  K, the critical radius is
rcr 

0.055 W/m  K
 0.011 m
5 W/m2  K

Hence rcr ri and heat transfer will increase with the addition of insulation up
to a thickness of
rcr  ri  (0.011  0.005) m  0.006 m
The thermal resistances corresponding to the prescribed insulation thicknesses
may be calculated and are plotted as follows:
8

R'tot

R't (m•K/W)

6

R'cond

4

R'conv
2

0

0

6

10

20

30

40

50

r – ri (mm)

Comments:
1. The effect of the critical radius is revealed by the fact that, even for 20 mm of insulation, the total resistance is not as large as the value for no insulation.
2. If ri
rcr, as it is in this case, the total resistance decreases and the heat rate
therefore increases with the addition of insulation. This trend continues until
the outer radius of the insulation corresponds to the critical radius. The trend is
desirable for electrical current flow through a wire, since the addition of electrical insulation would aid in transferring heat dissipated in the wire to the surroundings. Conversely, if ri rcr, any addition of insulation would increase the
total resistance and therefore decrease the heat loss. This behavior would be desirable for steam flow through a pipe, where insulation is added to reduce heat
loss to the surroundings.
3. For radial systems, the problem of reducing the total resistance through the application of insulation exists only for small diameter wires or tubes and for
small convection coefficients, such that rcr
ri. For a typical insulation (k 
0.03 W/m  K) and free convection in air (h  10 W/m2  K), rcr  (k/h) 
0.003 m. Such a small value tells us that, normally, ri rcr and we need not be
concerned with the effects of a critical radius.
4. The existence of a critical radius requires that the heat transfer area change in
the direction of transfer, as for radial conduction in a cylinder (or a sphere). In a
plane wall the area perpendicular to the direction of heat flow is constant and
there is no critical insulation thickness (the total resistance always increases
with increasing insulation thickness).
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r

qr

r2

qr + dr

Ts, 2
Ts, 1

3.3.2

FIGURE 3.8
Conduction in a spherical shell.

dr

The Sphere

Now consider applying the alternative method to analyzing conduction in the hollow sphere of Figure 3.8. For the differential control volume of the figure, energy
conservation requires that qr  qrdr for steady-state, one-dimensional conditions
with no heat generation. The appropriate form of Fourier’s law is
qr  kA

dT
dT
 k(4r 2)
dr
dr

(3.33)

where A  4r 2 is the area normal to the direction of heat transfer.
Acknowledging that qr is a constant, independent of r, Equation 3.33 may be
expressed in the integral form
qr
4

r2
r1

dr

r2

Ts, 2

k(T) dT

(3.34)

Ts, 1

Assuming constant k, we then obtain
qr 

4k(Ts,1  Ts,2)
(1/r1)  (1/r2)

(3.35)

Remembering that the thermal resistance is defined as the temperature difference
divided by the heat transfer rate, we obtain



R t, cond  1 r1  r1
2
4k 1



(3.36)

Note that the temperature distribution and Equations 3.35 and 3.36 could have been
obtained by using the standard approach, which begins with the appropriate form of
the heat equation.
Spherical composites may be treated in much the same way as composite walls
and cylinders, where appropriate forms of the total resistance and overall heat transfer coefficient may be determined.

EXAMPLE 3.6
A spherical, thin-walled metallic container is used to store liquid nitrogen at
77 K. The container has a diameter of 0.5 m and is covered with an evacuated, reflective insulation composed of silica powder. The insulation is 25 mm thick, and its
outer surface is exposed to ambient air at 300 K. The convection coefficient is
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known to be 20 W/m2  K. The latent heat of vaporization and the density of liquid
nitrogen are 2 105 J/kg and 804 kg/m3, respectively.
1. What is the rate of heat transfer to the liquid nitrogen?
2. What is the rate of liquid boil-off?

SOLUTION
Known: Liquid nitrogen is stored in a spherical container that is insulated and
exposed to ambient air.

Find:
1. The rate of heat transfer to the nitrogen.
2. The mass rate of nitrogen boil-off.

Schematic:
m• hfg

Vent
Thin-walled spherical
container, r1 = 0.25 m
Insulation outer
surface,
r2 = 0.275 m

Air

T∞,2 = 300 K
h = 20 W/m2•K

Liquid nitrogen

T∞,1 = 77 K
ρ = 804 kg/m3
hfg = 2 × 105 J/kg

q

Assumptions:
1. Steady-state conditions.
2. One-dimensional transfer in the radial direction.
3. Negligible resistance to heat transfer through the container wall and from the
container to the nitrogen.
4. Constant properties.
5. Negligible radiation exchange between outer surface of insulation and
surroundings.

Properties: Table A.3, evacuated silica powder (300 K): k  0.0017 W/m  K.
Analysis:
1. The thermal circuit involves a conduction and convection resistance in series
and is of the form
T∞,1

T∞,2
Rt, cond

Rt, conv

q
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where, from Equation 3.36,



R t, cond  1 r1  r1
2
4k 1



and from Equation 3.9
R t,conv 

1
h4r 22

The rate of heat transfer to the liquid nitrogen is then
q

T,2  T,1
(1/4k)[(1/r1)  (1/r2)]  (1/h4r 22)

Hence,
q  [(300  77) K]

4(0.00171W/m  K) 0.251 m  0.2751 m
1

(20 W/m  K)4(0.275 m) 



2

2

223
W  13.06 W

17.02  0.05
2. Performing an energy balance for a control surface about the nitrogen, it follows from Equation 1.12 that
q

Ė in  Ė out  0
˙ fg is associated with the loss of latent energy due to
where Ė in  q and Ė out  mh
boiling. Hence
q  ṁh fg  0
and the boil-off ṁ is
q
ṁ 
h fg
ṁ 

2

13.06 J/s
 6.53
105 J/kg

105 kg/s

The loss per day is
ṁ  6.53

105 kg/s

3600 s/h

24 h/day

ṁ  5.64 kg/day



or on a volumetric basis
ṁ 5.64 kg/day
˙   
 0.007 m3/day  7 liters/day
804 kg/m3

Comments:
1. Since R t, conv R t, cond, the dominant contribution to the total thermal resistance
is that due to conduction in the insulation. Even if the convection coefficient
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were reduced by a factor of 10, thereby increasing the convection resistance by
the same amount, the effect on the boil-off would be small.
2. With a container volume of (4/3)(r 13)  0.065 m3  65 liters, the daily loss
amounts to (7 liters/65 liters) 100%  10.8% of capacity.
3. Using the foregoing model, the boil-off rate has been calculated as a function of
the insulation thickness, r  (r2  r1), where r1  0.25 m.

Boil-off rate (liter/day)

8

6

4

2
25

30

35
40
Insulation thickness (mm)

45

50

As shown graphically, doubling the insulation thickness from 25 mm to 50 mm
reduces the boil-off rate by 45%.
4. The designer of the storage container has been asked to reduce the daily boil-off
rate from 7 to 4 liters/day. What is the required thickness of the silica powder
insulation? Another option is to use an evacuated foil-mat blanket for cryogenic
applications with a thermal conductivity of 0.00016 W/m  K and a thickness of
5 mm. What is the corresponding daily boil-off rate? [Answers: 47.5 mm,
3.1 liter/day]

3.4
Summary of One-Dimensional
Conduction Results
Many important problems are characterized by one-dimensional, steady-state conduction in plane, cylindrical, or spherical walls without thermal energy generation.
Key results for these three geometries are summarized in Table 3.3, where T refers
to the temperature difference, Ts,1  Ts,2, between the inner and outer surfaces identified in Figures 3.1, 3.6, and 3.8. In each case, beginning with the heat equation,
you should be able to derive the corresponding expressions for the temperature distribution, heat flux, heat rate, and thermal resistance.
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TABLE 3.3 One-dimensional, steady-state solutions
to the heat equation with no generation

Heat equation
Temperature
distribution

Plane Wall

Cylindrical Walla

Spherical Walla

d 2T
0
dx2

dT
1 d
r dr r dr  0

 

1 d 2 dT
r
0
dr
r 2 dr

Ts,1  T

x
L

Ts, 2  T

ln (r/r2)
ln (r1/r2)

Ts,1

 
1  (r /r)
 T 
1  (r /r )
1

1

2

Heat flux (q)

k

T
L

k T
r ln (r2 /r1)

k T
r 2[(1/r1)  (1/r2)]

Heat rate (q)

kA

T
L

2Lk T
ln (r2 /r1)

4k T
(1/r1)  (1/r2)

ln (r2 /r1)
2Lk

(1/r1)  (1/r2)
4 k

Thermal
resistance (Rt,cond)

L
kA

The critical radius of insulation is rcr  k/h for the cylinder and rcr  2k/h for the sphere.

a

3.5
Conduction with Thermal Energy Generation
In the preceding section we considered conduction problems for which the temperature distribution in a medium was determined solely by conditions at the
boundaries of the medium. We now want to consider the additional effect on the
temperature distribution of processes that may be occurring within the medium.
In particular, we wish to consider situations for which thermal energy is being
generated due to conversion from some other energy form.
A common thermal energy generation process involves the conversion from
electrical to thermal energy in a current-carrying medium (Ohmic, or resistance, or
Joule heating). The rate at which energy is generated by passing a current I through
a medium of electrical resistance Re is
Ė g  I 2 R e

(3.37)

If this power generation (W) occurs uniformly throughout the medium of volume V,
the volumetric generation rate (W/m3) is then
q̇ 

Ė g I 2 R e

V
V

(3.38)

Energy generation may also occur as a result of the deceleration and absorption
of neutrons in the fuel element of a nuclear reactor or exothermic chemical reactions
occurring within a medium. Endothermic reactions would, of course, have the inverse effect (a thermal energy sink) of converting thermal energy to chemical bonding energy. Finally, a conversion from electromagnetic to thermal energy may occur
due to the absorption of radiation within the medium. The process occurs, for example, when gamma rays are absorbed in external nuclear reactor components (cladding,
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thermal shields, pressure vessels, etc.) or when visible radiation is absorbed in a
semitransparent medium. Remember not to confuse energy generation with energy
storage (Section 1.3.1).

3.5.1

The Plane Wall

Consider the plane wall of Figure 3.9a, in which there is uniform energy generation
per unit volume (q̇ is constant) and the surfaces are maintained at Ts,1 and Ts,2.
For constant thermal conductivity k, the appropriate form of the heat equation,
Equation 2.20, is
d 2T q̇
 0
(3.39)
dx 2 k
The general solution is
T

q̇ 2
x  C1x  C2
2k

(3.40)

where C1 and C2 are the constants of integration. For the prescribed boundary
conditions,
T(L)  Ts, 2
T(L)  Ts, 1
and
The constants may be evaluated and are of the form
C1 

Ts,2  Ts,1
2L

C2 

and

q̇ 2 Ts,1  Ts,2
L 
2
2k

x
–L

x
+L

–L

q•

+L

T0

T(x)

Ts,1

q•
T(x)

Ts

Ts

T∞,1,h1

T ∞ ,h
(a)

q"conv

q"cond

Ts,2

T∞ ,h

T∞,2,h2

(b)

q•
T0
T(x)
Ts
q"conv

q"cond

T∞ ,h
(c)

FIGURE 3.9 Conduction in a plane wall with uniform heat generation. (a) Asymmetrical
boundary conditions. (b) Symmetrical boundary conditions. (c) Adiabatic surface at midplane.
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in which case the temperature distribution is
T(x) 

Ts,2  Ts,1 x
Ts,1  Ts,2
q̇L2
x2
1 2 

L
2
2
2k
L





(3.41)

The heat flux at any point in the wall may, of course, be determined by using
Equation 3.41 with Fourier’s law. Note, however, that with generation the heat flux
is no longer independent of x.
The preceding result simplifies when both surfaces are maintained at a common
temperature, Ts,1  Ts,2 Ts . The temperature distribution is then symmetrical
about the midplane, Figure 3.9b, and is given by
T(x) 





q̇L2
x2
1  2  Ts
2k
L

(3.42)

The maximum temperature exists at the midplane
T(0)  T0 

q̇L2
 Ts
2k

(3.43)

in which case the temperature distribution, Equation 3.42, may be expressed as



T(x)  T0
x

Ts  T0
L

2

(3.44)

It is important to note that at the plane of symmetry in Figure 3.9b, the temperature gradient is zero, (dT/dx)x0  0. Accordingly, there is no heat transfer across
this plane, and it may be represented by the adiabatic surface shown in Figure 3.9c.
One implication of this result is that Equation 3.42 also applies to plane walls that
are perfectly insulated on one side (x  0) and maintained at a fixed temperature Ts
on the other side (x  L).
To use the foregoing results, the surface temperature(s) Ts must be known.
However, a common situation is one for which it is the temperature of an adjoining
fluid, T, and not Ts, which is known. It then becomes necessary to relate Ts to T.
This relation may be developed by applying a surface energy balance. Consider the
surface at x  L for the symmetrical plane wall (Figure 3.9b) or the insulated plane
wall (Figure 3.9c). Neglecting radiation and substituting the appropriate rate equations, the energy balance given by Equation 1.12 reduces to
k

dT
dx

xL

 h (Ts  T)

(3.45)

Substituting from Equation 3.42 to obtain the temperature gradient at x  L, it follows that
q̇L
Ts  T 
(3.46)
h
Hence Ts may be computed from knowledge of T, q̇, L, and h.
Equation 3.46 may also be obtained by applying an overall energy balance to
the plane wall of Figure 3.9b or 3.9c. For example, relative to a control surface
about the wall of Figure 3.9c, the rate at which energy is generated within the wall
must be balanced by the rate at which energy leaves via convection at the boundary.
Equation 1.11c reduces to
Ė g  Ė out
(3.47)
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or, for a unit surface area,
q̇L  h (Ts  T)

(3.48)

Solving for Ts, Equation 3.46 is obtained.
Equation 3.46 may be combined with Equation 3.42 to eliminate Ts from the temperature distribution, which is then expressed in terms of the known quantities q̇, L, k,
h, and T. The same result may be obtained directly by using Equation 3.45 as a boundary condition to evaluate the constants of integration appearing in Equation 3.40.

EXAMPLE 3.7
A plane wall is a composite of two materials, A and B. The wall of material A has
uniform heat generation q̇  1.5 106 W/m3, kA  75 W/m  K, and thickness LA 
50 mm. The wall material B has no generation with kB  150 W/m  K and thickness
LB  20 mm. The inner surface of material A is well insulated, while the outer surface
of material B is cooled by a water stream with T  30°C and h  1000 W/m2  K.
1. Sketch the temperature distribution that exists in the composite under steadystate conditions.
2. Determine the temperature T0 of the insulated surface and the temperature T2 of
the cooled surface.

SOLUTION
Known: Plane wall of material A with internal heat generation is insulated on
one side and bounded by a second wall of material B, which is without heat generation and is subjected to convection cooling.

Find:
1. Sketch of steady-state temperature distribution in the composite.
2. Inner and outer surface temperatures of the composite.

Schematic:
T0

T1

T2
T∞ = 30°C
h = 1000 W/m2•K

Insulation

qA = 1.5 × 10 W/m
kA = 75 W/m•K
•

6

q"

3

A

LA = 50 mm
x

B

LB =
20 mm

Assumptions:
1. Steady-state conditions.
2. One-dimensional conduction in x-direction.
3. Negligible contact resistance between walls.

Water

kB = 150 W/m•K
q• B = 0
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4. Inner surface of A adiabatic.
5. Constant properties for materials A and B.

Analysis:
1. From the prescribed physical conditions, the temperature distribution in the
composite is known to have the following features, as shown:
(a) Parabolic in material A.
(b) Zero slope at insulated boundary.
(c) Linear in material B.
(d) Slope change  kB/kA  2 at interface.
The temperature distribution in the water is characterized by
(e) Large gradients near the surface.
b

a

T0
T(x)

130

d

c

T1
T2

e
A

T∞

B

LA

0

LA + LB
x

2. The outer surface temperature T2 may be obtained by performing an energy balance on a control volume about material B. Since there is no generation in this
material, it follows that, for steady-state conditions and a unit surface area, the
heat flux into the material at x  LA must equal the heat flux from the material
due to convection at x  LA  LB. Hence
q   h (T2  T)

(1)

The heat flux q may be determined by performing a second energy balance on
a control volume about material A. In particular, since the surface at x  0 is
adiabatic, there is no inflow and the rate at which energy is generated must
equal the outflow. Accordingly, for a unit surface area,
q̇L A  q 

(2)

Combining Equations 1 and 2, the outer surface temperature is
q̇L A
h
1.5
T2  30C 

T2  T 

106 W/m3 0.05 m
 105C
1000 W/m2  K



From Equation 3.43 the temperature at the insulated surface is
T0 

q̇L 2A
 T1
2kA

(3)

where T1 may be obtained from the following thermal circuit:
q''

T1

T2
Rcond,
'' B

T∞
Rconv
''
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That is,
T1  T  (R cond,B  R conv) q 
where the resistances for a unit surface area are

 B
R cond,

LB
kB

 1
R conv
h

Hence,
T1  30C 

m
1

1500.02
W/m  K 1000 W/m  K
2

1.5 106 W/m3 0.05 m
T1  30C  85C  115C
Substituting into Equation 3,
106 W/m3 (0.05 m)2
 115C
2 75 W/m  K
T0  25C  115C  140C

T0 

1.5



Comments:
1. Material A, having heat generation, cannot be represented by a thermal circuit
element.
2. Since the resistance to heat transfer by convection is significantly larger than
that due to conduction in material B, Rconv /Rcond  7.5, the surface-to-fluid
temperature difference is much larger than the temperature drop across material
B, (T2  T)/(T1  T2)  7.5. This result is consistent with the temperature
distribution plotted in part 1.
3. The surface and interface temperatures (T0, T1, and T2) depend on the generation rate q̇, the thermal conductivities kA and kB, and the convection coefficient
h. Each material will have a maximum allowable operating temperature, which
must not be exceeded if thermal failure of the system is to be avoided. We explore the effect of one of these parameters by computing and plotting temperature distributions for values of h  200 and 1000 W/m2  K, which would be
representative of air and liquid cooling, respectively.
450

440

h = 200 W/m2•K

T (°C)

430

420

410

400
0

10

20

30

40

x (mm)

50

60

70
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150

140

h = 1000 W/m2•K

130

T (°C)

132

120

110

100
0

20

10

30

40

50

60

70

x (mm)

For h  200 W/m2  K, there is a significant increase in temperature throughout the
system and, depending on the selection of materials, thermal failure could be a problem. Note the slight discontinuity in the temperature gradient, dT/dx, at x  50 mm.
What is the physical basis for this discontinuity? We have assumed negligible contact resistance at this location. What would be the effect of such a resistance on the
temperature distribution throughout the system? Sketch a representative distribution.
What would be the effect on the temperature distribution of an increase in q̇, kA, or
kB? Qualitatively sketch the effect of such changes on the temperature distribution.
4. This example is provided as two ready-to-solve models in IHT, which may be
accessed in Examples on the menu bar. The first approach uses the model
builder, Models/1-D, Steady-State Conduction, which solves for temperature
distributions and heat rates in plane walls, cylinders, and spheres. The second
approach demonstrates how to represent temperature distributions as UserDefined Functions, which for this situation represents two piece-wise distributions in materials A (quadratic) and B (linear).

3.5.2

Radial Systems

Heat generation may occur in a variety of radial geometries. Consider the long,
solid cylinder of Figure 3.10, which could represent a current-carrying wire or a fuel
Cold fluid

T∞, h

qr

Ts

q•
L

r
ro

FIGURE 3.10
Conduction in a solid cylinder with uniform heat
generation.
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element in a nuclear reactor. For steady-state conditions the rate at which heat is
generated within the cylinder must equal the rate at which heat is convected from
the surface of the cylinder to a moving fluid. This condition allows the surface
temperature to be maintained at a fixed value of Ts.
To determine the temperature distribution in the cylinder, we begin with
the appropriate form of the heat equation. For constant thermal conductivity k,
Equation 2.24 reduces to

 

1 d r dT  q̇  0
r dr dr
k

(3.49)

Separating variables and assuming uniform generation, this expression may be
integrated to obtain
r

q̇
dT
  r 2  C1
dr
2k

(3.50)

Repeating the procedure, the general solution for the temperature distribution
becomes
T(r)  

q̇ 2
r  C1 ln r  C2
4k

(3.51)

To obtain the constants of integration C1 and C2, we apply the boundary conditions
dT
dr

0

T(ro)  Ts

and

r0

The first condition results from the symmetry of the situation. That is, for the solid
cylinder the centerline is a line of symmetry for the temperature distribution and the
temperature gradient must be zero. Recall that similar conditions existed at the midplane
of a wall having symmetrical boundary conditions (Figure 3.9b). From the symmetry
condition at r  0 and Equation 3.50, it is evident that C1  0. Using the surface boundary condition at r  ro with Equation 3.51, we then obtain
C2  Ts 

q̇ 2
r
4k o

(3.52)



(3.53)

The temperature distribution is therefore
T(r) 



2
q̇r o2
1  r 2  Ts
4k
ro

Evaluating Equation 3.53 at the centerline and dividing the result into Equation 3.53,
we obtain the temperature distribution in nondimensional form,



T(r)  Ts
 1  rr
o
To  Ts

2

(3.54)

where To is the centerline temperature. The heat rate at any radius in the cylinder
may, of course, be evaluated by using Equation 3.53 with Fourier’s law.
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To relate the surface temperature, Ts, to the temperature of the cold fluid, T,
either a surface energy balance or an overall energy balance may be used. Choosing
the second approach, we obtain
q̇(r o2 L)  h (2ro L)(Ts  T)
or
Ts  T 

q̇ro
2h

(3.55)

A convenient and systematic procedure for treating the different combinations
of surface conditions, which may be applied to one-dimensional planar and radial
(cylindrical and spherical) geometries with uniform thermal energy generation, is
provided in Appendix C. From the tabulated results of this appendix, it is a simple
matter to obtain distributions of the temperature, heat flux, and heat rate for boundary conditions of the second kind (a uniform surface heat flux) and the third kind
(a surface heat flux that is proportional to a convection coefficient h or the overall
heat transfer coefficient U). You are encouraged to become familiar with the contents of the appendix.

EXAMPLE 3.8
Consider a long solid tube, insulated at the outer radius r2 and cooled at the
inner radius r1, with uniform heat generation q̇ (W/m3) within the solid.
1. Obtain the general solution for the temperature distribution in the tube.
2. In a practical application a limit would be placed on the maximum temperature that is permissible at the insulated surface (r  r2). Specifying this limit
as Ts,2, identify appropriate boundary conditions that could be used to determine the arbitrary constants appearing in the general solution. Determine these
constants and the corresponding form of the temperature distribution.
3. Determine the heat removal rate per unit length of tube.
4. If the coolant is available at a temperature T, obtain an expression for the convection coefficient that would have to be maintained at the inner surface to
allow for operation at prescribed values of Ts,2 and q̇.

SOLUTION
Known: Solid tube with uniform heat generation is insulated at the outer
surface and cooled at the inner surface.

Find:
1. General solution for the temperature distribution T(r).
2. Appropriate boundary conditions and the corresponding form of the temperature distribution.
3. Heat removal rate for specified maximum temperature.
4. Corresponding required convection coefficient at the inner surface.
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Schematic:

Ts,2
Ts,1

q'conv

q'cond

r1
T∞, h

r2

q•, k

Coolant

T∞, h

Insulation

Assumptions:
1. Steady-state conditions.
2. One-dimensional radial conduction.
3. Constant properties.
4. Uniform volumetric heat generation.
5. Outer surface adiabatic.

Analysis:
1. To determine T(r), the appropriate form of the heat equation, Equation 2.24, must
be solved. For the prescribed conditions, this expression reduces to Equation 3.49,
and the general solution is given by Equation 3.51. Hence, this solution applies
in a cylindrical shell, as well as in a solid cylinder (Figure 3.10).
2. Two boundary conditions are needed to evaluate C1 and C2, and in this problem
it is appropriate to specify both conditions at r2. Invoking the prescribed temperature limit,
T(r2)  Ts,2
(1)
and applying Fourier’s law, Equation 3.24, at the adiabatic outer surface
dT
dr

0

(2)

r2

Using Equations 3.51 and 1, it follows that
Ts,2  

q̇ 2
r  C1 ln r2  C2
4k 2

(3)

Similarly, from Equations 3.50 and 2
0

q̇ 2
r  C1
2k 2

(4)
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Hence, from Equation 4,
C1 

q̇ 2
r
2k 2

(5)

and from Equation 3
C2  Ts,2 

q̇ 2 q̇ 2
r  r ln r2
4k 2 2k 2

(6)

Substituting Equations 5 and 6 into the general solution, Equation 3.51, it follows that
T(r)  Ts,2 

q̇ 2
q̇
r2
(r 2  r 2 )  r 22 ln r
4k
2k

(7)

3. The heat removal rate may be determined by obtaining the conduction rate at r1
or by evaluating the total generation rate for the tube. From Fourier’s law
q r  k2r

dT
dr

Hence, substituting from Equation 7 and evaluating the result at r1,



q r(r1)  k2r1 



q̇
q̇ r 22
r1 
 q̇(r 22  r 21 )
2k
2k r1

(8)

Alternatively, because the tube is insulated at r2, the rate at which heat is generated in the tube must equal the rate of removal at r1. That is, for a control volume
about the tube, the energy conservation requirement, Equation 1.11c, reduces to
Ėg  Ė out  0, where Ėg  q̇(r22  r12)L and Ė out  q cond L  q r(r1)L. Hence
q r(r1)  q̇(r 22  r 21 )

(9)

4. Applying the energy conservation requirement, Equation 1.12, to the inner surface, it follows that
  q conv
q cond
or

q̇(r 22  r 21 )  h2r1(Ts, 1  T)

Hence

h

q̇(r 22  r 21 )
2r1(Ts,1  T)

(10)

where Ts,1 may be obtained by evaluating Equation 7 at r  r1.

Comments:
1. Note that, through application of Fourier’s law in part 3, the sign on qr(r1) was
found to be negative, Equation 8, implying that heat flow is in the negative r direction. However, in applying the energy balance, we acknowledged that heat
flow was out of the wall. Hence we expressed qcond as qr(r1) and we expressed
qconv in terms of (Ts,1  T), rather than (T  Ts,1).
2. Results of the foregoing analysis may be used to determine the convection
coefficient required to maintain the maximum tube temperature, Ts,2 , below
a prescribed value. Consider a tube of thermal conductivity k  5 W/m  K
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and inner and outer radii of r1  20 mm and r2  25 mm, respectively, with a
maximum allowable temperature of Ts,2  350C. The tube experiences heat
generation at a rate of q̇  5 106 W/m3, and the coolant is at a temperature of
T  80C. Obtaining T(r1)  Ts,1  336.5C from Equation 7 and substituting
into Equation 10, the required convection coefficient is found to be h  110
W/m2  K. Using the IHT Workspace, parametric calculations may be performed to determine the effects of the convection coefficient and the generation
rate on the maximum tube temperature, and results are plotted as a function of
h for three values of q̇.
Maximum tube temperature, Ts,2 (°C)

500
•

q × 10–6 (W/m3)
7.5
400

5.0
2.5

300

200

100
20

60
100
140
Convection coefficient, h (W/m2•K)

180

For each generation rate, the minimum value of h needed to maintain
Ts,2 350C may be determined from the figure.
3. The temperature distribution, Equation 7, may also be obtained by using the
results of Appendix C. Applying a surface energy balance at r  r1, with
q(r1)  q̇(r 22  r 21)L, (Ts,2  Ts,1) may be determined from Equation C.8 and
the result substituted into Equation C.2 to eliminate Ts,1 and obtain the desired
expression.

3.5.3

Application of Resistance Concepts

We conclude our discussion of heat generation effects with a word of caution.
In particular, when such effects are present, the heat transfer rate is not a constant,
independent of the spatial coordinate. Accordingly, it would be incorrect to use
the conduction resistance concepts and the related heat rate equations developed in
Sections 3.1 and 3.3.

3.6
Heat Transfer from Extended Surfaces
The term extended surface is commonly used to depict an important special case
involving heat transfer by conduction within a solid and heat transfer by convection
(and/or radiation) from the boundaries of the solid. Until now, we have considered
heat transfer from the boundaries of a solid to be in the same direction as heat
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T2
qx, 2
L
qconv

Fluid

x

138

T∞, h

T1
T1

qx, 1

T2

0

T(x)
T1 > T2 > T∞

FIGURE 3.11 Combined conduction and convection in a structural element.

transfer by conduction in the solid. In contrast, for an extended surface, the direction of heat transfer from the boundaries is perpendicular to the principal direction
of heat transfer in the solid.
Consider a strut that connects two walls at different temperatures and across
which there is fluid flow (Figure 3.11). With T1 T2, temperature gradients in the
x-direction sustain heat transfer by conduction in the strut. However, with T1 T2 T,
there is concurrent heat transfer by convection to the fluid, causing qx, and hence the
magnitude of the temperature gradient, dT/dx , to decrease with increasing x.
Although there are many different situations that involve such combined
conduction–convection effects, the most frequent application is one in which an
extended surface is used specifically to enhance heat transfer between a solid and an
adjoining fluid. Such an extended surface is termed a fin.
Consider the plane wall of Figure 3.12a. If Ts is fixed, there are two ways in
which the heat transfer rate may be increased. The convection coefficient h could be
increased by increasing the fluid velocity, and/or the fluid temperature T could be
reduced. However, there are many situations for which increasing h to the maximum possible value is either insufficient to obtain the desired heat transfer rate or
the associated costs are prohibitive. Such costs are related to the blower or pump
T∞, h

T∞, h

A

q = hA(Ts – T∞)

Ts, A

Ts
(a)

( b)

FIGURE 3.12 Use of fins to enhance heat transfer from a plane wall. (a) Bare surface.
(b) Finned surface.
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Liquid flow
Gas flow

Liquid
flow
Gas
flow

FIGURE 3.13 Schematic of typical finned-tube heat exchangers.

power requirements needed to increase h through increased fluid motion. Moreover,
the second option of reducing T is often impractical. Examining Figure 3.12b,
however, we see that there exists a third option. That is, the heat transfer rate may
be increased by increasing the surface area across which the convection occurs.
This may be done by employing fins that extend from the wall into the surrounding
fluid. The thermal conductivity of the fin material can have a strong effect on the
temperature distribution along the fin and therefore influences the degree to which
the heat transfer rate is enhanced. Ideally, the fin material should have a large thermal conductivity to minimize temperature variations from its base to its tip. In the
limit of infinite thermal conductivity, the entire fin would be at the temperature of the
base surface, thereby providing the maximum possible heat transfer enhancement.
Examples of fin applications are easy to find. Consider the arrangement for cooling engine heads on motorcycles and lawn mowers or for cooling electric power
transformers. Consider also the tubes with attached fins used to promote heat exchange between air and the working fluid of an air conditioner. Two common finnedtube arrangements are shown in Figure 3.13.
Different fin configurations are illustrated in Figure 3.14. A straight fin is any
extended surface that is attached to a plane wall. It may be of uniform cross-sectional
area, or its cross-sectional area may vary with the distance x from the wall. An annular fin is one that is circumferentially attached to a cylinder, and its cross section
varies with radius from the wall of the cylinder. The foregoing fin types have rectangular cross sections, whose area may be expressed as a product of the fin thickness t
and the width w for straight fins or the circumference 2r for annular fins. In contrast
a pin fin, or spine, is an extended surface of circular cross section. Pin fins may also
be of uniform or nonuniform cross section. In any application, selection of a particular
fin configuration may depend on space, weight, manufacturing, and cost considerations, as well as on the extent to which the fins reduce the surface convection coefficient and increase the pressure drop associated with flow over the fins.

3.6.1

A General Conduction Analysis

As engineers we are primarily interested in knowing the extent to which particular
extended surfaces or fin arrangements could improve heat transfer from a surface

c03.qxd 3/6/06 10:34 AM Page 140

140

Chapter 3



One-Dimensional, Steady-State Conduction

t
w

x

r

x
(a)

x

(b)

( c)

(d)

FIGURE 3.14 Fin configurations. (a) Straight fin of uniform cross section. (b) Straight fin of
nonuniform cross section. (c) Annular fin. (d) Pin fin.

to the surrounding fluid. To determine the heat transfer rate associated with a fin, we
must first obtain the temperature distribution along the fin. As we have done for previous systems, we begin by performing an energy balance on an appropriate differential
element. Consider the extended surface of Figure 3.15. The analysis is simplified if
certain assumptions are made. We choose to assume one-dimensional conditions in
the longitudinal (x) direction, even though conduction within the fin is actually two
dimensional. The rate at which energy is convected to the fluid from any point on
the fin surface must be balanced by the net rate at which energy reaches that point
due to conduction in the transverse (y, z) direction. However, in practice the fin is
thin, and temperature changes in the transverse direction within the fin are small
compared with the temperature difference between the fin and the environment.
Hence, we may assume that the temperature is uniform across the fin thickness, that
is, it is only a function of x. We will consider steady-state conditions and also assume that the thermal conductivity is constant, that radiation from the surface is
negligible, that heat generation effects are absent, and that the convection heat
transfer coefficient h is uniform over the surface.

dAs

qx

dqconv
Ac(x)
qx + dx

dx

x

z
y
x

FIGURE 3.15 Energy balance for an extended surface.
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Applying the conservation of energy requirement, Equation 1.11c, to the
differential element of Figure 3.15, we obtain
qx  qxdx  dqconv

(3.56)

From Fourier’s law we know that
qx  kAc

dT
dx

(3.57)

where Ac is the cross-sectional area, which may vary with x. Since the conduction
heat rate at x  dx may be expressed as
qxdx  qx 

dqx
dx
dx

(3.58)

it follows that
qxdx  kAc





dT
d
dT
k
A
dx
dx
dx c dx

(3.59)

The convection heat transfer rate may be expressed as
dqconv  h dAs(T  T)

(3.60)

where dAs is the surface area of the differential element. Substituting the foregoing
rate equations into the energy balance, Equation 3.56, we obtain





dT
d
h dAs
A

(T  T)  0
dx c dx
k dx
or









dAc dT
d 2T
h dAs
 1
 1
(T  T)  0
Ac dx dx
Ac k dx
dx 2

(3.61)

This result provides a general form of the energy equation for an extended surface.
Its solution for appropriate boundary conditions provides the temperature distribution, which may be used with Equation 3.57 to calculate the conduction rate at any x.

3.6.2

Fins of Uniform Cross-Sectional Area

To solve Equation 3.61 it is necessary to be more specific about the geometry. We
begin with the simplest case of straight rectangular and pin fins of uniform cross
section (Figure 3.16). Each fin is attached to a base surface of temperature T(0) 
Tb and extends into a fluid of temperature T.
For the prescribed fins, Ac is a constant and As  Px, where As is the surface
area measured from the base to x and P is the fin perimeter. Accordingly, with
dAc /dx  0 and dAs /dx  P, Equation 3.61 reduces to
d 2T hP

(T  T)  0
dx 2 k Ac

(3.62)

To simplify the form of this equation, we transform the dependent variable by
defining an excess temperature  as
(x)  T(x)  T

(3.63)
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T∞, h
qconv
T∞, h
Tb

qconv

t
Ac

Tb

qf

qf

D

w

x Ac

x

L

L

P = πD
Ac = π D2/4

P = 2w + 2t
Ac = wt
(a)

(b)

FIGURE 3.16 Straight fins of uniform cross section. (a) Rectangular fin. (b) Pin fin.

where, since T is a constant, d/dx  dT/dx. Substituting Equation 3.63 into
Equation 3.62, we then obtain
d 2
m 2  0
dx 2

(3.64)

where
m2 

hP
kAc

(3.65)

Equation 3.64 is a linear, homogeneous, second-order differential equation
with constant coefficients. Its general solution is of the form
(x)  C1e mx  C2e mx

(3.66)

By substitution it may readily be verified that Equation 3.66 is indeed a solution to
Equation 3.64.
To evaluate the constants C1 and C2 of Equation 3.66, it is necessary to specify
appropriate boundary conditions. One such condition may be specified in terms of
the temperature at the base of the fin (x  0)
(0)  Tb  T  b

(3.67)

The second condition, specified at the fin tip (x  L), may correspond to one of four
different physical situations.
The first condition, Case A, considers convection heat transfer from the fin tip. Applying an energy balance to a control surface about this tip (Figure 3.17), we obtain
hAc[T(L)  T]  kAc

dT
dx

xL

or
h(L)  k

d
dx

(3.68)
xL

That is, the rate at which energy is transferred to the fluid by convection from the
tip must equal the rate at which energy reaches the tip by conduction through
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Fluid, T∞

qconv
Tb
dT
dx x = L

–kAc __

qb = qf

hAc[T(L) – T∞]

θ (x)

θb

0

L

0

x

FIGURE 3.17 Conduction and convection in a fin of uniform cross section.

the fin. Substituting Equation 3.66 into Equations 3.67 and 3.68, we obtain,
respectively,
b  C1  C2
and

(3.69)

h(C1e mL  C2e mL)  km(C2e mL  C1e mL)

Solving for C1 and C2, it may be shown, after some manipulation, that
 cosh m(L  x)  (h/mk) sinh m(L  x)

b
cosh mL  (h/mk) sinh mL

(3.70)

The form of this temperature distribution is shown schematically in Figure 3.17.
Note that the magnitude of the temperature gradient decreases with increasing x.
This trend is a consequence of the reduction in the conduction heat transfer qx(x)
with increasing x due to continuous convection losses from the fin surface.
We are particularly interested in the amount of heat transferred from the entire
fin. From Figure 3.17 it is evident that the fin heat transfer rate qƒ may be evaluated
in two alternative ways, both of which involve use of the temperature distribution.
The simpler procedure, and the one that we will use, involves applying Fourier’s
law at the fin base. That is,
qf  qb  kAc

dT
dx

 kAc
x0

d
dx

(3.71)
x0

Hence, knowing the temperature distribution, (x), qƒ may be evaluated, giving
qf 

hPkAcb

sinh mL  (h/mk) cosh mL
cosh mL  (h/mk) sinh mL

(3.72)

However, conservation of energy dictates that the rate at which heat is transferred by convection from the fin must equal the rate at which it is conducted
through the base of the fin. Accordingly, the alternative formulation for qƒ is
qf 
Af

h[T(x)  T] dAs
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qf 

h(x) dAs

(3.73)

Af

where Aƒ is the total, including the tip, fin surface area. Substitution of Equation
3.70 into Equation 3.73 would yield Equation 3.72.
The second tip condition, Case B, corresponds to the assumption that the convective heat loss from the fin tip is negligible, in which case the tip may be treated
as adiabatic and
d
0
(3.74)
dx xL
Substituting from Equation 3.66 and dividing by m, we then obtain
C1e mL  C2e mL  0
Using this expression with Equation 3.69 to solve for C1 and C2 and substituting the
results into Equation 3.66, we obtain
 cosh m(L  x)

b
cosh mL

(3.75)

Using this temperature distribution with Equation 3.71, the fin heat transfer rate is then
qf 

hPkAcb tanh mL

(3.76)

In the same manner, we can obtain the fin temperature distribution and heat
transfer rate for Case C, where the temperature is prescribed at the fin tip. That is, the
second boundary condition is (L)  L, and the resulting expressions are of the form

(L/b) sinh mx  sinh m(L  x)
  
b
sinh mL
qf 

hPkAcb

(3.77)

cosh mL  L /b
sinh mL

(3.78)

TABLE 3.4 Temperature distribution and heat loss for fins of uniform cross section
Case
A

Tip Condition
(x  L)
Convection heat
transfer:
h(L)  kd/dxxL

B

Adiabatic
d/dxxL  0

C

Prescribed temperature:
(L)  L

D

Infinite fin (L l ):
(L)  0

 T  T
b  (0)  Tb  T

m2
M

hP/kAc
h
PkA

c b

Temperature
Distribution /b

Fin Heat
Transfer Rate qƒ

cosh m(L  x)  (h/mk) sinh m(L  x)
cosh mL  (h/mk) sinh mL
(3.70)
cosh m(L  x)
cosh mL
(3.75)
(L/b) sinh mx  sinh m(L  x)
sinh mL
(3.77)
emx

(3.79)

M

sinh mL  (h/mk) cosh mL
cosh mL  (h/mk) sinh mL
(3.72)
M tanh mL
(3.76)
M

(cosh mL  L/b)
sinh mL
(3.78)
M

(3.80)
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The very long fin, Case D, is an interesting extension of these results. In particular,
as L l , L l 0 and it is easily verified that

  emx
b
qf 

(3.79)

hPkAcb

(3.80)

The foregoing results are summarized in Table 3.4. A table of hyperbolic functions
is provided in Appendix B.1.

EXAMPLE 3.9
A very long rod 5 mm in diameter has one end maintained at 100°C. The surface of
the rod is exposed to ambient air at 25°C with a convection heat transfer coefficient
of 100 W/m2  K.
1. Determine the temperature distributions along rods constructed from pure copper, 2024 aluminum alloy, and type AISI 316 stainless steel. What are the corresponding heat losses from the rods?
2. Estimate how long the rods must be for the assumption of infinite length to
yield an accurate estimate of the heat loss.

SOLUTION
Known: A long circular rod exposed to ambient air.
Find:
1. Temperature distribution and heat loss when rod is fabricated from copper, an
aluminum alloy, or stainless steel.
2. How long rods must be to assume infinite length.

Schematic:
Air

Tb = 100°C

T∞ = 25°C
h = 100 W/m2•K

k, L→∞, D = 5 mm

Assumptions:
1.
2.
3.
4.
5.
6.

Steady-state conditions.
One-dimensional conduction along the rod.
Constant properties.
Negligible radiation exchange with surroundings.
Uniform heat transfer coefficient.
Infinitely long rod.
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Properties: Table A.1, copper [T  (Tb  T)/2  62.5°C  335 K]: k  398

W/m  K. Table A.1, 2024 aluminum (335 K): k  180 W/m  K. Table A.1, stainless steel, AISI 316 (335 K): k  14 W/m  K.

Analysis:
1. Subject to the assumption of an infinitely long fin, the temperature distributions
are determined from Equation 3.79, which may be expressed as
T  T  (Tb  T)e mx
where m  (hP/kAc)1/2  (4h/kD)1/2. Substituting for h and D, as well as for the
thermal conductivities of copper, the aluminum alloy, and the stainless steel,
respectively, the values of m are 14.2, 21.2, and 75.6 m1. The temperature distributions may then be computed and plotted as follows.
100
316 SS
80

T (°C)

146

2024 Al
Cu

60

40

T∞

20

0

50

100

150

200

250

300

x (mm)

From these distributions, it is evident that there is little additional heat transfer
associated with extending the length of the rod much beyond 50, 200, and
300 mm, respectively, for the stainless steel, the aluminum alloy, and the copper.
From Equation 3.80 the heat loss is
qf 

hPkAcb

Hence for copper,



qf  100 W/m2  K
398 W/m  K



0.005 m




(0.005 m)2
4

1/2

(100  25)C

 8.3 W



Similarly, for the aluminum alloy and stainless steel, respectively, the heat rates
are qƒ  5.6 W and 1.6 W.
2. Since there is no heat loss from the tip of an infinitely long rod, an estimate of the
validity of this approximation may be made by comparing Equations 3.76 and
3.80. To a satisfactory approximation, the expressions provide equivalent results if
tanh mL  0.99 or mL  2.65. Hence a rod may be assumed to be infinitely long if

 

kAc
2.65
L  L   m  2.65
hP

1/2
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For copper,
L   2.65





398 W/m  K (/4)(0.005 m)2
100 W/m2  K (0.005 m)

1/2

 0.19 m



Results for the aluminum alloy and stainless steel are L  0.13 m and
L  0.04 m, respectively.

Comments:
1. The foregoing results suggest that the fin heat transfer rate may accurately be
predicted from the infinite fin approximation if mL  2.65. However, if the infinite fin approximation is to accurately predict the temperature distribution
T(x), a larger value of mL would be required. This value may be inferred from
Equation 3.79 and the requirement that the tip temperature be very close to the
fluid temperature. Hence, if we require that (L)/b  exp (mL)
0.01, it
follows that mL 4.6, in which case L  0.33, 0.23, and 0.07 m for the copper, aluminum alloy, and stainless steel, respectively. These results are consistent with the distributions plotted in part 1.
2. For the four tip conditions of Table 3.4, the Models/Extended Surfaces option of
IHT provides ready-to-solve models for the heat rate and temperature distribution
of straight fins and pin fins of uniform cross section. These models can save considerable time in solving more complicated problems, assuming of course, that
you understand the relations and use them properly. See if you can use the Pin
Fins model to generate the graph of this example. The example is also provided as
a solved-model in the Examples section of IHT.

3.6.3

Fin Performance

Recall that fins are used to increase the heat transfer from a surface by increasing
the effective surface area. However, the fin itself represents a conduction resistance
to heat transfer from the original surface. For this reason, there is no assurance that
the heat transfer rate will be increased through the use of fins. An assessment of this
matter may be made by evaluating the fin effectiveness ƒ. It is defined as the ratio
of the fin heat transfer rate to the heat transfer rate that would exist without the fin.
Therefore
f 

qf
hAc,bb

(3.81)

where Ac,b is the fin cross-sectional area at the base. In any rational design the value
of ƒ should be as large as possible, and in general, the use of fins may rarely be justified unless ƒ  2.
Subject to any one of the four tip conditions that have been considered, the
effectiveness for a fin of uniform cross section may be obtained by dividing the
appropriate expression for qƒ in Table 3.4 by hAc,bb. Although the installation of
fins will alter the surface convection coefficient, this effect is commonly neglected.
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Hence, assuming the convection coefficient of the finned surface to be equivalent to
that of the unfinned base, it follows that, for the infinite fin approximation (Case D),
the result is
f 

hAkP 

1/2

(3.82)

c

Several important trends may be inferred from this result. Obviously, fin effectiveness is enhanced by the choice of a material of high thermal conductivity. Aluminum
alloys and copper come to mind. However, although copper is superior from the standpoint of thermal conductivity, aluminum alloys are the more common choice because
of additional benefits related to lower cost and weight. Fin effectiveness is also enhanced by increasing the ratio of the perimeter to the cross-sectional area. For this reason, the use of thin, but closely spaced fins, is preferred, with the proviso that the fin
gap not be reduced to a value for which flow between the fins is severely impeded,
thereby reducing the convection coefficient.
Equation 3.82 also suggests that the use of fins can be better justified under
conditions for which the convection coefficient h is small. Hence from Table 1.1 it
is evident that the need for fins is stronger when the fluid is a gas rather than a liquid
and when the surface heat transfer is by free convection. If fins are to be used on a
surface separating a gas and a liquid, they are generally placed on the gas side,
which is the side of lower convection coefficient. A common example is the tubing
in an automobile radiator. Fins are applied to the outer tube surface, over which there
is flow of ambient air (small h), and not to the inner surface, through which there is
flow of water (large h). Note that, if ƒ 2 is used as a criterion to justify the implementation of fins, Equation 3.82 yields the requirement that (kP/hAc) 4.
Equation 3.82 provides an upper limit to ƒ, which is reached as L approaches
infinity. However, it is certainly not necessary to use very long fins to achieve near
maximum heat transfer enhancement. As seen in Example 3.8, 99% of the maximum possible fin heat transfer rate is achieved for mL  2.65. Hence, it would
make no sense to extend the fins beyond L  2.65/m.
Fin performance may also be quantified in terms of a thermal resistance. Treating the difference between the base and fluid temperatures as the driving potential, a
fin resistance may be defined as
b
R t, f  q

(3.83)

f

This result is extremely useful, particularly when representing a finned surface by
a thermal circuit. Note that, according to the fin tip condition, an appropriate expression for qƒ may be obtained from Table 3.4.
Dividing Equation 3.83 into the expression for the thermal resistance due to
convection at the exposed base,
R t,b  1
(3.84)
hAc,b
and substituting from Equation 3.81, it follows that
f 

R t,b
R t, f

(3.85)
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Hence the fin effectiveness may be interpreted as a ratio of thermal resistances,
and to increase ƒ it is necessary to reduce the conduction/convection resistance of
the fin. If the fin is to enhance heat transfer, its resistance must not exceed that of
the exposed base.
Another measure of fin thermal performance is provided by the fin efficiency
ƒ. The maximum driving potential for convection is the temperature difference between the base (x  0) and the fluid, b  Tb  T. Hence the maximum rate at
which a fin could dissipate energy is the rate that would exist if the entire fin surface
were at the base temperature. However, since any fin is characterized by a finite
conduction resistance, a temperature gradient must exist along the fin and the above
condition is an idealization. A logical definition of fin efficiency is therefore

f

qf
q 
max

qf
hAf b

(3.86)

where Aƒ is the surface area of the fin. For a straight fin of uniform cross section and
an adiabatic tip, Equations 3.76 and 3.86 yield
f



M tanh mL tanh mL

mL
hPLb

(3.87)

Referring to Table B.1, this result tells us that ƒ approaches its maximum and minimum values of 1 and 0, respectively, as L approaches 0 and .
In lieu of the somewhat cumbersome expression for heat transfer from a
straight rectangular fin with an active tip, Equation 3.72, it has been shown that approximate, yet accurate, predictions may be obtained by using the adiabatic tip
result, Equation 3.76, with a corrected fin length of the form Lc  L  (t/2) for a
rectangular fin and Lc  L  (D/4) for a pin fin [9]. The correction is based on assuming equivalence between heat transfer from the actual fin with tip convection
and heat transfer from a longer, hypothetical fin with an adiabatic tip. Hence, with
tip convection, the fin heat rate may be approximated as
qf  M tanh mL c

(3.88)

and the corresponding efficiency as
f



tanh mL c
mL c

(3.89)

Errors associated with the approximation are negligible if (ht/k) or (hD/2k) 
0.0625 [10].
If the width of a rectangular fin is much larger than its thickness, w  t, the
perimeter may be approximated as P  2w, and
mL c 

kAhP 

1/2

Lc 

c

2hkt

1/2

Lc

Multiplying numerator and denominator by L1/2
c and introducing a corrected fin
profile area, Ap  Lct, it follows that
mL c 

 
2h
kAp

1/2

L 3/2
c

(3.90)
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L
0
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0
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1.5
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1/2
L3/2
c (h/kAp)

FIGURE 3.18 Efficiency of straight fins (rectangular, triangular, and parabolic profiles).

Hence, as shown in Figures 3.18 and 3.19, the efficiency of a rectangular fin with
1/2
tip convection may be represented as a function of L3/2
c (h/kAp) .

3.6.4

Fins of Nonuniform Cross-Sectional Area

Analysis of fin thermal behavior becomes more complex if the fin is of nonuniform
cross section. For such cases the second term of Equation 3.61 must be retained,
and the solutions are no longer in the form of simple exponential or hyperbolic
100

80

60

η f (%)

150

1 = r2c /r1
40

2

20

L

r2c = r2 + t/2
t Lc = L + t/2
Ap = Lc t

3

5

r1
r2
0

0

0.5

1.0

1.5
1/2
L3/2
c (h/kAp)

FIGURE 3.19 Efficiency of annular fins of rectangular profile.
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functions. As a special case, consider the annular fin shown in the inset of Figure 3.19.
Although the fin thickness is uniform (t is independent of r), the cross-sectional area,
Ac  2rt, varies with r. Replacing x by r in Equation 3.61 and expressing the surface area as As  2(r 2  r 12), the general form of the fin equation reduces to
d 2T 1 dT 2h

 (T  T)  0
kt
dr 2 r dr
2h/kt and 

or, with m2

T  T,
d 2 1 d

 m 2  0
dr 2 r dr

The foregoing expression is a modified Bessel equation of order zero, and its
general solution is of the form
(r)  C1I0(mr)  C2K 0(mr)
where I0 and K0 are modified, zero-order Bessel functions of the first and second
kinds, respectively. If the temperature at the base of the fin is prescribed, (r1)  b,
and an adiabatic tip is presumed, d/drr2  0, C1 and C2 may be evaluated to yield a
temperature distribution of the form

I0(mr)K1(mr2)  K0(mr)I1(mr2)
  
b
I0(mr1)K1(mr2)  K0(mr1)I1(mr2)
where I1(mr)  d[I0(mr)]/d(mr) and K1(mr)  d[K0(mr)]/d(mr) are modified, firstorder Bessel functions of the first and second kinds, respectively. The Bessel functions are tabulated in Appendix B.
With the fin heat transfer rate expressed as
qf  kAc,b

dT
dr

 k(2r1t)
rr1

d
dr

rr1

it follows that
qf  2kr1tbm

K 1(mr1)I1(mr2)  I1(mr1)K 1(mr2)
K 0(mr1)I1(mr2)  I0(mr1)K 1(mr2)

from which the fin efficiency becomes
f



qf
h2(r  r 21)b
2
2



2r1
K 1(mr1)I1(mr2)  I1(mr1)K 1(mr2)
(3.91)
m(r 22 r 21) K 0(mr1)I1(mr2)  I0(mr1)K 1(mr2)

This result may be applied for an active (convecting) tip, if the tip radius r2 is replaced by a corrected radius of the form r2c  r2  (t/2). Results are represented
graphically in Figure 3.19.
Knowledge of the thermal efficiency of a fin may be used to evaluate the fin resistance, where, from Equations 3.83 and 3.86, it follows that
R t, f 

1
hAf

(3.92)
f

Expressions for the efficiency and surface area of several common fin geometries are summarized in Table 3.5. Although results for the fins of uniform thickness
or diameter were obtained by assuming an adiabatic tip, the effects of convection
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TABLE 3.5 Efficiency of common fin shapes
Straight Fins
Rectangular a
Aƒ  2wLc
Lc  L  (t/2)
Ap  tL

tanh mLc
mLc

(3.89)

1 I1(2mL)
mL I0(2mL)

(3.93)

2
[4(mL)2  1]1/2  1

(3.94)

f

t



w
L

Triangular a
Aƒ  2w[L2  (t/2)2]1/2
Ap  (t/2)L

f

t



w
L

Parabolica
Aƒ  w[C1L 
(L2/t)ln (t/L  C1)]
C1  [1  (t/L)2]1/2
Ap  (t/3)L

y = (t/2)(1 – x/L)2
f

t



w
L
x

Circular Fin
Rectangular a
2
Aƒ  2 (r 2c
 r 12)
r2c  r2  (t/2)
V   (r 22  r 12)t

W-121

t

L
r1

f

 C2

K1(mr1)I1(mr2c) I1(mr1)K1(mr2c)
I0(mr1)K1(mr2c)  K0(mr1)I1(mr2c)
(2r1/m)
C2  2
(r 2c  r 21)

(3.91)

r2

Pin Fins
Rectangular b
Aƒ  DLc
Lc  L  (D/4)
V  (D2/4)L

D

f

tanh mLc
mLc

(3.95)

2 I2(2mL)
mL I1(2mL)

(3.96)



L

Triangular b
D 2
[L  (D/2)2]1/2
2
V  (/12)D2L
Aƒ 

f

D

L



c03.qxd 3/6/06 10:34 AM Page 153

3.6



153

Heat Transfer from Extended Surfaces

TABLE 3.5 Continued
Parabolic b
Aƒ 

L3
{C3C4 
8D
L
ln [(2DC4/L)  C3]}

y = (D/2)(1 – x/L)2

D

f



2
[4/9(mL)2  1]1/2  1

(3.97)

2D

C3  1  2(D/L)2
C4  [1  (D/L)2]1/2
V  (/20)D2 L

L

m  (2h/kt)1/2.
m  (4h/kD)1/2.

a
b

may be treated by using a corrected length (Equations 3.89 and 3.95) or radius
(Equation 3.91). The triangular and parabolic fins are of nonuniform thickness,
which reduces to zero at the fin tip.
Expressions for the profile area, Ap, or the volume, V, of a fin are also provided
in Table 3.5. The volume of a straight fin is simply the product of its width and profile area, V  wAp.
Fin design is often motivated by a desire to minimize the fin material and/or
related manufacturing costs required to achieve a prescribed cooling effectiveness.
Hence, a straight triangular fin is attractive because, for equivalent heat transfer, it
requires much less volume (fin material) than a rectangular profile. In this regard,
heat dissipation per unit volume, (q/V)ƒ, is largest for a parabolic profile. However,
since (q/V)ƒ for the parabolic profile is only slightly larger than that for a triangular
profile, its use can rarely be justified in view of its larger manufacturing costs. The
annular fin of rectangular profile is commonly used to enhance heat transfer to or
from circular tubes.

3.6.5 Overall Surface Efficiency
In contrast to the fin efficiency ƒ, which characterizes the performance of a single
fin, the overall surface efficiency o characterizes an array of fins and the base surface to which they are attached. Representative arrays are shown in Figure 3.20,
where S designates the fin pitch. In each case the overall efficiency is defined as
o

qt
qt
q 
max
hAtb

(3.98)

where qt is the total heat rate from the surface area At associated with both the fins
and the exposed portion of the base (often termed the prime surface). If there are N
fins in the array, each of surface area Aƒ, and the area of the prime surface is designated as Ab, the total surface area is
At  NAf  Ab

(3.99)

The maximum possible heat rate would result if the entire fin surface, as well as the
exposed base, were maintained at Th.
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r2
r1

t
t
S
Tb

Tb

S

w
T∞, h

L

(a)

(b)

FIGURE 3.20 Representative fin arrays. (a) Rectangular fins. (b) Annular fins.

The total rate of heat transfer by convection from the fins and the prime (unfinned) surface may be expressed as
qt  N f hAf b  hAbb

(3.100)

where the convection coefficient h is assumed to be equivalent for the finned and
prime surfaces and ƒ is the efficiency of a single fin. Hence



qt  h[N f Af  (At  NAf)]b  hAt 1 



NAf
(1  f) b
At

(3.101)

Substituting Equation (3.101) into (3.98), it follows that

o

1

NAf
(1  f)
At

(3.102)

From knowledge of o, Equation 3.98 may be used to calculate the total heat rate
for a fin array.
Recalling the definition of the fin thermal resistance, Equation 3.83, Equation 3.98
may be used to infer an expression for the thermal resistance of a fin array. That is,
b
R t,o  q 
t

1
ohAt

(3.103)

where Rt,o is an effective resistance that accounts for parallel heat flow paths by
conduction/convection in the fins and by convection from the prime surface. Figure 3.21
illustrates the thermal circuits corresponding to the parallel paths and their representation in terms of an effective resistance.
If fins are machined as an integral part of the wall from which they extend (Figure 3.21a), there is no contact resistance at their base. However, more commonly,
fins are manufactured separately and are attached to the wall by a metallurgical or
adhesive joint. Alternatively, the attachment may involve a press fit, for which the

c03.qxd 3/6/06 10:34 AM Page 155

3.6



155

Heat Transfer from Extended Surfaces

(Nηf hAf)–1

qf
Nqf

Tb

qb

T∞
qb

Tb

[h(At –NAf)]–1

qt

Tb

T∞, h

T∞

(ηo hAt)–1

(a)

R"t, c

(Nηf hA f)–1

Rt", c /NAc, b

qf
Tb

Nqf
qb

Tb

T∞
qb
[h(At –NAf)]–1

T∞, h

qt

Tb

T∞

(ηo(c)hAt)–1
( b)

FIGURE 3.21 Fin array and thermal circuit. (a) Fins that are integral with the base.
(b) Fins that are attached to the base.

fins are forced into slots machined on the wall material. In such cases (Figure
3.21b), there is a thermal contact resistance, Rt,c, which may adversely influence
overall thermal performance. An effective circuit resistance may again be obtained,
where, with the contact resistance,
b
R t,o(c)  q 

1

(3.104)

o(c)hAt

t

It is readily shown that the corresponding overall surface efficiency is

o(c)

1



NAf
f
1
C1
At



(3.105a)

where
C1  1 

f

 /Ac,b)
hAf(R t,c

In manufacturing, care must be taken to render Rt,c

Rt,ƒ.

(3.105b)
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EXAMPLE 3.10
The engine cylinder of a motorcycle is constructed of 2024-T6 aluminum alloy and
is of height H  0.15 m and outside diameter D  50 mm. Under typical operating
conditions the outer surface of the cylinder is at a temperature of 500 K and is exposed to ambient air at 300 K, with a convection coefficient of 50 W/m2  K. Annular fins are integrally cast with the cylinder to increase heat transfer to the surroundings. Consider five such fins, which are of thickness t  6 mm, length L  20 mm,
and equally spaced. What is the increase in heat transfer due to use of the fins?

SOLUTION
Known: Operating conditions of a finned motorcycle cylinder.
Find: Increase in heat transfer associated with using fins.
Schematic:
Engine cylinder
cross section
(2024 T6 Al alloy)

S

Tb = 500 K

H = 0.15 m

T∞ = 300 K
h = 50 W/m2•K

t = 6 mm

Air

r1 = 25 mm
L = 20 mm
r2 = 45 mm

Assumptions:
1.
2.
3.
4.
5.

Steady-state conditions.
One-dimensional radial conduction in fins.
Constant properties.
Negligible radiation exchange with surroundings.
Uniform convection coefficient over outer surface (with or without fins).

Properties: Table A.1, 2024-T6 aluminum (T  400 K): k  186 W/m  K.
Analysis: With the fins in place, the heat transfer rate is given by Equation 3.101



qt  hAt 1 



NAf
(1  f) b
At

where Af  2(r 22c  r 21 )  2[(0.048 m)2  (0.025 m)2]  0.0105 m2 and, from
Equation 3.99, At  NAƒ  2r1(H  Nt)  0.0527 m2  2(0.025 m) [0.15 m 
0.03 m]  0.0716 m2. With r2c /r1  1.92, Lc  0.023 m, Ap  1.380 104 m2, we
1/2
 0.15. Hence, from Figure 3.19, the fin efficiency is ƒ  0.95.
obtain L3/2
c (h/kAp)
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With the fins, the total heat transfer rate is then
qt  50 W/m2  K



0.0716 m2 1 



0.0527 m2
(0.05) 200 K  690 W
0.0716 m2

Without the fins, the convection heat transfer rate would be
qwo  h(2r1H)b  50 W/m2  K(2

0.025 m

0.15 m)200 K  236 W

Hence
q  qt  qwo  454 W



Comments:
1. Although the fins significantly increase heat transfer from the cylinder, considerable improvement could still be obtained by increasing the number of fins. We
assess this possibility by computing qt as a function of N, first by fixing the fin
thickness at t  6 mm and increasing the number of fins by reducing the spacing
between fins. Prescribing a fin clearance of 2 mm at each end of the array and a
minimum fin gap of 4 mm, the maximum allowable number of fins is N  H/S 
0.15 m/(0.004  0.006) m  15. The parametric calculations yield the following variation of qt with N:
1600
1400

t = 6 mm
qt (W)

1200
1000
800
600

5

11
9
Number of fins, N

7

13

15

The number of fins could also be increased by reducing the fin thickness. If the
fin gap is fixed at (S  t)  4 mm and manufacturing constraints dictate a minimum allowable fin thickness of 2 mm, up to N  25 fins may be accommodated. In this case the parametric calculations yield
3000
2500
(S – t) = 4 mm

qt (W)

2000
1500
1000
500

5

10

15
Number of fins, N

20

25
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The foregoing calculations are based on the assumption that h is not affected by
a reduction in the fin gap. The assumption is reasonable as long as there is no
interaction between boundary layers that develop on the opposing surfaces of
adjoining fins. Note that, since NAƒ  2r1(H  Nt) for the prescribed conditions, qt increases nearly linearly with increasing N.
2. The Models/Extended Surfaces option of IHT provides ready-to-solve models
for straight, pin, and circular fins, as well as for fin arrays. The models include
the efficiency relations of Figures 3.18 and 3.19 and Table 3.5.

EXAMPLE 3.11
In Example 1.4, we saw that to generate an electrical power of P  9 W, the temperature of the PEM fuel cell had to be maintained at Tc  56.4C, which required
removal of 11.25 W from the fuel cell and a cooling air velocity of V  9.4 m/s for
T  25C. To provide these convective conditions, the fuel cell is centered in a
50 mm
26 mm rectangular duct, with 10-mm gaps between the exterior of the
50 mm
50 mm
6 mm fuel cell and the top and bottom of the well-insulated
duct wall. A small fan, powered by the fuel cell, is used to circulate the cooling air.
Inspection of a particular fan vendor’s data sheets suggests that the ratio of the fan
˙  C  1000 W/(m3/s)
power consumption to the fan’s volumetric flow rate is Pf / 
f
4
2
3
˙
for the range 10
f 10 m /s.

Duct

Duct

W

Without
finned
heat sink

H

Lf

tc

W

Without
finned
heat sink

H

tf

tb

Fuel cell
Lc

Fuel cell

Wc
a
•

T∞, f
Air

Lc
Wc

With
finned
heat sink

•

T∞, f
Air

1. Determine the net electric power produced by the fuel cell–fan system, Pnet 
P  Pf .
2. Consider the effect of attaching an aluminum (k  200 W/m  K) finned heat
sink, of identical top and bottom sections, onto the fuel cell body. The contact
joint has a thermal resistance of Rt,c  103 m2  K/W, and the base of the heat
sink is of thickness tb  2 mm. Each of the N rectangular fins is of length
Lf  8 mm and thickness tf  1 mm, and spans the entire length of the fuel cell,
Lc  50 mm. With the heat sink in place, radiation losses are negligible and the
convective heat transfer coefficient may be related to the size and geometry of a
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typical air channel by an expression of the form h  1.78 kair (Lf  a)/(Lf  a),
where a is the distance between fins. Draw an equivalent thermal circuit for
part 2 and determine the total number of fins needed to reduce the fan power
consumption to half of the value found in part 1.

SOLUTION
Known: Dimensions of a fuel cell and finned heat sink, fuel cell operating temperature, rate of thermal energy generation, power production. Relationship between power consumed by a cooling fan and the fan air flow rate. Relationship
between the convection coefficient and the air channel dimensions.

Find:
1. The net power produced by the fuel cell–fan system when there is no heat sink.
2. The number of fins needed to reduce the fan power consumption found in part 1
by 50%.

Schematic:
Lc = 50 mm
A

Fuel cell

T∞

Fan

A

H = 26 mm

tc = 6 mm

Finned heat sink

Finned heat sink
Air

T∞ = 25°C, V
Lf = 8 mm

a

tc = 6 mm

Fuel cell, Tc = 56.4°C

tb = 2 mm

H = 26 mm

tf = 1 mm

W = Wc = 50 mm
Section A–A

Assumptions:
1. Steady-state conditions.
2. Negligible heat transfer from the edges of the fuel cell, as well as from the front
and back faces of the finned heat sink.
3. One-dimensional heat transfer through the heat sink.
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4. Adiabatic fin tips.
5. Constant properties.
6. Negligible radiation when the heat sink is in place.
–
Properties: Table A.4. air (T  300 K): kair  0.0263 W/m  K, cp  1007 J/kg  K,
  1.1614 kg/m3.

Analysis:
˙  VA , where A  W (H  t ) is
1. The volumetric flow rate of cooling air is 
f
c
c
c
the cross-sectional area of the flow region between the duct walls and the unfinned fuel cell. Therefore,
˙  V[W(H  t )]  9.4 m/s [0.05 m (0.026 m  0.006 m)]
f

c

103 m3/s

 9.4
and

Pnet  P  C ˙ f  9.0 W  1000 W/(m3/s)

9.4

103 m3/s  0.4 W



With this arrangement, the fan consumes more power than is generated by the
fuel cell, and the system cannot produce net power.
2. To reduce the fan power consumption by 50%, the volumetric flow rate of air
˙  4.7 103 m3/s. The thermal circuit includes resistances
must be reduced to 
f
for the contact joint, conduction through the base of the finned heat sink, and resistances for the exposed base of the finned side of the heat sink, as well as the fins.
Rt,b
Tc
q

T∞
Rt,c

Rt,base
Rt, f(N)

The thermal resistances for the contact joint and the base are
R t,c  Rt,c /2L cWc  (103 m2  K/W)/(2

0.05 m

0.05 m)  0.2 K/W

and
R t,base  t b/(2kL cWc)  (0.002 m)/(2
 0.002 K/W

200 W/m  K

0.05 m

0.05 m)

where the factors of two account for the two sides of the heat sink assembly.
For the portion of the base exposed to the cooling air, the thermal resistance is
R t,b  1/[h (2Wc  Nt f)L c]  1/[h

(2

0.05 m  N

0.001 m)

0.05 m]

which cannot be evaluated until the total number of fins on both sides, N, and h
are determined.
For a single fin, Rt, f  b/qf , where, from Table 3.4 for a fin with an insulated
fin tip, Rt, f  (hPkAc)1/2/tanh(mLf). In our case, P  2(Lc  tf)  2 (0.05 m 
0.001 m)  0.102 m, Ac  Lctf  0.05 m 0.001 m  0.00005 m2, and
m

hP/kAc  [h

0.102 m/(200 W/m  K

0.00005 m2)]1/2
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Hence,
R t, f 

(h

0.102 m

200 W/m  K 0.00005 m2)1/2
tanh(m 0.008 m)

and for N fins, Rt, f(N)  Rt, f /N. As for Rt,b, Rt,f cannot be evaluated until h and N
are determined. Also, h depends on a, the distance between fins, which in turn
depends on N, according to a  (2Wc  Ntf)/N  (2 0.05 m  N 0.001
m)/N. Thus, specification of N will make it possible to calculate all resistances.
From the thermal resistance network, the total thermal resistance is Rtot  Rt,c 
Rt,base  Requiv, where Requiv  [Rt, b1  Rt, f(N)1]1.
The equivalent fin resistance, Requiv, corresponding to the desired fuel cell
temperature is found from the expression
q

Tc  T
Tc  T

Rtot
Rt,c  Rt,base  Requiv

in which case,
Tc  T
 (R t,c  R t,base)
q
 (56.4C  25C)/11.25 W  (0.2  0.002) K/W  2.59 K/W

R equiv 

For N  22, the following values of the various parameters are obtained:
a  0.0035 m, h  19.1 W/m2  K, m  13.9 m1, Rt,f(N)  2.94 K/W, Rt,b 
13.5 K/W, Requiv  2.41 K/W, and Rtot  2.61 K/W, resulting in a fuel cell temperature of 54.4C. Fuel cell temperatures associated with N  20 and N  24
fins are Tc  58.9C and 50.7C, respectively.
The actual fuel cell temperature is closest to the desired value when N 
22. Therefore, a total of 22 fins, 11 on top and 11 on the bottom, should be
specified, resulting in
Pnet  P  Pf  9.0 W  4.7 W  4.3 W



Comments:
1. The performance of the fuel cell–fan system is enhanced significantly by combining the finned heat sink with the fuel cell. Good thermal management can
transform an impractical proposal into a viable concept.
2. The temperature of the cooling air increases as heat is transferred from the fuel
cell. The temperature of the air leaving the finned heat sink may be calculated
˙ ).
from an overall energy balance on the air flow, which yields To  Ti  q/(cp 
f
3
For part 1, To  25C  10.28 W/(1.1614 kg/m
1007 J/kg  K 9.4 103
m3/s)  25.9C. For part 2, the outlet air temperature is To  27.0C. Hence,
the operating temperature of the fuel cell will be slightly higher than predicted
under the assumption that the cooling air temperature is constant at 25C and
will be closer to the desired value.
3. For the conditions in part 2, the convection heat transfer coefficient does not
vary with the air velocity. The insensitivity of the value of h to the fluid velocity occurs frequently in cases where the flow is confined within passages of
small cross-sectional area, as will be discussed in detail in Chapter 8. The fin’s
influence on increasing or reducing the value of h relative to that of an unfinned
surface should be taken into account in critical applications.

c03.qxd 3/6/06 10:34 AM Page 162

162

Chapter 3



One-Dimensional, Steady-State Conduction

4. A more detailed analysis of the system would involve prediction of the pressure
drop associated with the fan-induced flow of air through the gaps between the fins.
5. The adiabatic fin tip assumption is valid since the duct wall is well insulated.

3.7
The Bioheat Equation
The topic of heat transfer within the human body is becoming increasingly important as new medical treatments are developed that involve extreme temperatures
[11] and as we explore more adverse environments, such as the Arctic, underwater,
or space. There are two main phenomena that make heat transfer in living tissues
more complex than in conventional engineering materials: metabolic heat generation and the exchange of thermal energy between flowing blood and the surrounding tissue. Pennes [12] introduced a modification to the heat equation, now known
as the Pennes or bioheat equation, to account for these effects. The bioheat equation
is known to have limitations, but it continues to be a useful tool for understanding
heat transfer in living tissues. In this section, we present a simplified version of the
bioheat equation for the case of steady-state, one-dimensional heat transfer.
Both the metabolic heat generation and exchange of thermal energy with the
blood can be viewed as effects of thermal energy generation. Therefore, we can
rewrite Equation 3.39 to account for these two heat sources as
d 2T q̇m  q˙p

0
k
dx 2

(3.106)

where q̇m and q̇p are the metabolic and perfusion heat source terms, respectively.
The perfusion term accounts for energy exchange between the blood and the tissue
and is an energy source or sink according to whether heat transfer is from or to the
blood, respectively. The thermal conductivity has been assumed constant in writing
Equation 3.106.
Pennes proposed an expression for the perfusion term by assuming that within
any small volume of tissue, the blood flowing in the small capillaries enters at an
arterial temperature, Ta, and exits at the local tissue temperature, T. The rate at
which heat is gained by the tissue is the rate at which heat is lost from the blood. If
the perfusion rate is (m3/s of volumetric blood flow per m3 of tissue), the heat lost
from the blood can be calculated from Equation 1.11e, or, on a unit volume basis,
q̇p  bcb(Ta  T)

(3.107)

where b and cb are the blood density and specific heat, respectively. Note that b
is the blood mass flow rate per unit volume of tissue.
Substituting Equation 3.107 into Equation 3.106, we find
d 2T q̇m  bcb(Ta  T)

0
k
dx 2

(3.108)
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Drawing on our experience with extended surfaces, it is convenient to define an excess temperature of the form  T  Ta  q̇m / bcb. Then, if we assume that Ta,
q̇m, , and the blood properties are all constant, Equation 3.108 can be rewritten as
d 2
 m̃ 2  0
dx 2

(3.109)

where m̃2  bcb/k. This equation is identical in form to Equation 3.64. Depending
on the form of the boundary conditions, it may therefore be possible to use the results of Table 3.4 to estimate the temperature distribution within the living tissue.

EXAMPLE 3.12
In Example 1.6, the temperature at the inner surface of the skin/fat layer was given
as 35C. In reality, this temperature depends on the existing heat transfer conditions,
including phenomena occurring farther inside the body. Consider a region of muscle
with a skin/fat layer over it. At a depth of Lm  30 mm into the muscle, the temperature can be assumed to be at the core body temperature of Tc  37C. The muscle
thermal conductivity is km  0.5 W/m  K. The metabolic heat generation rate
within the muscle is q̇m  700 W/m3. The perfusion rate is  0.0005 s1; the
blood density and specific heat are b  1000 kg/m3 and cb  3600 J/kg  K, respectively, and the arterial blood temperature, Ta, is the same as the core body temperature. The thickness, emissivity, and thermal conductivity of the skin/fat layer are as
given in Example 1.6; perfusion and metabolic heat generation within this layer can be
neglected. We wish to predict the heat loss rate from the body and the temperature at
the inner surface of the skin/fat layer for air and water environments of Example 1.6.

SOLUTION
Known: Dimensions and thermal conductivities of a muscle layer and a skin/fat
layer. Skin emissivity and surface area. Metabolic heat generation rate and perfusion rate within the muscle layer. Core body and arterial temperatures. Blood density and specific heat. Ambient conditions.

Find: Heat loss rate from body and temperature at inner surface of the skin/fat
layer.

Schematic:
Tc = 37°C

Muscle

Skin/Fat

q•m = 700 W/m3
q•p

Ti

ε = 0.95

ksf = 0.3 W/m•K

km = 0.5 W/m•K
= 0.0005 s1

Lm = 30 mm
x

Tsur = 297 K

Lsf = 3 mm

Air or
water

T∞ = 297 K
h = 2 W/m2•K (air)
h = 200 W/m2•K (water)
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Assumptions:
1. Steady-state conditions.
2. One dimensional heat transfer through the muscle and skin/fat layers.
3. Metabolic heat generation rate, perfusion rate, arterial temperature, blood properties, and thermal conductivities are all uniform.
4. Radiation heat transfer coefficient is known from Example 1.6.
5. Solar irradiation is negligible.

Analysis: We will combine an analysis of the muscle layer with a treatment of
heat transfer through the skin/fat layer and into the environment. The rate of heat
transfer through the skin/fat layer and into the environment can be expressed in
terms of a total resistance, Rtot, as
q

Ti  T
R tot

(1)

As in Example 3.1 and for exposure of the skin to the air, Rtot accounts for conduction through the skin/fat layer in series with heat transfer by convection and radiation, which act in parallel with each other. Thus,
R tot 



L sf
 1  1
k sfA
1/hA 1/h rA



1



L sf
1
 1
A k sf h  h r



Using the values from Example 1.6 for air,
R tot 





0.003 m
1
1

 0.076 K/W
2 0.3 W/m  K
1.8 m
(2  5.9) W/m2  K

For water, with hr  0 and h  200 W/m2  K, Rtot  0.0083 W/m2  K.
Heat transfer in the muscle layer is governed by Equation 3.109. The boundary
conditions are specified in terms of the temperatures, Tc and Ti, where Ti is, as yet,
unknown. In terms of the excess temperature , the boundary conditions are then
q̇m
(0)  Tc  Ta   c  c
b b

and

q̇m
(L m)  Ti  Ta   c  i
b b

Since we have two boundary conditions involving prescribed temperatures, the solution for  is given by case C of Table 3.4,
 (i/c)sinh m̃x  sinh m̃(L m  x)

c
sinh m̃L m
The value of qf given in Table 3.4 would correspond to the heat transfer rate at x  0,
but this is not of particular interest here. Rather, we seek the rate at which heat
leaves the muscle and enters the skin/fat layer so that we can equate this quantity
with the rate at which heat is transferred through the skin/fat layer and into the environment. Therefore, we calculate the heat transfer rate at x  Lm as
q

x Lm

 k m A

dT
dx

 k m A
xLm

d
dx

 k mAm̃c
xLm

(i /c) cosh m̃L m  1
(2)
sinh m̃L m

c03.qxd 3/6/06 10:34 AM Page 165

3.7



165

The Bioheat Equation

Combining Equations 1 and 2 yields
k m Am̃c

(i /c) cosh m̃L m  1 Ti  T

R tot
sinh m̃L m

This expression can be solved for Ti, recalling that Ti also appears in i.

Ti 

 





q̇m
Tsinh m̃L m  k mAm̃R tot c  Ta   c cosh m̃L m
b b
sinh m̃L m  k mAm̃R tot cosh m̃L m

where
m̃ 

bcb /k m  [0.0005 s1

1000 kg/m3

3600 J/kg  K/0.5 W/m  K]1/2

 60 m1
sinh (m̃L m)  sinh (60 m1

0.03 m)  2.94

cosh (m̃L m)  cosh (60 m1

0.03 m)  3.11

q̇m
q̇m
c  Tc  Ta   c   c 
b b
b b
0.0005 s1

and

700 W/m3
1000 kg/m3 3600 J/kg  K

 0.389 K
The excess temperature can be expressed in kelvins or degrees Celsius, since it is a
temperature difference.
Thus, for air:
{24C 2.94  0.5 W/m  K 1.8 m2 60 m1
0.076 K/W[0.389C  (37C  0.389C) 3.11]}
Ti 
 34.8C 
2.94  0.5 W/m  K 1.8 m2 60 m1 0.076 K/W 3.11
This result agrees well with the value of 35C that was assumed for Example 1.6.
Next we can find the heat loss rate:
q

Ti  T 34.8C  24C

 142 W
R tot
0.076 K/W



Again this agrees well with the previous result. Repeating the calculation for water,
we find
Ti  28.2C

q  514 W



Here the calculation of Example 1.6 was not accurate because it incorrectly assumed
that the inside of the skin/fat layer would be at 35C. Furthermore, the skin temperature in this case would be only 25.4C based on this more complete calculation.

Comments:
1. In reality, our bodies adjust in many ways to the thermal environment. For example, if we are too cold, we will shiver, which increases our metabolic heat generation rate. If we are too warm, the perfusion rate near the skin surface will increase,
locally raising the skin temperature to increase heat loss to the environment.
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2. Measuring the true thermal conductivity of living tissue is very challenging,
first because of the necessity of making invasive measurements in a living
being, and second because it is difficult to experimentally separate the effects
of heat conduction and perfusion. It is easier to measure an effective thermal
conductivity that would account for the combined contributions of conduction
and perfusion. However, this effective conductivity value necessarily depends
on the perfusion rate, which in turn varies with the thermal environment and
physical condition of the specimen.
3. The calculations can be repeated for a range of values of the perfusion rate, and
the dependence of the heat loss rate on the perfusion rate is illustrated below.
The effect is stronger for the case of the water environment, because the muscle
temperature is lower and therefore the effect of perfusion by the warm arterial
blood is more pronounced.
700
600
500

q(W)

400

Water environment

300

Air environment
200
100
0
0

0.0002

0.0004

0.0006

0.0008

0.001

(s1)

3.8
Summary
Despite its inherent mathematical simplicity, one-dimensional, steady-state heat
transfer occurs in numerous engineering applications. Although one-dimensional,
steady-state conditions may not apply exactly, the assumptions may often be
made to obtain results of reasonable accuracy. You should therefore be thoroughly familiar with the means by which such problems are treated. In particular, you should be comfortable with the use of equivalent thermal circuits and
with the expressions for the conduction resistances that pertain to each of the
three common geometries. You should also be familiar with how the heat equation and Fourier’s law may be used to obtain temperature distributions and the
corresponding fluxes. The implications of an internally distributed source of energy
should also be clearly understood. Finally, you should appreciate the important role
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that extended surfaces can play in the design of thermal systems and should have
the facility to effect design and performance calculations for such surfaces.
You may test your understanding of this chapter’s key concepts by addressing
the following questions.
• Under what conditions may it be said that the heat flux is a constant, independent
of the direction of heat flow? For each of these conditions, use physical considerations to convince yourself that the heat flux would not be independent of
direction if the condition were not satisfied.
• For one-dimensional, steady-state conduction in a cylindrical or spherical shell
without heat generation, is the radial heat flux independent of radius? Is the
radial heat rate independent of radius?
• For one-dimensional, steady-state conduction without heat generation, what is
the shape of the temperature distribution in a plane wall? In a cylindrical shell?
In a spherical shell?
• What is the thermal resistance? How is it defined? What are its units?
• For conduction across a plane wall, can you write the expression for the thermal
resistance from memory? Similarly, can you write expressions for the thermal
resistance associated with conduction across cylindrical and spherical shells?
From memory, can you express the thermal resistances associated with convection from a surface and net radiation exchange between the surface and large
surroundings?
• What is the physical basis for existence of a critical insulation radius? How do
the thermal conductivity and the convection coefficient affect its value?
• How is the conduction resistance of a solid affected by its thermal conductivity?
How is the convection resistance at a surface affected by the convection coefficient? How is the radiation resistance affected by the surface emissivity?
• If heat is transferred from a surface by convection and radiation, how are the
corresponding thermal resistances represented in a circuit?
• Consider steady-state conduction through a plane wall separating fluids of different temperatures, T,i and T,o, adjoining the inner and outer surfaces, respectively. If the convection coefficient at the outer surface is five times larger than
that at the inner surface, ho  5hi, what can you say about relative proximity of
the corresponding surface temperatures, Ts,o and Ts,i, to their adjoining fluid
temperatures?
• Can a thermal conduction resistance be applied to a solid cylinder or sphere?
• What is a contact resistance? How is it defined? What are its units for an
interface of prescribed area? What are they for a unit area?
• How is the contact resistance affected by the roughness of adjoining surfaces?
• If the air in the contact region between two surfaces is replaced by helium, how
is the thermal contact resistance affected? How is it affected if the region is
evacuated?
• What is the overall heat transfer coefficient? How is it defined and how is it
related to the total thermal resistance? What are its units?
• In a solid circular cylinder experiencing uniform volumetric heating and convection heat transfer from its surface, how does the heat flux vary with radius? How
does the heat rate vary with radius?
• In a solid circular sphere experiencing uniform volumetric heating and convection heat transfer from its surface, how does the heat flux vary with radius? How
does the heat rate vary with radius?
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• Is it possible to achieve steady-state conditions in a solid cylinder or sphere that is
experiencing heat generation and whose surface is perfectly insulated? Explain.
• Can a material experiencing heat generation be represented by a thermal resistance and included in a circuit analysis? If so, why? If not, why not?
• What is the physical mechanism associated with cooking in a microwave oven?
How do conditions differ from a conventional (convection or radiant) oven?
• If radiation is incident on the surface of a semitransparent medium and is absorbed as it propagates through the medium, will the corresponding volumetric
rate of heat generation q̇ be distributed uniformly in the medium? If not, how
will q̇ vary with distance from the surface?
• In what way is a plane wall that is of thickness 2L and experiences uniform volumetric heating and equivalent convection conditions at both surfaces similar to a
plane wall that is of thickness L and experiences the same volumetric heating and
convection conditions at one surface but whose opposite surface is well insulated?
• What purpose is served by attaching fins to a surface?
• In the derivation of the general form of the energy equation for an extended surface, why is the assumption of one-dimensional conduction an approximation?
Under what conditions is it a good approximation?
• Consider a straight fin of uniform cross section (Figure 3. l4a). For an x location
in the fin, sketch the temperature distribution in the transverse (y) direction,
placing the origin of the coordinate at the midplane of the fin ( t/2 y t/2).
What is the form of a surface energy balance applied at the location (x, t/2)?
• What is the fin effectiveness? What is its range of possible values? Under what
conditions are fins most effective?
• What is the fin efficiency? What is its range of possible values? Under what conditions will the efficiency be large?
• What is the fin resistance? What are its units?
• How are the effectiveness, efficiency, and thermal resistance of a fin affected if its
thermal conductivity is increased? If the convection coefficient is increased? If the
length of the fin is increased? If the thickness (or diameter) of the fin is increased?
• Heat is transferred from hot water flowing through a tube to air flowing over the
tube. To enhance the rate of heat transfer, should fins be installed on the tube interior or exterior surface?
• A fin may be manufactured as an integral part of a surface by using a casting or
extrusion process, or it may be separately brazed or adhered to the surface. From
thermal considerations, which option is preferred?
• Describe the physical origins of the two heat source terms in the bioheat equation. Under what conditions is the perfusion term a heat sink?
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Problems
Plane Wall
3.1 Consider the plane wall of Figure 3.1, separating hot and
cold fluids at temperatures T,1 and T,2, respectively.
Using surface energy balances as boundary conditions at
x  0 and x  L (see Equation 2.32), obtain the temperature distribution within the wall and the heat flux in terms
of T,1, T,2, h1, h2, k, and L.
3.2 The rear window of an automobile is defogged by passing warm air over its inner surface.
(a) If the warm air is at T,i  40°C and the corresponding convection coefficient is hi  30 W/m2 
K, what are the inner and outer surface temperatures
of 4-mm-thick window glass, if the outside ambient
air temperature is T,o  10°C and the associated
convection coefficient is ho  65 W/m2  K?
(b) In practice T,o and ho vary according to weather
conditions and car speed. For values of ho  2, 65,
and 100 W/m2  K, compute and plot the inner and
outer surface temperatures as a function of T,o for
30 T,o 0°C.
3.3 The rear window of an automobile is defogged by attaching a thin, transparent, film-type heating element to its
inner surface. By electrically heating this element, a uniform heat flux may be established at the inner surface.
(a) For 4-mm-thick window glass, determine the electrical
power required per unit window area to maintain an
inner surface temperature of 15°C when the interior air
temperature and convection coefficient are T,i  25°C
and hi  10 W/m2  K, while the exterior (ambient) air
temperature and convection coefficient are T,o 
10°C and ho  65 W/m2  K.
(b) In practice T,o and ho vary according to weather conditions and car speed. For values of ho  2, 20, 65, and
100 W/m2  K, determine and plot the electrical power

requirement as a function of T,o for 30
T,o
0°C. From your results, what can you conclude about
the need for heater operation at low values of ho? How
is this conclusion affected by the value of T, o? If h 
V n, where V is the vehicle speed and n is a positive
exponent, how does the vehicle speed affect the need
for heater operation?
3.4 In a manufacturing process, a transparent film is being
bonded to a substrate as shown in the sketch. To cure the
bond at a temperature T0, a radiant source is used to provide a heat flux q0 (W/m2), all of which is absorbed at the
bonded surface. The back of the substrate is maintained
at T1 while the free surface of the film is exposed to air at
T and a convection heat transfer coefficient h.
Air

q0"

T∞, h
Lf

Film

Ls

Substrate

Bond, T0

Lf = 0.25 mm
kf = 0.025 W/m•K
Ls = 1.0 mm
ks = 0.05 W/m•K

T1

(a)

Show the thermal circuit representing the steady-state
heat transfer situation. Be sure to label all elements,
nodes, and heat rates. Leave in symbolic form.

(b)

Assume the following conditions: T  20°C, h 
50 W/m2  K, and T1  30°C. Calculate the heat
flux q0 that is required to maintain the bonded surface at T0  60°C.

(c)

Compute and plot the required heat flux as a function of the film thickness for 0 Lƒ 1 mm.

(d)

If the film is not transparent and all of the radiant
heat flux is absorbed at its upper surface, determine

c03.qxd 3/6/06 10:34 AM Page 170

170

Chapter 3



One-Dimensional, Steady-State Conduction

the heat flux required to achieve bonding. Plot your
results as a function of Lƒ for 0 Lƒ 1 mm.
3.5 The walls of a refrigerator are typically constructed by sandwiching a layer of insulation between sheet metal panels.
Consider a wall made from fiberglass insulation of thermal
conductivity ki  0.046 W/m  K and thickness Li  50 mm
and steel panels, each of thermal conductivity kp  60
W/m  K and thickness Lp  3 mm. If the wall separates refrigerated air at T, i  4C from ambient air at T, o  25C,
what is the heat gain per unit surface area? Coefficients associated with natural convection at the inner and outer surfaces may be approximated as hi  ho  5 W/m2  K.
3.6 A technique for measuring convection heat transfer coefficients involves bonding one surface of a thin metallic foil
to an insulating material and exposing the other surface to
the fluid flow conditions of interest.
T∞, h
Foil ( P"elec, Ts)

L

Foam Insulation (k)

Tb

By passing an electric current through the foil, heat is
dissipated uniformly within the foil and the corresponding flux, Pelec, may be inferred from related voltage and
current measurements. If the insulation thickness L and
thermal conductivity k are known and the fluid, foil,
and insulation temperatures (T, Ts, Tb) are measured, the
convection coefficient may be determined. Consider conditions for which T  Tb  25°C, Pelec  2000 W/m2,
L  10 mm, and k  0.040 W/m  K.
(a) With water flow over the surface, the foil temperature measurement yields Ts  27°C. Determine the
convection coefficient. What error would be incurred
by assuming all of the dissipated power to be transferred to the water by convection?
(b) If, instead, air flows over the surface and the temperature measurement yields Ts  125°C, what is the convection coefficient? The foil has an emissivity of 0.15
and is exposed to large surroundings at 25°C. What
error would be incurred by assuming all of the dissipated power to be transferred to the air by convection?
(c) Typically, heat flux gages are operated at a fixed
temperature (Ts), in which case the power dissipation
provides a direct measure of the convection
coefficient. For Ts  27°C, plot Pelec as a function of
ho for 10
ho
1000 W/m2  K. What effect does
ho have on the error associated with neglecting conduction through the insulation?

3.7 The wind chill, which is experienced on a cold, windy day,
is related to increased heat transfer from exposed human
skin to the surrounding atmosphere. Consider a layer of
fatty tissue that is 3 mm thick and whose interior surface is
maintained at a temperature of 36°C. On a calm day the
convection heat transfer coefficient at the outer surface is
25 W/m2  K, but with 30 km/h winds it reaches 65 W/m2 
K. In both cases the ambient air temperature is 15°C.
(a) What is the ratio of the heat loss per unit area from the
skin for the calm day to that for the windy day?
(b) What will be the skin outer surface temperature for
the calm day? For the windy day?
(c) What temperature would the air have to assume on
the calm day to produce the same heat loss occurring
with the air temperature at 15°C on the windy day?
3.8 A thermopane window consists of two pieces of glass
7 mm thick that enclose an air space 7 mm thick. The
window separates room air at 20°C from outside ambient air at 10°C. The convection coefficient associated
with the inner (room-side) surface is 10 W/m2  K.
(a) If the convection coefficient associated with the
outer (ambient) air is ho  80 W/m2  K, what is
the heat loss through a window that is 0.8 m long
by 0.5 m wide? Neglect radiation, and assume the
air enclosed between the panes to be stagnant.
(b) Compute and plot the effect of ho on the heat loss
for 10 ho 100 W/m2  K. Repeat this calculation for a triple-pane construction in which a third
pane and a second air space of equivalent thickness are added.
3.9 The composite wall of an oven consists of three materials,
two of which are of known thermal conductivity, kA  20
W/m  K and kC  50 W/m  K, and known thickness, LA 
0.30 m and LC  0.15 m. The third material, B, which is
sandwiched between materials A and C, is of known thickness, LB  0.15 m, but unknown thermal conductivity kB.
Ts, i

kA

kB

kC

LA

LB

LC

Ts, o

Air

T∞, h

Under steady-state operating conditions, measurements
reveal an outer surface temperature of Ts,o  20°C, an
inner surface temperature of Ts,i  600°C, and an oven
air temperature of T  800°C. The inside convection
coefficient h is known to be 25 W/m2  K. What is the
value of kB?
3.10 A testing lab is contracted to measure the thermal conductivity of various liquids as a function of the liquid
temperature. Typically, the lab would measure the
thermal conductivity and its temperature dependence
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by performing many time-consuming experiments at
various operating temperatures. A new experimental
design is proposed whereby the temperature dependence may be determined in one experiment. The proposed apparatus consists of multiple layers, with each
layer consisting of a tlcm-thick square sheet of low thermal conductivity material sandwiched between two
tss  1-mm-thick stainless steel plates with kss  15
W/m  K. The resulting stainless steel–low thermal conductivity–stainless steel sandwiches then separate N 
5, tl  2-mm-thick layers of the liquid. The entire structure is heated from above to eliminate natural convection within the liquid, and cooled from below with a
flowing liquid. The temperature of each stainless steel
sheet is measured with a thermocouple, and the device
is encased in insulation. The temperature range over
which the thermal conductivity of a particular liquid is
to be measured is 300 K T 400 K. To resolve the
temperature dependence of the liquid’s thermal conductivity, the temperature difference across each liquid
layer is to be held to within T  2C. The nominal
thermal conductivity of the liquid is kl  0.8 W/m  K.
Liquid

Stainless steel

T1

Stainless steel
Heater
leads
i=1
2

tlcm

3

H

Low-k
4 material
N=5

T10
Coolant
in

Coolant out

L

Insulation

(a) Consider the low thermal conductivity material to
be Bakelite. Determine the overall height, H, of
the experimental apparatus.
(b) Consider replacing the Bakelite with an aerogel
characterized by ka  0.0065 W/m  K. What is
the overall height of the apparatus?
(c) To minimize heat losses through the sides of the
device, the area of the heater (Ah) is made 10
times larger than the area of the sides (As) of the
device. Compare the required heater area and required electrical power for devices constructed
using Bakelite and aerogel low thermal conductivity materials.
3.11 The wall of a drying oven is constructed by sandwiching an insulation material of thermal conductivity k 
0.05 W/m  K between thin metal sheets. The oven air is
at T,i  300C, and the corresponding convection coefficient is hi  30 W/m2  K. The inner wall surface absorbs
a radiant flux of q rad  100 W/m2 from hotter objects

within the oven. The room air is at T,o  25C, and the
overall coefficient for convection and radiation from the
outer surface is ho  10 W/m2  K.
Absorbed
radiation, q"rad

Insulation, k

To

Oven air

Room air

T∞,i, hi

T∞,o, ho

L

(a) Draw the thermal circuit for the wall and label all
temperatures, heat rates, and thermal resistances.
(b) What insulation thickness L is required to maintain
the outer wall surface at a safe-to-touch temperature
of To  40C?
3.12 The electrolytic membrane of the fuel cell in Example
1.4 is a thin composite structure consisting of sandwiched layers of delicate materials, as shown in the
sketch. The thickness of the polymer core is tpc  0.20
mm, while the thickness of each of the catalyst layers is
tcl  0.01 mm. The gas diffusion layers are each tgdl 
0.1 mm thick. Since the membrane can soften and lose
durability at temperatures exceeding 85C, the materials
engineer decides to strengthen the membrane by implanting long carbon nanotubes (diameter Dcn  14 nm, kcn 
3000 W/m  K) lengthwise within both catalyst layers.
Determine the value of the effective thermal conductivity,
keff,x, of the membrane assembly that is defined by the relation qx  keff, x wtT/L, where L, w, and t are the length,
width, and total thickness of the membrane assembly respectively; qx is the heat transfer rate along the assembly;
and T is the temperature drop along a section of the assembly of length L. Determine the value of keff,x for carbon nanotube loadings of f  0, 10%, 20%, and 30%,
where f is the volume fraction of carbon nanotubes in the
catalyst layers. The thermal conductivity of the polymer
core is kpc  0.25 W/m  K, and the thermal conductivities of the gas diffusion layers and catalyst layers are
kgdl  1.3 W/m  K and kcl  1 W/m  K, respectively.
Air

tgdl

Catalyst
layers

Polymer Core

tpc

Gas diffusion
layers

tcl

tcl
x

Hydrogen

Carbon
nanotubes

Dcn
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3.13 A house has a composite wall of wood, fiberglass insulation, and plaster board, as indicated in the sketch. On a
cold winter day the convection heat transfer coefficients
are ho  60 W/m2  K and hi  30 W/m2  K. The total
wall surface area is 350 m2.

Wood siding
Stud
130 mm
Insulation
Wall board

Glass fiber blanket
(28 kg/m3), kb

40 mm

Plaster board, kp

Plywood siding, ks

Inside

Outside

hi, T∞, i = 20°C

ho, T∞, o = –15°C

10 mm

100 mm

Lp

Lb

20 mm

Ls

(a) Determine a symbolic expression for the total thermal resistance of the wall, including inside and outside convection effects for the prescribed conditions.
(b) Determine the total heat loss through the wall.
(c) If the wind were blowing violently, raising ho to
300 W/m2  K, determine the percentage increase
in the heat loss.
(d) What is the controlling resistance that determines
the amount of heat flow through the wall?
3.14 Consider the composite wall of Problem 3.13 under conditions for which the inside air is still characterized by
T,i  20°C and hi  30 W/m2  K. However, use the
more realistic conditions for which the outside air is
characterized by a diurnal (time) varying temperature of
the form
T, o(K)  273  5 sin

224 t

0

t

12 h

T, o(K)  273  11 sin

224 t

12

t

24 h

with ho  60 W/m2  K. Assuming quasisteady conditions for which changes in energy storage within the
wall may be neglected, estimate the daily heat loss
through the wall if its total surface area is 200 m2.
3.15 Consider a composite wall that includes an 8-mm-thick
hardwood siding, 40-mm by 130-mm hardwood studs
on 0.65-m centers with glass fiber insulation (paper
faced, 28 kg/m3), and a 12-mm layer of gypsum (vermiculite) wall board.

What is the thermal resistance associated with a wall
that is 2.5 m high by 6.5 m wide (having 10 studs, each
2.5 m high)?
3.16 The thermal characteristics of a small, dormitory refrigerator are determined by performing two separate experiments, each with the door closed and the refrigerator
placed in ambient air at T  25°C. In one case, an electric heater is suspended in the refrigerator cavity, while
the refrigerator is unplugged. With the heater dissipating
20 W, a steady-state temperature of 90°C is recorded
within the cavity. With the heater removed and the refrigerator now in operation, the second experiment involves
maintaining a steady-state cavity temperature of 5°C for a
fixed time interval and recording the electrical energy required to operate the refrigerator. In such an experiment
for which steady operation is maintained over a 12-hour
period, the input electrical energy is 125,000 J. Determine
the refrigerator’s coefficient of performance (COP).
3.17 In the design of buildings, energy conservation requirements dictate that the exterior surface area, As, be minimized. This requirement implies that, for a desired floor
space, there may be optimum values associated with
the number of floors and horizontal dimensions of the
building. Consider a design for which the total floor
space, Aƒ, and the vertical distance between floors, Hƒ,
are prescribed.
(a) If the building has a square cross section of width W
on a side, obtain an expression for the value of W
that would minimize heat loss to the surroundings.
Heat loss may be assumed to occur from the four
vertical side walls and from a flat roof. Express your
result in terms of Aƒ and Hƒ.
(b) If Aƒ  32,768 m2 and Hƒ  4 m, for what values
of W and Nƒ (the number of floors) is the heat loss
minimized? If the average overall heat transfer coefficient is U  1 W/m2  K and the difference between the inside and ambient air temperatures is
25°C, what is the corresponding heat loss? What is
the percent reduction in heat loss compared with a
building for Nƒ  2?
3.18 When raised to very high temperatures, many conventional liquid fuels dissociate into hydrogen and other
components. Thus the advantage of a solid oxide fuel
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cell is that such a device can internally reform readily
available liquid fuels into hydrogen that can then be
used to produce electrical power in a manner similar to
Example 1.4. Consider a portable solid oxide fuel cell,
operating at a temperature of Tfc  800C. The fuel cell
is housed within a cylindrical canister of diameter D 
75 mm and length L  120 mm. The outer surface of
the canister is insulated with a low-thermal-conductivity
material. For a particular application, it is desired that
the thermal signature of the canister be small, to avoid
its detection by infrared sensors. The degree to which
the canister can be detected with an infrared sensor may
be estimated by equating the radiation heat flux emitted
from the exterior surface of the canister (Equation 1.5;
Es  sT 4s ) to the heat flux emitted from an equivalent
black surface, (Eb  T b4). If the equivalent black surface temperature, Tb, is near the surroundings temperature, the thermal signature of the canister is too small to
be detected—the canister is indistinguishable from the
surroundings.
(a) Determine the required thickness of insulation to be
applied to the cylindrical wall of the canister to ensure that the canister does not become highly visible to an infrared sensor (i.e., Tb  Tsur
5 K).
Consider cases where (i) the outer surface is covered with a very thin layer of dirt (s  0.90) and
(ii) the outer surface is comprised of a very thin
polished aluminum sheet (s  0.08). Calculate the
required thicknesses for two types of insulating material, calcium silicate (k  0.09 W/m  K) and
aerogel (k  0.006 W/m  K). The temperatures of
the surroundings and the ambient are Tsur  300 K
and T  298 K, respectively. The outer surface is
characterized by a convective heat transfer coefficient of h  12 W/m2  K.
(b) Calculate the outer surface temperature of the canister for the four cases (high and low thermal conductivity; high and low surface emissivity).
(c) Calculate the heat loss from the cylindrical walls of
the canister for the four cases.
3.19 A firefighter’s protective clothing, referred to as a turnout
coat, is typically constructed as an ensemble of three layers separated by air gaps, as shown schematically.
Moisture
barrier (mb)

Shell (s)

1 mm

Fire-side

ks, Ls

kmb
Lmb

Air gap

Thermal
liner (tl)

1 mm

k tl
L tl
Air gap

Firefighter

Representative dimensions and thermal conductivities
for the layers are as follows.
Layer
Shell (s)
Moisture barrier (mb)
Thermal liner (tl)

Thickness (mm)
0.8
0.55
3.5

k (W/m  K)
0.047
0.012
0.038

The air gaps between the layers are 1 mm thick, and
heat is transferred by conduction and radiation exchange through the stagnant air. The linearized radiation coefficient for a gap may be approximated as,
3
h rad  (T1  T2)(T 12  T 22)  4T avg
, where Tavg represents the average temperature of the surfaces comprising the gap, and the radiation flux across the gap may
  h rad (T1  T2).
be expressed as q rad
(a) Represent the turnout coat by a thermal circuit, labeling all the thermal resistances. Calculate and
tabulate the thermal resistances per unit area (m2 
K/W) for each of the layers, as well as for the conduction and radiation processes in the gaps. Assume
that a value of Tavg  470 K may be used to approximate the radiation resistance of both gaps. Comment on the relative magnitudes of the resistances.
(b) For a pre-flash-over fire environment in which firefighters often work, the typical radiant heat flux
on the fire-side of the turnout coat is 0.25 W/cm2.
What is the outer surface temperature of the turnout
coat if the inner surface temperature is 66C, a condition that would result in burn injury?

Contact Resistance
3.20 A composite wall separates combustion gases at
2600°C from a liquid coolant at 100°C, with gas- and
liquid-side convection coefficients of 50 and 1000
W/m2  K. The wall is composed of a 10-mm-thick layer
of beryllium oxide on the gas side and a 20-mm-thick
slab of stainless steel (AISI 304) on the liquid side. The
contact resistance between the oxide and the steel is
0.05 m2  K/W. What is the heat loss per unit surface
area of the composite? Sketch the temperature distribution from the gas to the liquid.
3.21 Two stainless steel plates 10 mm thick are subjected to
a contact pressure of 1 bar under vacuum conditions for
which there is an overall temperature drop of 100°C
across the plates. What is the heat flux through the
plates? What is the temperature drop across the contact
plane?
3.22 Consider a plane composite wall that is composed of two
materials of thermal conductivities kA  0.1 W/m  K and
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kB  0.04 W/m  K and thicknesses LA  10 mm and
LB  20 mm. The contact resistance at the interface between the two materials is known to be 0.30 m2  K/W.
Material A adjoins a fluid at 200°C for which h  10
W/m2  K, and material B adjoins a fluid at 40°C for
which h  20 W/m2  K.
(a) What is the rate of heat transfer through a wall that
is 2 m high by 2.5 m wide?
(b) Sketch the temperature distribution.
3.23 The performance of gas turbine engines may be improved by increasing the tolerance of the turbine blades
to hot gases emerging from the combustor. One approach to achieving high operating temperatures involves application of a thermal barrier coating (TBC)
to the exterior surface of a blade, while passing cooling
air through the blade. Typically, the blade is made from
a high-temperature superalloy, such as Inconel (k  25
W/m  K), while a ceramic, such as zirconia (k  1.3
W/m  K), is used as a TBC.
Superalloy
Cooling air

T∞,i, hi
Hot gases

T∞,o, ho

Bonding
agent
TBC

Consider conditions for which hot gases at T,o 
1700 K and cooling air at T,i  400 K provide outer and
inner surface convection coefficients of ho  1000 W/m2 
K and hi  500 W/m2  K, respectively. If a 0.5-mmthick zirconia TBC is attached to a 5-mm-thick Inconel
blade wall by means of a metallic bonding agent, which
provides an interfacial thermal resistance of Rt,c  104
m2  K/W, can the Inconel be maintained at a temperature that is below its maximum allowable value of 1250
K? Radiation effects may be neglected, and the turbine
blade may be approximated as a plane wall. Plot the
temperature distribution with and without the TBC.
Are there any limits to the thickness of the TBC?
3.24 A commercial grade cubical freezer, 3 m on a side,
has a composite wall consisting of an exterior sheet of
6.35-mm-thick plain carbon steel, an intermediate layer
of 100-mm-thick cork insulation, and an inner sheet of
6.35-mm-thick aluminum alloy (2024). Adhesive interfaces between the insulation and the metallic strips are
each characterized by a thermal contact resistance of
R t,c  2.5 104 m2  K/W. What is the steady-state

cooling load that must be maintained by the refrigerator
under conditions for which the outer and inner surface
temperatures are 22C and 6C respectively?
3.25 Physicists have determined the theoretical value of the
thermal conductivity of a carbon nanotube to be kcn,T 
5000 W/m  K.
(a) Assuming the actual thermal conductivity of the
carbon nanotube is the same as its theoretical value,
find the thermal contact resistance, Rt,c, that exists
between the carbon nanotube and the top surfaces
of the heated and sensing islands in Example 3.3.
(b) Using the value of the thermal contact resistance
calculated in part (a), plot the fraction of the total
resistance between the heated and sensing islands
that is due to the thermal contact resistances for island separation distances of 5 m s 20 m.
3.26 In a particular application, it is desirable to minimize
the effects of the thermal contact resistance between
two plane mating surfaces as shown in part (a) of the
schematic. An engineer suggests that the overall resistance to heat transfer can be reduced by cutting relatively deep linear grooves in each surface, resulting in
the interlocking fin-like structure shown in part (b)
of the schematic. If the grooves in material A are of
the same width as the grooves in material B, evaluate
the merit of the proposed scheme using an appropriate
analysis.

Contact
resistance

Contact
resistance

Material A

L

wa
wb
Material B
(a)

(b)

3.27 Approximately 106 discrete electrical components can
be placed on a single integrated circuit (chip), with
electrical heat dissipation as high as 30,000 W/m2. The
chip, which is very thin, is exposed to a dielectric liquid at its outer surface, with ho  1000 W/m2  K and
T,o  20°C, and is joined to a circuit board at its inner
surface. The thermal contact resistance between the
chip and the board is 104 m2  K/W, and the board
thickness and thermal conductivity are Lb  5 mm and
kb  1 W/m  K, respectively. The other surface of the
board is exposed to ambient air for which hi  40
W/m2  K and T,i  20°C.
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Coolant

T∞,o, ho

Chip q"c, Tc
Thermal contact resistance, R"t, c
Board, kb

Lb

(a) If the air-filled aluminum-to-aluminum interface is
characterized by an area of Ac  2 104 m2 and
a roughness of 10 m, what is the maximum allowable power dissipation if the surface temperature of the case, Ts,c, is not to exceed 85C?
(b) The convection coefficient may be increased by
subjecting the plate surface to a forced flow of air.
Explore the effect of increasing the coefficient over
the range 4 h 200 W/m2  K.

Air

T∞,i, hi

(a) Sketch the equivalent thermal circuit corresponding
to steady-state conditions. In variable form, label appropriate resistances, temperatures, and heat fluxes.
(b) Under steady-state conditions for which the chip
heat dissipation is qc  30,000 W/m2, what is the
chip temperature?
(c) The maximum allowable heat flux, qc,m, is determined by the constraint that the chip temperature
must not exceed 85°C. Determine qc,m for the foregoing conditions. If air is used in lieu of the dielectric liquid, the convection coefficient is reduced by
approximately an order of magnitude. What is the
value of qc,m for ho  100 W/m2  K? With air cooling, can significant improvements be realized by
using an aluminum oxide circuit board and/or by
using a conductive paste at the chip/board interface
for which Rt, c  105 m2  K/W?
3.28 Consider a power transistor encapsulated in an aluminum case that is attached at its base to a square
aluminum plate of thermal conductivity k  240 W/m  K,
thickness L  6 mm, and width W  20 mm. The case
is joined to the plate by screws that maintain a contact
pressure of 1 bar, and the back surface of the plate
transfers heat by natural convection and radiation to
ambient air and large surroundings at T  Tsur  25C.
The surface has an emissivity of   0.9, and the convection coefficient is h  4 W/m2  K. The case is completely enclosed such that heat transfer may be assumed
to occur exclusively through the base plate.

Alternative Conduction Analysis
3.29 The diagram shows a conical section fabricated from
pure aluminum. It is of circular cross section having diameter D  ax1/2, where a  0.5 m1/2. The small end is
located at x1  25 mm and the large end at x2 
125 mm. The end temperatures are T1  600 K and
T2  400 K, while the lateral surface is well insulated.
T2
T1

x1
x

x2

(a) Derive an expression for the temperature distribution
T(x) in symbolic form, assuming one-dimensional
conditions. Sketch the temperature distribution.
(b) Calculate the heat rate qx.
3.30 A truncated solid cone is of circular cross section, and
its diameter is related to the axial coordinate by an expression of the form D  ax3/2, where a  1.0 m1/2.
0

Tsur

Transistor
case
Ts,c, Pelec

Base plate, (k, ε)

x1
T1
x2

Interface, Ac

W
Enclosure

Air

T∞, h
L

T2

The sides are well insulated, while the top surface of
the cone at x1 is maintained at T1 and the bottom surface at x2 is maintained at T2.
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(a) Obtain an expression for the temperature distribution
T(x).
(b) What is the rate of heat transfer across the cone if it
is constructed of pure aluminum with x1  0.075 m,
T1  100°C, x2  0.225 m, and T2  20°C?
3.31 From Figure 2.5 it is evident that, over a wide temperature
range, the temperature dependence of the thermal conductivity of many solids may be approximated by a linear expression of the form k  ko  aT, where ko is
a positive constant and a is a coefficient that may be
positive or negative. Obtain an expression for the heat
flux across a plane wall whose inner and outer surfaces
are maintained at T0 and T1, respectively. Sketch the
forms of the temperature distribution corresponding to
a 0, a  0, and a 0.
3.32 Consider a tube wall of inner and outer radii ri and ro,
whose temperatures are maintained at Ti and To, respectively. The thermal conductivity of the cylinder is
temperature dependent and may be represented by an
expression of the form k  ko(1  aT ), where ko and a
are constants. Obtain an expression for the heat transfer
per unit length of the tube. What is the thermal resistance of the tube wall?
3.33 Measurements show that steady-state conduction
through a plane wall without heat generation produced
a convex temperature distribution such that the midpoint temperature was To higher than expected for a
linear temperature distribution.

temperature at the upper end of the sharp tip, Tsen. The
thermal resistance between the sensing probe and the
pivoted end is Rt  5 106 K/W.
(a) Determine the thermal resistance between the surface temperature and the sensing temperature.
(b) If the sensing temperature is Tsen  28.5C, determine the surface temperature.
Hint: Although nanoscale heat transfer effects may be
important, assume that the conduction occurring in the air
adjacent to the probe tip can be described by Fourier’s
law and the thermal conductivity found in Table A.4.
Tsen

T∞ = 25°C

Cantilever

Stylus

Tsen

Surface

d = 100 nm
Air

Tsurf

L = 50 nm

Cylindrical Wall
3.35 A steam pipe of 0.12-m outside diameter is insulated
with a layer of calcium silicate.

T1
T(x)

(a) If the insulation is 20 mm thick and its inner and
outer surfaces are maintained at Ts,1  800 K and
Ts,2  490 K, respectively, what is the heat loss per
unit length (q) of the pipe?

TL/2 ∆To

T2

L

Assuming that the thermal conductivity has a linear dependence on temperature, k  ko(1  T), where is a
constant, develop a relationship to evaluate in terms
of To, T1, and T2.
3.34 A device used to measure the surface temperature of an
object to within a spatial resolution of approximately 50
nm is shown in the schematic. It consists of an extremely sharp-tipped stylus and an extremely small cantilever that is scanned across the surface. The probe tip
is of circular cross section and is fabricated of polycrystalline silicon dioxide. The ambient temperature is measured at the pivoted end of the cantilever as T  25C,
and the device is equipped with a sensor to measure the

(b) We wish to explore the effect of insulation thickness
on the heat loss q and outer surface temperature Ts,2,
with the inner surface temperature fixed at Ts,1 
800 K. The outer surface is exposed to an airflow
(T  25°C) that maintains a convection coefficient
of h  25 W/m2  K and to large surroundings for
which Tsur  T  25°C. The surface emissivity of
calcium silicate is approximately 0.8. Compute and
plot the temperature distribution in the insulation as
a function of the dimensionless radial coordinate,
(r  r1)/(r2  r1), where r1  0.06 m and r2 is a
variable (0.06
r2
0.20 m). Compute and plot
the heat loss as a function of the insulation thickness for 0 (r2  r1) 0.14 m.
3.36 Consider the water heater described in Problem 1.37.
We now wish to determine the energy needed to compensate for heat losses incurred while the water is
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stored at the prescribed temperature of 55°C. The
cylindrical storage tank (with flat ends) has a capacity
of 100 gallons, and foamed urethane is used to insulate the side and end walls from ambient air at an annual average temperature of 20°C. The resistance to
heat transfer is dominated by conduction in the insulation and by free convection in the air, for which
h  2 W/m2  K. If electric resistance heating is used
to compensate for the losses and the cost of electric
power is $0.08/kW  h, specify tank and insulation dimensions for which the annual cost associated with the
heat losses is less than $50.
3.37 A thin electrical heater is wrapped around the outer surface of a long cylindrical tube whose inner surface is
maintained at a temperature of 5°C. The tube wall has
inner and outer radii of 25 and 75 mm, respectively, and
a thermal conductivity of 10 W/m  K. The thermal contact resistance between the heater and the outer surface of
the tube (per unit length of the tube) is Rt, c  0.01 m  K/W.
The outer surface of the heater is exposed to a fluid with
T  10°C and a convection coefficient of h 
100 W/m2  K. Determine the heater power per unit length
of tube required to maintain the heater at To  25°C.
3.38 In the previous problem, the electrical power required
to maintain the heater at To  25°C depends on the
thermal conductivity of the wall material k, the thermal
contact resistance Rt,c, and the convection coefficient h.
Compute and plot the separate effect of changes in k
(1 k 200 W/m  K), Rt, c (0 Rt,c 0.1 m  K/W),
and h (10
h
1000 W/m2  K) on the total heater
power requirement, as well as the rate of heat transfer to
the inner surface of the tube and to the fluid.
3.39 A stainless steel (AISI 304) tube used to transport a
chilled pharmaceutical has an inner diameter of 36 mm
and a wall thickness of 2 mm. The pharmaceutical and
ambient air are at temperatures of 6C and 23C,
respectively, while the corresponding inner and outer
convection coefficients are 400 W/m2  K and 6 W/m2 
K, respectively.
(a) What is the heat gain per unit tube length?
(b) What is the heat gain per unit length if a 10-mmthick layer of calcium silicate insulation (kins 
0.050 W/m  K) is applied to the tube?
3.40 Superheated steam at 575C is routed from a boiler to
the turbine of an electric power plant through steel
tubes (k  35 W/m  K) of 300 mm inner diameter
and 30 mm wall thickness. To reduce heat loss to the
surroundings and to maintain a safe-to-touch outer
surface temperature, a layer of calcium silicate insulation (k  0.10 W/m  K) is applied to the tubes,
while degradation of the insulation is reduced by

177
wrapping it in a thin sheet of aluminum having an
emissivity of   0.20. The air and wall temperatures
of the power plant are 27C.
(a) Assuming that the inner surface temperature of
a steel tube corresponds to that of the steam and the
convection coefficient outside the aluminum sheet
is 6 W/m2  K, what is the minimum insulation
thickness needed to insure that the temperature of
the aluminum does not exceed 50C? What is the
corresponding heat loss per meter of tube length?
(b) Explore the effect of the insulation thickness on the
temperature of the aluminum and the heat loss per
unit tube length.
3.41 A thin electrical heater is inserted between a long circular rod and a concentric tube with inner and outer radii of
20 and 40 mm. The rod (A) has a thermal conductivity of
kA  0.15 W/m  K, while the tube (B) has a thermal
conductivity of kB  1.5 W/m  K and its outer surface
is subjected to convection with a fluid of temperature
T  15°C and heat transfer coefficient 50 W/m2  K.
The thermal contact resistance between the cylinder
surfaces and the heater is negligible.
(a) Determine the electrical power per unit length of
the cylinders (W/m) that is required to maintain the
outer surface of cylinder B at 5°C.
(b) What is the temperature at the center of cylinder A?
3.42 A wire of diameter D  2 mm and uniform temperature
T has an electrical resistance of 0.01 /m and a current
flow of 20 A.
(a) What is the rate at which heat is dissipated per unit
length of wire? What is the heat dissipation per
unit volume within the wire?
(b) If the wire is not insulated and is in ambient air and
large surrounding for which T  Tsur  20C,
what is the temperature T of the wire? The wire has
an emissivity of 0.3, and the coefficient associated
with heat transfer by natural convection may be
approximated by an expression of the form,
h  C[(T  T)/D]1/4, where C  1.25 W/m7/4  K5/4.
(c) If the wire is coated with plastic insulation of 2-mm
thickness and a thermal conductivity of 0.25 W/m 
K, what are the inner and outer surface temperatures of the insulation? The insulation has an
emissivity of 0.9, and the convection coefficient is
given by the expression of part (b). Explore the
effect of the insulation thickness on the surface
temperatures.
3.43 A 2-mm-diameter electrical wire is insulated by a
2-mm-thick rubberized sheath (k  0.13 W/m  K), and
the wire/sheath interface is characterized by a thermal
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contact resistance of Rt,c  3 104 m2  K/W. The
convection heat transfer coefficient at the outer surface of
the sheath is 10 W/m2  K, and the temperature of the ambient air is 20C. If the temperature of the insulation may
not exceed 50C, what is the maximum allowable electrical power that may be dissipated per unit length of the
conductor? What is the critical radius of the insulation?

take for the frost to melt? The frost may be assumed
to have a mass density of 700 kg/m3 and a latent
heat of fusion of 334 kJ/kg.
3.46 A composite cylindrical wall is composed of two materials of thermal conductivity kA and kB, which are separated by a very thin, electric resistance heater for which
interfacial contact resistances are negligible.

3.44 Electric current flows through a long rod generating
thermal energy at a uniform volumetric rate of q̇ 
2 106 W/m 3. The rod is concentric with a hollow ceramic cylinder, creating an enclosure that is filled with
air.

Resistance heater
q"h, Th

r3
To = 25°C
Tr

Ceramic, k = 1.75 W/m•K
Di = 40 mm
Do = 120 mm

r2
r1

Enclosure, air space
•

Rod, q, Dr = 20 mm

The thermal resistance per unit length due to radiation
between the enclosure surfaces is Rrad 0.30 m  K/W,
and the coefficient associated with free convection in
the enclosure is h  20 W/m2  K.
(a) Construct a thermal circuit that can be used to calculate the surface temperature of the rod, Tr . Label
all temperatures, heat rates, and thermal resistances, and evaluate each thermal resistance.
(b) Calculate the surface temperature of the rod for the
prescribed conditions.
3.45 The evaporator section of a refrigeration unit consists of
thin-walled, 10-mm-diameter tubes through which refrigerant passes at a temperature of 18°C. Air is cooled as
it flows over the tubes, maintaining a surface convection
coefficient of 100 W/m2  K, and is subsequently routed
to the refrigerator compartment.
(a) For the foregoing conditions and an air temperature
of 3°C, what is the rate at which heat is extracted
from the air per unit tube length?

Internal flow

T∞,i, hi

B
A
Ambient air

T∞,o, ho

Liquid pumped through the tube is at a temperature T, i
and provides a convection coefficient hi at the inner surface of the composite. The outer surface is exposed to
ambient air, which is at T,o and provides a convection
coefficient of ho. Under steady-state conditions, a uniform heat flux of qh is dissipated by the heater.
(a) Sketch the equivalent thermal circuit of the system
and express all resistances in terms of relevant
variables.
(b) Obtain an expression that may be used to determine
the heater temperature, Th.
(c) Obtain an expression for the ratio of heat flows to
the outer and inner fluids, qo /qi. How might the
variables of the problem be adjusted to minimize
this ratio?

(b) If the refrigerator’s defrost unit malfunctions, frost
will slowly accumulate on the outer tube surface.
Assess the effect of frost formation on the cooling
capacity of a tube for frost layer thicknesses in the
range 0

4 mm. Frost may be assumed to
have a thermal conductivity of 0.4 W/m  K.

3.47 An electrical current of 700 A flows through a stainless
steel cable having a diameter of 5 mm and an electrical
resistance of 6
104 /m (i.e., per meter of cable
length). The cable is in an environment having a temperature of 30°C, and the total coefficient associated
with convection and radiation between the cable and the
environment is approximately 25 W/m2  K.

(c) The refrigerator is disconnected after the defrost
unit malfunctions and a 2-mm-thick layer of frost
has formed. If the tubes are in ambient air for which
T  20°C and natural convection maintains a convection coefficient of 2 W/m2  K, how long will it

(a) If the cable is bare, what is its surface temperature?
(b) If a very thin coating of electrical insulation is
applied to the cable, with a contact resistance of
0.02 m2  K/W, what are the insulation and cable
surface temperatures?
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(c) There is some concern about the ability of the insulation to withstand elevated temperatures. What thickness of this insulation (k  0.5 W/m  K) will yield
the lowest value of the maximum insulation temperature? What is the value of the maximum temperature when the thickness is used?
3.48 A 0.20-m-diameter, thin-walled steel pipe is used to
transport saturated steam at a pressure of 20 bars in a
room for which the air temperature is 25°C and the convection heat transfer coefficient at the outer surface of
the pipe is 20 W/m2  K.
(a) What is the heat loss per unit length from the bare
pipe (no insulation)? Estimate the heat loss per unit
length if a 50-mm-thick layer of insulation (magnesia, 85%) is added. The steel and magnesia may
each be assumed to have an emissivity of 0.8,
and the steam-side convection resistance may be
neglected.
(b) The costs associated with generating the steam and
installing the insulation are known to be $4/109 J
and $100/m of pipe length, respectively. If the
steam line is to operate 7500 h/yr, how many years
are needed to pay back the initial investment in
insulation?
3.49 Steam at a temperature of 250°C flows through a steel
pipe (AISI 1010) of 60-mm inside diameter and 75-mm
outside diameter. The convection coefficient between the
steam and the inner surface of the pipe is 500 W/m2  K,
while that between the outer surface of the pipe and the
surroundings is 25 W/m2  K. The pipe emissivity is 0.8,
and the temperature of the air and the surroundings is
20°C. What is the heat loss per unit length of pipe?
3.50 We wish to determine the effect of adding a layer of
magnesia insulation to the steam pipe of the foregoing
problem. The convection coefficient at the outer surface
of the insulation may be assumed to remain at 25 W/m2 
K, and the emissivity is   0.8. Determine and plot the
heat loss per unit length of pipe and the outer surface
temperature as a function of insulation thickness. If the
cost of generating the steam is $4/109 J and the steam
line operates 7000 h/yr, recommend an insulation thickness and determine the corresponding annual savings in
energy costs. Plot the temperature distribution in the insulation for the recommended thickness.
3.51 An uninsulated, thin-walled pipe of 100-mm diameter is
used to transport water to equipment that operates outdoors and uses the water as a coolant. During particularly harsh winter conditions, the pipe wall achieves a
temperature of 15°C and a cylindrical layer of ice
forms on the inner surface of the wall. If the mean water
temperature is 3°C and a convection coefficient of

2000 W/m2  K is maintained at the inner surface of the
ice, which is at 0°C, what is the thickness of the ice
layer?
3.52 Steam flowing through a long, thin-walled pipe maintains the pipe wall at a uniform temperature of 500 K.
The pipe is covered with an insulation blanket comprised
of two different materials, A and B.
r1 = 50 mm
A

Ts, 2(A)

kA = 2 W/m•K
kB = 0.25 W/m•K

Ts, 2(B)
Ts, 1 = 500 K

r2 = 100 mm

B

T ∞, h

The interface between the two materials may be assumed to have an infinite contact resistance, and the
entire outer surface is exposed to air for which T 
300 K and h  25 W/m2  K.
(a) Sketch the thermal circuit of the system. Label
(using the above symbols) all pertinent nodes and
resistances.
(b) For the prescribed conditions, what is the total
heat loss from the pipe? What are the outer surface
temperatures Ts,2(A) and Ts,2(B)?
3.53 A bakelite coating is to be used with a 10-mm-diameter
conducting rod, whose surface is maintained at 200°C by
passage of an electrical current. The rod is in a fluid at
25°C, and the convection coefficient is 140 W/m2  K.
What is the critical radius associated with the coating?
What is the heat transfer rate per unit length for the bare
rod and for the rod with a coating of bakelite that corresponds to the critical radius? How much bakelite should
be added to reduce the heat transfer associated with the
bare rod by 25%?

Spherical Wall
3.54 A storage tank consists of a cylindrical section that has
a length and inner diameter of L  2 m and Di  1 m,
respectively, and two hemispherical end sections. The tank
is constructed from 20-mm-thick glass (Pyrex) and is exposed to ambient air for which the temperature is 300 K
and the convection coefficient is 10 W/m2  K. The tank is
used to store heated oil, which maintains the inner surface
at a temperature of 400 K. Determine the electrical power
that must be supplied to a heater submerged in the oil if the
prescribed conditions are to be maintained. Radiation
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effects may be neglected, and the Pyrex may be assumed
to have a thermal conductivity of 1.4 W/m  K.
3.55 Consider the liquid oxygen storage system and the laboratory environmental conditions of Problem 1.49. To reduce oxygen loss due to vaporization, an insulating layer
should be applied to the outer surface of the container.
Consider using a laminated aluminum foil/glass mat
insulation, for which the thermal conductivity and surface emissivity are k  0.00016 W/m  K and   0.20,
respectively.
(a) If the container is covered with a 10-mm-thick
layer of insulation, what is the percentage reduction
in oxygen loss relative to the uncovered container?
(b) Compute and plot the oxygen evaporation rate
(kg/s) as a function of the insulation thickness t for
0 t 50 mm.
3.56 In Example 3.5, an expression was derived for the critical insulation radius of an insulated, cylindrical tube.
Derive the expression that would be appropriate for an
insulated sphere.
3.57 A hollow aluminum sphere, with an electrical heater in
the center, is used in tests to determine the thermal conductivity of insulating materials. The inner and outer
radii of the sphere are 0.15 and 0.18 m, respectively,
and testing is done under steady-state conditions with
the inner surface of the aluminum maintained at 250°C.
In a particular test, a spherical shell of insulation is cast
on the outer surface of the sphere to a thickness of
0.12 m. The system is in a room for which the air temperature is 20°C and the convection coefficient at the
outer surface of the insulation is 30 W/m2  K. If 80 W
are dissipated by the heater under steady-state conditions, what is the thermal conductivity of the insulation?
3.58 A spherical tank for storing liquid oxygen on the space
shuttle is to be made from stainless steel of 0.80-m outer
diameter and 5-mm wall thickness. The boiling point
and latent heat of vaporization of liquid oxygen are 90 K
and 213 kJ/kg, respectively. The tank is to be installed in a
large compartment whose temperature is to be maintained
at 240 K. Design a thermal insulation system that will
maintain oxygen losses due to boiling below 1 kg/day.
3.59 A spherical, cryosurgical probe may be imbedded in
diseased tissue for the purpose of freezing, and thereby
destroying, the tissue. Consider a probe of 3-mm diameter whose surface is maintained at 30°C when
imbedded in tissue that is at 37°C. A spherical layer of
frozen tissue forms around the probe, with a temperature
of 0°C existing at the phase front (interface) between
the frozen and normal tissue. If the thermal conductivity of frozen tissue is approximately 1.5 W/m  K and
heat transfer at the phase front may be characterized by

an effective convection coefficient of 50 W/m2  K, what
is the thickness of the layer of frozen tissue (assuming
negligible perfusion)?
3.60 A spherical vessel used as a reactor for producing pharmaceuticals has a 10-mm-thick stainless steel wall (k 
17 W/m  K) and an inner diameter of l m. The exterior
surface of the vessel is exposed to ambient air (T 
25C) for which a convection coefficient of 6 W/m2  K
may be assumed.
(a) During steady-state operation, an inner surface
temperature of 50C is maintained by energy generated within the reactor. What is the heat loss from
the vessel?
(b) If a 20-mm-thick layer of fiberglass insulation (k 
0.040 W/m  K) is applied to the exterior of the vessel and the rate of thermal energy generation is unchanged, what is the inner surface temperature of
the vessel?
3.61 The wall of a spherical tank of 1-m diameter contains
an exothermic chemical reaction and is at 200C when
the ambient air temperature is 25C. What thickness of
urethane foam is required to reduce the exterior temperature to 40C, assuming the convection coefficient is
20 W/m2  K for both situations? What is the percentage
reduction in heat rate achieved by using the insulation?
3.62 A composite spherical shell of inner radius r1  0.25 m
is constructed from lead of outer radius r2  0.30 m and
AISI 302 stainless steel of outer radius r3  0.31 m. The
cavity is filled with radioactive wastes that generate heat
at a rate of q̇  5 105 W/m3. It is proposed to submerge
the container in oceanic waters that are at a temperature of
T  10°C and provide a uniform convection coefficient
of h  500 W/m2  K at the outer surface of the container.
Are there any problems associated with this proposal?
3.63 As an alternative to storing radioactive materials in
oceanic waters, it is proposed that the system of Problem
3.62 be placed in a large tank for which the flow of water,
and hence the convection coefficient h, can be controlled.
Compute and plot the maximum temperature of the lead,
T(r1), as a function of h for 100 h 1000 W/m2  K. If
the temperature of the lead is not to exceed 500 K, what is
the minimum allowable value of h? To improve system reliability, it is desirable to increase the thickness of the
stainless steel shell. For h  300, 500, and 1000 W/m2  K,
compute and plot the maximum lead temperature as a function of shell thickness for r3  0.30 m. What are the corresponding values of the maximum allowable thickness?
3.64 The energy transferred from the anterior chamber of the
eye through the cornea varies considerably depending
on whether a contact lens is worn. Treat the eye as a
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spherical system and assume the system to be at steady
state. The convection coefficient ho is unchanged with
and without the contact lens in place. The cornea and
the lens cover one-third of the spherical surface area.

r1

r2
r3

Anterior
chamber

T∞, i, hi

Cornea

k1

T∞, o, ho
k2
Contact
lens

Values of the parameters representing this situation
are as follows:
r1  10.2 mm
r3  16.5 mm
T,i  37°C
k1  0.35 W/m  K
hi  12 W/m2  K

181

Problems

r2  12.7 mm
T,o  21°C
k2  0.80 W/m  K
ho  6 W/m2  K

(a) Construct the thermal circuits, labeling all potentials and flows for the systems excluding the contact lens and including the contact lens. Write resistance elements in terms of appropriate parameters.
(b) Determine the heat loss from the anterior chamber
with and without the contact lens in place.
(c) Discuss the implication of your results.
3.65 The outer surface of a hollow sphere of radius r2 is subjected to a uniform heat flux q2. The inner surface at r1
is held at a constant temperature Ts,1.
(a) Develop an expression for the temperature distribution T(r) in the sphere wall in terms of q2, Ts,1, r1, r2,
and the thermal conductivity of the wall material k.
(b) If the inner and outer tube radii are r1  50 mm
and r2  100 mm, what heat flux q2 is required to
maintain the outer surface at Ts,2  50°C, while the
inner surface is at Ts,1  20°C? The thermal conductivity of the wall material is k  10 W/m  K.
3.66 A spherical shell of inner and outer radii ri and ro, respectively, is filled with a heat-generating material that
provides for a uniform volumetric generation rate
(W/m3) of q̇. The outer surface of the shell is exposed to
a fluid having a temperature T and a convection coefficient h. Obtain an expression for the steady-state temperature distribution T(r) in the shell, expressing your

result in terms of ri, ro, q̇, h, T, and the thermal conductivity k of the shell material.
3.67 A spherical tank of 3-m diameter contains a liquifiedpetroleum gas at 60C. Insulation with a thermal conductivity of 0.06 W/m  K and thickness 250 mm is
applied to the tank to reduce the heat gain.
(a) Determine the radial position in the insulation layer
at which the temperature is 0C when the ambient
air temperature is 20C and the convection coefficient on the outer surface is 6 W/m2  K.
(b) If the insulation is pervious to moisture from the atmospheric air, what conclusions can you reach
about the formation of ice in the insulation? What
effect will ice formation have on heat gain to the
LP gas? How could this situation be avoided?
3.68 A transistor, which may be approximated as a hemispherical heat source of radius ro  0.1 mm, is embedded in a large silicon substrate (k  125 W/m  K) and
dissipates heat at a rate q. All boundaries of the silicon
are maintained at an ambient temperature of T  27°C,
except for the top surface, which is well insulated.

ro

Silicon
substrate

q
T∞

Obtain a general expression for the substrate temperature distribution and evaluate the surface temperature
of the heat source for q  4 W.
3.69 One modality for destroying malignant tissue involves
imbedding a small spherical heat source of radius ro
within the tissue and maintaining local temperatures
above a critical value Tc for an extended period. Tissue
that is well removed from the source may be assumed
to remain at normal body temperature (Tb  37°C).
Obtain a general expression for the radial temperature
distribution in the tissue under steady-state conditions
for which heat is dissipated at a rate q. If ro  0.5 mm,
what heat rate must be supplied to maintain a tissue temperature of T  Tc  42°C in the domain 0.5
r
5 mm? The tissue thermal conductivity is approximately 0.5 W/m  K. Assume negligible perfusion.

Conduction with Thermal Energy
Generation
3.70 Consider cylindrical and spherical shells with inner and
outer surfaces at r1 and r2 maintained at uniform
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temperatures Ts,1 and Ts,2, respectively. If there is uniform
heat generation within the shells, obtain expressions for
the steady-state, one-dimensional radial distributions of
the temperature, heat flux, and heat rate. Contrast your
results with those summarized in Appendix C.

(a) Assuming negligible contact resistance at the inter.
faces, determine the volumetric heat generation qB
and the thermal conductivity kB.

3.71 The steady-state temperature distribution in a composite plane wall of three different materials, each of
constant thermal conductivity, is shown as follows.

(c) Consider conditions corresponding to a loss of
coolant at the exposed surface of material A (h 
0). Determine T1 and T2 and plot the temperature
distribution throughout the system.

1

2

3

4

T
A

B

C

q"2

q"3

q"4
x

(a) Comment on the relative magnitudes of q2 and q3
and of q3 and q4.
(b) Comment on the relative magnitudes of kA and kB
and of kB and kC.
(c) Sketch the heat flux as a function of x.
3.72 A plane wall of thickness 0.1 m and thermal conductivity 25 W/m  K having uniform volumetric heat generation of 0.3 MW/m3 is insulated on one side, while the
other side is exposed to a fluid at 92°C. The convection
heat transfer coefficient between the wall and the fluid
is 500 W/m2  K. Determine the maximum temperature
in the wall.
3.73 Consider one-dimensional conduction in a plane composite wall. The outer surfaces are exposed to a fluid at
25°C and a convection heat transfer coefficient of
1000 W/m2  K. The middle wall B experiences uniform
heat generation q̇B, while there is no generation in walls
A and C. The temperatures at the interfaces are T1 
261°C and T2  211°C.
T1

T2

T∞ , h

T∞ , h
A

C

B

q• B
LA
kA = 25 W/m•K
kC = 50 W/m•K

2LB

LC

LA = 30 mm
LB = 30 mm
LC = 20 mm

(b) Plot the temperature distribution, showing its important features.

3.74 Consider a plane composite wall that is composed of
three materials (materials A, B, and C are arranged left
to right) of thermal conductivities kA  0.24 W/m  K,
kB  0.13 W/m  K, and kC  0.50 W/m  K. The thicknesses of the three sections of the wall are LA  20 mm,
LB  13 mm, and LC  20 mm. A contact resistance of
Rt,c  102 m2  K/W exists at the interface between
materials A and B, as well as at the interface between
materials B and C. The left face of the composite wall is
insulated, while the right face is exposed to convective
conditions characterized by h  10 W/m2  K, T 
20C. For Case 1, thermal energy is generated within
material A at the rate q̇A  5000 W/m3. For Case 2,
thermal energy is generated within material C at the rate
q̇C  5000 W/m3.
(a) Determine the maximum temperature within the
composite wall under steady-state conditions for
Case 1.
(b) Sketch the steady-state temperature distribution on
T  x coordinates for Case 1.
(c) Sketch the steady-state temperature distribution for
Case 2 on the same T  x coordinates used for Case 1.
3.75 Consider the composite wall of Example 3.7. In the
Comments section, temperature distributions in the wall
were determined assuming negligible contact resistance
between materials A and B. Compute and plot the temperature distributions if the thermal contact resistance is
R t, c  104 m2  K/W.
3.76 A plane wall of thickness 2L and thermal conductivity k
experiences a uniform volumetric generation rate q̇. As
shown in the sketch for Case 1, the surface at x  L is
perfectly insulated, while the other surface is maintained at a uniform, constant temperature To. For Case
2, a very thin dielectric strip is inserted at the midpoint
of the wall (x  0) in order to electrically isolate the
two sections, A and B. The thermal resistance of
the strip is R t  0.0005 m2  K/W. The parameters associated with the wall are k  50 W/m  K, L  20 mm,
q̇  5 106 W/m3, and To  50C.

c03.qxd 3/6/06 10:34 AM Page 183



Case 1

Case 2

To

•

q, k

–L

183

Problems

+L

0

Thin dielectric strip, R"t

•

x

q, k

A

B

–L

To

•

q, k

0

+L

x

(a) Sketch the temperature distribution for case 1 on Tx
coordinates. Describe the key features of this distribution. Identify the location of the maximum temperature in the wall and calculate this temperature.
(b) Sketch the temperature distribution for Case 2 on
the same T  x coordinates. Describe the key features of this distribution.
(c) What is the temperature difference between the two
walls at x  0 for Case 2?
(d) What is the location of the maximum temperature
in the composite wall of Case 2? Calculate this
temperature.
3.77 A nuclear fuel element of thickness 2L is covered with
a steel cladding of thickness b. Heat generated within
the nuclear fuel at a rate q̇ is removed by a fluid at T,
which adjoins one surface and is characterized by a
convection coefficient h. The other surface is well insulated, and the fuel and steel have thermal conductivities
of kƒ and ks, respectively.
Nuclear fuel
Steel

Steel

Insulation

b

T∞, h
L

L

b
x

(a) Obtain an equation for the temperature distribution
T(x) in the nuclear fuel. Express your results in
terms of q̇, kƒ, L, b, ks, h, and T.
(b) Sketch the temperature distribution T(x) for the
entire system.
3.78 Consider the clad fuel element of Problem 3.77.
(a) Using appropriate relations from Tables C.1 and C.2,
obtain an expression for the temperature distribution
T(x) in the fuel element. For kf  60 W/m  K, L 
15 mm, b  3 mm, ks  15 W/m  K, h  10,000
W/m2  K, and T  200C, what are the largest and
smallest temperatures in the fuel element if heat is

generated uniformly at a volumetric rate of q̇  2
107 W/m3? What are the corresponding locations?
(b) If the insulation is removed and equivalent convection conditions are maintained at each surface, what
is the corresponding form of the temperature distribution in the fuel element? For the conditions of part
(a), what are the largest and smallest temperatures in
the fuel? What are the corresponding locations?
(c) For the conditions of parts (a) and (b), plot the temperature distributions in the fuel element.

3.79 The air inside a chamber at T,i  50°C is heated convectively with hi  20 W/m2  K by a 200-mm-thick wall
having a thermal conductivity of 4 W/m  K and a uniform heat generation of 1000 W/m3. To prevent any
heat generated within the wall from being lost to the
outside of the chamber at T,o  25°C with ho  5
W/m2  K, a very thin electrical strip heater is placed on
the outer wall to provide a uniform heat flux, qo.
Wall, k, q•

Strip heater, q"o
Outside chamber

Inside chamber

T∞, o, ho

T∞, i, hi
L

x

(a) Sketch the temperature distribution in the wall on
T–x coordinates for the condition where no heat
generated within the wall is lost to the outside of
the chamber.
(b) What are the temperatures at the wall boundaries,
T(0) and T(L), for the conditions of part (a)?
(c) Determine the value of qo that must be supplied by the
strip heater so that all heat generated within the wall is
transferred to the inside of the chamber.
(d) If the heat generation in the wall were switched off
while the heat flux to the strip heater remained constant, what would be the steady-state temperature,
T(0), of the outer wall surface?
3.80 In the previous problem, the strip heater acts to guard
against heat losses from the wall to the outside, and the
required heat flux qo depends on chamber operating conditions such as q̇ and T,i. As a first step in designing a
controller for the guard heater, compute and plot qo and
T(0) as a function of q̇ for 200 q̇ 2000 W/m3 and
T,i  30, 50, and 70°C.
3.81 The exposed surface (x  0) of a plane wall of thermal
conductivity k is subjected to microwave radiation that
causes volumetric heating to vary as
x
q̇(x)  q̇o 1  
L
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where q̇o (W/m3) is a constant. The boundary at x  L is
perfectly insulated, while the exposed surface is maintained at a constant temperature To. Determine the temperature distribution T(x) in terms of x, L, k, q̇o, and To.
3.82 A quartz window of thickness L serves as a viewing
port in a furnace used for annealing steel. The inner surface (x  0) of the window is irradiated with a uniform
heat flux qo due to emission from hot gases in the furnace. A fraction, , of this radiation may be assumed to
be absorbed at the inner surface, while the remaining
radiation is partially absorbed as it passes through the
quartz. The volumetric heat generation due to this absorption may be described by an expression of the form
q̇(x)  (1  )qo e

Consider a heater fabricated from wire of diameter D 
1 mm, electrical resistivity e  106   m, thermal
conductivity k  25 W/m  K, and emissivity   0.20.
The heater is designed to deliver air at a temperature of
T  50C under flow conditions that provide a convection coefficient of h  250 W/m2  K for the wire. The
temperature of the housing that encloses the wire and
through which the air flows is Tsur  50C.
Wire
(D, L, ρe, k, ε , Tmax)

Housing, Tsur
Air

x

where
is the absorption coefficient of the quartz.
Convection heat transfer occurs from the outer surface
(x  L) of the window to ambient air at T and is characterized by the convection coefficient h. Convection
and radiation emission from the inner surface may be
neglected, along with radiation emission from the outer
surface. Determine the temperature distribution in the
quartz, expressing your result in terms of the foregoing
parameters.
3.83 For the conditions described in Problem 1.44, determine the temperature distribution, T(r), in the container,
expressing your result in terms of q̇o, ro, T, h, and the
thermal conductivity k of the radioactive wastes.
3.84 A cylindrical shell of inner and outer radii, ri and ro, respectively, is filled with a heat-generating material that
provides a uniform volumetric generation rate (W/m3)
of q̇. The inner surface is insulated, while the outer surface of the shell is exposed to a fluid at T and a convection coefficient h.
(a) Obtain an expression for the steady-state temperature distribution, T(r), in the shell, expressing your
result in terms of ri, ro, q̇, h, T, and the thermal
conductivity k of the shell material.
(b) Determine an expression for the heat rate, q(ro), at
the outer radius of the shell in terms of q̇ and shell
dimensions.
3.85 Consider the solid tube of Example 3.8. Using Equation
(7) with Equation (10) in the IHT workspace, calculate
and plot the temperature distributions for a tube of inner
and outer radii, 50 mm and 100 mm, and a thermal conductivity of 5 W/m  K for volumetric generation rates
of 1 105, 5 105, and 1 106 W/m3. The inner surface is cooled by a fluid at 30C with a convection coefficient of 1000 W/m2  K.
3.86 An air heater may be fabricated by coiling Nichrome
wire and passing air in cross flow over the wire.

∆E

T ∞, h

I

If the maximum allowable temperature of the wire is
Tmax  1200C, what is the maximum allowable electric current I? If the maximum available voltage is
E  110 V, what is the corresponding length L of
wire that may be used in the heater and the power rating of the heater? Hint: In your solution, assume negligible temperature variations within the wire, but after
obtaining the desired results, assess the validity of this
assumption.
3.87 The cross section of a long cylindrical fuel element in a
nuclear reactor is shown. Energy generation occurs uniformly in the thorium fuel rod, which is of diameter
D  25 mm and is wrapped in a thin aluminum cladding.
Coolant

T∞, h

Thorium
fuel rod

D

Thin aluminum
cladding

(a) It is proposed that, under steady-state conditions,
the system operates with a generation rate of q̇ 
7 108 W/m3 and cooling system characteristics of
T  95°C and h  7000 W/m2  K. Is this proposal satisfactory?
(b) Explore the effect of variations in q̇ and h by plotting temperature distributions, T(r), for a range of
parameter values. Suggest an envelope of acceptable operating conditions.
3.88 A nuclear reactor fuel element consists of a solid
cylindrical pin of radius r1 and thermal conductivity kƒ.
The fuel pin is in good contact with a cladding material of outer radius r2 and thermal conductivity kc.
Consider steady-state conditions for which uniform
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heat generation occurs within the fuel at a volumetric
rate q̇ and the outer surface of the cladding is exposed
to a coolant that is characterized by a temperature T
and a convection coefficient h.
(a) Obtain equations for the temperature distributions
Tƒ(r) and Tc(r) in the fuel and cladding, respectively. Express your results exclusively in terms of
the foregoing variables.
(b) Consider a uranium oxide fuel pin for which kƒ  2
W/m  K and r1  6 mm and cladding for which
.
kc  25 W/m  K and r2  9 mm. If q  2
108
3
2
W/m , h  2000 W/m  K, and T  300 K, what
is the maximum temperature in the fuel element?
(c) Compute and plot the temperature distribution,
T(r), for values of h  2000, 5000, and 10,000
W/m2  K. If the operator wishes to maintain the
centerline temperature of the fuel element below
1000 K, can she do so by adjusting the coolant flow
and hence the value of h?
3.89 Consider the configuration of Example 3.8, where uniform volumetric heating within a stainless steel tube is
induced by an electric current and heat is transferred by
convection to air flowing through the tube. The tube
wall has inner and outer radii of r1  25 mm and r2 
35 mm, a thermal conductivity of k  15 W/m  K, an
electrical resistivity of e  0.7
106   m, and a
maximum allowable operating temperature of 1400 K.
(a) Assuming the outer tube surface to be perfectly insulated and the air flow to be characterized by a
temperature and convection coefficient of T,1 
400 K and h1  100 W/m2  K, determine the maximum allowable electric current I.
(b) Compute and plot the radial temperature distribution in the tube wall for the electric current of part (a)
and three values of h1 (100, 500, and 1000 W/m2  K).
For each value of h1, determine the rate of heat
transfer to the air per unit length of tube.
(c) In practice, even the best of insulating materials
would be unable to maintain adiabatic conditions at
the outer tube surface. Consider use of a refractory
insulating material of thermal conductivity k  1.0
W/m  K and neglect radiation exchange at its outer
surface. For h1  100 W/m2  K and the maximum
allowable current determined in part (a), compute
and plot the temperature distribution in the composite wall for two values of the insulation thickness
(  25 and 50 mm). The outer surface of the insulation is exposed to room air for which T, 2  300
K and h2  25 W/m2  K. For each insulation thickness, determine the rate of heat transfer per unit
tube length to the inner air flow and the ambient air.

3.90 A homeowner, whose water pipes have frozen during
a period of cold weather, decides to melt the ice by
passing an electric current I through the pipe wall. The
inner and outer radii of the wall are designated as r1
and r2, and its electrical resistance per unit length is
designated as Re (/m). The pipe is well insulated on
the outside, and during melting the ice (and water) in
the pipe remain at a constant temperature Tm associated with the melting process.
(a) Assuming that steady-state conditions are reached
shortly after application of the current, determine
the form of the steady-state temperature distribution
T(r) in the pipe wall during the melting process.
(b) Develop an expression for the time tm required to
completely melt the ice. Calculate this time for
I  100 A, Re  0.30 /m, and r1  50 mm.
3.91 A high-temperature, gas-cooled nuclear reactor consists
of a composite cylindrical wall for which a thorium fuel
element (k  57 W/m  K) is encased in graphite (k  3
W/m  K) and gaseous helium flows through an annular
coolant channel. Consider conditions for which the helium
temperature is T  600 K and the convection coefficient
at the outer surface of the graphite is h  2000 W/m2  K.
r1 = 8 mm
r2 = 11 mm

Coolant channel with
helium flow (T∞, h)
Graphite
•

r3 = 14 mm

Thorium, q

T1
T2
T3

(a) If thermal energy is uniformly generated in the fuel
element at a rate q̇  108 W/m3, what are the temperatures T1 and T2 at the inner and outer surfaces,
respectively, of the fuel element?
(b) Compute and plot the temperature distribution in
the composite wall for selected values of q̇. What
is the maximum allowable value of q̇?
3.92 A long cylindrical rod of diameter 200 mm with thermal
conductivity of 0.5 W/m  K experiences uniform volumetric heat generation of 24,000 W/m3. The rod is encapsulated by a circular sleeve having an outer diameter of
400 mm and a thermal conductivity of 4 W/m  K. The
outer surface of the sleeve is exposed to cross flow of air
at 27°C with a convection coefficient of 25 W/m2  K.
(a) Find the temperature at the interface between the
rod and sleeve and on the outer surface.
(b) What is the temperature at the center of the rod?
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3.93 A radioactive material of thermal conductivity k is cast
as a solid sphere of radius ro and placed in a liquid bath
for which the temperature T and convection coefficient
h are known. Heat is uniformly generated within the
solid at a volumetric rate of q̇. Obtain the steady-state
radial temperature distribution in the solid, expressing
your result in terms of ro, q̇, k, h, and T.
3.94 Radioactive wastes are packed in a thin-walled spherical
container. The wastes generate thermal energy nonuniformly according to the relation q̇  q˙o[1  (r/ro)2],
where q̇ is the local rate of energy generation per unit
volume, q̇o is a constant, and ro is the radius of the container. Steady-state conditions are maintained by submerging the container in a liquid that is at T and provides a uniform convection coefficient h.

ro

Coolant
T∞, h

q• = q• o [1 – (r/ro)2]

Determine the temperature distribution, T(r), in the container. Express your result in terms of q̇o, ro, T, h, and
the thermal conductivity k of the radioactive wastes.
3.95 Radioactive wastes (krw  20 W/m  K) are stored in a
spherical, stainless steel (kss  15 W/m  K) container of
inner and outer radii equal to ri  0.5 m and ro  0.6 m.
Heat is generated volumetrically within the wastes at a
uniform rate of q̇  105 W/m3, and the outer surface of
the container is exposed to a water flow for which h 
1000 W/m2  K and T  25°C.

(d) A proposed extension of the foregoing design involves storing waste materials having the same
thermal conductivity but twice the heat generation
(q̇  2 105 W/m3) in a stainless steel container of
equivalent inner radius (ri  0.5 m). Safety considerations dictate that the maximum system temperature not exceed 475°C and that the container wall
thickness be no less than t  0.04 m and preferably
at or close to the original design (t  0.1 m). Assess
the effect of varying the outside convection coefficient to a maximum achievable value of h  5000
W/m2  K (by increasing the water velocity) and the
container wall thickness. Is the proposed extension
feasible? If so, recommend suitable operating and
design conditions for h and t, respectively.
3.96 Unique characteristics of biologically active materials
such as fruits, vegetables, and other products require special care in handling. Following harvest and separation
from producing plants, glucose is catabolized to produce
carbon dioxide, water vapor, and heat, with attendant internal energy generation. Consider a carton of apples,
each of 80-mm diameter, which is ventilated with air at
5°C and a velocity of 0.5 m/s. The corresponding value of
the heat transfer coefficient is 7.5 W/m2  K. Within each
apple thermal energy is uniformly generated at a total rate
of 4000 J/kg  day. The density and thermal conductivity
of the apple are 840 kg/m3 and 0.5 W/m  K, respectively.
Apple, 80 mm
diameter

Water
T∞, h

ri

Radioactive wastes,
krw, q•
Stainless steel,

ro

Air

T∞ = 5°C

kss

(a) Determine the
temperatures.
Ts, o

Ts, i

(a) Evaluate the steady-state outer surface temperature, Ts,o.
(b) Evaluate the steady-state inner surface temperature, Ts,i.
(c) Obtain an expression for the temperature distribution, T(r), in the radioactive wastes. Express your
result in terms of ri, Ts,i, krw, and q̇. Evaluate the
temperature at r  0.

apple

center

and

surface

(b) For the stacked arrangement of apples within the
crate, the convection coefficient depends on the
velocity as h  C1V 0.425, where C1  10.1 W/m2 
K  (m/s)0.425. Compute and plot the center and
surface temperatures as a function of the air velocity for 0.1 V 1 m/s.
3.97 Consider the plane wall, long cylinder, and sphere
shown schematically, each with the same characteristic
length a, thermal conductivity k, and uniform volumetric energy generation rate q̇.
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Cover
plate

•

q, k

Evacuated
space

q, k
q"rad

Absorber
plate

r=a
a

x

a

x
Water

(a) On the same graph, plot the steady-state dimensionless temperature, [T(x or r)  T(a)]/[(q̇a2)/2k],
versus the dimensionless characteristic length, x/a
or r/a, for each shape.
(b) Which shape has the smallest temperature difference between the center and the surface? Explain
this behavior by comparing the ratio of the volumeto-surface area.
(c) Which shape would be preferred for use as a nuclear fuel element? Explain why.

Extended Surfaces
3.98 The radiation heat gage shown in the diagram is made
from constantan metal foil, which is coated black and is in
the form of a circular disk of radius R and thickness t. The
gage is located in an evacuated enclosure. The incident radiation flux absorbed by the foil, qi, diffuses toward the
outer circumference and into the larger copper ring, which
acts as a heat sink at the constant temperature T(R). Two
copper lead wires are attached to the center of the foil and
to the ring to complete a thermocouple circuit that allows
for measurement of the temperature difference between
the foil center and the foil edge, T  T(0)  T(R).

q"i

t

Tw
L

Insulation

The aluminum alloy (2024-T6) absorber plate is 6 mm
thick and well insulated on its bottom. The top surface
of the plate is separated from a transparent cover plate
by an evacuated space. The tubes are spaced a distance
L of 0.20 m from each other, and water is circulated
through the tubes to remove the collected energy. The
water may be assumed to be at a uniform temperature
of Tw  60°C. Under steady-state operating conditions
for which the net radiation heat flux to the surface is
qrad  800 W/m2, what is the maximum temperature on
the plate and the heat transfer rate per unit length of
tube? Note that qrad represents the net effect of solar radiation absorption by the absorber plate and radiation
exchange between the absorber and cover plates. You
may assume the temperature of the absorber plate directly above a tube to be equal to that of the water.
3.100 Copper tubing is joined to a solar collector plate of
thickness t, and the working fluid maintains the temperature of the plate above the tubes at To. There is a
uniform net radiation heat flux qrad to the top surface
of the plate, while the bottom surface is well insulated.
The top surface is also exposed to a fluid at T that
provides for a uniform convection coefficient h.

Evacuated
enclosure

Air

T∞, h

R
Foil

T(0)

q"rad
To

T(R)

To
Absorber plate

Copper
ring

t
Working fluid
Copper
wires

Obtain the differential equation that determines T(r), the
temperature distribution in the foil, under steady-state
conditions. Solve this equation to obtain an expression
relating T to qi. You may neglect radiation exchange
between the foil and its surroundings.
3.99 Copper tubing is joined to the absorber of a flat-plate
solar collector as shown.

Working fluid

x
2L

(a) Derive the differential equation that governs the
temperature distribution T(x) in the plate.
(b) Obtain a solution to the differential equation for
appropriate boundary conditions.
3.101 A thin flat plate of length L, thickness t, and width
W  L is thermally joined to two large heat sinks that
are maintained at a temperature To. The bottom of the
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plate is well insulated, while the net heat flux to the
top surface of the plate is known to have a uniform
value of qo.

long in the direction normal to the page. Assume the
edges of the metal strip are at the air temperature (T).
Laser source, q"o
Plastic film

T∞, h

L
x
Heat
sink

Metal strip

q"o

To

d

w1

Heat
sink

w2

To
x

t

T∞, h

(a) Derive the differential equation that determines
the steady-state temperature distribution T(x) in
the plate.
(b) Solve the foregoing equation for the temperature
distribution, and obtain an expression for the rate
of heat transfer from the plate to the heat sinks.
3.102 Consider the flat plate of Problem 3.101, but with the
heat sinks at different temperatures, T(0)  To and
T(L)  TL, and with the bottom surface no longer insulated. Convection heat transfer is now allowed to
occur between this surface and a fluid at T, with a
convection coefficient h.
(a) Derive the differential equation that determines
the steady-state temperature distribution T(x) in
the plate.
(b) Solve the foregoing equation for the temperature
distribution, and obtain an expression for the rate
of heat transfer from the plate to the heat sinks.
(c) For qo  20,000 W/m2, To  100°C, TL  35°C,
T  25°C, k  25 W/m  K, h  50 W/m2  K,
L  100 mm, t  5 mm, and a plate width of W 
30 mm, plot the temperature distribution and determine the sink heat rates, qx(0) and qx(L). On the
same graph, plot three additional temperature distributions corresponding to changes in the following
parameters, with the remaining parameters unchanged: (i) qo  30,000 W/m2, (ii) h  200 W/m2 
K, and (iii) the value of qo for which qx(0)  0
when h  200 W/m2  K.
3.103 A bonding operation utilizes a laser to provide a constant heat flux, qo, across the top surface of a thin
adhesive-backed, plastic film to be affixed to a metal
strip as shown in the sketch. The metal strip has a thickness d  1.25 mm and its width is large relative to that
of the film. The thermophysical properties of the strip
are   7850 kg/m3, cp  435 J/kg  K, and k  60
W/m  K. The thermal resistance of the plastic film of
width w1  40 mm is negligible. The upper and lower
surfaces of the strip (including the plastic film) experience convection with air at 25°C and a convection coefficient of 10 W/m2  K. The strip and film are very

(a) Derive an expression for the temperature distribution in the portion of the steel strip with the plastic
film (w1/2 x w1/2).
(b) If the heat flux provided by the laser is 10,000
W/m2, determine the temperature of the plastic film
at the center (x  0) and its edges (x  w1/2).
(c) Plot the temperature distribution for the entire
strip and point out its special features.
3.104 A thin metallic wire of thermal conductivity k, diameter D, and length 2L is annealed by passing an electrical current through the wire to induce a uniform volumetric heat generation q̇. The ambient air around the
wire is at a temperature T, while the ends of the wire
at x  L are also maintained at T. Heat transfer
from the wire to the air is characterized by the convection coefficient h. Obtain an expression for the steadystate temperature distribution T(x) along the wire.
3.105 A motor draws electric power Pelec from a supply line
and delivers mechanical power Pmech to a pump
through a rotating copper shaft of thermal conductivity
ks, length L, and diameter D. The motor is mounted on
a square pad of width W, thickness t, and thermal conductivity kp. The surface of the housing exposed to
ambient air at T is of area Ah, and the corresponding
convection coefficient is hh. Opposite ends of the shaft
are at temperatures of Th and T, and heat transfer from
the shaft to the ambient air is characterized by the convection coefficient hs. The base of the pad is at T.
T∞, hh

Motor housing, Th, Ah

T∞, hs

T∞

Electric
motor

Pelec

Pump

D
Th

L

t

Pad, kp

W
T∞

Shaft, ks, Pmech
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(a) Expressing your result in terms of Pelec, Pmech, ks,
L, D, W, t, kp, Ah, hh, and hs, obtain an expression
for (Th  T).

base of the bead is attached to the cylinder head
operating at 385C, and there is a thermal resistance
between the bead and the cylinder head due to the constriction of heat flow from the head to the bead. This
constriction resistance may be expressed as Rcon 
1/(2khead Dsol). The TC wire leads are very long and experience heat loss to the winter air at 10C with a
convection coefficient of 100 W/m2  K. Values of
other geometrical and thermal parameters are shown
on the schematic.

(b) What is the value of Th if Pelec  25 kW, Pmech 
15 kW, ks  400 W/m  K, L  0.5 m, D  0.05 m,
W  0.7 m, t  0.05 m, kp  0.5 W/m  K, Ah  2
m2, hh  10 W/m2  K, hs  300 W/m2  K, and
T  25°C?
3.106 Consider the fuel cell stack of Problem 1.58. The t 
0.42 mm thick membranes have a nominal thermal conductivity of k  0.79 W/m  K that can be increased to
keff,x  15.1 W/m  K by loading 10%, by volume, carbon nanotubes into the catalyst layers (see Problem
3.12). The membrane experiences uniform volumetric
energy generation at a rate of q̇  10 106 W/m3. Air at
Ta  80C provides a convection coefficient of ha  35
W/m2  K on one side of the membrane, while hydrogen
at Th  80C, hh  235 W/m2  K flows on the opposite
side of the membrane. The flow channels are 2L  3 mm
wide. The membrane is clamped between bipolar plates,
each of which is at a temperature Tbp  80C.

Winter air conditions,

T∞ = –10°C, h = 100 W/m2•K

Very long TC wires,
Dw = 3 mm
kw = 70 W/m•K

Lsol = 10 mm

Cylinder head,
Thead = 385°C
khead = 40 W/m•K

(b) Obtain a solution to the differential equation, assuming the membrane is at the bipolar plate temperature at x  0 and x  2L.

The objective of this problem is to develop a thermal
model that can be used to determine the temperature
difference (T1  T2) between the two intermediatemetal TC junctions. Assume that the solder bead does
not experience any heat loss from its lateral surface.

(c) Plot the temperature distribution T(x) from x  0
to x  L for carbon nanotube loadings of 0% and
10% by volume. Comment on the ability of the
carbon nanotubes to keep the membrane below its
softening temperature of 85C.

(a) Sketch a thermal circuit of the installation, labeling temperatures, thermal resistances, and heat
rates. Write expressions for each of the thermal
resistances and calculate their values.

Membrane

(b) Use your thermal circuit to evaluate (T1T2) for
the prescribed conditions. Comment on the assumptions made in building your model.

t

3.108 Consider a rod of diameter D, thermal conductivity k,
and length 2L that is perfectly insulated over one portion of its length, L x 0, and experiences convection with a fluid (T, h) over the other portion, 0
x L. One end is maintained at T1, while the other
is separated from a heat sink at T3 by an interfacial
.
thermal contact resistance R t,c

2L
Th , hh

T2
T1

(a) Derive the differential equation that governs the
temperature distribution T(x) in the membrane.

Hydrogen

Solder bead,
Dsol = 6 mm
ksol = 10 W/m•K

Air

Ta , ha

x

Insulation
Bipolar
plate, Tbp

3.107 The thermocouple (TC) installation on a snowmobile
engine cylinder head is shown in the schematic. The
TC wire leads are attached to the upper and lower
surfaces of the cylindrically shaped solder bead. The

R"t,c = 4 × 10–4 m2•K/W
T2

T1

–L

Rod
0
D = 5 mm
L = 50 mm
k = 100 W/m•K

T3

x
+L
T∞ = 20°C
h = 500 W/m2•K
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temperature, T, i, is to be determined. The convection
coefficients over the immersion and ambient-exposed
lengths are hi  1100 W/m2  K and ho  10 W/m2  K,
respectively. The probe has a thermal conductivity of
177 W/m  K and is in poor thermal contact with the
duct wall.

(a) Sketch the temperature distribution on Tx coordinates and identify its key features. Assume that
T1 T3 T.
(b) Derive an expression for the midpoint temperature T2 in terms of the thermal and geometric parameters of the system.
(c) For T1  200C, T3  100C, and the conditions
provided in the schematic, calculate T2 and plot
the temperature distribution. Describe key features of the distribution and compare it to your
sketch of part (a).
3.109 One method that is used to grow nanowires (nanotubes
with solid cores) is to initially deposit a small droplet
of a liquid catalyst onto a flat surface. The surface and
catalyst are heated and simultaneously exposed to a
higher-temperature, low-pressure gas that contains a
mixture of chemical species from which the nanowire
is to be formed. The catalytic liquid slowly absorbs the
species from the gas through its top surface and converts these to a solid material that is deposited onto the
underlying liquid-solid interface, resulting in construction of the nanowire. The liquid catalyst remains suspended at the tip of the nanowire.
Consider the growth of a 15-nm-diameter silicon
carbide nanowire onto a silicon carbide surface. The
surface is maintained at a temperature of Ts  2400 K,
and the particular liquid catalyst that is used must be
maintained in the range 2400 K
Tc
3000 K in
order to perform its function. Determine the maximum
length of a nanowire that may be grown for conditions
characterized by h  105 W/m2  K and T  8000 K.
Assume properties of the nanowire are the same as for
bulk silicon carbide.
Gas absorption

Solid deposition

h, T∞

Nanowire

Liquid catalyst

Duct wall

Ambient air

Water

T∞,o, ho

T∞,i, hi

Sensor, Ttip
Leads

D

Lo

Li
L

(a) Derive an expression for evaluating the measurement error, Terr  Ttip  T,i, which is the difference between the tip temperature, Ttip, and the
water temperature, T,i. Hint: Define a coordinate
system with the origin at the duct wall and treat
the probe as two fins extending inward and outward from the duct, but having the same base
temperature. Use Case A results from Table 3.4.
(b) With the water and ambient air temperatures at 80
and 20°C, respectively, calculate the measurement
error, Terr, as a function of immersion length for
the conditions Li/L  0.225, 0.425, and 0.625.
(c) Compute and plot the effects of probe thermal
conductivity and water velocity (hi) on the measurement error.
3.111 A rod of diameter D  25 mm and thermal conductivity k  60 W/m  K protrudes normally from a furnace
wall that is at Tw  200°C and is covered by insulation
of thickness Lins  200 mm. The rod is welded to the
furnace wall and is used as a hanger for supporting instrumentation cables. To avoid damaging the cables, the
temperature of the rod at its exposed surface, To, must
be maintained below a specified operating limit of
Tmax  100°C. The ambient air temperature is T 
25°C, and the convection coefficient is h  15 W/m2  K.
Air

T∞, h

Tw
Initial time

Intermediate time

Maximum length

3.110 A probe of overall length L  200 mm and diameter
D  12.5 mm is inserted through a duct wall such that
a portion of its length, referred to as the immersion
length Li, is in contact with the water stream whose

D

To

Hot furnace
wall

Insulation

Lins

Lo
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(a) Derive an expression for the exposed surface temperature To as a function of the prescribed thermal
and geometrical parameters. The rod has an exposed
length Lo, and its tip is well insulated.
(b) Will a rod with Lo  200 mm meet the specified
operating limit? If not, what design parameters
would you change? Consider another material,
increasing the thickness of the insulation, and increasing the rod length. Also, consider how you
might attach the base of the rod to the furnace
wall as a means to reduce To.
3.112 A metal rod of length 2L, diameter D, and thermal
conductivity k is inserted into a perfectly insulating
wall, exposing one-half of its length to an air stream
that is of temperature T and provides a convection coefficient h at the surface of the rod. An electromagnetic field induces volumetric energy generation at
a uniform rate q̇ within the embedded portion of the rod.

(a) Calculate the steady-state temperature To of the rod
at the midpoint of the heated portion in the coil.
(b) Calculate the temperature of the rod Tb at the edge
of the heated portion.
3.114 From Problem 1.71, consider the wire leads connecting
the transistor to the circuit board. The leads are of thermal conductivity k, thickness t, width w, and length L.
One end of a lead is maintained at a temperature Tc corresponding to the transistor case, while the other end
assumes the temperature Tb of the circuit board. During
steady-state operation, current flow through the leads
provides for uniform volumetric heating in the amount
q̇, while there is convection cooling to air that is at T
and maintains a convection coefficient h.

Air

T∞ = 20°C
h = 100 W/m2•K

Tb

To

Transistor
case(Tc)
Wire
lead(k)

T∞, h
x

Rod, D, k

Circuit
board(Tb)

•

q
L

t

L
x

(a) Derive an equation from which the temperature
distribution in a wire lead may be determined.
List all pertinent assumptions.

(a) Derive an expression for the steady-state temperature Tb at the base of the exposed half of the rod.
The exposed region may be approximated as a
very long fin.

(b) Determine the temperature distribution in a wire
lead, expressing your results in terms of the prescribed variables.

(b) Derive an expression for the steady-state temperature To at the end of the embedded half of the rod.
(c) Using numerical values provided in the schematic,
plot the temperature distribution in the rod and describe key features of the distribution. Does the rod
behave as a very long fin?
3.113 A very long rod of 5-mm diameter and uniform thermal
conductivity k  25 W/m  K is subjected to a heat
treatment process. The center, 30-mm-long portion of
the rod within the induction heating coil experiences
uniform volumetric heat generation of 7.5 106 W/m3.
Induction heating coil

To

3.115 A disk-shaped electronic device of thickness Ld, diameter D, and thermal conductivity kd dissipates electrical
power at a steady rate Pe along one of its surfaces. The
device is bonded to a cooled base at To using a thermal
pad of thickness Lp and thermal conductivity kp. A long
fin of diameter D and thermal conductivity kf is bonded
to the heat-generating surface of the device using an
identical thermal pad. The fin is cooled by an air stream,
which is at a temperature T and provides a convection
coefficient h.

Tb

Air

Lp
•

Region experiencing q

30 mm

w

Gap

L = 50 mm
D = 5 mm
k = 25 W/m•K
•
q = 1 × 106 W/m3

Very long rod,
5-mm dia.

The unheated portions of the rod, which protrude from
the heating coil on either side, experience convection
with the ambient air at T  20C and h  10 W/m2  K.
Assume that there is no convection from the surface of
the rod within the coil.

Ld

Lp

T∞ = 15°C
h = 250 W/m2•K

Heat generating surface,
Pe = 15 W, Td

Device:
Ld = 3 mm
kd = 25 W/m•K
Pads:

To = 20°C

Lp = 1.5 mm
kp = 50 W/m•K
Device, kd
Thermal pads, kp

Long fin,
D, kf

Fin:

D = 6 mm
kf = 230 W/m•K
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(a) Construct a thermal circuit of the system.
(b) Derive an expression for the temperature Td of the
heat-generating surface of the device in terms of
the circuit thermal resistances, To and T. Express
the thermal resistances in terms of appropriate
parameters.

t
r2
T1

ω
F

τ

(c) Calculate Td for the prescribed conditions.

Disk interface,
friction coefficient, µ

3.116 Turbine blades mounted to a rotating disc in a gas
turbine engine are exposed to a gas stream that is at
T  1200°C and maintains a convection coefficient
of h  250 W/m2  K over the blade.

(a) Obtain an expression that may be used to evaluate
 from known quantities.
(b) For the region r1 r r2, determine the radial
temperature distribution, T(r), in the disk, where
T(r1)  T1 is presumed to be known.
(c) Consider test conditions for which F  200 N,
 40 rad/s,   8 N  m, and T1  80°C. Evaluate the friction coefficient and the maximum disk
temperature.

Blade tip

L

Gas stream

T∞, h
x

Tb
Rotating
disk

r1

3.118 Consider an extended surface of rectangular cross section with heat flow in the longitudinal direction.

Air coolant

Tb

T∞, h

Ts (x)
2t

t
y

The blades, which are fabricated from Inconel,
k  20 W/m  K, have a length of L  50 mm. The
blade profile has a uniform cross-sectional area of
Ac  6 104 m2 and a perimeter of P  110 mm. A
proposed blade-cooling scheme, which involves routing air through the supporting disc, is able to maintain
the base of each blade at a temperature of Tb  300°C.
(a) If the maximum allowable blade temperature is
1050°C and the blade tip may be assumed to be adiabatic, is the proposed cooling scheme satisfactory?
(b) For the proposed cooling scheme, what is the rate
at which heat is transferred from each blade to the
coolant?
3.117 In a test to determine the friction coefficient, , associated with a disk brake, one disk and its shaft are rotated at a constant angular velocity , while an equivalent disk/shaft assembly is stationary. Each disk has an
outer radius of r2  180 mm, a shaft radius of r1 
20 mm, a thickness of t  12 mm, and a thermal conductivity of k  15 W/m  K. A known force F is applied
to the system, and the corresponding torque  required
to maintain rotation is measured. The disk contact
pressure may be assumed to be uniform (i.e., independent of location on the interface), and the disks may be
assumed to be well insulated from the surroundings.

To (x)

x
x

In this problem we seek to determine conditions for
which the transverse (y-direction) temperature difference within the extended surface is negligible compared to the temperature difference between the surface
and the environment, such that the one-dimensional
analysis of Section 3.6.1 is valid.
(a) Assume that the transverse temperature distribution is parabolic and of the form



T(y)  To(x)
y
 t
Ts(x)  To(x)

2

where Ts(x) is the surface temperature and To(x)
is the centerline temperature at any x-location.
Using Fourier’s law, write an expression for the
conduction heat flux at the surface, qy(t), in terms
of Ts and To.
(b) Write an expression for the convection heat flux
at the surface for the x-location. Equating the two
expressions for the heat flux by conduction and
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convection, identify the parameter that determines
the ratio (To  Ts)/(Ts  T).
(c) From the foregoing analysis, develop a criterion
for establishing the validity of the one-dimensional
assumption used to model an extended surface.

Simple Fins
3.119 A long, circular aluminum rod is attached at one end
to a heated wall and transfers heat by convection to a
cold fluid.
(a) If the diameter of the rod is tripled, by how much
would the rate of heat removal change?
(b) If a copper rod of the same diameter is used in
place of the aluminum, by how much would the
rate of heat removal change?
3.120 A brass rod 100 mm long and 5 mm in diameter extends horizontally from a casting at 200°C. The rod is
in an air environment with T  20°C and h  30
W/m2  K. What is the temperature of the rod 25, 50,
and 100 mm from the casting?
3.121 The extent to which the tip condition affects the thermal performance of a fin depends on the fin geometry
and thermal conductivity, as well as the convection
coefficient. Consider an alloyed aluminum (k 
180 W/m  K) rectangular fin of length L  10 mm,
thickness t  1 mm, and width w  t. The base temperature of the fin is Tb  l00C, and the fin is exposed
to a fluid of temperature T  25C.
(a) Assuming a uniform convection coefficient of h 
100 W/m2  K over the entire fin surface, determine the fin heat transfer rate per unit width qf , efficiency f , effectiveness f , thermal resistance per
unit width Rt, f , and the tip temperature T(L) for
Cases A and B of Table 3.4. Contrast your results
with those based on an infinite fin approximation.
(b) Explore the effect of variations in the convection
coefficient on the heat rate for 10 h 1000
W/m2  K. Also consider the effect of such variations for a stainless steel fin (k  15 W/m  K).
3.122 The extent to which the tip condition affects the thermal performance of a fin depends on the fin geometry
and thermal conductivity, as well as the convection
coefficient. Consider an alloyed aluminum (k 
180 W/m  K) rectangular fin whose base temperature
is Tb  100C. The fin is exposed to a fluid of temperature T  25C, and a uniform convection coefficient of
h  100 W/m2  K may be assumed for the fin surface.
(a) For a fin of length L  10 mm, thickness t  1
mm, and width w  t, determine the fin heat

193
transfer rate per unit width q f , efficiency f , effectiveness f, thermal resistance per unit width R t, f ,
and tip temperature T(L) for Cases A and B of
Table 3.4. Contrast your results with those based
on an infinite fin approximation.
(b) Explore the effect of variations in L on the heat
rate for 3 L 50 mm. Also consider the effect
of such variations for a stainless steel fin (k 
15 W/m  K).
3.123 A straight fin fabricated from 2024 aluminum alloy
(k  185 W/m  K) has a base thickness of t  3 mm
and a length of L  15 mm. Its base temperature is
Tb  100C, and it is exposed to a fluid for which
T  20C and h  50 W/m2  K. For the foregoing
conditions and a fin of unit width, compare the fin heat
rate, efficiency, and volume for rectangular, triangular,
and parabolic profiles.
3.124 Two long copper rods of diameter D  10 mm are soldered together end to end, with solder having a melting point of 650°C. The rods are in air at 25°C with a
convection coefficient of 10 W/m2  K. What is the
minimum power input needed to effect the soldering?
3.125 Circular copper rods of diameter D  1 mm and
length L  25 mm are used to enhance heat transfer
from a surface that is maintained at Ts,1  100°C. One
end of the rod is attached to this surface (at x  0),
while the other end (x  25 mm) is joined to a second
surface, which is maintained at Ts,2  0°C. Air flowing
between the surfaces (and over the rods) is also at a
temperature of T  0°C, and a convection coefficient
of h  100 W/m2  K is maintained.
(a) What is the rate of heat transfer by convection
from a single copper rod to the air?
(b) What is the total rate of heat transfer from a 1-m
by 1-m section of the surface at 100°C, if a bundle
of the rods is installed on 4-mm centers?
3.126 During the initial stages of the growth of the nanowire
of Problem 3.109, a slight perturbation of the liquid
catalyst droplet can cause it to be suspended on the top
of the nanowire in an off-center position. The resulting
nonuniform deposition of solid at the solid-liquid interface can be manipulated to form engineered shapes
such as a nanospring, that is characterized by a spring
radius, r, spring pitch, s, overall chord length, Lc (length
running along the spring), and end-to-end length, L,
as shown in the sketch. Consider a silicon carbide
nanospring of diameter D  15 nm, r  30 nm, s 
25 nm, and Lc  425 nm. From experiments, it is known
that the average spring pitch s varies with average temperature T by the relation d s / d T  0.1 nm/K. Using
this information, a student suggests that a nanoactuator
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can be constructed by connecting one end of the
nanospring to a small heater and raising the temperature
of that end of the nanospring above its initial value.
Calculate the actuation distance, L, for conditions
where h  106 W/m2  K, T  Ti  25C, with a base
temperature of Tb  50C. If the base temperature can
be controlled to within 1C, calculate the accuracy to
which the actuation distance can be controlled. Hint:
Assume the spring radius does not change when the
spring is heated. The overall spring length may be approximated by the formula,
L

s
2

Lc
r 2  (s/2)2
L

x

Tb

•
D

(d) Plot the fin heat transfer rate over the range 0
h 1000 W/m2  K for the adiabatic tip case and
the prescribed tip temperature case. For the prescribed tip temperature case, what would the calculated fin heat transfer rate be if Equation 3.73 were
used to determine qf rather than Equation 3.71?
3.129 An experimental arrangement for measuring the thermal conductivity of solid materials involves the use of
two long rods that are equivalent in every respect, except that one is fabricated from a standard material of
known thermal conductivity kA while the other is fabricated from the material whose thermal conductivity
kB is desired. Both rods are attached at one end to a
heat source of fixed temperature Tb, are exposed to a
fluid of temperature T, and are instrumented with
thermocouples to measure the temperature at a fixed
distance x1 from the heat source. If the standard material is aluminum, with kA  200 W/m  K, and measurements reveal values of TA  75°C and TB  60°C
at x1 for Tb  100°C and T  25°C, what is the thermal conductivity kB of the test material?

s

Fin Systems and Arrays
T∞, h

3.127 Consider two long, slender rods of the same diameter
but different materials. One end of each rod is attached
to a base surface maintained at 100°C, while the surfaces of the rods are exposed to ambient air at 20°C.
By traversing the length of each rod with a thermocouple, it was observed that the temperatures of the rods
were equal at the positions xA  0.15 m and xB 
0.075 m, where x is measured from the base surface. If
the thermal conductivity of rod A is known to be kA 
70 W/m  K, determine the value of kB for rod B.
3.128 A 40-mm-long, 2-mm-diameter pin fin is fabricated of
an aluminum alloy (k  140 W/m2  K).
(a) Determine the fin heat transfer rate for Tb  50C,
T  25C, h  1000 W/m2  K, and an adiabatic
tip condition.

3.130 Finned passages are frequently formed between parallel plates to enhance convection heat transfer in compact heat exchanger cores. An important application is
in electronic equipment cooling, where one or more
air-cooled stacks are placed between heat-dissipating
electrical components. Consider a single stack of rectangular fins of length L and thickness t, with convection conditions corresponding to h and T.
200 mm
100 mm

14 mm

To

x

L

Air
T∞, h

TL

(b) An engineer suggests that by holding the fin tip at
a low temperature, the fin heat transfer rate can be
increased. For T(x  L)  0C, determine the new
fin heat transfer rate. Other conditions are as in
part (a).

(a) Obtain expressions for the fin heat transfer rates,
qƒ,o and qƒ,L, in terms of the base temperatures, To
and TL.

(c) Plot the temperature distribution, T(x), over the
range 0
x
L for the adiabatic tip case and
the prescribed tip temperature case. Also show the
ambient temperature in your graph. Discuss relevant features of the temperature distribution.

(b) In a specific application, a stack that is 200 mm
wide and 100 mm deep contains 50 fins, each of
length L  12 mm. The entire stack is made from
aluminum, which is everywhere 1.0 mm thick. If
temperature limitations associated with electrical
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(a) Consider limitations for which the array has N 
11 fins, in which case values of the fin thickness
t  0.182 mm and pitch S  1.982 mm are obtained
from the requirements that W  (N  1)S  t and
S  t  1.8 mm. If the maximum allowable chip
temperature is Tc  85C, what is the corresponding value of the chip power qc? An adiabatic fin tip
condition may be assumed, and air flow along the
outer surfaces of the heat sink may be assumed to
provide a convection coefficient equivalent to that
associated with air flow through the channels.

components joined to opposite plates dictate maximum allowable plate temperatures of To  400 K
and TL  350 K, what are the corresponding maximum power dissipations if h  150 W/m2  K
and T  300 K?
3.131 The fin array of Problem 3.130 is commonly found in
compact heat exchangers, whose function is to provide a large surface area per unit volume in transferring heat from one fluid to another. Consider conditions for which the second fluid maintains equivalent
temperatures at the parallel plates, To  TL, thereby establishing symmetry about the midplane of the fin
array. The heat exchanger is 1 m long in the direction
of the flow of air (first fluid) and 1 m wide in a direction normal to both the air flow and the fin surfaces.
The length of the fin passages between adjoining parallel plates is L  8 mm, while the fin thermal conductivity and convection coefficient are k  200 W/m  K
(aluminum) and h  150 W/m2  K, respectively.
(a) If the fin thickness and pitch are t  1 mm and S 
4 mm, respectively, what is the value of the thermal
resistance Rt,o for a one-half section of the fin array?
(b) Subject to the constraints that the fin thickness
and pitch may not be less than 0.5 and 3 mm, respectively, assess the effect of changes in t and S.
3.132 An isothermal silicon chip of width W  20 mm on a
side is soldered to an aluminum heat sink (k 
180 W/m  K) of equivalent width. The heat sink has a
base thickness of Lb  3 mm and an array of rectangular fins, each of length Lf  15 mm. Air flow at T 
20C is maintained through channels formed by the
fins and a cover plate, and for a convection coefficient
of h  100 W/m2  K, a minimum fin spacing of
1.8 mm is dictated by limitations on the flow pressure
drop. The solder joint has a thermal resistance of
Rt, c  2 106 m2  K/W.
Chip, Tc, qc

(b) With (S  t) and h fixed at 1.8 mm and 100 W/m2 
K, respectively, explore the effect of increasing
the fin thickness by reducing the number of fins.
With N  11 and S  t fixed at 1.8 mm, but relaxation of the constraint on the pressure drop, explore the effect of increasing the air flow, and
hence the convection coefficient.
3.133 As seen in Problem 3.109, silicon carbide nanowires of
diameter D  15 nm can be grown onto a solid silicon
carbide surface by carefully depositing droplets of catalyst liquid onto a flat silicon carbide substrate. Silicon
carbide nanowires grow upward from the deposited
drops, and if the drops are deposited in a pattern, an
array of nanowire fins can be grown, forming a silicon
carbide nano-heat sink. Consider finned and unfinned
electronics packages in which an extremely small, 10
m 10 m electronics device is sandwiched between
two d  100 nm thick silicon carbide sheets. In both
cases, the coolant is a dielectric liquid at 20C. A heat
transfer coefficient of h  1 105 W/m2  K exists on
the top and bottom of the unfinned package and on all
surfaces of the exposed silicon carbide fins, which are
each L  300 nm long. Each nano-heat sink includes a
200 200 array of nanofins. Determine the maximum
allowable heat rate that can be generated by the electronic device so that its temperature is maintained at
Tt 85C for the unfinned and finned packages.

Solder, R"t ,c

W

T∞, h

Heat sink, k
Cover plate

D

T∞, h
Tt

d

L

Lb
t

W = 10 m

Lf

S

T∞, h
T∞, h

Air

T∞, h

Unfinned

Nano-finned
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3.134 As more and more components are placed on a single
integrated circuit (chip), the amount of heat that is dissipated continues to increase. However, this increase
is limited by the maximum allowable chip operating
temperature, which is approximately 75°C. To maximize heat dissipation, it is proposed that a 4 4 array
of copper pin fins be metallurgically joined to the outer
surface of a square chip that is 12.7 mm on a side.
Top view

Pin fins, Dp

option is to use a heat sink consisting of an array of
square fins of width w on a side. The spacing between
adjoining fins would be determined by the width of the
sawblade, with the sum of this spacing and the fin
width designated as the fin pitch S. The method by
which the heat sink is joined to the chip would determine the interfacial contact resistance, Rt,c.
Wc

Sideview

T∞,o, ho

Lp

W

Heat sink
Top View

Chip,
qc, Tc

Chip

T∞, h

Lb
W = 12.7 mm

Contact
resistance,
R"t, c /Ac

Air

T∞,i, hi

w
Square fins

Board, kb

(a) Sketch the equivalent thermal circuit for the pin–
chip–board assembly, assuming one-dimensional,
steady-state conditions and negligible contact resistance between the pins and the chip. In variable
form, label appropriate resistances, temperatures,
and heat rates.
(b) For the conditions prescribed in Problem 3.27,
what is the maximum rate at which heat can be
dissipated in the chip when the pins are in place?
That is, what is the value of qc for Tc  75°C? The
pin diameter and length are Dp  1.5 mm and
Lp  15 mm.
3.135 In Problem 3.134, the prescribed value of ho  1000
W/m2  K is large and characteristic of liquid cooling.
In practice it would be far more preferable to use air
cooling, for which a reasonable upper limit to the convection coefficient would be ho  250 W/m2  K. Assess the effect of changes in the pin fin geometry on
the chip heat rate if the remaining conditions of Problem 3.134, including a maximum allowable chip temperature of 75°C, remain in effect. Parametric variations that may be considered include the total number
of pins, N, in the square array, the pin diameter Dp,
and the pin length Lp. However, the product N1/2Dp
should not exceed 9 mm to ensure adequate air flow
passage through the array. Recommend a design that
enhances chip cooling.
3.136 As a means of enhancing heat transfer from highperformance logic chips, it is common to attach a heat
sink to the chip surface in order to increase the surface
area available for convection heat transfer. Because of
the ease with which it may be manufactured (by taking
orthogonal sawcuts in a block of material), an attractive

Lf

S
Heat sink
Interface,

Lb

R"t, c
Chip,

qc, Tc

Consider a square chip of width Wc  16 mm
and conditions for which cooling is provided by a dielectric liquid with T  25°C and h  1500 W/m2  K.
The heat sink is fabricated from copper (k  400 W/m 
K), and its characteristic dimensions are w  0.25
mm, S  0.50 mm, Lƒ  6 mm, and Lb  3 mm. The
prescribed values of w and S represent minima imposed by manufacturing constraints and the need to
maintain adequate flow in the passages between fins.
(a) If a metallurgical joint provides a contact resistance of Rt,c  5 106 m2  K/W and the maximum allowable chip temperature is 85°C, what is
the maximum allowable chip power dissipation
qc? Assume all of the heat to be transferred
through the heat sink.
(b) It may be possible to increase the heat dissipation
by increasing w, subject to the constraint that
(S  w)  0.25 mm, and/or increasing Lƒ (subject
to manufacturing constraints that Lƒ
10 mm).
Assess the effect of such changes.
3.137 Because of the large number of devices in today’s PC
chips, finned heat sinks are often used to maintain the
chip at an acceptable operating temperature. Two fin
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designs are to be evaluated, both of which have base
(unfinned) area dimensions of 53 mm 57 mm. The
fins are of square cross section and fabricated from an
extruded aluminum alloy with a thermal conductivity
of 175 W/m  K. Cooling air may be supplied at 25°C,
and the maximum allowable chip temperature is 75°C.
Other features of the design and operating conditions
are tabulated.
Fin Dimensions
Length
L (mm)

Cross Section
Design w  w (mm)
A
B

3
1

3
1

30
7

Convection
Number of Coefficient
Fins in Array (W/m2  K)
6
14

9
17

125
375

57 mm

L = 30 mm

53 mm

3.139 A long rod of 20-mm diameter and a thermal conductivity of 1.5 W/m  K has a uniform internal volumetric
thermal energy generation of 106 W/m3. The rod is covered with an electrically insulating sleeve of 2-mm thickness and thermal conductivity of 0.5 W/m  K. A spider
with 12 ribs and dimensions as shown in the sketch has a
thermal conductivity of 175 W/m  K, and is used to
support the rod and to maintain concentricity with an
80-mm-diameter tube. Air at T  25°C passes over the
spider surface, and the convection coefficient is 20 W/m2 
K. The outer surface of the tube is well insulated.
We wish to increase volumetric heating within the
rod, while not allowing its centerline temperature to
exceed 100°C. Determine the impact of the following
changes, which may be effected independently or concurrently: (i) increasing the air speed and hence the
convection coefficient; (ii) changing the number and/or
thickness of the ribs; and (iii) using an electrically nonconducting sleeve material of larger thermal conductivity
(e.g., amorphous carbon or quartz). Recommend a realis.
tic configuration that yields a significant increase in q.
Spider with
12 ribs

Rod, q•

3 mm × 3 mm Tb = 75°C
cross section

Determine which fin arrangement is superior. In your
analysis, calculate the heat rate, efficiency, and effectiveness of a single fin, as well as the total heat rate
and overall efficiency of the array. Since real estate inside the computer enclosure is important, compare the
total heat rate per unit volume for the two designs.
3.138 Consider design B of Problem 3.137. Over time, dust
can collect in the fine grooves that separate the fins.
Consider the buildup of a dust layer of thickness Ld, as
shown in the sketch. Calculate and plot the total heat
rate for design B for dust layers in the range 0 Ld
5 mm. The thermal conductivity of the dust can be
taken as kd = 0.032 W/m  K. Include the effects of
convection off the fin tip.

r1
t

Insulating
sleeve

54 pins, 9 × 6 array
(Design A)

Tube

r2

r3

Air

T∞ = 25°C
r1 = 12 mm r2 = 17 mm
r3 = 40 mm t = 4 mm
L = r3 – r2 = 23 mm

3.140 An air heater consists of a steel tube (k  20 W/m  K),
with inner and outer radii of r1  13 mm and r2  16
mm, respectively, and eight integrally machined longitudinal fins, each of thickness t  3 mm. The fins extend to a concentric tube, which is of radius r3 
40 mm and insulated on its outer surface. Water at a
temperature T,i  90°C flows through the inner tube,
while air at T,o  25°C flows through the annular region formed by the larger concentric tube.
r1

L = 7 mm
Ld

r2
Air

r3

T∞,o, ho

Dust
Water

T∞,i, hi
t
1 mm 1 mm
cross section

Tb = 75°C
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(a) Sketch the equivalent thermal circuit of the heater
and relate each thermal resistance to appropriate
system parameters.
(b) If hi  5000 W/m2  K and ho  200 W/m2  K,
what is the heat rate per unit length?
(c) Assess the effect of increasing the number of fins
N and/or the fin thickness t on the heat rate, subject to the constraint that Nt 50 mm.
3.141 Determine the percentage increase in heat transfer associated with attaching aluminum fins of rectangular profile to a plane wall. The fins are 50 mm long, 0.5 mm
thick, and are equally spaced at a distance of 4 mm (250
fins/m). The convection coefficient associated with the
bare wall is 40 W/m2  K, while that resulting from attachment of the fins is 30 W/m2  K.
3.142 Heat is uniformly generated at the rate of 2
105
3
W/m in a wall of thermal conductivity 25 W/m  K
and thickness 60 mm. The wall is exposed to convection on both sides, with different heat transfer coefficients and temperatures as shown. There are straight
rectangular fins on the right-hand side of the wall, with
dimensions as shown and thermal conductivity of
250 W/m  K. What is the maximum temperature that
will occur in the wall?
Lf = 20 mm

k = 25 W/m•K
q• = 2 105 W/m3
h1 = 50 W/m2•K
T∞,1 = 30°C

3.145 Annular aluminum fins of rectangular profile are attached
to a circular tube having an outside diameter of 50 mm
and an outer surface temperature of 200°C. The fins are
4 mm thick and 15 mm long. The system is in ambient air
at a temperature of 20°C, and the surface convection coefficient is 40 W/m2  K.
(a) What are the fin efficiency and effectiveness?
(b) If there are 125 such fins per meter of tube length,
what is the rate of heat transfer per unit length
of tube?
3.146 It is proposed to air-cool the cylinders of a combustion
chamber by joining an aluminum casing with annular fins (k  240 W/m  K) to the cylinder wall (k 
50 W/m  K).
Cylinder wall

Ti

Aluminum casing

T1 Tb
t = 2 mm

q"i

ri = 60 mm

δ = 2 mm

T∞, h

r1 = 66 mm
r2 = 70 mm

t = 2 mm

ro = 95 mm
 = 2 mm

W/m2•K

h2 = 12
T∞,2 = 15°C

2L = 60 mm

kf = 250 W/m•K

3.143 Aluminum fins of triangular profile are attached to a
plane wall whose surface temperature is 250°C. The
fin base thickness is 2 mm, and its length is 6 mm. The
system is in ambient air at a temperature of 20°C, and
the surface convection coefficient is 40 W/m2  K.
(a) What are the fin efficiency and effectiveness?
(b) What is the heat dissipated per unit width by a
single fin?
3.144 An annular aluminum fin of rectangular profile is
attached to a circular tube having an outside diameter
of 25 mm and a surface temperature of 250°C. The fin
is 1 mm thick and 10 mm long, and the temperature
and the convection coefficient associated with the adjoining fluid are 25°C and 25 W/m2  K, respectively.
(a) What is the heat loss per fin?
(b) If 200 such fins are spaced at 5-mm increments
along the tube length, what is the heat loss per
meter of tube length?

The air is at 320 K and the corresponding convection
coefficient is 100 W/m2  K. Although heating at the
inner surface is periodic, it is reasonable to assume
steady-state conditions with a time-averaged heat flux of
qi  105 W/m2. Assuming negligible contact resistance
between the wall and the casing, determine the wall inner
temperature Ti, the interface temperature T1, and the fin
base temperature Tb. Determine these temperatures if the
interface contact resistance is Rt, c  104 m2  K/W.
3.147 Consider the air-cooled combustion cylinder of Problem
3.146, but instead of imposing a uniform heat flux at the
inner surface, consider conditions for which the timeaveraged temperature of the combustion gases is Tg 
1100 K and the corresponding convection coefficient is
hg  150 W/m2  K. All other conditions, including the
cylinder/casing contact resistance, remain the same. Determine the heat rate per unit length of cylinder (W/m),
as well as the cylinder inner temperature Ti, the interface
temperatures T1, i and T1, o, and the fin base temperature
Tb. Subject to the constraint that the fin gap is fixed at
  2 mm, assess the effect of increasing the fin thickness
at the expense of reducing the number of fins.
3.148 Heat transfer from a transistor may be enhanced by
inserting it in an aluminum sleeve (k  200 W/m  K)
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having 12 integrally machined longitudinal fins on its
outer surface. The transistor radius and height are r1 
2.5 mm and H  4 mm, respectively, while the fins are of
length L  r3  r2  8 mm and uniform thickness t 
0.8 mm. The thickness of the sleeve base is r2  r1 
1 mm, and the contact resistance of the sleeve-transistor
interface is Rt,c  0.6 103 m2  K/W. Air at T  20C
flows over the fin surface, providing an approximately
uniform convection coeffficient of h  30 W/m2  K.

t

T∞, h
Transistor

R"t, c, T1

H

Sleeve with
longitudinal fins

r1
r2

r3

(a) When the transistor case temperature is 80C,
what is the rate of heat transfer from the sleeve?
(b) Identify all of the measures that could be taken to
improve design and/or operating conditions, such
that heat dissipation may be increased while still
maintaining a case temperature of 80°C. In words,
assess the relative merits of each measure. Choose
what you believe to be the three most promising
measures, and numerically assess the effect of corresponding changes in design and/or operating conditions on thermal performance.
3.149 Water is heated by submerging 50-mm diameter, thinwalled copper tubes in a tank and passing hot combustion gases (Tg  750 K) through the tubes. To enhance
heat transfer to the water, four straight fins of uniform
cross section, which form a cross, are inserted in each
tube. The fins are 5 mm thick and are also made of
copper (k  400 W/m  K).
D = 50 mm
Ts = 350 K

Water

Fins (t = 5 mm)

Gases

Tg = 750 K

hg = 30 W/m2•K
Tube wall

If the tube surface temperature is Ts  350 K and the
gas-side convection coefficient is hg  30 W/m2  K,
what is the rate of heat transfer to the water per meter
of pipe length?
3.150 Consider the conditions of Problem 3.149, but now
allow for a tube wall thickness of 5 mm (inner and
outer diameters of 50 and 60 mm), a fin-to-tube thermal contact resistance of 104 m2  K/W, and the fact
that it is the water temperature, Tw  350 K, rather
than the tube surface temperature, that is known. The
water-side convection coefficient is hw  2000 W/m2  K.
Determine the rate of heat transfer per unit tube length
(W/m) to the water. What would be the separate effect
of each of the following design changes on the heat rate:
(i) elimination of the contact resistance; (ii) increasing
the number of fins from four to eight; and (iii) changing
the tube wall and fin material from copper to AISI 304
stainless steel (k  20 W/m  K)?
3.151 A scheme for concurrently heating separate water and
air streams involves passing them through and over an
array of tubes, respectively, while the tube wall is
heated electrically. To enhance gas-side heat transfer,
annular fins of rectangular profile are attached to the
outer tube surface. Attachment is facilitated with a dielectric adhesive that electrically isolates the fins from
the current-carrying tube wall.
(a) Assuming uniform volumetric heat generation
within the tube wall, obtain expressions for the
heat rate per unit tube length (W/m) at the inner
(ri) and outer (ro) surfaces of the wall. Express
your results in terms of the tube inner and outer
surface temperatures, Ts,i and Ts,o, and other pertinent parameters.
(b) Obtain expressions that could be used to determine Ts,i and Ts,o in terms of parameters associated with the water- and air-side conditions.
(c) Consider conditions for which the water and air are
at T,i  T,o  300 K, with corresponding convection coefficients of hi  2000 W/m2  K and ho 
100 W/m2  K. Heat is uniformly dissipated in a
stainless steel tube (kw  15 W/m  K), having inner
and outer radii of ri  25 mm and ro  30 mm, and
aluminum fins (t    2 mm, rt  55 mm) are attached to the outer surface, with Rt,c  104 m2  K/W.
Determine the heat rates and temperatures at the
inner and outer surfaces as a function of the rate of
volumetric heating q̇. The upper limit to q̇ will be
determined by the constraints that Ts,i not exceed the
boiling point of water (100°C) and Ts,o not exceed
the decomposition temperature of the adhesive
(250°C).
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temperatures are both 15C. Humans respond to cold by
shivering, which increases the metabolic heat generation rate. What would the metabolic heat generation
rate (per unit volume) have to be to maintain a comfortable skin temperature of 33C under these conditions?

Gas flow

3.154 Consider heat transfer in a forearm, which can be approximated as a cylinder of muscle of radius 50 mm
(neglecting the presence of bones), with an outer layer
of skin and fat of thickness 3 mm. There is metabolic
heat generation and perfusion within the muscle. The
metabolic heat generation rate, perfusion rate, arterial
temperature, and properties of blood, muscle, and
skin/fat layer are identical to those in Example 3.12.
The environment and surroundings are the same as for
the air environment in Example 3.12.

Liquid
flow

Air

T∞,o, ho

ri = 50 mm
Skin/fat

t

Ts, o

δ

Ts, i

rt
T∞,i, hi

ri ro

Muscle
dsf = 3 mm

I
•

Tube, q, k w
Adhesive, R"t, c

The Bioheat Equation
3.152 Consider the conditions of Example 3.12, except that
the person is now exercising (in the air environment),
which increases the metabolic heat generation rate by
a factor of eight, to 5600 W/m3. At what rate would
the person have to perspire (in liters/s) to maintain the
same skin temperature as in that example?
3.153 Consider the conditions of Example 3.12 for an air
environment, except now the air and surroundings

(a) Write the bioheat transfer equation in radial coordinates. Write the boundary conditions that express symmetry at the centerline of the forearm
and specified temperature at the outer surface of
the muscle. Solve the differential equation and
apply the boundary conditions to find an expression for the temperature distribution. Note that the
derivatives of the modified Bessel functions are
given in Section 3.6.4.
(b) Equate the heat flux at the outer surface of the
muscle to the heat flux through the skin/fat layer
and into the environment to determine the temperature at the outer surface of the muscle.
(c) Find the maximum forearm temperature.
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T

o this point we have restricted our attention to conduction problems in which
the temperature gradient is significant for only one coordinate direction. However,
in many cases such problems are grossly oversimplified if a one-dimensional treatment is used, and it is necessary to account for multidimensional effects. In this
chapter, we consider several techniques for treating two-dimensional systems under
steady-state conditions.
We begin our consideration of two-dimensional, steady-state conduction by
briefly reviewing alternative approaches to determining temperatures and heat rates
(Section 4.1). The approaches range from exact solutions, which may be obtained
for idealized conditions, to approximate methods of varying complexity and accuracy. In Section 4.2 we consider some of the mathematical issues associated with
obtaining an exact solution. In Section 4.3, we present compilations of existing
exact solutions for a variety of simple geometries. Our objective in Sections 4.4 and
4.5 is to show how, with the aid of a computer, numerical (finite-difference or finiteelement) methods may be used to accurately predict temperatures and heat rates
within the medium and at its boundaries.

4.1
Alternative Approaches
Consider a long, prismatic solid in which there is two-dimensional heat conduction
(Figure 4.1). With two surfaces insulated and the other surfaces maintained at different temperatures, T1  T2, heat transfer by conduction occurs from surface 1 to 2.
According to Fourier’s law, Equation 2.3 or 2.4, the local heat flux in the solid is
a vector that is everywhere perpendicular to lines of constant temperature
(isotherms). The directions of the heat flux vector are represented by the heat flow
lines of Figure 4.1, and the vector itself is the resultant of heat flux components in
the x and y directions. These components are determined by Equation 2.6. Since the
heat flow lines are, by definition, in the direction of heat flow, no heat can be conducted across a heat flow line and they are therefore sometimes referred to as adiabats. Conversely, adiabatic surfaces (or symmetry lines) are heat flow lines.
Recall that, in any conduction analysis, there exist two major objectives. The
first objective is to determine the temperature distribution in the medium, which, for

y
q"y

T1

q" = iq"x + jq"y

T2 < T1

q"x
Isotherms

Heat flow
lines

Isotherm
x

FIGURE 4.1 Two-dimensional conduction.
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the present problem, necessitates determining T(x, y). This objective is achieved by
solving the appropriate form of the heat equation. For two-dimensional, steady-state
conditions with no generation and constant thermal conductivity, this form is, from
Equation 2.20,
2T 2T

0
x 2 y 2

The graphical method
is described, and its
use is demonstrated,
in Section 4S.1.

(4.1)

If Equation 4.1 can be solved for T(x, y), it is then a simple matter to satisfy the second major objective, which is to determine the heat flux components qx and qy by
applying the rate equations (2.6). Methods for solving Equation 4.1 include the use
of analytical, graphical, and numerical (finite-difference, finite-element, or boundaryelement) approaches.
The analytical method involves effecting an exact mathematical solution to Equation 4.1. The problem is more difficult than those considered in Chapter 3, since it
now involves a partial, rather than an ordinary, differential equation. Although several
techniques are available for solving such equations, the solutions typically involve
complicated mathematical series and functions and may be obtained for only a
restricted set of simple geometries and boundary conditions [1–5]. Nevertheless, the
solutions are of value, since the dependent variable T is determined as a continuous
function of the independent variables (x, y). Hence the solution could be used to compute the temperature at any point of interest in the medium. To illustrate the nature
and importance of analytical techniques, an exact solution to Equation 4.1 is obtained
in Section 4.2 by the method of separation of variables. Conduction shape factors and
dimensionless conduction heat rates (Section 4.3) are compilations of existing solutions for geometries that are commonly encountered in engineering practice.
In contrast to the analytical methods, which provide exact results at any point,
graphical and numerical methods can provide only approximate results at discrete
points. Although superseded by computer solutions based on numerical procedures,
the graphical, or flux-plotting, method may be used to obtain a quick estimate of the
temperature distribution. Its use is restricted to two-dimensional problems involving
adiabatic and isothermal boundaries. The method is based on the fact that isotherms
must be perpendicular to heat flow lines, as noted in Figure 4.1. Unlike the analytical or graphical approaches, numerical methods (Sections 4.4 and 4.5) may be used to
obtain accurate results for complex, two- or three-dimensional geometries involving a
wide variety of boundary conditions.

4.2
The Method of Separation of Variables
To appreciate how the method of separation of variables may be used to solve twodimensional conduction problems, we consider the system of Figure 4.2. Three
sides of a thin rectangular plate or a long rectangular rod are maintained at a constant temperature T1, while the fourth side is maintained at a constant temperature
T2  T1. Assuming negligible heat transfer from the surfaces of the plate or the ends
of the rod, temperature gradients normal to the x–y plane may be neglected
(2T/z2  0) and conduction heat transfer is primarily in the x and y directions.
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T2 , θ = 1

W

T1, θ = 0

T1, θ = 0

T(x, y)

0
0

L

FIGURE 4.2
Two-dimensional conduction in a thin
rectangular plate or a long rectangular rod.

x

T 1, θ = 0

We are interested in the temperature distribution T(x, y), but to simplify the
solution we introduce the transformation


T  T1
T2  T1

(4.2)

Substituting Equation 4.2 into Equation 4.1, the transformed differential equation
is then
2 2

0
x 2 y 2

(4.3)

Since the equation is second order in both x and y, two boundary conditions are
needed for each of the coordinates. They are
(0, y)  0
(L, y)  0

and
and

(x, 0)  0
(x, W)  1

Note that, through the transformation of Equation 4.2, three of the four boundary conditions are now homogeneous and the value of  is restricted to the range from 0 to 1.
We now apply the separation of variables technique by assuming that the
desired solution can be expressed as the product of two functions, one of which
depends only on x while the other depends only on y. That is, we assume the existence of a solution of the form
(x, y)  X(x)  Y(y)

(4.4)

Substituting into Equation 4.3 and dividing by XY, we obtain
d 2X
d 2Y
1 2 1 2
X dx
Y dy

(4.5)

and it is evident that the differential equation is, in fact, separable. That is, the lefthand side of the equation depends only on x and the right-hand side depends only
on y. Hence the equality can apply in general (for any x or y) only if both sides are
equal to the same constant. Identifying this, as yet unknown, separation constant as
2, we then have
d 2X
 2X  0
dx 2
d 2Y
 2Y  0
dy 2

(4.6)
(4.7)
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and the partial differential equation has been reduced to two ordinary differential
equations. Note that the designation of 2 as a positive constant was not arbitrary. If
a negative value were selected or a value of 2  0 was chosen, it is readily shown
(Problem 4.1) that it would be impossible to obtain a solution that satisfies the prescribed boundary conditions.
The general solutions to Equations 4.6 and 4.7 are, respectively,
X  C1 cos x  C2 sin x
Y  C3e y  C4e y
in which case the general form of the two-dimensional solution is
  (C1 cos x  C2 sin x)(C3e y  C4e y)

(4.8)

Applying the condition that (0, y)  0, it is evident that C10. In addition from
the requirement that  (x, 0)  0, we obtain
C2 sin x(C3  C4)  0
which may only be satisfied if C3  C4. Although the requirement could also be
satisfied by having C2  0, this would result in  (x,y)  0, which does not satisfy the
boundary condition  (x,W)  1. If we now invoke the requirement that (L, y)  0,
we obtain
C2C4 sin L(e y  e y)  0
The only way in which this condition may be satisfied (and still have a nonzero
solution) is by requiring that  assume discrete values for which sin L  0. These
values must then be of the form


n
L

n  1, 2, 3, . . .

(4.9)

where the integer n  0 is precluded, since it implies  (x,y)  0. The desired solution may now be expressed as
  C2C4 sin

nx ny/L
(e
 e ny/L)
L

(4.10)

Combining constants and acknowledging that the new constant may depend on n,
we obtain
ny
nx
(x, y)  Cn sin
sinh
L
L
where we have also used the fact that (e ny/L  eny/L)  2 sinh (ny/L). In the
above form we have really obtained an infinite number of solutions that satisfy the
differential equation and boundary conditions. However, since the problem is linear, a more general solution may be obtained from a superposition of the form
(x, y) 



sinh
 C sin nx
L
n

n1

ny
L

(4.11)

To determine Cn we now apply the remaining boundary condition, which is of
the form
(x, W)  1 



C

n

n1

sin

nx
nW
sinh
L
L

(4.12)
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Although Equation 4.12 would seem to be an extremely complicated relation for
evaluating Cn, a standard method is available. It involves writing an infinite series
expansion in terms of orthogonal functions. An infinite set of functions g1(x), g2(x), … ,
gn(x), … is said to be orthogonal in the domain a  x  b if

 g (x)g (x) dx  0
b

m

mn

n

(4.13)

a

Many functions exhibit orthogonality, including the trigonometric functions
sin (nx/L) and cos (nx/L) for 0  x  L. Their utility in the present problem
rests with the fact that any function ƒ(x) may be expressed in terms of an infinite
series of orthogonal functions
f(x) 



 A g (x)

(4.14)

n n

n1

The form of the coefficients An in this series may be determined by multiplying each
side of the equation by gm(x) and integrating between the limits a and b.

 f(x)g (x) dx   g (x)  A g (x) dx
b



b

m

m

a

a

n n

(4.15)

n1

However, from Equation 4.13 it is evident that all but one of the terms on the righthand side of Equation 4.15 must be zero, leaving us with

 f(x)g (x) dx  A  g (x) dx
b

b

m

2
m

m

a

a

Hence, solving for Am , and recognizing that this holds for any An by switching m to n:

 f(x)g (x) dx
A 
 g (x) dx
b

n

a

n

(4.16)

b

2
n

a

The properties of orthogonal functions may be used to solve Equation 4.12 for
Cn by formulating an infinite series for the appropriate form of ƒ(x). From Equation 4.14
it is evident that we should choose ƒ(x)  1 and the orthogonal function gn(x) 
sin (nx/L). Substituting into Equation 4.16 we obtain

 sin nxL dx 2 (1)  1
A 

n
nx
 sin L dx
L

n

n1

0
L

2

0

Hence from Equation 4.14, we have
1



 2

n1

(1)n1 1
nx
sin
n
L

(4.17)

which is simply the expansion of unity in a Fourier series. Comparing Equations 4.12
and 4.17 we obtain
Cn 

2[(1)n1 1]
n sinh (nW/L)

n  1, 2, 3, . . .

(4.18)
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y
W

θ =1

0.75
0.5
0.25

θ =0

0
0

θ =0

θ = 0.1

θ =0

L

x

FIGURE 4.3
Isotherms and heat flow lines for twodimensional conduction in a rectangular plate.

Substituting Equation 4.18 into Equation 4.11, we then obtain for the final solution
2
(x, y)  

(1)n1  1
nx sinh (ny/L)
sin
n
L sinh (nW/L)
n1




(4.19)

Equation 4.19 is a convergent series, from which the value of  may be computed
for any x and y. Representative results are shown in the form of isotherms for a
schematic of the rectangular plate (Figure 4.3). The temperature T corresponding to a
value of  may be obtained from Equation 4.2, and components of the heat flux may
be determined by using Equation 4.19 with Equation 2.6. The heat flux components
determine the heat flow lines, which are shown in the figure. We note that the temperature distribution is symmetric about x  L/2, with T/x  0 at that location. Hence,
from Equation 2.6, we know the symmetry plane at x  L/2 is adiabatic and, therefore, is a heat flow line. However, note that the discontinuities prescribed at the upper
corners of the plate are physically untenable. In reality, large temperature gradients
could be maintained in proximity to the corners, but discontinuities could not exist.
Exact solutions have been obtained for many other geometries and boundary
conditions, including cylindrical and spherical systems. Such solutions are presented in specialized books on conduction heat transfer [1–5].

4.3
The Conduction Shape Factor and the
Dimensionless Conduction Heat Rate
In many instances, two-dimensional or three-dimensional conduction problems may
be rapidly solved by utilizing existing solutions to the heat diffusion equation. These
solutions are reported in terms of a shape factor, S, or a steady-state dimensionless
conduction heat rate, q*ss. That is, the heat transfer rate may be expressed as
q  Sk T12

(4.20)
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where T12 is the temperature difference between boundaries, as shown in, for
example, Figure 4.2. It also follows that a two-dimensional conduction resistance
may be expressed as
R t,cond(2D)  1
Sk

Shape factors for
two-dimensional
geometries may also
be estimated with the
graphical method
that is described in
Section 4S.1.

(4.21)

Shape factors have been obtained analytically for numerous two- and threedimensional systems, and results are summarized in Table 4.1 for some common
configurations. Results are also available for many other configurations [6–9]. In cases
1 through 8 and case 11, two-dimensional conduction is presumed to occur between
the boundaries that are maintained at uniform temperatures, with T12  T1  T2.
In case 9, three-dimensional conduction exists in the corner region, while in case
10, conduction occurs between an isothermal disk (T1) and a semi-infinite medium
of uniform temperature (T2) at locations well removed from the disk. Shape factors
may also be defined for one-dimensional geometries, and from the results of Table
3.3, it follows that for plane, cylindrical, and spherical walls, respectively, the shape
factors are A/L, 2L/ln(r2/r1), and 4r1r2/(r2  r1).
Cases 12 through 15 are associated with conduction from objects held at an
isothermal temperature (T1) that are embedded within an infinite medium of uniform temperature (T2) at locations removed from the object. For the infinite medium
cases, useful results may be obtained by defining a characteristic length
L c  (As/4)1/2

(4.22)

where As is the surface area of the object. Conduction heat transfer rates from the
object to the infinite medium may then be reported in terms of a dimensionless conduction heat rate [10]
q ss*  qL c /kAs(T1  T2)

(4.23)

From Table 4.1b, it is evident that the values of q*ss, which have been obtained analytically and numerically, are similar for a wide range of geometrical configurations.
As a consequence of this similarity, values of q*ss may be estimated for configurations
that are similar to those for which q*ss is known. For example, dimensionless conduction heat rates from cuboid shapes (case 15) over the range 0.1  d/D  10 may be
closely approximated by interpolating the values of q*ss reported in Table 4.1. Additional procedures that may be exploited to estimate values of q*ss for other geometries
are explained in [10]. Note that results for q*ss in Table 4.1b may be converted to
expressions for S listed in Table 4.1a. For example, the shape factor of case 10 may
be derived from the dimensionless conduction heat rate of case 13 (recognizing that
the infinite medium can be viewed as two adjacent semi-infinite media).
The shape factors and dimensionless conduction heat rates reported in Table
4.1b are associated with objects that are held at uniform temperatures. For uniform
heat flux conditions, the object’s temperature is no longer uniform but varies spatially with the coolest temperatures located near the periphery of the heated object.
Hence, the temperature difference that is used to define S or q*ss is replaced by a
temperature difference involving the spatially averaged surface temperature of the
object (T 1  T2), or the difference between the maximum surface temperature of the
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TABLE 4.1 Conduction shape factors and dimensionless conduction heat rates for selected
systems.
(a) Shape factors [q  Sk(T1  T2)]
System

Schematic

Case 1
Isothermal sphere buried in
a semi-infinite medium

Restrictions

Shape Factor

z  D/2

2D
1  D/4z

T2
z
T1

D
T2

Case 2
Horizontal isothermal
cylinder of length L buried
in a semi-infinite medium

L

2L
cosh1 (2z/D)

D

z

L D
z  3D/2

L
D

T1

Case 3
Vertical cylinder in a
semi-infinite medium

2L
ln (4z/D)

T2

L

D

2L
ln (4L/D)

L
T1
D

Case 4
Conduction between two
cylinders of length L in
infinite medium

Case 5
Horizontal circular cylinder
of length L midway between
parallel planes of equal
length and infinite width

D1

T1

D2
T2

w

T2

∞

L

D1, D2
L w



cosh1

2L
4w2  D21  D22
2D1D2

∞

z

z

D

z T1

∞

∞

L

D/2
z

2L
ln (8z/D)

T2
T2

Case 6
Circular cylinder of length L
centered in a square solid of equal length

D

wD
L w

w
T1

Case 7
Eccentric circular
cylinder of length L
in a cylinder of
equal length

d
D

T1

2L
ln (1.08 w/D)

T2

z

Dd
L D

cosh



1

2L
D 2  d 2  4z 2
2Dd
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TABLE 4.1 Continued
System

Schematic

Shape Factor

D  5L

0.54D

L length and
width of wall

0.15L

None

2D

W
w  1.4

2L
0.785 ln (W/w)

W
w  1.4

2L
0.930 ln (W/w)  0.050

T2

L

Case 8
Conduction through the
edge of adjoining walls

Restrictions

D

T1
L

Case 9
Conduction through corner of
three walls with a temperature
difference T12 across
the walls

L

L
L

D

Case 10
Disk of diameter D and temperature T1
on a semi-infinite medium of thermal
conductivity k and temperature T2

T1

k
T2

Case 11

L

Square channel of length L

T1
T2
w
W

L

W

(b) Dimensionless conduction heat rates [q  q*ss kAs(T1  T2)/Lc; Lc  (As/4)1/2]
System
Case 12
Isothermal sphere of diameter D
and temperature T1 in an infinite
medium of temperature T2
Case 13
Infinitely thin, isothermal disk
of diameter D and temperature T1
in an infinite medium of
temperature T2
Case 14
Infinitely thin rectangle of
length L, width w, and
temperature T1 in an
infinite medium of
temperature T2
Case 15
Cuboid shape of height d
with a square footprint of
width D and temperature T1
in an infinite medium
of temperature T2

Schematic

T1

D

Active Area, As

q*ss

D2

1

D 2
2

22
  0.900

2wL

0.932

T2
T1
D
T2

L
w

T1
T2

2D2  4Dd

D

T1
d

T2

d/D

q*ss

0.1
1.0
2.0
10

0.943
0.956
0.961
1.111
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heated object and the far field temperature of the surrounding medium, (T1,max 
T2). For the uniformly heated geometry of case 10 (a disk of diameter D in contact
with a semi-infinite medium of thermal conductivity k and temperature T2), the values of S are 32D/16 and D/2 for temperature differences based on the average
and maximum disk temperatures, respectively.

EXAMPLE 4.1
A metallic electrical wire of diameter d  5 mm is to be coated with insulation of
thermal conductivity k  0.35 W/m  K. It is expected that, for the typical installation, the coated wire will be exposed to conditions for which the total coefficient
associated with convection and radiation is h  15 W/m2  K. To minimize the temperature rise of the wire due to ohmic heating, the insulation thickness is specified
so that the critical insulation radius is achieved (see Example 3.4). During the wire
coating process, however, the insulation thickness sometimes varies around the
periphery of the wire, resulting in eccentricity of the wire relative to the coating.
Determine the change in the thermal resistance of the insulation due to an eccentricity that is 50% of the critical insulation thickness.

SOLUTION
Known: Wire diameter, convective conditions, and insulation thermal conductivity.
Find: Thermal resistance of the wire coating associated with peripheral variations in the coating thickness.
Schematic:
d = 5 mm

tcr /2
D

tcr
z

T∞, h

Insulation, k
(a) Concentric wire

(b) Eccentric wire

Assumptions:
1.
2.
3.
4.

Steady-state conditions.
Two-dimensional conduction.
Constant properties.
Both the exterior and interior surfaces of the coating are at uniform temperatures.

Analysis: From Example 3.4, the critical insulation radius is
k 0.35 W/m  K
rcr  
 0.023 m  23 mm
h 15 W/m2  K
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Therefore, the critical insulation thickness is
t cr  rcr  d/2  0.023 m 

0.005 m
 0.021 m  21 mm
2

The thermal resistance of the coating associated with the concentric wire may be
evaluated using Equation 3.28 and is

 
R t,cond

ln[rcr/(d/2)] ln[0.023 m/(0.005 m/2)]

 1.0 m  K/W
2k
2(0.35 W/m  K)

For the eccentric wire, the thermal resistance of the insulation may be evaluated using
case 7 of Table 4.1, where the eccentricity is z  0.5 tcr  0.5 0.021 m  0.010 m
d  4z
D 2Dd

2

cosh1


R t,cond(2D)
 1 
Sk

2

2k



cosh1


2

(2

0.023 m)2  (0.005 m)2  4(0.010 m)2
2 (2 0.023 m) 0.005 m
2 0.35 W/m  K



 0.91 m  K/W
Therefore, the reduction in the thermal resistance of the insulation is 0.10 m  K/W,
or 10%.


Comments:
1. Reduction in the local insulation thickness leads to a smaller local thermal
resistance of the insulation. Conversely, locations associated with thicker coatings have increased local thermal resistances. These effects offset each other,
but not exactly; the maximum resistance is associated with the concentric wire
case. For this application, eccentricity of the wire relative to the coating provides
enhanced thermal performance relative to the concentric wire case.
2. The interior surface of the coating will be at nearly uniform temperature if the
thermal conductivity of the wire is high relative to that of the insulation. Such
is the case for metallic wire. However, the exterior surface temperature of the
coating will not be perfectly uniform due to the variation in the local insulation
thickness.

4.4
Finite-Difference Equations
As discussed in Sections 4.1 and 4.2, analytical methods may be used, in certain
cases, to effect exact mathematical solutions to steady, two-dimensional conduction
problems. These solutions have been generated for an assortment of simple geometries
and boundary conditions and are well documented in the literature [1–5]. However,
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more often than not, two-dimensional problems involve geometries and/or boundary conditions that preclude such solutions. In these cases, the best alternative is
often one that uses a numerical technique such as the finite-difference, finite-element,
or boundary-element method. Another strength of numerical methods is that they
can be readily extended to three-dimensional problems. Because of its ease of application, the finite-difference method is well suited for an introductory treatment of
numerical techniques.

4.4.1

The Nodal Network

In contrast to an analytical solution, which allows for temperature determination at
any point of interest in a medium, a numerical solution enables determination of the
temperature at only discrete points. The first step in any numerical analysis must
therefore be to select these points. Referring to Figure 4.4, this may be done by subdividing the medium of interest into a number of small regions and assigning to each a
reference point that is at its center. The reference point is frequently termed a nodal
point (or simply a node), and the aggregate of points is termed a nodal network, grid,
or mesh. The nodal points are designated by a numbering scheme that, for a twodimensional system, may take the form shown in Figure 4.4a. The x and y locations
are designated by the m and n indices, respectively.

∆x

∆y

m, n + 1

y, n
m, n

m + 1, n

x, m

m – 1, n

m, n – 1
(a)

∂T
___
∂x

Tm,n – Tm –1, n
= ______________
m–1/2,n

∂T
___
∂x

m–1

T(x)

m

∆x
Tm+1,n – Tm,n
= ______________

m+1/2,n

∆x
m – 12_

m + 12_

∆x

∆x

x
(b)

FIGURE 4.4 Two-dimensional conduction. (a) Nodal network.
(b) Finite-difference approximation.

m+1
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Each node represents a certain region, and its temperature is a measure of the
average temperature of the region. For example, the temperature of the node m, n of
Figure 4.4a may be viewed as the average temperature of the surrounding shaded
area. The selection of nodal points is rarely arbitrary, depending often on matters
such as geometric convenience and the desired accuracy. The numerical accuracy of
the calculations depends strongly on the number of designated nodal points. If this
number is large (a fine mesh), accurate solutions can be obtained.

4.4.2

Finite-Difference Form of the Heat Equation

Determination of the temperature distribution numerically dictates that an appropriate conservation equation be written for each of the nodal points of unknown temperature. The resulting set of equations may then be solved simultaneously for the
temperature at each node. For any interior node of a two-dimensional system with no
generation and uniform thermal conductivity, the exact form of the energy conservation requirement is given by the heat equation, Equation 4.1. However, if the system
is characterized in terms of a nodal network, it is necessary to work with an approximate, or finite-difference, form of this equation.
A finite-difference equation that is suitable for the interior nodes of a twodimensional system may be inferred directly from Equation 4.1. Consider the second derivative, 2T/x 2. From Figure 4.4b, the value of this derivative at the m, n
nodal point may be approximated as
2T
x 2



T/x



m1/2,n

m,n

 T/x
x

m1/2,n

(4.24)

The temperature gradients may in turn be expressed as a function of the nodal temperatures. That is,
T
x
T
x





m1/2,n


m1/2,n

Tm1,n  Tm,n
x

(4.25)

Tm,n  Tm1,n
x

(4.26)

Substituting Equations 4.25 and 4.26 into 4.24, we obtain
 2T
x 2





Tm1,nTm1,n 2Tm,n

m,n

( x)2

(4.27)

Proceeding in a similar fashion, it is readily shown that
2T
y 2





T/y

m,n



m,n1/2

 T/y
y

m,n1/2

Tm,n1  Tm,n1  2Tm,n
( y)2

(4.28)
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Using a network for which
Equation 4.1, we obtain

x  y and substituting Equations 4.27 and 4.28 into

Tm,n1  Tm,n1  Tm1,n  Tm1,n  4Tm,n  0

(4.29)

Hence for the m, n node the heat equation, which is an exact differential equation,
is reduced to an approximate algebraic equation. This approximate, finite-difference
form of the heat equation may be applied to any interior node that is equidistant from
its four neighboring nodes. It simply requires that the temperature of an interior
node be equal to the average of the temperatures of the four neighboring nodes.

4.4.3

The Energy Balance Method

In many cases, it is desirable to develop the finite-difference equations by an alternative method called the energy balance method. As will become evident, this
approach enables one to analyze many different phenomena such as problems
involving multiple materials, embedded heat sources, or exposed surfaces that do
not align with an axis of the coordinate system. In the energy balance method, the
finite-difference equation for a node is obtained by applying conservation of energy
to a control volume about the nodal region. Since the actual direction of heat flow
(into or out of the node) is often unknown, it is convenient to formulate the energy
balance by assuming that all the heat flow is into the node. Such a condition is, of
course, impossible, but if the rate equations are expressed in a manner consistent
with this assumption, the correct form of the finite-difference equation is obtained.
For steady-state conditions with generation, the appropriate form of Equation 1.11c
is then
Ė in  Ė g  0

(4.30)

Consider applying Equation 4.30 to a control volume about the interior node m, n
of Figure 4.5. For two-dimensional conditions, energy exchange is influenced by

∆x
m, n + 1
∆y
∆y
m – 1, n

m, n

m, n – 1
∆x

m + 1, n

FIGURE 4.5
Conduction to an interior node from its
adjoining nodes.
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conduction between m, n and its four adjoining nodes, as well as by generation.
Hence Equation 4.30 reduces to
4

q

(i) l (m,n)

 q̇( x  y  1)  0

i1

where i refers to the neighboring nodes, q(i) l (m, n) is the conduction rate between
nodes, and unit depth is assumed. To evaluate the conduction rate terms, we assume
that conduction transfer occurs exclusively through lanes that are oriented in either
the x or y direction. Simplified forms of Fourier’s law may therefore be used. For
example, the rate at which energy is transferred by conduction from node m  1, n
to m, n may be expressed as
q(m1,n) l (m,n)  k( y  1)

Tm1,n  Tm,n
x

(4.31)

The quantity ( y  1) is the heat transfer area, and the term (Tm1,n  Tm,n)/ x is the
finite-difference approximation to the temperature gradient at the boundary between
the two nodes. The remaining conduction rates may be expressed as
q(m1,n) l (m,n)  k( y  1)

Tm1,n  Tm,n
x

(4.32)

q(m,n1) l (m,n)  k( x  1)

Tm,n1  Tm,n
y

(4.33)

q(m,n1) l (m,n)  k( x  1)

Tm,n1  Tm,n
y

(4.34)

Note that in evaluating each conduction rate, we have subtracted the temperature of
the m, n node from the temperature of its adjoining node. This convention is necessitated by the assumption of heat flow into m, n and is consistent with the direction
of the arrows shown in Figure 4.5. Substituting Equations 4.31 through 4.34 into the
energy balance and remembering that x  y, it follows that the finite-difference
equation for an interior node with generation is
Tm,n1  Tm,n1  Tm1,n  Tm1,n 

q̇( x)2
 4Tm,n  0
k

(4.35)

If there is no internally distributed source of energy (q̇  0), this expression reduces
to Equation 4.29.
It is important to note that a finite-difference equation is needed for each nodal
point at which the temperature is unknown. However, it is not always possible to
classify all such points as interior and hence to use Equation 4.29 or 4.35. For
example, the temperature may be unknown at an insulated surface or at a surface
that is exposed to convective conditions. For points on such surfaces, the finitedifference equation must be obtained by applying the energy balance method.
To further illustrate this method, consider the node corresponding to the internal
corner of Figure 4.6. This node represents the three-quarter shaded section and
exchanges energy by convection with an adjoining fluid at T . Conduction to the
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m, n + 1
qcond

∆y
qcond

m – 1, n qcond

qconv

qcond
m, n – 1

m + 1, n

T∞, h

FIGURE 4.6
Formulation of the finite-difference equation for an
internal corner of a solid with surface convection.

∆x

nodal region (m, n) occurs along four different lanes from neighboring nodes in the
solid. The conduction heat rates qcond may be expressed as
Tm1,n  Tm,n
x
Tm,n1  Tm,n
q(m,n1) l (m,n)  k( x  1)
y
q(m1,n) l (m,n)  k( y  1)

q(m,n1) l (m,n)

(4.37)

Tm1,n  Tm,n
x

(4.38)

 Tm,n
y

(4.39)

 2y  1
T
x
 k  1
2

q(m1,n) l (m,n)  k

(4.36)

m,n1

Note that the areas for conduction from nodal regions (m  1, n) and (m, n  1) are
proportional to y and x, respectively, whereas conduction from (m  1, n) and
(m, n  1) occurs along lanes of width y/2 and x/2, respectively.
Conditions in the nodal region m, n are also influenced by convective exchange
with the fluid, and this exchange may be viewed as occurring along half-lanes in the
x and y directions. The total convection rate qconv may be expressed as
q()l(m,n)  h

 2x  1(T



 Tm,n)  h

 2y  1(T



 Tm,n)

(4.40)

Implicit in this expression is the assumption that the exposed surfaces of the corner
are at a uniform temperature corresponding to the nodal temperature Tm,n. This
assumption is consistent with the concept that the entire nodal region is characterized by a single temperature, which represents an average of the actual temperature
distribution in the region. In the absence of transient, three-dimensional, and generation effects, conservation of energy, Equation 4.30, requires that the sum of Equations 4.36 through 4.40 be zero. Summing these equations and rearranging, we
therefore obtain





h x
h x
Tm1,n  Tm,n1  1 (Tm1,n  Tm,n1) 
T  3
Tm,n  0
2
k 
k

(4.41)

where again the mesh is such that x  y.
Nodal energy balance equations pertinent to several common geometries for
situations where there is no internal energy generation are presented in Table 4.2.
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TABLE 4.2 Summary of nodal finite-difference equations
Finite-Difference Equation for x   y

Configuration
m, n + 1
∆y
m, n
m + 1, n

m – 1, n

(4.29)

Tm,n1  Tm,n1  Tm1,n  Tm1,n  4Tm,n  0
Case 1.

m, n – 1

∆x
∆x

Interior node

m, n + 1

2(Tm1,n  Tm,n1)  (Tm1,n  Tm,n1)
m – 1, n

m + 1, n

m, n

2

T ∞, h

∆y

Case 2.

m, n – 1





h x
h x
T 2 3
Tm,n  0
k 
k

(4.41)

Node at an internal corner with convection

m, n + 1
∆y
m, n

(2Tm1,n  Tm,n1  Tm,n1) 

T∞, h

m – 1, n

Case 3.

m, n – 1





2h x
h x
T  2
 2 Tm,n  0
k
k

(4.42)a

Node at a plane surface with convection

∆x
T∞, h

m – 1, n

(Tm,n1  Tm1,n) 2

m, n
∆y
m, n – 1

Case 4.

∆x





h x
h x
T 2
 1 Tm,n  0
k 
k

(4.43)

Node at an external corner with convection

m, n + 1
∆y
m, n

(2Tm1,n  Tm,n1  Tm,n1) 

q"

m – 1, n

m, n – 1

Case 5.

2q x
4Tm,n  0
k

(4.44)b

Node at a plane surface with uniform heat flux

∆x
a,b

To obtain the finite-difference equation for an adiabatic surface (or surface of symmetry), simply set h or q equal to zero.

EXAMPLE 4.2
Using the energy balance method, derive the finite-difference equation for the m, n
nodal point located on a plane, insulated surface of a medium with uniform heat
generation.
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SOLUTION
Known: Network of nodal points adjoining an insulated surface.
Find: Finite-difference equation for the surface nodal point.
Schematic:
m, n + 1
q4

Insulated surface

k, q•

y, n

m – 1, n

m, n
q3

q1

x, m

q2

∆y = ∆ x
∆y Unit depth (normal
to paper)

m, n – 1

∆x
___
2

Assumptions:
1. Steady-state conditions.
2. Two-dimensional conduction.
3. Constant properties.
4. Uniform internal heat generation.

Analysis: Applying the energy conservation requirement, Equation 4.30, to the
control surface about the region ( x/2  y  1) associated with the m, n node, it follows that, with volumetric heat generation at a rate q̇,
q1  q2  q3  q4  q̇
where

 2x 



y 1 0

Tm1,n  Tm,n
x
T
 Tm,n
m,n1
x
1
2
y

q1  k ( y  1)
q2  k





q3  0

 2x  1

q4  k

Tm,n1  Tm,n
y

Substituting into the energy balance and dividing by k/2, it follows that
2Tm1,n  Tm,n1  Tm,n1  4Tm,n 

q̇( x  y)
0
k



Comments:
1. The same result could be obtained by using the symmetry condition, Tm1, n 
Tm1,n , with the finite-difference equation (Equation 4.35) for an interior nodal

c04.qxd 3/6/06 10:36 AM Page 220

220

Chapter 4



Two-Dimensional, Steady-State Conduction

point. If q̇  0, the desired result could also be obtained by setting h  0 in
Equation 4.42 (Table 4.2).
2. As an application of the foregoing finite-difference equation, consider the following two-dimensional system within which thermal energy is uniformly generated
at an unknown rate q̇. The thermal conductivity of the solid is known, as are convection conditions at one of the surfaces. In addition, temperatures have been measured at locations corresponding to the nodal points of a finite-difference mesh.
Ta

•

k, q

Tb

Tc

∆y

∆x

Td

Tb  227.6C

Tc  230.9C

Td  220.1C

Te  222.4C

T  200.0C

h  50 W/m K

k  1 W/m K

x  10 mm

y  10 mm

2

y
x

Ta  235.9C

Te
T∞, h

The generation rate can be determined by applying the finite-difference equation to node c.
q̇( x  y)
0
k
q̇(0.01m)2
227.6  222.4  235.9  4 230.9)C 
0
1 W/m K
q̇  1.01 105 W/m3
2Tb  Te  Ta  4Tc 

(2

From the prescribed thermal conditions and knowledge of q̇, we can also determine whether the conservation of energy requirement is satisfied for node e.
Applying an energy balance to a control volume about this node, it follows that
q1  q2  q3  q4  q̇( x/2  y/2  1)  0
Tc  Te
Td  Te
k( x/2  1)
 0  h( x/2  1)(T  Te)  k( y/2  1)
y
x
 q̇( x/2  y/2  1)  0
∆x
•

k, q

Tc
q1
∆y

q2
q4
Td

Te
q3
T∞, h
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If the energy balance is satisfied, the left-hand side of this equation will be identically equal to zero. Substituting values, we obtain
(230.9  222.4)C
0.010 m
 0 50 W/m2  K(0.005 m2) (200  222.4)C
1W/m  K(0.005 m2)

(220.1  222.4)C
 1.01 105 W/m3(0.005)2 m3  0(?)
0.010 m
4.250 W  0  5.600 W  1.150 W  2.525 W  0(?)
0.025 W  0

1W/m  K(0.005 m2)

The inability to precisely satisfy the energy balance is attributable to temperature measurement errors, the approximations employed in developing the finitedifference equations, and the use of a relatively coarse mesh.

It is useful to note that heat rates between adjoining nodes may also be formulated in terms of the corresponding thermal resistances. Referring, for example, to
Figure 4.6, the rate of heat transfer by conduction from node (m  1, n) to (m, n)
may be expressed as
q(m1,n) l (m,n) 

Tm1,n  Tm,n Tm1,n  Tm,n

R t,cond
x/k ( y1)

yielding a result that is equivalent to that of Equation 4.36. Similarly, the rate of
heat transfer by convection to (m, n) may be expressed as
q() l (m,n) 

T  Tm,n
T  Tm,n

R t,conv
{h[( x/2)  1  ( y/2)  1]}1

which is equivalent to Equation 4.40.
As an example of the utility of resistance concepts, consider an interface that
separates two dissimilar materials and is characterized by a thermal contact resistance R t, c (Figure 4.7). The rate of heat transfer from node (m, n) to (m, n  1) may
be expressed as
q(m,n) l (m,n1) 

Tm,n  Tm,n1
R tot

∆x

∆y

(m, n)

Material A

kA
Rt",c

∆y

(m, n – 1)

Material B

kB

FIGURE 4.7
Conduction between adjoining, dissimilar
materials with an interface contact resistance.

(4.45)
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where, for a unit depth,
R tot 

R t,c
y/2
y/2


k A( x  1)
x  1 k B( x  1)

(4.46)

4.5
Solving the Finite-Difference Equations
Once the nodal network has been established and an appropriate finite-difference
equation has been written for each node, the temperature distribution may be determined. The problem reduces to one of solving a system of linear, algebraic equations. Numerous methods are available for this purpose and may be classified
according to whether they are direct or iterative. Direct methods involve a fixed
and predetermined number of arithmetic operations and are suitable for use when
the number of equations (unknown nodal temperatures) is small. However, such
methods are associated with larger computer memory and time requirements, and
it is sometimes more efficient to use an iterative technique.
In this section we consider matrix inversion and Gauss–Seidel iteration as examples of the direct and iterative methods, respectively. More detailed descriptions of
such procedures, as well as related algorithms, may be found in the literature [11, 12].

4.5.1 The Matrix Inversion Method
Consider a system of N finite-difference equations corresponding to N unknown temperatures. Identifying the nodes by a single integer subscript, rather than by the double subscript (m, n), the procedure for performing a matrix inversion begins by
expressing the equations as
a 11T1  a 12T2  a 13T3  …  a 1NTN  C1
a T a T a T …a T C
2

...

...

2N N

...

23 3

...

...

22 2

...

21 1

a N1T1  a N2T2  a N3T3  …  a NNTN  CN

(4.47)

where the quantities a11, a12, . . . , C1, . . . are known coefficients and constants
involving quantities such as x, k, h, and T . Using matrix notation, these equations
may be expressed as
[A][T]  [C]
(4.48)
where

T

TN

,

C

C1
C2
...

aN1 aN2 … aNN

,

T1
T2
...

a1N
a2N
...

a12 …
a22 …
...

...

A

a11
a21

CN

The coefficient matrix [A] is square (N N ), and its elements are designated by a
double subscript notation, for which the first and second subscripts refer to rows
and columns, respectively. The matrices [T] and [C] have a single column and are
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known as column vectors. Typically, they are termed the solution and right-hand
side vectors, respectively. If the matrix multiplication implied by the left-hand
side of Equation 4.48 is performed, Equations 4.47 are obtained.
The solution vector may now be expressed as
[T]  [A]1[C]

(4.49)

is the inverse of [A] and is defined as

...

[A]1 

bN2 …

bN1

b1N
b2N
...

b12 …
b22 …

b11
b21

...

where [A]

1

bNN

Evaluating the right-hand side of Equation 4.49, it follows that
T  b C b C … b C
1

11

1

12

2

1N

N

...

...

...

...

...

T2  b21C1  b22C2  …  b2NCN
TN  bN1C1  bN2C2  …  bNNCN

(4.50)

and the problem reduces to one of determining [A]1. That is, if [A] is inverted, its
elements b11, b12, . . . may be determined and the unknown temperatures may be
computed from the above expressions.
Matrix inversion may readily be performed on a programmable calculator or a
personal computer, depending on the size of the matrix. Hence the method provides
a convenient means of solving two-dimensional conduction problems.

4.5.2

Gauss–Seidel Iteration

Application of the Gauss–Seidel method to the system of equations represented by
Equation 4.47 is facilitated by the following procedure.
1. To whatever extent possible, the equations should be reordered to provide diagonal elements whose magnitudes are larger than those of other elements in the
same row. That is, it is desirable to sequence the equations such that a11 
a12 , a13 , . . . , a1N ; a22  a21 , a23 , . . . , a2N ; and so on.
2. After reordering, each of the N equations should be written in explicit form for
the temperature associated with its diagonal element. Each temperature in the
solution vector would then be of the form
Ci i  1 a ij (k)
T (k)
i a 
a Tj 
ii



j1

ii

N

a ij

a

ji1 ii

T (k1)
j

(4.51)

where i  1, 2, . . . , N. The superscript k refers to the level of the iteration.
3. An initial (k  0) value is assumed for each temperature Ti. Subsequent computations may be reduced by selecting values based on rational estimates of the actual
solution.
4. Setting k  1 in Equation 4.51, values of Ti(1) are then calculated by substituting assumed (second summation, k 1  0) or new (first summation, k  1)
values of Tj into the right-hand side. This step is the first (k  1) iteration.
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5. Using Equation 4.51, the iteration procedure is continued by calculating new
(k)
values of T (k)
i from the T j values of the current iteration, where 1  j  i  1,
(k1)
and the T j
values of the previous iteration, where i  1  j  N.
6. The iteration is terminated when a prescribed convergence criterion is satisfied.
The criterion may be expressed as
T i(k)  T i(k1)  

(4.52)

where  represents an error in the temperature, which is considered to be
acceptable.
If step 1 can be accomplished for each equation, the resulting system is said to be
diagonally dominant, and the rate of convergence is maximized (the number of
required iterations is minimized). However, convergence may also be achieved in
many situations for which diagonal dominance cannot be obtained, although the rate
of convergence is slowed. The manner in which new values of Ti are computed (steps
4 and 5) should also be noted. Because the Ti for a particular iteration are calculated
sequentially, each value can be computed by using the most recent estimates of the
other Ti. This feature is implicit in Equation 4.51, where the value of each unknown is
updated as soon as possible, that is, for 1  j  i  1.

EXAMPLE 4.3
A large industrial furnace is supported on a long column of fireclay brick, which is 1 m
by 1 m on a side. During steady-state operation, installation is such that three surfaces
of the column are maintained at 500 K while the remaining surface is exposed to an
airstream for which T  300 K and h  10 W/m2  K. Using a grid of x  y 
0.25 m, determine the two-dimensional temperature distribution in the column and the
heat rate to the airstream per unit length of column.

SOLUTION
Known: Dimensions and surface conditions of a support column.
Find: Temperature distribution and heat rate per unit length.
Schematic:
∆x =
0.25 m

Ts = 500 K

∆y = 0.25 m
1

2

1
Fire clay brick

3

4

3

5

6

5

7

8

7

Ts = 500 K

Ts = 500 K

Air

T∞ = 300 K
h = 10 W/m2•K
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Assumptions:
1. Steady-state conditions.
2. Two-dimensional conduction.
3. Constant properties.
4. No internal heat generation.

Properties: Table A.3, fireclay brick (T  478 K): k  1 W/m  K.
Analysis: The prescribed grid consists of 12 nodal points at which the temperature is unknown. However, the number of unknowns is reduced to 8 through symmetry, in which case the temperature of nodal points to the left of the symmetry line
must equal the temperature of those to the right.
Nodes 1, 3, and 5 are interior points for which the finite-difference equations
may be inferred from Equation 4.29. Hence
Node 1:

T2  T3  1000  4T1  0

Node 3:

T1  T4  T5  500  4T3  0

Node 5:

T3  T6  T7  500  4T5  0

Equations for points 2, 4, and 6 may be obtained in a like manner or, since they lie
on a symmetry adiabat, by using Equation 4.42 with h  0. Hence
Node 2:

2T1  T4  500  4T2  0

Node 4:

T2  2T3  T6  4T4  0

Node 6:

T4  2T5  T8  4T6  0

From Equation 4.42 and the fact that h x/k  2.5, it also follows that
Node 7:

2T5  T8  2000  9T7  0

Node 8:

2T6  2T7  1500  9T8  0

Having the required finite-difference equations, a matrix inversion solution may be
obtained by ordering them from node 1 to node 8 as follows:
4T1 

T2 

T3 

0 

0  0

 0

 0

 1000

2T1  4T2 

0 

T4 

0  0

 0

 0

 500

T4 

T5  0

 0

 0

 500

T6  0

 0



T6  T7

 0

 500

T1 

0  4T3 

0 

T2  2T3  4T4 

0 

0 

T3 

0

0 

0 

0 

T4 

2T5  4T6  0

0 

0 

0 

0 

2T5  0

0 

0 

0 

0 

0 

 4T5 

0  2T6

 T8 

0

0

 9T7  T8  2000
 2T7

 9T8  1500
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In matrix notation, following Equation 4.48, these equations are of the form
[A][T ]  [C], where
4
2
1
0
[A] 
0
0
0
0

1
4
0
1
0
0
0
0

1
0
0
1
4
1
2 4
1
0
0
1
0
0
0
0

0
0
1
0
4
2
2
0

0
0
0
1
1
4
0
2

0
0
0
0
1
0
9
2

0
0
0
0
0
1
1
9

1000
500
500
0
[C] 
500
0
2000
1500

Using a standard matrix inversion routine, it is a simple matter to find the inverse of
[A], [A]1, giving
[T]  [A]1[C]
where
T1
489.30
T2
485.15
T3
472.07
T4
462.01
K
[T] 

T5
436.95
T6
418.74
T7
356.99
T8
339.05



The heat rate from the column to the airstream may be computed from the expression

Lq  2h  2x (T  T ) 
s



x (T7  T) 

 2x (T  T )
8



where the factor of 2 outside the brackets originates from the symmetry condition.
Hence

Lq  2

10 W/m2  K[(0.125 m (200 K)

 0.25 m (56.99 K)  0.125 m (39.05 K)]  883 W/m



Comments:
1. To ensure that no errors have been made in formulating the finite-difference
equations or in effecting their solution, a check should be made to verify that
the results satisfy conservation of energy for the nodal network. For steadystate conditions, the requirement dictates that the rate of energy inflow be balanced by the rate of outflow for a control surface about those nodal regions
whose temperatures have been evaluated.
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Ts
q1(1)
q1(2)

Ts

q3

q2

1

2

3

4

5

6

7

8

q5

q7(1)

q7(2)

q8

T∞, h

For the one-half symmetrical section shown schematically above, it follows
that conduction into the nodal regions must be balanced by convection from the
regions. Hence
(2)
(1)
(2)
q (1)
1  q 1  q2  q3  q5  q 7  q 7  q8

The cumulative conduction rate is then
x

(Ts  T1)
(Ts  T1)
x (Ts  T2)
 y

2
y
x
y

 y

y (Ts  T7)
(Ts  T3)
(Ts  T5)
 y

2
x
x
x

qcond
k
L

 191.31 W/m
and the convection rate is
qconv
h
L

x(T7  T) 

x
(T  T)  191.29 W/m
2 8

Agreement between the conduction and convection rates is excellent (within
round-off error), confirming that mistakes have not been made in formulating
and solving the finite-difference equations. Note that convection transfer from
the entire bottom surface (883 W/m) is obtained by adding transfer from the
edge node at 500 K (250 W/m) to that from the interior nodes (191.3 W/m) and
multiplying by 2 from symmetry.
2. Although the computed temperatures satisfy the finite-difference equations,
they do not provide us with the exact temperature field. Remember that the
equations are approximations whose accuracy may be improved by reducing
the grid size (increasing the number of nodal points).
3. The temperature distribution may also be determined by using the Gauss–Seidel
iteration method. Referring to the arrangement of finite-difference equations, it
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is evident that the order is already characterized by diagonal dominance. This
behavior is typical of finite-difference solutions to conduction problems. We
therefore begin with step 2 and express the equations in explicit form
(k1)
T (k)
 0.25T (k1)
 250
1  0.25T 2
3
(k)
(k1)
T (k)
 125
2  0.50T 1  0.25T 4
(k)
(k1)
T (k)
 0.25T (k1)
 125
3  0.25T 1  0.25T 4
5
(k)
(k)
(k1)
T (k)
4  0.25T 2  0.50T 3  0.25T 6
(k)
(k1)
T (k)
 0.25T (k1)
 125
5  0.25T 3  0.25T 6
7
(k)
(k)
(k1)
T (k)
6  0.25T 4  0.50T 5  0.25T 8
(k)
(k1)
T (k)
 222.22
7  0.2222T 5  0.1111T 8
(k)
(k)
T (k)
8  0.2222T 6  0.2222T 7  166.67

Having the finite-difference equations in the required form, the iteration procedure
may be implemented by using a table that has one column for the iteration (step)
number and a column for each of the nodes labeled as Ti. The calculations proceed
as follows:
1. For each node, the initial temperature estimate is entered on the row for k  0.
Values are selected rationally to reduce the number of required iterations.
2. Using the N finite-difference equations and values of Ti from the first and second rows, the new values of Ti are calculated for the first iteration (k  1).
These new values are entered on the second row.
(k1)
3. This procedure is repeated to calculate T (k)
i from the previous values of T i
(k)
and the current values of T i , until the temperature difference between iterations meets the prescribed criterion,   0.2 K, at every nodal point.

k

T1

T2

T3

T4

T5

T6

T7

T8

0
1
2
3
4
5
6
7
8

480
477.5
480.8
484.6
487.0
488.1
488.7
489.0
489.1

470
471.3
475.7
480.6
482.9
484.0
484.5
484.8
485.0

440
451.9
462.5
467.6
469.7
470.8
471.4
471.7
471.9

430
441.3
453.1
457.4
459.6
460.7
461.3
461.6
461.8

400
428.0
432.6
434.3
435.5
436.1
436.5
436.7
436.8

390
411.8
413.9
415.9
417.2
417.9
418.3
418.5
418.6

370
356.2
355.8
356.2
356.6
356.7
356.9
356.9
356.9

350
337.3
337.7
338.3
338.6
338.8
338.9
339.0
339.0

The results given in row 8 are in excellent agreement with those obtained by
matrix inversion, although better agreement could be obtained by reducing the
value of . However, given the approximate nature of the finite-difference
equations, the results still represent approximations to the actual temperatures.
The accuracy of the approximation may be improved by using a finer grid
(increasing the number of nodes).
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4. Note that the IHT solver can be used to solve the foregoing system of eight
finite-difference equations for the nodal temperatures. As a skill-building exercise, key the equations into the IHT Workspace and press Solve. Compare your
results with those in the foregoing table. For more complicated applications,
consider using the equation-builder in the Tools menu, Finite-Difference Equations for 1-D or 2-D, Steady-State or Transient conditions. The nodal arrangements include those shown in Table 4.2, as well as those for extended surfaces,
and allow for inclusion of volumetric generation and/or uniform heating at a
boundary.
5. A second software package accompanying this text, Finite-Element Heat Transfer (FEHT), may also be used to solve one- and two-dimensional forms of the
heat equation. As in application of the finite-difference method, the solid is discretized, but in terms of triangular nodal elements on which energy balances are
formulated. This example is provided in FEHT as a solved model, which may be
accessed through the Toolbar menu Examples. The input screen summarizes key
pre-processing and post-processing steps, as well as the results for different mesh
sizes. As an exercise, press Run to solve for the nodal temperatures, and in the
View menu, select Temperature Contours to represent the temperature distribution by a group of isotherms. For a tutorial on how to develop a model in FEHT,
refer to the booklet Software Tools and User’s Guides, which accompanies the
IHT and FEHT software.

4.5.3

Some Precautions

As previously noted, it is good practice to verify that a numerical solution has been
correctly formulated by performing an energy balance on a control surface about
the nodal regions whose temperatures have been evaluated. The temperatures
should be substituted into the energy balance equation, and if the balance is not satisfied to a high degree of precision, the finite-difference equations should be
checked for errors.
Even when the finite-difference equations have been properly formulated and
solved, the results may still represent a coarse approximation to the actual temperature field. This behavior is a consequence of the finite spacings ( x, y) between
nodes and of finite-difference approximations, such as k( y  1)(Tm1,n  Tm,n)/ x,
to Fourier’s law of conduction, k(dy  1)dT/dx. We have previously indicated that
the finite-difference approximations become more accurate as the nodal network is
refined ( x and y are reduced). Hence, if accurate results are desired, grid studies
should be performed, whereby results obtained for a fine grid are compared with
those obtained for a coarse grid. One could, for example, reduce x and y by a
factor of 2, thereby increasing the number of nodes and finite-difference equations
by a factor of 4. If the agreement is unsatisfactory, further grid refinements could be
made until the computed temperatures no longer depend significantly on the choice
of x and y. Such grid-independent results would provide an accurate solution to
the physical problem.
Another option for validating a numerical solution involves comparing results
with those obtained from an exact solution. For example, a finite-difference solution
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of the physical problem described in Figure 4.2 could be compared with the exact
solution given by Equation 4.19. However, this option is limited by the fact that we
seldom seek numerical solutions to problems for which there exist exact solutions.
Nevertheless, if we seek a numerical solution to a complex problem for which there
is no exact solution, it is often useful to test our finite-difference procedures by
applying them to a simpler version of the problem.

EXAMPLE 4.4
A major objective in advancing gas turbine engine technologies is to increase the
temperature limit associated with operation of the gas turbine blades. This limit
determines the permissible turbine gas inlet temperature, which, in turn, strongly
influences overall system performance. In addition to fabricating turbine blades
from special, high-temperature, high-strength superalloys, it is common to use
internal cooling by machining flow channels within the blades and routing air
through the channels. We wish to assess the effect of such a scheme by approximating the blade as a rectangular solid in which rectangular channels are machined.
The blade, which has a thermal conductivity of k  25 W/m  K, is 6 mm thick, and
each channel has a 2 mm 6 mm rectangular cross section, with a 4-mm spacing
between adjoining channels.
Combustion
gases

T∞,o, ho

Air channel
T∞,i, hi

2 mm
6 mm
4 mm

Combustion
gases

6 mm

Turbine blade, k

T∞,o, ho

Under operating conditions for which ho  1000 W/m2  K, T ,o  1700 K, hi  200
W/m2  K, and T ,i  400 K, determine the temperature field in the turbine blade
and the rate of heat transfer per unit length to the channel. At what location is the
temperature a maximum?

SOLUTION
Known: Dimensions and operating conditions for a gas turbine blade with
embedded channels.

Find: Temperature field in the blade, including a location of maximum temperature. Rate of heat transfer per unit length to the channel.
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Schematic:
T∞,o, ho
3

1

2

7

8

9

Symmetry
adiabat
13

14

15

19

20

21

4

5

6

10

11

12

16

17

18

x
∆y = 1 mm

∆x =
1 mm

Symmetry
adiabat

T∞,i, hi

Symmetry
adiabat

y

Assumptions:
1. Steady-state, two-dimensional conduction.
2. Constant properties.

Analysis: Adopting a grid space of x  y  1 mm and identifying the three lines
of symmetry, the foregoing nodal network is constructed. The corresponding finitedifference equations may be obtained by applying the energy balance method to nodes
1, 6, 18, 19, and 21 and by using the results of Table 4.2 for the remaining nodes.
Heat transfer to node 1 occurs by conduction from nodes 2 and 7, as well as by
convection from the outer fluid. Since there is no heat transfer from the region
beyond the symmetry adiabat, application of an energy balance to the one-quarter
section associated with node 1 yields a finite-difference equation of the form
Node 1:



T2  T7  2 



ho x
ho x
T
T1  
k
k ,o

A similar result may be obtained for nodal region 6, which is characterized by equivalent surface conditions (2 conduction, 1 convection, 1 adiabatic). Nodes 2 to 5 correspond to case 3 of Table 4.2, and choosing node 3 as an example, it follows that
Node 3:

h k x  2T   2h k xT

T2  T4  2T9  2

o

o

3

,o

Nodes 7, 12, 13, and 20 correspond to case 5 of Table 4.2, with q  0, and
choosing node 12 as an example, it follows that
Node 12:

T6  2T11  T18  4T12  0

Nodes 8 to 11 and 14 are interior nodes (case 1), in which case the finite-difference
equation for node 8 is
Node 8:

T2  T7  T9  T14  4T8  0

Node 15 is an internal corner (case 2) for which
Node 15:



2T9  2T14  T16  T21  2 3 



hi x
hi x
T
T15   2
k
k ,i
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while nodes 16 and 17 are situated on a plane surface with convection (case 3):
Node 16:

h k x  2T

2T10  T15  T17  2

i

16



2h i x
T,i
k

In each case heat transfer to nodal regions 18 and 21 is characterized by conduction
from two adjoining nodes and convection from the internal flow, with no heat transfer occurring from an adjoining adiabat. Performing an energy balance for nodal
region 18, it follows that
Node 18:



T12  T17  2 



hi x
hi x
T
T18  
k
k , i

The last special case corresponds to nodal region 19, which has two adiabatic surfaces
and experiences heat transfer by conduction across the other two surfaces.
Node 19:

T13  T20  2T19  0

The 21 finite-difference equations may be solved for the unknown temperatures, and for the prescribed conditions, the following results are obtained:
T1

T2

T3

T4

T5

T6

1526.0K

1525.3 K

1523.6 K

1521.9 K

1520.8 K

1520.5 K

T7

T8

T9

T10

T11

T12

1519.7 K

1518.8K

1516.5 K

1514.5 K

1513.3 K

1512.9 K

T13

T14

T15

T16

T17

T18

1515.1 K

1513.7 K

1509.2 K

1506.4 K

1505.0 K

1504.5 K

T19

T20

T21

1513.4 K

1511.7 K

1506.0 K

The temperature field may also be represented in the form of isotherms, and four
such lines of constant temperature are shown schematically. Also shown are heat
flux lines that have been carefully drawn so that they are everywhere perpendicular
to the isotherms and coincident with the symmetry adiabat. The surfaces that are
exposed to the combustion gases and air are not isothermal, and therefore the heat
flow lines are not perpendicular to these boundaries.

1521.7

1517.4

Symmetry
adiabat

1513.1
1508.9
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Solving the Finite-Difference Equations

As expected, the maximum temperature exists at the location furthest removed from
the coolant, which corresponds to node 1. Temperatures along the surface of the turbine blade exposed to the combustion gases are of particular interest, and using an
interpolation scheme with the finite-difference predictions, the following distribution is obtained:
1528

T (K)

1526

1524

1522

1520

0

1

2

3

4

5

x (mm)

The rate of heat transfer per unit length of channel may be expressed as
q  4h i[( y/2)(T21  T,i)  ( y/2  x/2)(T15 T,i)
 ( x)(T16  T,i)  x(T17  T,i)  ( x/2)(T18  T,i)]
or, alternatively, as
q   4h o[( x/2)(T,o  T1)  ( x)(T,o  T2)  ( x)(T,o  T3)
 ( x)(T,o  T4)  ( x)(T,o  T5)  ( x/2)(T,o  T6)]
where the factor of 4 originates from the symmetry conditions. In both cases, we
obtain
q  3540.6 W/m


Comments:
1. The accuracy of the finite-difference solution may be improved by refining the
grid. If, for example, we halve the grid spacing ( x  y  0.5 mm), thereby
increasing the number of unknown nodal temperatures to 65, we obtain the following results for selected temperatures and the heat rate:
T1  1525.9 K, T6  1520.5 K,
T18  1504.5 K, T19  1513.5 K,
q  3539.9 W/m

T15  1509.2 K,
T21  1505.7 K,

Agreement between the two sets of results is excellent. Of course, use of the
finer mesh increases set up and computation time, and in many cases results
obtained from a coarse grid are satisfactory. Selection of the appropriate grid is
a judgment that must be made by the engineer.
2. In the gas turbine industry, there is great interest in adopting measures that
reduce blade temperatures. Such measures could include use of a different alloy
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of larger thermal conductivity and/or increasing coolant flow through the channel,
thereby increasing hi. Using the finite-difference solution with x  y  1
mm, the following results are obtained for parametric variations of k and hi:
k (W/m  K)

hi (W/m2  K)

T1 (K)

q (W/m)

25
50
25
50

200
200
1000
1000

1526.0
1523.4
1154.5
1138.9

3540.6
3563.3
11,095.5
11,320.7

Why do increases in k and hi reduce temperature in the blade? Why is the effect
of the change in hi more significant than that of k?
3. Note that, because the exterior surface of the blade is at an extremely high temperature, radiation losses to its surroundings may be significant. In the finitedifference analysis, such effects could be considered by linearizing the radiation
rate equation (see Equations 1.8 and 1.9) and treating radiation in the same manner as convection. However, because the radiation coefficient hr depends on the
surface temperature, an iterative finite-difference solution would be necessary to
ensure that the resulting surface temperatures correspond to the temperatures at
which hr is evaluated at each nodal point.
4. The IHT solver can be used to solve the system of 19 finite-difference equations
for the nodal temperatures. The equations may be formulated by accessing the
equation-builder in the Finite-Difference Equations, 2-D, Steady-State section of
the Tools menu. The menu provides schematics of the control volumes (interior
nodes, corner nodes, etc.), and boxes are provided to enter identifiers or subscripts for the temperatures and other parameters.
5. This example is provided as a solved model in FEHT and may be accessed
through Examples on the Toolbar. The input screen summarizes pre- and postprocessing steps, as well as the results for different nodal spacings of 1 and
0.125 mm. As an exercise, press Run to compute the nodal temperatures, and in
the View menu, select Temperature Contours to represent the temperature field
in the form of isotherms. For a tutorial on how to develop a model in FEHT,
refer to the booklet, Software Tools and User’s Guides, which accompanies the
IHT and FEHT software.

4.6
Summary
The primary objective of this chapter was to develop an appreciation for the nature
of a two-dimensional conduction problem and the methods that are available for its
solution. When confronted with a two-dimensional problem, one should first determine whether an exact solution is known. This may be done by examining some of
the excellent references in which exact solutions to the heat equation are obtained
[1–5]. One may also want to determine whether the shape factor or dimensionless
conduction heat rate is known for the system of interest [6–10]. However, often,
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conditions are such that the use of a shape factor, dimensionless conduction heat
rate, or an exact solution is not possible, and it is necessary to use a finite-difference
or finite-element solution. You should appreciate the inherent nature of the discretization process and know how to formulate and solve the finite-difference equations for the discrete points of a nodal network. You may test your understanding of
related concepts by addressing the following questions.
• What is an isotherm? What is a heat flow line? How are the two lines related geometrically?
• What is an adiabat? How is it related to a line of symmetry? How is it intersected
by an isotherm?
• What parameters characterize the effect of geometry on the relationship between
the heat rate and the overall temperature difference for steady conduction in a
two-dimensional system? How are these parameters related to the conduction
resistance?
• What is represented by the temperature of a nodal point, and how does the accuracy of a nodal temperature depend on prescription of the nodal network?
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Problems
Exact Solutions
4.1

4.2

In the method of separation of variables (Section 4.2)
for two-dimensional, steady-state conduction, the separation constant 2 in Equations 4.6 and 4.7 must be a
positive constant. Show that a negative or zero value of
2 will result in solutions that cannot satisfy the prescribed boundary conditions.
A two-dimensional rectangular plate is subjected to
prescribed boundary conditions. Using the results of
the exact solution for the heat equation presented in
Section 4.2, calculate the temperature at the midpoint

(1, 0.5) by considering the first five nonzero terms of
the infinite series that must be evaluated. Assess the
error resulting from using only the first three terms of
the infinite series. Plot the temperature distributions
T(x, 0.5) and T(1.0, y).
y (m)
T2 = 150°C
1

T1 = 50°C
0
0

T1 = 50°C

2

T1 = 50°C
x (m)
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(b) Derive an expression for the shape factor, Savg,
associated with the average top surface temperature, q  Savgk(T 2  T1) where T 2 is the average
temperature along y  W.

Consider the two-dimensional rectangular plate of Problem 4.2 having a thermal conductivity of 50 W/m  K.
Beginning with the exact solution for the temperature
distribution, derive an expression for the heat transfer
rate per unit thickness from the plate along the lower
surface (0  x  2, y  0). Evaluate the heat rate considering the first five nonzero terms of the infinite series.

4.4 A two-dimensional rectangular plate is subjected to the
boundary conditions shown. Derive an expression for the
steady-state temperature distribution T(x, y).

(c) Evaluate the shape factors that can be used to
determine the maximum and average temperatures
along y  W. Evaluate the maximum and average
temperatures for T1  0C, L  W  10 mm, k 
20 W/m · K, and qs  1000 W/m2.
4.8

y
T = Ax

b
T=0

T=0
T=0

4.5

a

x

A two-dimensional rectangular plate is subjected to prescribed temperature boundary conditions on three sides
and a uniform heat flux into the plate at the top surface.
Using the general approach of Section 4.2, derive an
expression for the temperature distribution in the plate.
y

T1

T1

T1

L

0

x

T1

Shape Factors and Dimensionless
Conduction Heat Rates
4.6

Using the thermal resistance relations developed in
Chapter 3, determine shape factor expressions for the
following geometries:
(a) Plane wall, cylindrical shell, and spherical shell.
(b) Isothermal sphere of diameter D buried in an
infinite medium.

4.7

T2
(a)

q"s

W

Consider Problem 4.5 for the case where the plate is of
square cross section, W  L.
(a) Derive an expression for the shape factor, Smax,
associated with the maximum top surface temperature, such that q  Smax k (T2, max  T1) where T2, max
is the maximum temperature along y  W.

D

D

4.9

0

Based on the dimensionless conduction heat rates for
cases 12–15 in Table 4.1b, find shape factors for the
following objects having temperature T1, located at the
surface of a semi-infinite medium having temperature
T2. The surface of the semi-infinite medium is adiabatic.
(a) A buried hemisphere, flush with the surface.
(b) A disk on the surface. Compare your result to
Table 4.1a, case 10.
(c) A square on the surface.
(d) A buried cube, flush with the surface.
T1

T2
(b) and (c)

D
T1

T2
(d)

Radioactive wastes are temporarily stored in a spherical
container, the center of which is buried a distance of
10 m below the earth’s surface. The outside diameter of
the container is 2 m, and 500 W of heat are released as a
result of the radioactive decay process. If the soil surface
temperature is 20°C, what is the outside surface temperature of the container under steady-state conditions? On a
sketch of the soil–container system drawn to scale, show
representative isotherms and heat flow lines in the soil.

4.10 A pipeline, used for the transport of crude oil, is buried
in the earth such that its centerline is a distance of 1.5 m
below the surface. The pipe has an outer diameter of
0.5 m and is insulated with a layer of cellular glass 100
mm thick. What is the heat loss per unit length of pipe
under conditions for which heated oil at 120°C flows
through the pipe and the surface of the earth is at a temperature of 0°C?
4.11 A long power transmission cable is buried at a depth
(ground to cable centerline distance) of 2 m. The cable is
encased in a thin-walled pipe of 0.1-m diameter, and to
render the cable superconducting (essentially zero power
dissipation), the space between the cable and pipe is filled
with liquid nitrogen at 77 K. If the pipe is covered with a
superinsulator (ki  0.005 W/m  K) of 0.05-m thickness
and the surface of the earth (kg  1.2 W/m  K) is at 300 K,
what is the cooling load in W/m that must be maintained
by a cryogenic refrigerator per unit pipe length?
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4.12 An electrical heater 100 mm long and 5 mm in diameter
is inserted into a hole drilled normal to the surface of a
large block of material having a thermal conductivity of
5 W/m  K. Estimate the temperature reached by the
heater when dissipating 50 W with the surface of the
block at a temperature of 25°C.
4.13 Two parallel pipelines spaced 0.5 m apart are buried in
soil having a thermal conductivity of 0.5 W/m  K. The
pipes have outer diameters of 100 and 75 mm with surface temperatures of 175°C and 5°C, respectively. Estimate the heat transfer rate per unit length between the
two pipelines.
4.14 A tube of diameter 50 mm having a surface temperature
of 85°C is embedded in the center plane of a concrete
slab 0.1 m thick with upper and lower surfaces at 20°C.
Using the appropriate tabulated relation for this configuration, find the shape factor. Determine the heat transfer rate per unit lengh of the tube.
4.15 Pressurized steam at 450 K flows through a long, thinwalled pipe of 0.5-m diameter. The pipe is enclosed in a
concrete casing that is of square cross section and 1.5 m
on a side. The axis of the pipe is centered in the casing,
and the outer surfaces of the casing are maintained at
300 K. What is the heat loss per unit length of pipe?
4.16 Hot water at 85°C flows through a thin-walled copper
tube of 30 mm diameter. The tube is enclosed by an
eccentric cylindrical shell that is maintained at 35°C
and has a diameter of 120 mm. The eccentricity,
defined as the separation between the centers of the tube
and shell, is 20 mm. The space between the tube and
shell is filled with an insulating material having a thermal conductivity of 0.05 W/m  K. Calculate the heat
loss per unit length of the tube and compare the result
with the heat loss for a concentric arrangement.
4.17 A furnace of cubical shape, with external dimensions of
0.35 m, is constructed from a refractory brick (fireclay).
If the wall thickness is 50 mm, the inner surface temperature is 600°C, and the outer surface temperature is
75°C, calculate the heat loss from the furnace.
4.18 The temperature distribution in laser-irradiated materials is determined by the power, size, and shape of the
laser beam, along with the properties of the material
being irradiated. The beam shape is typically Gaussian,
and the local beam irradiation flux (often referred to as
the laser fluence) is
q(x, y)  q(x  y  0)exp(x/rb)2 exp(y/rb)2
The x and y coordinates determine the location of interest on the surface of the irradiated material. Consider

the case where the center of the beam is located at
x  y  r  0. The beam is characterized by a radius,
rb, defined as the radial location where the local fluence
is q(rb)  q(r  0)/e  0.368q(r  0).
A shape factor for Gaussian heating is S  21/2rb,
where S is defined in terms of T1,max  T2 [Nissin, Y. I.,
A. Lietoila, R. G. Gold, and J. F. Gibbons, J.Appl. Phys.,
51, 274, 1980]. Calculate the maximum steady-state surface temperature associated with irradiation of a material of thermal conductivity k  27 W/m  K and
absorptivity   0.45 by a Gaussian beam with rb 
0.1 mm and power P  1 W. Compare your result with
the maximum temperature that would occur if the irradiation was from a circular beam of the same diameter
and power, but characterized by a uniform fluence (a
flat beam). Also calculate the average temperature of
the irradiated surface for the uniform fluence case. The
temperature far from the irradiated spot is T2  25C.
4.19 Laser beams are used to thermally process materials in
a wide range of applications. Often, the beam is scanned
along the surface of the material in a desired pattern.
Consider the laser heating process of Problem 4.18,
except now the laser beam scans the material at a scanning velocity of U. A dimensionless maximum surface
temperature can be well correlated by an expression
of the form [Nissin, Y. I., A. Lietoila, R. G. Gold, and
J. F. Gibbons, J. Appl. Phys., 51, 274, 1980]
T1,max,U0  T2
 1  0.301Pe  0.0108Pe 2
T1,max,U0  T2
for the range 0  Pe  10 where Pe is a dimensionless
velocity known as the Peclet number. For this problem,
Pe  Urb /2 where  is the thermal diffusivity of the
material. The maximum material temperature does not
occur directly below the laser beam, but a lag distance, ,
behind the center of the moving beam. The dimensionless lag distance can be correlated to Pe by [Sheng, I. C.,
and Y. Chen, J. Thermal Stresses, 14, 129, 1991]
U
1.55
  0.944Pe
(a) For the laser beam size and shape, and material of
Problem 4.18, determine the laser power required
to achieve T1,max  200C for U  2 m/s. The
density and specific heat of the material are 
2000 kg/m3 and c  800 J/kg  K, respectively.
(b) Determine the lag distance, , associated with
U  2 m/s.
(c) Plot the required laser power to achieve Tmax,1 
200C for 0  U  2 m/s.

c04.qxd 3/6/06 10:36 AM Page 238

238

Chapter 4



Two-Dimensional, Steady-State Conduction

Shape Factors with Thermal Circuits
4.20 A cubical glass melting furnace has exterior dimensions
of width W  5 m on a side and is constructed from
refractory brick of thickness L  0.35 m and thermal
conductivity k  1.4 W/m  K. The sides and top of the
furnace are exposed to ambient air at 25°C, with free
convection characterized by an average coefficient of
h  5 W/m2  K. The bottom of the furnace rests on a
framed platform for which much of the surface is
exposed to the ambient air, and a convection coefficient
of h  5 W/m2  K may be assumed as a first approximation. Under operating conditions for which combustion
gases maintain the inner surfaces of the furnace at
1100°C, what is the heat loss from the furnace?
4.21 A hot fluid passes through circular channels of a cast
iron platen (A) of thickness LA  30 mm which is in
poor contact with the cover plates (B) of thickness
LB  7.5 mm. The channels are of diameter D  15 mm
with a centerline spacing of Lo  60 mm. The thermal
conductivities of the materials are kA  20 W/m  K and
kB  75 W/m  K, while the contact resistance between
the two materials is Rt,c  2.0 104 m2  K/W. The hot
fluid is at Ti  150°C, and the convection coefficient is
1000 W/m2  K. The cover plate is exposed to ambient
air at T  25°C with a convection coefficient of 200
W/m2  K. The shape factor between one channel and the
platen top and bottom surfaces is 4.25.
Air

T∞, h

Ts

Cover
plate, B

LB
R"t,c
D

Contact
resistance

couple junction. The wire behaves as a fin, permitting heat
to flow from the surface, thereby depressing the sensing
junction temperature Tj below that of the block To.

Air

Thermocouple wire, D

T∞, h

Tj
Copper block, To

(a) If the wire is in air at 25°C with a convection coefficient of 10 W/m2  K, estimate the measurement
error (Tj  To) for the thermocouple when the
block is at 125°C.
(b) For convection coefficients of 5, 10, and 25 W/m2 
K, plot the measurement error as a function of the
thermal conductivity of the block material over the
range 15 to 400 W/m  K. Under what circumstances
is it advantageous to use smaller diameter wire?
4.23 A hole of diameter D  0.25 m is drilled through the
center of a solid block of square cross section with w 
1 m on a side. The hole is drilled along the length, l  2
m, of the block, which has a thermal conductivity of
k  150 W/m  K. The outer surfaces are exposed to
ambient air, with T ,2  25°C and h2  4 W/m2  K,
while hot oil flowing through the hole is characterized by
T ,1  300°C and h1  50 W/m2  K. Determine the corresponding heat rate and surface temperatures.

Fluid

LA

Ti, hi
Platen, A

D = 0.25 m

Lo

Cover
plate, B

LB
Air

h1, T∞,1
h2, T∞,2

R"t,c
Ts

T∞, h

(a) Determine the heat rate from a single channel per
unit length of the platen normal to the page, qi.
(b) Determine the outer surface temperature of the
cover plate, Ts.
(c) Comment on the effects that changing the centerline
spacing will have on qi and Ts. How would insulating the lower surface affect qi and Ts?
4.22 A long constantan wire of 1-mm diameter is butt welded
to the surface of a large copper block, forming a thermo-

w=1m

4.24 In Chapter 3 we assumed that, whenever fins are
attached to a base material, the base temperature is
unchanged. What in fact happens is that, if the temperature of the base material exceeds the fluid temperature, attachment of a fin depresses the junction
temperature Tj below the original temperature of the
base, and heat flow from the base material to the fin is
two-dimensional.
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(b) Using the thermal circuit of part (a), perform a
parameter sensitivity analysis to determine which
variables have a significant effect on the inside air
temperature. For instance, for very high wind conditions, the outside convection coefficient could
double or even triple. Does it make sense to construct the igloo with walls half or twice as thick?

T∞, h

Tj

D
Aluminum or
stainless steel
base

Tb

Aluminum
pin fin

Consider conditions for which a long aluminum pin fin
of diameter D  5 mm is attached to a base material
whose temperature far from the junction is maintained
at Tb  100°C. Fin convection conditions correspond to
h  50 W/m2  K and T  25°C.
(a) What are the fin heat rate and junction temperature
when the base material is (i) aluminum (k  240
W/m  K) and (ii) stainless steel (k  15 W/m  K)?
(b) Repeat the foregoing calculations if a thermal contact resistance of Rt, j  3 105 m2  K/W is associated with the method of joining the pin fin to the
base material.
(c) Considering the thermal contact resistance, plot the
heat rate as a function of the convection coefficient
over the range 10  h  100 W/m2  K for each of
the two materials.
4.25 An igloo is built in the shape of a hemisphere, with an
inner radius of 1.8 m and walls of compacted snow that
are 0.5 m thick. On the inside of the igloo the surface
heat transfer coefficient is 6 W/m2  K; on the outside,
under normal wind conditions, it is 15 W/m2  K. The
thermal conductivity of compacted snow is 0.15 W/m  K.
The temperature of the ice cap on which the igloo sits is
20°C and has the same thermal conductivity as the
compacted snow.

Arctic
wind, T∞

Igloo

Tair

Ice cap, Tic

(a) Assuming that the occupants’ body heat provides a
continuous source of 320 W within the igloo, calculate the inside air temperature when the outside
air temperature is T  40°C. Be sure to consider
heat losses through the floor of the igloo.

4.26 Consider the thin integrated circuit (chip) of Problem
3.136. Instead of attaching the heat sink to the chip surface, an engineer suggests that sufficient cooling might
be achieved by mounting the top of the chip onto a
large copper (k  400 W/m · K) surface that is located
nearby. The metallurgical joint between the chip and
the substrate provides a contact resistance of Rt,c  5
106 m2  K /W, and the maximum allowable chip temperature is 85C. If the large substrate temperature is
T2  25C at locations far from the chip, what is the
maximum allowable chip power dissipation qc?
4.27 An electronic device, in the form of a disk 20 mm in
diameter, dissipates 100 W when mounted flush on a
large aluminum alloy (2024) block whose temperature
is maintained at 27°C. The mounting arrangement is
such that a contact resistance of Rt,c  5
105 m2 
K/W exists at the interface between the device and the
block.
Air

T∞, h
Electronic device,
Td, P

Pin fins (30), D = 1.5 mm

L = 15 mm

Copper, 5-mm
thickness
Device

Epoxy,

Rt",c

Epoxy,
Aluminum
block, Tb

Rt",c

(a) Calculate the temperature the device will reach,
assuming that all the power generated by the device
must be transferred by conduction to the block.
(b) In order to operate the device at a higher power
level, a circuit designer proposes to attach a finned
heat sink to the top of the device. The pin fins and
base material are fabricated from copper (k  400
W/m  K) and are exposed to an airstream at 27°C
for which the convection coefficient is 1000 W/m2 
K. For the device temperature computed in part (a),
what is the permissible operating power?
4.28 An aluminum heat sink (k  240 W/mK) used to cool an
array of electronic chips consists of a square channel of
inner width w  25 mm, through which liquid flow may
be assumed to maintain a uniform surface temperature of
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T1  20C. The outer width and length of the channel
are W  40 mm and L  160 mm, respectively.
Chip, Tc

Rt,c

finned sleeve and in which thermal energy is generated
by Ohmic heating. The N fins of thickness t and length L
are integrally fabricated with the square sleeve of width
w. Under steady-state operating conditions, the rate of
thermal energy generation corresponds to the rate of
heat transfer to air flow over the sleeve.

Heat sink
Fins, N

T2

T1

Sleeve, ks
Air flow

Coolant

T∞, h
w

w
Heater
•
(q, kh)

If N  120 chips attached to the outer surfaces of the
heat sink maintain an approximately uniform surface
temperature of T2  50C and all of the heat dissipated
by the chips is assumed to be transferred to the coolant,
what is the heat dissipation per chip? If the contact resistance between each chip and the heat sink is Rt,c 
0.2 K/W, what is the chip temperature?
4.29 Hot water is transported from a cogeneration power station to commercial and industrial users through steel
pipes of diameter D  l50 mm, with each pipe centered
in concrete (k  1.4 W/m  K) of square cross section
(w  300 mm). The outer surfaces of the concrete are
exposed to ambient air for which T  0C and h 
25 W/m2  K.
Concrete, k

To
Air

w
D

Water

Ts

L

W

T∞, h

t
D

T1

L

•

Ti, m

(a) If the inlet temperature of water flowing through
the pipe is Ti  90C, what is the heat loss per unit
length of pipe in proximity to the inlet? The temperature of the pipe T1 may be assumed to be that
of the inlet water.
(b) If the difference between the inlet and outlet temperatures of water flowing through a 100-m-long
pipe is not to exceed 5C, estimate the minimum
allowable flow rate ṁ. A value of c  4207 J/kg  K
may be used for the specific heat of the water.
4.30 The elemental unit of an air heater consists of a long circular rod of diameter D, which is encapsulated by a

L

(a) Under conditions for which a uniform surface temperature Ts is maintained around the circumference
of the heater and the temperature T and convection coefficient h of the air flow are known, obtain
an expression for the rate of heat transfer per unit
length to the air. Evaluate the heat rate for Ts 
300C, D  20 mm, an aluminum sleeve (ks 
240 W/m  K), w  40 mm, N  16, t  4 mm,
L  20 mm, T  50C, and h  500 W/m2  K.
(b) For the foregoing heat rate and a copper heater of
thermal conductivity kh  400 W/mK, what is the
required volumetric heat generation within the
heater and its corresponding centerline temperature?
(c) With all other quantities unchanged, explore the
effect of variations in the fin parameters (N, L, t) on
the heat rate, subject to the constraint that the fin
thickness and the spacing between fins cannot be
less than 2 mm.
4.31 For a small heat source attached to a large substrate, the
spreading resistance associated with multidimensional
conduction in the substrate may be approximated by the
expression (Yovanovich, M. M. and V. W. Antonetti,
Adv. Thermal Modeling Elec. Comp. and Systems, Vol. 1,
A. Bar-Cohen and A. D. Kraus, Eds., Hemisphere, NY,
79–128, 1988)
R t(sp) 

1  1.410 Ar  0.344 A3r  0.043 A5r  0.034 A7r
4k sub A1/2
s, h

where Ar  As,h/As,sub is the ratio of the heat source area
to the substrate area. Consider application of the expression to an in-line array of square chips of width Lh 
5 mm on a side and pitch Sh  10 mm. The interface
between the chips and a large substrate of thermal conductivity ksub  80 W/mK is characterized by a thermal
contact resistance of Rt,c  0.5 104 m2  K/W.
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Top view
Substrate, ksub

q"s

Chip, Th
h, T∞

Side view

Air

m, n

T∞, h
Sh

∆y

Lh

∆x

Lh
Sh

Substrate

R"t,c

If a convection heat transfer coefficient of h 
100 W/m2K is associated with air flow (T  15C)
over the chips and substrate, what is the maximum
allowable chip power dissipation if the chip temperature is not to exceed Th  85C?

Finite-Difference Equations: Derivations
4.32 Consider nodal configuration 2 of Table 4.2. Derive the
finite-difference equations under steady-state conditions
for the following situations.
(a) The horizontal boundary of the internal corner is
perfectly insulated and the vertical boundary is
subjected to the convection process (T , h).

4.36 Consider heat transfer in a one-dimensional (radial)
cylindrical coordinate system under steady-state conditions with volumetric heat generation.
(a) Derive the finite-difference equation for any interior node m.
(b) Derive the finite-difference equation for the node n
located at the external boundary subjected to the
convection process (T , h).
4.37 In a two-dimensional cylindrical configuration, the radial ( r)
and angular ( ) spacings of the nodes are uniform. The
boundary at r  ri is of uniform temperature Ti. The
boundaries in the radial direction are adiabatic (insulated)
and exposed to surface convection (T , h), as illustrated.
Derive the finite-difference equations for (a) node 2,
(b) node 3, and (c) node 1.

5

4

(b) Both boundaries of the internal corner are perfectly
insulated. How does this result compare with
Equation 4.41?

T∞, h

6

2

1

3

∆r

4.33 Consider nodal configuration 3 of Table 4.2. Derive the
finite-difference equations under steady-state conditions
for the following situations.

∆φ

∆φ
Uniform
temperature
surface, Ti

(a) The boundary is insulated. Explain how Equation 4.42
can be modified to agree with your result.

ri

(b) The boundary is subjected to a constant heat flux.
4.34 Consider nodal configuration 4 of Table 4.2. Derive the
finite-difference equations under steady-state conditions
for the following situations.
(a) The upper boundary of the external corner is perfectly insulated and the side boundary is subjected
to the convection process (T , h).

4.38 Upper and lower surfaces of a bus bar are convectively
cooled by air at T , with hu  hl. The sides are cooled
by maintaining contact with heat sinks at To, through a
thermal contact resistance of Rt,c. The bar is of thermal
conductivity k, and its width is twice its thickness L.
T∞, hu

(b) Both boundaries of the external corner are perfectly insulated. How does this result compare with
Equation 4.43?
4.35 One of the strengths of numerical methods is their ability
to handle complex boundary conditions. In the sketch,
the boundary condition changes from specified heat flux,
qs (into the domain), to convection, at the location of the
node m,n. Write the steady-state, two-dimensional finite
difference equation at this node.

1

2

3

∆x
To

•

q, k
4

5

∆y

6

7

8

9

10

11

12

13

14

15

R"t,c

T∞, hl

R"t,c

To

L
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Consider steady-state conditions for which heat is uni.
formly generated at a volumetric rate q due to passage
of an electric current. Using the energy balance method,
derive finite-difference equations for nodes 1 and 13.

One of the boundaries is maintained at a constant temperature Ts while the others are adiabatic.

4.39 Derive the nodal finite-difference equations for the following configurations.
(a) Node m, n on a diagonal boundary subjected to
convection with a fluid at T and a heat transfer
coefficient h. Assume x  y.
∆y

y

m + 1, n + 1

12

11

10

9

8

13

4

5

6

7

14

3

15

2

∆y

T∞, h

∆x
x

m, n

Isothermal
boundary, Ts

1

16

m + 1, n

Insulation

m, n – 1

m – 1, n – 1

Insulation

Derive an expression for the heat rate per unit length normal to the page crossing the isothermal boundary (Ts).

∆x

(b) Node m, n at the tip of a cutting tool with the upper
surface exposed to a constant heat flux qo, and the
diagonal surface exposed to a convection cooling
process with the fluid at T and a heat transfer
coefficient h. Assume x  y.

4.42 Consider a one-dimensional fin of uniform crosssectional area, insulated at its tip, x  L. (See Table 3.4,
case B). The temperature at the base of the fin Tb and of
the adjoining fluid T , as well as the heat transfer coefficient h and the thermal conductivity k, are known.
(a) Derive the finite-difference equation for any interior node m.
(b) Derive the finite-difference equation for a node n
located at the insulated tip.

q"o
m + 1, n

m, n

Finite-Difference Equations: Analysis

45°

∆y

∆x
m + 1, n – 1

T∞, h

4.43 Consider the network for a two-dimensional system
without internal volumetric generation having nodal temperatures shown below. If the grid space is 125 mm and
the thermal conductivity of the material is 50 W/m  K,
calculate the heat rate per unit length normal to the page
from the isothermal surface (Ts).

4.40 Consider the nodal point 0 located on the boundary
between materials of thermal conductivity kA and kB.

2
0

1

3

∆ x = ∆y
4

∆y

Material A

kA

1

2

3

4

5

6
7

Material B

kB

Derive the finite-difference equation, assuming no
internal generation.
4.41 Consider the two-dimensional grid ( x  y) representing steady-state conditions with no internal volumetric generation for a system with thermal conductivity k.

Node

Ti (°C)

1
2
3
4
5
6
7

120.55
120.64
121.29
123.89
134.57
150.49
147.14

Ts = 100°C

4.44 Consider the square channel shown in the sketch operating under steady-state conditions. The inner surface of
the channel is at a uniform temperature of 600 K, while
the outer surface is exposed to convection with a fluid at
300 K and a convection coefficient of 50 W/m2  K. From
a symmetrical element of the channel, a two-dimensional
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T6  77.29C, T8  87.28C, and T10  77.65C. The
wall experiences uniform volumetric heat generation of
q̇ 106 W/m3 and has a thermal conductivity of k 
10 W/m  K. The inner and outer surfaces of the channel
experience convection with fluid temperatures of
T ,i  50C and T ,o  25C and convection coefficients
of hi 500 W/m2K and ho  250 W/m2  K.

grid has been constructed and the nodes labeled. The
temperatures for nodes 1, 3, 6, 8, and 9 are identified.
T∞ = 300 K
h = 50 W/m2• K

1

2

3

5

6

7

4

y

∆ x = ∆y = 0.01 m
8

9

y

1

x

T = 600 K

Surface B

Insulation

k = 1 W/m•K
T1 = 430 K
T3 = 394 K

7

4.45 Steady-state temperatures (K) at three nodal points of a
long rectangular rod are as shown. The rod experiences
a uniform volumetric generation rate of 5 107 W/m3
and has a thermal conductivity of 20 W/m  K. Two of
its sides are maintained at a constant temperature of
300 K, while the others are insulated.
5 mm
398.0
5 mm

348.5

3

6

Symmetry
plane

374.6

Uniform temperature, 300 K

(a) Determine the temperatures at nodes 1, 2, and 3.
(b) Calculate the heat transfer rate per unit length
(W/m) from the rod using the nodal temperatures.
Compare this result with the heat rate calculated
from knowledge of the volumetric generation rate
and the rod dimensions.
4.46 Steady-state temperatures at selected nodal points of
the symmetrical section of a flow channel are known
to be T2  95.47C, T3  117.3C, T5  79.79C,

8

9

x

10

Surface A

T∞,o, ho

(a) Determine the temperatures at nodes 1, 4, 7, and 9.
(b) Calculate the heat rate per unit length (W/m) from
the outer surface A to the adjacent fluid.
(c) Calculate the heat rate per unit length from the
inner fluid to surface B.
(d) Verify that your results are consistent with an overall energy balance on the channel section.

(b) Calculate the heat loss per unit length from the
channel.

2

5

•

k, q

∆x = ∆y = 25 mm

(a) Beginning with properly defined control volumes,
derive the finite-difference equations for nodes 2,
4, and 7 and determine the temperatures T2, T4, and
T7 (K).

1

4

3

T8 = T9 = 600 K
T6 = 492 K

T∞,i, hi

2

4.47 Consider an aluminum heat sink (k  240 W/m  K),
such as that shown schematically in Problem 4.28. The
inner and outer widths of the square channel are
w  20 mm and W  40 mm, respectively, and an outer
surface temperature of Ts  50C is maintained by the
array of electronic chips. In this case, it is not the inner
surface temperature that is known, but conditions
(T , h) associated with coolant flow through the channel, and we wish to determine the rate of heat transfer to
the coolant per unit length of channel. For this purpose,
consider a symmetrical section of the channel and a
two-dimensional grid with x  y  5 mm.
(a) For T  20C and h  5000 W/m2  K, determine
the unknown temperatures, T1, . . ., T7, and the rate
of heat transfer per unit length of channel, q.
(b) Assess the effect of variations in h on the unknown
temperatures and the heat rate.
Heat sink, k
T4

Ts

T∞, h

Coolant, T∞, h

T1

T5

T2

T6

T3

T7

Ts
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4.48 The steady-state temperatures (°C) associated with selected nodal points of a two-dimensional system having
a thermal conductivity of 1.5 W/m  K are shown on the
accompanying grid.
Ts

Insulated
boundary

T2

129.4
0.1 m

137.0 103.5

0.1 m
172.9

T1

132.8

T∞, h

Ts = 50°C

45.8

T3

T∞ = 30°C
h = 50 W/m2•K
Ts

(a) Using a grid spacing of 30 mm and the Gauss–
Seidel iteration method, determine the nodal temperatures and the heat rate per unit length normal
to the page into the bar from the air.

67.0

Isothermal boundary
T0 = 200°C

(a) Determine the temperatures at nodes 1, 2, and 3.
(b) Calculate the heat transfer rate per unit thickness
normal to the page from the system to the fluid.
4.49 A steady-state, finite-difference analysis has been performed on a cylindrical fin with a diameter of 12 mm
and a thermal conductivity of 15 W/m  K. The convection process is characterized by a fluid temperature of
25°C and a heat transfer coefficient of 25 W/m2  K.

(b) Determine the effect of grid spacing on the temperature field and heat rate. Specifically, consider a
grid spacing of 15 mm. For this grid, explore the
effect of changes in h on the temperature field and
the isotherms.
4.51 Consider two-dimensional, steady-state conduction in a
square cross section with prescribed surface temperatures.
y
100°C

T∞, h

T0

T1

T2

T3

D

T0 = 100.0°C
T1 = 93.4°C
T2 = 89.5°C

1

2

3

4

200°C

50°C

∆x

x
x

(a) The temperatures for the first three nodes, separated by a spatial increment of x  10 mm, are
given in the sketch. Determine the fin heat rate.
(b) Determine the temperature at node 3, T3.

Solving the Finite-Difference Equations
4.50 A long bar of rectangular cross section is 60 mm by
90 mm on a side and has a thermal conductivity of
1 W/m  K. One surface is exposed to a convection
process with air at 100°C and a convection coefficient
of 100W/m2  K, while the remaining surfaces are
maintained at 50°C.

300°C

(a) Determine the temperatures at nodes 1, 2, 3, and 4.
Estimate the midpoint temperature.
(b) Reducing the mesh size by a factor of 2, determine
the corresponding nodal temperatures. Compare
your results with those from the coarser grid.
(c) From the results for the finer grid, plot the 75, 150,
and 250°C isotherms.
4.52 Consider a long bar of square cross section (0.8 m to the
side) and of thermal conductivity 2 W/m  K. Three of
these sides are maintained at a uniform temperature of
300°C. The fourth side is exposed to a fluid at 100°C
for which the convection heat transfer coefficient is
10 W/m2  K.
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(a) Using an appropriate numerical technique with a
grid spacing of 0.2 m, determine the midpoint temperature and heat transfer rate between the bar and
the fluid per unit length of the bar.
(b) Reducing the grid spacing by a factor of 2,
determine the midpoint temperature and heat
transfer rate. Plot the corresponding temperature
distribution across the surface exposed to the fluid.
Also, plot the 200 and 250°C isotherms.

below the surface. The ducts are square and located
midway between the top and bottom surfaces that
are exposed to room air and insulated, respectively.
Air duct

T2 = 30°C

T1 = 80°C

L

L

1.5L

Concrete

L

4.53 A long conducting rod of rectangular cross section
(20 mm 30 mm) and thermal conductivity k 
20 W/m  K experiences uniform heat generation at a
rate q̇  5 107 W/m3, while its surfaces are maintained at 300 K.
(a) Using a finite-difference method with a grid spacing of 5 mm, determine the temperature distribution in the rod.
(b) With the boundary conditions unchanged, what
heat generation rate will cause the midpoint temperature to reach 600 K?
4.54 A flue passing hot exhaust gases has a square cross
section, 300 mm to a side. The walls are constructed of
refractory brick 150 mm thick with a thermal conductivity of 0.85 W/m  K. Calculate the heat loss from the
flue per unit length when the interior and exterior surfaces are maintained at 350 and 25°C, respectively.
Use a grid spacing of 75 mm.
4.55 Consider the system of Problem 4.54. The interior surface is exposed to hot gases at 350°C with a convection
coefficient of 100 W/m2  K, while the exterior surface
experiences convection with air at 25°C and a convection coefficient of 5 W/m2  K.
(a) Using a grid spacing of 75 mm, calculate the temperature field within the system and determine the
heat loss per unit length by convection from the
outer surface of the flue to the air. Compare this
result with the heat gained by convection from
the hot gases to the air.
(b) Determine the effect of grid spacing on the temperature field and heat loss per unit length to the
air. Specifically, consider a grid spacing of 25 mm
and plot appropriately spaced isotherms on a
schematic of the system. Explore the effect of
changes in the convection coefficients on the temperature field, and heat loss.
4.56

A common arrangement for heating a large surface
area is to move warm air through rectangular ducts

For the condition when the floor and duct temperatures
are 30 and 80°C, respectively, and the thermal conductivity of concrete is 1.4 W/m  K, calculate the heat rate from
each duct, per unit length of duct. Use a grid spacing with
x  2 y, where y  0.125L and L 150 mm.
4.57 Consider the gas turbine cooling scheme of Example 4.4.
In Problem 3.23, advantages associated with applying a
thermal barrier coating (TBC) to the exterior surface
of a turbine blade are described. If a 0.5-mm-thick zirconia coating (k1.3 W/m  K, Rt,c  104 m2  K/W) is
applied to the outer surface of the air-cooled blade,
determine the temperature field in the blade for the
operating conditions of Example 4.4.
4.58 A long bar of rectangular cross section, 0.4 m 0.6 m
on a side and having a thermal conductivity of
1.5 W/m  K, is subjected to the boundary conditions
shown below. Two of the sides are maintained at a uniform temperature of 200°C. One of the sides is adiabatic,
and the remaining side is subjected to a convection
process with T  30°C and h  50 W/m2  K. Using an
appropriate numerical technique with a grid spacing of
0.1 m, determine the temperature distribution in the bar
and the heat transfer rate between the bar and the fluid
per unit length of the bar.
Uniform temperature,
T = 200°C

T∞, h
Insulated

Uniform temperature,
T = 200°C

4.59 The top surface of a plate, including its grooves, is maintained at a uniform temperature of T1  200°C. The lower
surface is at T2  20°C, the thermal conductivity is
15 W/m  K, and the groove spacing is 0.16 m.
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y

T1

w

T2

w/4
w/2
w/2

T2 T2 T2 T2

Linear temperature
distribution

Symmetry
adiabat

T2

T2

(a) Using a finite-difference method with a mesh size
of x  y  40 mm, calculate the unknown nodal
temperatures and the heat transfer rate per width of
groove spacing (w) and per unit length normal to
the page.
(b) With a mesh size of x  y  10 mm, repeat the
foregoing calculations, determining the temperature
field and the heat rate. Also, consider conditions for
which the bottom surface is not at a uniform temperature T2 but is exposed to a fluid at T  20°C. With
x  y  10 mm, determine the temperature field
and heat rate for values of h  5, 200, and 1000
W/m2  K, as well as for h l .
4.60 Refer to the two-dimensional rectangular plate of Problem 4.2. Using an appropriate numerical method with
x  y  0.25 m, determine the temperature at the
midpoint (1, 0.5).
4.61 A long trapezoidal bar is subjected to uniform temperatures on two surfaces, while the remaining surfaces are
well insulated. If the thermal conductivity of the material is 20 W/m  K, estimate the heat transfer rate per unit
length of the bar using a finite-difference method. Use
the Gauss–Seidel method of solution with a space increment of 10 mm.

∆y
∆x

T1

x

( a)

T1
T2

y
T2
a

b

L

L
a

b

x

n•L
(b)

(a) Using the nodal network of inset (a) with L  40
mm, determine the temperature distribution in the
element for T1  100°C and T2  0°C. Evaluate
the heat rate per unit depth (D  1 m) if k 
1 W/m  K. Determine the corresponding shape factor for the edge and compare your result with that
from Table 4.1.
(b) Choosing a value of n  1 or n  1.5, establish a
nodal network for the trapezoid of inset (b) and
determine the corresponding temperature field.
Assess the validity of assuming linear temperature
distributions across sections a–a and b–b.
4.63 The diagonal of a long triangular bar is well insulated,
while sides of equivalent length are maintained at uniform temperatures Ta and Tb.

Insulation

T2 = 25°C

Ta = 100°C
Insulation

50 mm
20 mm

T1 = 100°C

4.62

30 mm

The shape factor for conduction through the edge of
adjoining walls for which D  L/5, where D and L are
the wall depth and thickness, respectively, is shown in
Table 4.1. The two-dimensional symmetrical element
of the edge, which is represented by inset (a), is
bounded by the diagonal symmetry adiabat and a section of the wall thickness over which the temperature
distribution is assumed to be linear between T1 and T2.

Tb = 0°C

(a) Establish a nodal network consisting of five nodes
along each of the sides. For one of the nodes on the
diagonal surface, define a suitable control volume
and derive the corresponding finite-difference equation. Using this form for the diagonal nodes and
appropriate equations for the interior nodes, find
the temperature distribution for the bar. On a scale
drawing of the shape, show the 25, 50, and 75°C
isotherms.
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(b) An alternate and simpler procedure to obtain the
finite-difference equations for the diagonal nodes
follows from recognizing that the insulated diagonal surface is a symmetry plane. Consider a square
5 5 nodal network and represent its diagonal as a
symmetry line. Recognize which nodes on either
side of the diagonal have identical temperatures.
Show that you can treat the diagonal nodes as
“interior” nodes and write the finite-difference
equations by inspection.

Finite-Element Solutions
4.64

A straight fin of uniform cross section is fabricated
from a material of thermal conductivity k  5 W/m  K,
thickness w  20 mm, and length L  200 mm. The
fin is very long in the direction normal to the page.
The base of the fin is maintained at Tb  200C, and
the tip condition allows for convection (case A of
Table 3.4), with h  500 W/m2  K and T  25C.
T∞ = 100°C
h = 500 W/m2•K
Tb = 200°C

k = 5 W/m•K

T∞, h

q'f

w = 20 mm
x

L = 200 mm

T∞, h

(a) Assuming one-dimensional heat transfer in the fin,
calculate the fin heat rate, q f (W/m), and the tip
temperature TL. Calculate the Biot number for the fin
to determine whether the one-dimensional assumption is valid.

4.65 Consider the long rectangular bar of Problem 4.50

with the prescribed boundary conditions.
(a) Using the finite-element method of FEHT, determine the temperature distribution. Use the View/
Temperature Contours command to represent
the isotherms. Identify significant features of the
distribution.
(b) Using the View/Heat Flows command, calculate
the heat rate per unit length (W/m) from the bar to
the air stream.
(c) Explore the effect on the heat rate of increasing the
convection coefficient by factors of two and three.
Explain why the change in the heat rate is not proportional to the change in the convection coefficient.
4.66 Consider the long rectangular rod of Problem 4.53,

which experiences uniform heat generation while its
surfaces are maintained at a fixed temperature.
(a) Using the finite-element method of FEHT, determine the temperature distribution. Use the View/
Temperature Contours command to represent the
isotherms. Identify significant features of the distribution.
(b) With the boundary conditions unchanged, what
heat generation rate will cause the midpoint temperature to reach 600 K?
4.67 Consider the symmetrical section of the flow chan-

nel of Problem 4.46, with the prescribed values of q̇,
k, T ,i, T ,o, hi and ho. Use the finite-element method
of FEHT to obtain the following results.
(a) Determine the temperature distribution in the symmetrical section, and use the View/ Temperature Contours command to represent the isotherms. Identify
significant features of the temperature distribution,
including the hottest and coolest regions and the
region with the steepest gradients. Describe the
heat flow field.

(b) Using the finite-element method of FEHT, perform
a two-dimensional analysis on the fin to determine
the fin heat rate and tip temperature. Compare your
results with those from the one-dimensional, analytical solution of part (a). Use the View/Temperature
Contours option to display isotherms, and discuss
key features of the corresponding temperature field
and heat flow pattern. Hint: In drawing the outline
of the fin, take advantage of symmetry. Use a fine
mesh near the base and a coarser mesh near the tip.
Why?

4.68 The hot-film heat flux gage shown schematically

(c) Validate your FEHT model by comparing predictions with the analytical solution for a fin with
thermal conductivities of k  50 W/m  K and
500 W/m  K. Is the one-dimensional heat transfer
assumption valid for these conditions?

may be used to determine the convection coefficient
of an adjoining fluid stream by measuring the electric power dissipation per unit area, P e (W/m 2), and
the average surface temperature, Ts, f , of the film.
The power dissipated in the film is transferred

(b) Using the View/Heat Flows command, calculate
the heat rate per unit length (W/m) from the outer
surface A to the adjacent fluid.
(c) Calculate the heat rate per unit length from the
inner fluid to surface B.
(d) Verify that your results are consistent with an overall energy balance on the channel section.
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conductivity k  75 W/mK and is heated by two
ring-shaped electrical heaters. The two-zone heating
arrangement allows for independent control of a
main heater (MH) and a trim heater (TH), which is
used to improve the uniformity of the surface temperature for the EB. Your assignment is to size the
heaters, MH and TH, by specifying their applied
 and q th (W/m2), and their radial
heat fluxes, q mh
extents, rmh and rth. The constraints on radial positioning of the heaters are imposed by manufacturing
considerations and are shown in the schematic.

directly to the fluid by convection, as well as by conduction into the substrate. If substrate conduction is
negligible, the gage measurements can be used to
determine the convection coefficient without application of a correction factor. Your assignment is to
perform a two-dimensional, steady-state conduction
analysis to estimate the fraction of the power dissipation that is conducted into a 2-mm-thick quartz
substrate of width W  40 mm and thermal conductivity k  1.4 W/m  K. The thin, hot-film gage has a
width of w  4 mm and operates at a uniform power
dissipation of 5000 W/m2. Consider cases for which
the fluid temperature is 25C and the convection
coefficient is 500, 1000, and 2000 W/m2  K.
Ts, f

Hot-thin film,
P"e = 5000 W/m2

Fluid

T∞, h

Ambient fluid

Quartz substrate
k = 1.4 W/m•K

T∞ = 25°C
h = 10 W/m2•K

Region over which 140°C ± 0.1°C
uniformity is sought

Equalizing block
k = 75 W/m•K

w = 4 mm

2 mm

Main heater
(MH) q"mh

P"e

T∞, h

0

30

Trim
heater (TH) q"th
90

Limits for MH, ∆rmh

W = 40 mm
w/2

W/2

Use the finite-element method of FEHT to analyze a
symmetrical half-section of the gage and the quartz
substrate. Assume that the lower and end surfaces of
the substrate are perfectly insulated, while the upper
surface experiences convection with the fluid.
(a) Determine the temperature distribution and the
conduction heat rate into the region below the hot
film for the three values of h. Calculate the fractions
of electric power dissipation represented by these
rates. Hint: Use the View/Heat Flow command to
find the heat rate across the boundary elements.
(b) Use the View/Temperature Contours command to
view the isotherms and heat flow patterns. Describe
the heat flow paths, and comment on features of the
gage design that influence the paths. What limitations on applicability of the gage have been revealed
by your analysis?
4.69 A semiconductor industry roadmap for microlithog-

raphy processing requires that a 300-mm-diameter
silicon wafer be maintained at a steady-state temperature of 140C to within a uniformity of 0.1C. The
design of a hot-plate tool to hopefully meet this
requirement is shown schematically. An equalizing
block (EB), on which the wafer would be placed,
is fabricated from an aluminum alloy of thermal

120

150 170

w = 30 mm
r (mm)

Limits for TH, ∆rth

Use the finite-element method of FEHT to perform a
conduction analysis on an axisymmetric EB of 340-mm
diameter. The upper and lateral surfaces are exposed to
the ambient fluid at T  25C with a convection coefficient of 10 W/m2K. The lower surface of the EB is
adiabatic, except for the ring sectors with the uniform
applied heat fluxes, q mh and q th .
(a) For an upper surface of 140C, perform an overall
energy balance on the EB to obtain an initial estimate for the applied heater fluxes. Assume that
q mh  q th and that each heater extends fully over
the radial limits indicated schematically. Use this
estimate as a boundary condition in your FEHT
model; determine the temperature distribution; and
using the View/ Temperature Contours command,
examine the isotherms and the temperature distribution across the upper surface of the EB. Did you
achieve the desired uniformity?
(b) Rerun your FEHT model with different values of
the heater fluxes, until you obtain the best uniformity possible within the imposed constraints. Hint:
If you want to know the specific nodal temperatures, see the View/ Tabular Output page. You may
obtain a plot of the surface temperature distribution
by highlighting the appropriate nodal data, using
the Copy command, and pasting the data into Excel
for graphing.
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(c) In what manner would a nonuniform distribution of
the convection coefficient across the upper surface
of the EB affect the temperature uniformity? For
the downward flowing gas stream used in the
microlithography process, a representative distribution of the convection coefficient on the upper
surface of the EB is h(r)  ho[1+a(r/ro)n ], where
ho  5.4 W/m2  K and a  n  1.5. For this distribution and retention of a value of h  10 W/m2  K
at the lateral surface of the EB, can you adjust the
trim heater flux to obtain improved uniformity of
the surface temperature?

and T (K). The surface of the rod has an emissivity
  0.2 and experiences radiation exchange with the
surroundings at Tsur  25°C. The fin tip also experiences free convection and radiation exchange.
Tsur = 25°C
Quiescent air,

T∞ = 25°C
Stainless steel rod

Tb = 100°C

k = 14 W/m•K, ε = 0.2

(d) What changes to the design would you propose for
improving the surface temperature uniformity?

D=
10 mm

L = 250 mm
x

Special Applications
4.70 A straight fin of uniform cross section is fabricated from
a material of thermal conductivity 50 W/m  K, thickness
w  6 mm, and length L  48 mm, and is very long in the
direction normal to the page. The convection heat transfer coefficient is 500 W/m2  K with an ambient air temperature of T  30°C. The base of the fin is maintained
at Tb  100°C, while the fin tip is well insulated.
T∞, h
w

Tb
T∞, h

Insulated

L

(a) Using a finite-difference method with a space
increment of 4 mm, estimate the temperature distribution within the fin. Is the assumption of onedimensional heat transfer reasonable for this fin?
(b) Estimate the fin heat transfer rate per unit length
normal to the page. Compare your result with the
one-dimensional, analytical solution, Equation 3.76.
(c) Using the finite-difference mesh of part (a), compute
and plot the fin temperature distribution for values
of h  10, 100, 500, and 1000 W/m2  K. Determine
and plot the fin heat transfer rate as a function of h.
4.71 A rod of 10-mm diameter and 250-mm length has one
end maintained at 100°C. The surface of the rod
experiences free convection with the ambient air at
25°C and a convection coefficient that depends on the
difference between the temperature of the surface and
the ambient air. Specifically, the coefficient is prescribed by a correlation of the form, hfc  2.89[0.6 
0.624(T  T )1/6]2, where the units are hfc (W/m2  K)

Assuming one-dimensional conduction and using a
finite-difference method representing the fin by five
nodes, estimate the temperature distribution for the fin.
Determine also the fin heat rate and the relative contributions of free convection and radiation exchange.
Hint: For each node requiring an energy balance, use
the linearized form of the radiation rate equation, Equation 1.8, with the radiation coefficient hr, Equation 1.9,
evaluated for each node. Similarly, for the convection
rate equation associated with each node, the free convection coefficient hfc must be evaluated for each node.
4.72 A thin metallic foil of thickness 0.25 mm with a pattern
of extremely small holes serves as an acceleration grid
to control the electrical potential of an ion beam. Such a
grid is used in a chemical vapor deposition (CVD)
process for the fabrication of semiconductors. The top
surface of the grid is exposed to a uniform heat flux
caused by absorption of the ion beam, qs  600 W/m2.
The edges of the foil are thermally coupled to watercooled sinks maintained at 300 K. The upper and lower
surfaces of the foil experience radiation exchange with
the vacuum enclosure walls maintained at 300 K. The
effective thermal conductivity of the foil material is
40 W/m  K and its emissivity is 0.45.

Vacuum enclosure, Tsur
Ion beam, q"s

Grid hole
pattern
Grid

x

L = 115 mm
Water-cooled electrode
sink, Tsink
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Assuming one-dimensional conduction and using a
finite-difference method representing the grid by ten
nodes in the x direction, estimate the temperature distribution for the grid. Hint: For each node requiring an
energy balance, use the linearized form of the radiation
rate equation, Equation 1.8, with the radiation coefficient
hr, Equation 1.9, evaluated for each node.

However, the heating rate is limited by restrictions on
the maximum temperature that the chip is allowed to
assume.
Coolant
Chip
kc = 50 W/m•K
q• = 107 W/m3

T∞ = 20°C
h = 500 W/m2•K

4.73 Small diameter electrical heating elements dissipating
50 W/m (length normal to the sketch) are used to heat a
ceramic plate of thermal conductivity 2 W/m  K. The
upper surface of the plate is exposed to ambient air at
30°C with a convection coefficient of 100 W/m2  K,
while the lower surface is well insulated.

H/4
L/3
Substrate,
ks = 5 W/m•K

H=
12 mm

L = 27 mm

Air

T∞, h
Ceramic plate

Heating element

For the conditions shown on the sketch, will the maximum temperature in the chip exceed 85°C, the maximum allowable operating temperature set by industry
standards? A grid spacing of 3 mm is suggested.

y

6 mm

x
2 mm

24 mm

24 mm

(a) Using the Gauss–Seidel method with a grid spacing of x  6 mm and y  2 mm, obtain the temperature distribution within the plate.
(b) Using the calculated nodal temperatures, sketch
four isotherms to illustrate the temperature distribution in the plate.

4.75 Electronic devices dissipating electrical power can be
cooled by conduction to a heat sink. The lower surface
of the sink is cooled, and the spacing of the devices ws,
the width of the device wd, and the thickness L and thermal conductivity k of the heat sink material each affect
the thermal resistance between the device and the
cooled surface. The function of the heat sink is to
spread the heat dissipated in the device throughout the
sink material.

(c) Calculate the heat loss by convection from the
plate to the fluid. Compare this value with the element dissipation rate.
(d) What advantage, if any, is there in not making
x  y for this situation?
(e) With x  y  2 mm, calculate the temperature
field within the plate and the rate of heat transfer
from the plate. Under no circumstances may the
temperature at any location in the plate exceed
400°C. Would this limit be exceeded if the air flow
were terminated and heat transfer to the air was by
natural convection with h  10 W/m2  K?
4.74 A simplified representation for cooling in very largescale integration (VLSI) of microelectronics is shown
in the sketch. A silicon chip is mounted in a dielectric
substrate, and one surface of the system is convectively
cooled, while the remaining surfaces are well insulated
from the surroundings. The problem is rendered twodimensional by assuming the system to be very long in
the direction perpendicular to the paper. Under steadystate operation, electric power dissipation in the chip
provides for uniform volumetric heating at a rate of q̇.

ws = 48 mm

Device, Td = 85°C

wd = 18 mm
L = 24 mm

Sink material,

k = 300 W/m•K

Cooled surface, Ts = 25°C

(a) Beginning with the shaded symmetrical element,
use a coarse (5 5) nodal network to estimate the
thermal resistance per unit depth between the device
and lower surface of the sink, Rt,ds (m  K/W). How
does this value compare with thermal resistances
based on the assumption of one-dimensional conduction in rectangular domains of (i) width wd and
length L and (ii) width ws and length L?
(b) Using nodal networks with grid spacings three and
five times smaller than that in part (a), determine
the effect of grid size on the precision of the thermal resistance calculation.
(c) Using the finer nodal network developed for part
(b), determine the effect of device width on the
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thermal resistance. Specifically, keeping ws and L
fixed, find the thermal resistance for values of
wd /ws  0.175, 0.275, 0.375, and 0.475.

Under normal operation, power dissipation within
the chips results in a uniform heat flux of qo 
105 W/m2 at the base of the cold plate, while water
flow provides a temperature of T  15°C and a
convection coefficient of h  5000 W/m2  K within
the channels. We are interested in obtaining the
steady-state temperature distribution within the cold
plate, and from symmetry considerations, we may
confine our attention to the prescribed nodal network. Assuming the top surface of the cold plate to
be well insulated, determine the nodal temperatures.

4.76 A major problem in packaging very large-scale integrated (VLSI) circuits concerns cooling of the circuit
elements. The problem results from increasing levels of
power dissipation within a chip, as well as from packing chips closer together in a module. A novel technique
for cooling multichip modules has been developed by
IBM. Termed the thermal conduction module (TCM),
the chips are soldered to a multilayer ceramic substrate,
and heat dissipated in each chip is conducted through a
spring-loaded aluminum piston to a water-cooled cold
plate.

(b) Although there is interest in operating at higher
power levels, system reliability considerations dictate that the maximum cold plate temperature must
not exceed 40°C. Using the prescribed cold plate
geometry and nodal network, assess the effect of
changes in operating or design conditions intended
to increase the operating heat flux qo. Estimate the
upper limit for the heat flux.

Cold plate
Water
Spring
Module
housing
Piston
Helium
Chip

Water-cooled
cold plate

Multi-layer
ceramic substrate

4.77 A heat sink for cooling computer chips is fabricated from
copper (ks  400 W/m  K), with machined microchannels
passing a cooling fluid for which T  25°C and
h  30,000 W/m2  K. The lower side of the sink experiences no heat removal, and a preliminary heat sink design
calls for dimensions of a  b  ws  wƒ  200 m. A
symmetrical element of the heat path from the chip to
the fluid is shown in the inset.
y

Thermal
conduction
module

Tc

Ceramic
substrate

Chips, Tc

Chip

a
∆ x = 2.5 mm

ws

wf

Microchannel

b
Symmetry
adiabat

1

2

3

4

7

8

9

10

Water

T∞, h

11 12 13

Symmetry
adiabat

14 15 16 17 18

∆y = 4 mm

T∞, h

5
Aluminum
cold plate

6

Sink, ks

19 20 21 22 23
24 25 26 27 28

q"o

(a) Consider a cold plate fabricated from aluminum
(k  190 W/m  K) with regularly spaced rectangular channels through which the water is passed.

Insulation

x
ws
___
2

wf
___
2

(a) Using the symmetrical element with a square nodal
network of x  y  100 m, determine the corresponding temperature field and the heat rate q to the
coolant per unit channel length (W/m) for a maximum allowable chip temperature Tc, max  75°C. Estimate the corresponding thermal resistance between
the chip surface and the fluid, Rt,cƒ (m  K/W). What
is the maximum allowable heat dissipation for a chip
that measures 10 mm 10 mm on a side?
(b) The grid spacing used in the foregoing finite-difference
solution is coarse, resulting in poor precision for
the temperature distribution and heat removal rate.
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coefficient of h  150 W/m2  K. Consider the symmetrical element of the flange region (inset a), assuming
that the temperature distribution across the web is uniform at Tw  100°C. The beam thermal conductivity is
10 W/m  K, and its dimensions are wƒ  80 mm, ww 
30 mm, and L  30 mm.

Investigate the effect of grid spacing by considering spatial increments of 50 and 25 m.
(c) Consistent with the requirement that a  b  400 m,
can the heat sink dimensions be altered in a manner
that reduces the overall thermal resistance?
4.78 A plate (k  10 W/m  K) is stiffened by a series of longitudinal ribs having a rectangular cross section with
length L  8 mm and width w  4 mm. The base of the
plate is maintained at a uniform temperature Tb 
45°C, while the rib surfaces are exposed to air at a temperature of T  25°C and a convection coefficient of
h  600 W/m2  K.

Oven roof
I-beam

Insulation
Flange
Gases
T∞, h

y

Assume
uniform

Web

y
2

Uniform ?

wo

w
___w
T∞, h

Tw

T∞, h

L
Rib
Plate

w

Tb

wf
___
2

x
L

(a)

T∞, h

(a) Using a finite-difference method with x  y 
2 mm and a total of 5 3 nodal points and regions,
estimate the temperature distribution and the heat
rate from the base. Compare these results with
those obtained by assuming that heat transfer in the
rib is one-dimensional, thereby approximating the
behavior of a fin.
(b) The grid spacing used in the foregoing finitedifference solution is coarse, resulting in poor precision for estimates of temperatures and the heat
rate. Investigate the effect of grid refinement by
reducing the nodal spacing to x  y  1 mm (a
9 3 grid) considering symmetry of the center line.
(c) Investigate the nature of two-dimensional conduction in the rib and determine a criterion for which the
one-dimensional approximation is reasonable. Do so
by extending your finite-difference analysis to determine the heat rate from the base as a function of the
length of the rib for the range 1.5  L/w  10, keeping the length L constant. Compare your results with
those determined by approximating the rib as a fin.
4.79 The bottom half of an I-beam providing support for a
furnace roof extends into the heating zone. The web is
well insulated, while the flange surfaces experience
convection with hot gases at T  400°C and a convection

(b)

x

T∞, h

(a) Calculate the heat transfer rate per unit length to
the beam using a 5 4 nodal network.
(b) Is it reasonable to assume that the temperature distribution across the web–flange interface is uniform? Consider the L-shaped domain of inset (b)
and use a fine grid to obtain the temperature distribution across the web–flange interface. Make the
distance wo  ww /2.
4.80 Consider one-dimensional conduction in a plane

composite wall. The exposed surfaces of materials
A and B are maintained at T1  600 K and T2 
300 K respectively. Material A, of thickness La 
20 mm, has a temperature-dependent thermal conductivity of ka  ko [1  (T  To)], where ko  4.4
W/m  K,   0.008 K1, To  300 K and T is in
kelvins. Material B is of thickness Lb  5 mm and
has a thermal conductivity of kb  1 W/m  K.
kb

ka = ka(T)

T1 = 600 K

T2 = 300 K

A

x

B

La

La + Lb
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(a) Calculate the heat flux through the composite wall
by assuming material A to have a uniform thermal
conductivity evaluated at the average temperature
of the section.
(b) Using a space increment of 1 mm, obtain the finitedifference equations for the internal nodes and
calculate the heat flux considering the temperaturedependent thermal conductivity for Material A. If
the IHT software is employed, call-up functions
from Tools/Finite-Difference Equations may be
used to obtain the nodal equations. Compare your
result with that obtained in part (a).

(a) Determine the maximum allowable spacing, W,
between the channel centerlines that will satisfy the
specified temperature uniformity requirement.
(b) What is the corresponding heat rate per unit length
from a flow channel?
4.82 Consider the cooling arrangement for the very largescale integration (VLSI) chip of Problem 4.75. Use the
finite-element method of FEHT to obtain the following
results.

(c) As an alternative to the finite-difference method of
part (b), use the finite-element method of FEHT to
calculate the heat flux, and compare the result with
that from part (a). Hint: In the Specify/Material
Properties box, properties may be entered as a
function of temperature (T ), the space coordinates
(x, y), or time (t). See the Help section for more
details.
4.81 A platen of thermal conductivity k  15 W/m  K is
heated by flow of a hot fluid through channels of width
L  20 mm, with T ,i  200C and hi  500 W/m2  K.
The upper surface of the platen is used to heat a process
fluid at T ,o  25C with a convection coefficient of
ho  250 W/m2  K. The lower surface of the platen is
insulated. To heat the process fluid uniformly, the temperature of the platen’s upper surface must be uniform
to within 5C. Use a finite-difference method, such as
that of IHT, or the finite-element method of FEHT to
obtain the following results.
Fluid

T∞,o = 25°C
ho = 250 W/m2•K
Temperature
uniformity of 5°C
required

L

Platen,
k = 15 W/m•K

Heating channel

L

T∞,i = 200°C
hi = 500 W/m2•K

L
L /2

Insulation

W

(a) Determine the temperature distribution in the chipsubstrate system. Will the maximum temperature
exceed 85C?
(b) Using the FEHT model developed for part (a),
determine the volumetric heating rate that yields a
maximum temperature of 85C.
(c) What effect would reducing the substrate thickness
have on the maximum operating temperature? For
a volumetric generation rate of q̇  107 W/m3,
reduce the thickness of the substrate from 12 mm to
6 mm, keeping all other dimensions unchanged.
What is the maximum system temperature for these
conditions? What fraction of the chip power generation is removed by convection directly from the
chip surface?
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4S.1
The Graphical Method
The graphical method may be employed for two-dimensional problems involving
adiabatic and isothermal boundaries. Although the approach has been superseded
by computer solutions based on numerical procedures, it may be used to obtain a
first estimate of the temperature distribution and to develop a physical appreciation
for the nature of the temperature field and heat flow.

4S.1.1

Methodology of Constructing a Flux Plot

The rationale for the graphical method comes from the fact that lines of constant
temperature must be perpendicular to lines that indicate the direction of heat flow
(see Figure 4.1). The objective of the graphical method is to systematically construct such a network of isotherms and heat flow lines. This network, commonly
termed a flux plot, is used to infer the temperature distribution and the rate of heat
flow through the system.
Consider a square, two-dimensional channel whose inner and outer surfaces are
maintained at T1 and T2, respectively. A cross section of the channel is shown in
Figure 4S.1a. A procedure for constructing the flux plot, a portion of which is
shown in Figure 4S.1b, is as follows.
1. The first step is to identify all relevant lines of symmetry. Such lines are determined by thermal, as well as geometrical, conditions. For the square channel of
Figure 4S.1a, such lines include the designated vertical, horizontal, and diagonal lines. For this system it is therefore possible to consider only one-eighth of
the configuration, as shown in Figure 4S.1b.
2. Lines of symmetry are adiabatic in the sense that there can be no heat transfer
in a direction perpendicular to the lines. They are therefore heat flow lines and
should be treated as such. Since there is no heat flow in a direction perpendicular to a heat flow line, it can be termed an adiabat.
3. After all known lines of constant temperature are identified, an attempt should
be made to sketch lines of constant temperature within the system. Note that
isotherms should always be perpendicular to adiabats.
4. Heat flow lines should then be drawn with an eye toward creating a network of
curvilinear squares. This is done by having the heat flow lines and isotherms
intersect at right angles and by requiring that all sides of each square be of
approximately the same length. It is often impossible to satisfy this second
requirement exactly, and it is more realistic to strive for equivalence between the
sums of the opposite sides of each square, as shown in Figure 4S.1c. Assigning
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y

b
a

T1
T2 Adiabats

∆x

x

T2
qi
c

Symmetry
lines

∆y
∆Tj

d

(c)

(a)

T1
qi
qi

∆Tj
Isotherms
(b)

FIGURE 4S.1 Two-dimensional conduction in a square channel of length l.
(a) Symmetry planes. (b) Flux plot. (c) Typical curvilinear square.

the x coordinate to the direction of heat flow and the y coordinate to the direction normal to this flow, the requirement may be expressed as
x 

ab  cd
ac  bd
 y 
2
2

(4S.1)

It is difficult to create a satisfactory network of curvilinear squares in the first
attempt, and several iterations must often be made. This trial-and-error process
involves adjusting the isotherms and adiabats until satisfactory curvilinear squares
are obtained for most of the network.1 Once the flux plot has been obtained, it may
be used to infer the temperature distribution in the medium. From a simple analysis,
the heat transfer rate may then be obtained.

4S.1.2

Determination of the Heat Transfer Rate

The rate at which energy is conducted through a lane, which is the region between
adjoining adiabats, is designated as qi. If the flux plot is properly constructed, the
value of qi will be approximately the same for all lanes and the total heat transfer
rate may be expressed as
q

M

 q  Mq
i

i

(4S.2)

i1

1
In certain regions, such as corners, it may be impossible to approach the curvilinear square
requirements. However, such difficulties generally have a small effect on the overall accuracy of
the results obtained from the flux plot.
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where M is the number of lanes associated with the plot. From the curvilinear
square of Figure 4S.1c and the application of Fourier’s law, qi may be expressed as
qi  kAi

Tj
Tj
 k(y  l)
x
x

(4S.3)

where Tj is the temperature difference between successive isotherms, Ai is the conduction heat transfer area for the lane, and l is the length of the channel normal to
the page. However, since the temperature increment is approximately the same for
all adjoining isotherms, the overall temperature difference between boundaries,
T12, may be expressed as
T12 

N

 T  N T
j

j

(4S.4)

j1

where N is the total number of temperature increments. Combining Equations 4S.2
through 4S.4 and recognizing that x  y for curvilinear squares, we obtain
q

Ml
k T12
N

(4S.5)

The manner in which a flux plot may be used to obtain the heat transfer rate for
a two-dimensional system is evident from Equation 4S.5. The ratio of the number of
heat flow lanes to the number of temperature increments (the value of M/N) may be
obtained from the plot. Recall that specification of N is based on step 3 of the foregoing procedure, and the value, which is an integer, may be made large or small
depending on the desired accuracy. The value of M is then a consequence of following step 4. Note that M is not necessarily an integer, since a fractional lane may be
needed to arrive at a satisfactory network of curvilinear squares. For the network of
Figure 4S.1b, N  6 and M  5. Of course, as the network, or mesh, of curvilinear
squares is made finer, N and M increase and the estimate of M/N becomes more
accurate.

4S.1.3

The Conduction Shape Factor

Equation 4S.5 may be used to define the shape factor, S, of a two-dimensional system. That is, the heat transfer rate may be expressed as
q  Sk  T12

(4S.6)

where, for a flux plot,
S

Ml
N

(4S.7)

From Equation 4S.6, it also follows that a two-dimensional conduction resistance
may be expressed as
R t,cond(2D)  1
Sk

(4S.8)
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Shape factors have been obtained for numerous two-dimensional systems, and
results are summarized in Table 4.1 for some common configurations. In cases 1
through 9 and case 11, two-dimensional conduction is presumed to occur between
boundaries that are maintained at uniform temperatures, with T12  T1  T2. In
case 10 conduction is between an isothermal surface (T1) and a semi-infinite medium
of uniform temperature (T2) at locations well removed from the surface. Shape
factors may also be defined for one-dimensional geometries, and from the results
of Table 3.3, it follows that for plane, cylindrical, and spherical walls, respectively, the shape factors are A/L, 2L/ln (r2/r1), and 4r1r2/(r2  r1). Results are
available for many other configurations [1–4].

EXAMPLE 4S.1
A hole of diameter D  0.25 m is drilled through the center of a solid block of
square cross section with w  1 m on a side. The hole is drilled along the length,
l  2 m, of the block, which has a thermal conductivity of k  150 W/m • K. A warm
fluid passing through the hole maintains an inner surface temperature of T1  75°C,
while the outer surface of the block is kept at T2  25°C.
1. Using the flux plot method, determine the shape factor for the system.
2. What is the rate of heat transfer through the block?

SOLUTION
Known: Dimensions and thermal conductivity of a block with a circular hole
drilled along its length.

Find:
1. Shape factor.
2. Heat transfer rate for prescribed surface temperatures.

Schematic:
k = 150 W/m•K

T2 = 25°C
T1 = 75°C
D1 = 0.25 m

w =1m

Symmetrical
section

w =1m

Assumptions:
1. Steady-state conditions.
2. Two-dimensional conduction.
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3. Constant properties.
4. Ends of block are well insulated.

Analysis:
1. The flux plot may be simplified by identifying lines of symmetry and reducing
the system to the one-eighth section shown in the schematic. Using a fairly
coarse grid involving N  6 temperature increments, the flux plot was generated. The resulting network of curvilinear squares is as follows.

T1

Line of symmetry
and adiabat
5
N=1 2 3 4

6

M=1
T2
2

3
Line of symmetry
and adiabat

With the number of heat flow lanes for the section corresponding to M  3,
it follows from Equation 4S.7 that the shape factor for the entire block is
S8

Ml
32m
8
8m
N
6



where the factor of 8 results from the number of symmetrical sections. The
accuracy of this result may be determined by referring to Table 4.1, where, for
the prescribed system, case 6, it follows that
S

2L
22 m

 8.59 m
ln (1.08 w/D) ln (1.081 m/0.25 m)

Hence the result of the flux plot underpredicts the shape factor by approximately 7%. Note that, although the requirement l  w is not satisfied for this
problem, the shape factor result from Table 4.1 remains valid if there is negligible axial conduction in the block. This condition is satisfied if the ends are
insulated.
2. Using S  8.59 m with Equation 4S.6, the heat rate is
q  Sk (T1  T2)
q  8.59 m  150 W/m  K (75  25)C  64.4 kW



Comments: The accuracy of the flux plot may be improved by using a finer grid
(increasing the value of N). How would the symmetry and heat flow lines change if
the vertical sides were insulated? If one vertical and one horizontal side were insulated? If both vertical and one horizontal side were insulated?
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Problems
Flux Plotting

0.2 m

4S.1 A long furnace, constructed from refractory brick with
a thermal conductivity of 1.2 W/m • K, has the cross
section shown with inner and outer surface temperatures of 600 and 60°C, respectively. Determine the
shape factor and the heat transfer rate per unit length
using the flux plot method.

0.1 m
0.2 m

P
T2
45°

T1
0.1 m

(a) Estimate the temperature at the location P.
1m2m

(b) Using the flux plot method, estimate the shape factor and the heat transfer rate through the strut per
unit length.
(c) Sketch the 25, 50, and 75°C isotherms.

1.5 m
2.5 m

4S.2 A hot pipe is embedded eccentrically as shown in a
material of thermal conductivity 0.5 W/m • K. Using
the flux plot method, determine the shape factor and the
heat transfer per unit length when the pipe and outer
surface temperatures are 150 and 35°C, respectively.

(d) Consider the same geometry, but now with the 0.1-m
wide surfaces insulated, the 45° surface maintained
at T1  100°C, and the 0.2-m wide surfaces maintained at T2  0°C. Using the flux plot method,
estimate the corresponding shape factor and the
heat rate per unit length. Sketch the 25, 50, and
75°C isotherms.
4S.4 A hot liquid flows along a V-groove in a solid whose top
and side surfaces are well insulated and whose bottom
surface is in contact with a coolant.
W/4

20 mm

T1
W/4

40 mm

W/2
T2

4S.3 A supporting strut fabricated from a material with a
thermal conductivity of 75 W/m • K has the cross section shown. The end faces are at different temperatures
T1  100°C and T2  0°C, while the remaining sides
are insulated.

W

Accordingly, the V-groove surface is at a temperature
T1, which exceeds that of the bottom surface, T2. Construct an appropriate flux plot and determine the shape
factor of the system.
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Problems

4S.5 A very long conduit of inner circular cross section and
a thermal conductivity of 1 W/m • K passes a hot fluid,
which maintains the inner surface at T1  50°C. The
outer surfaces of square cross section are insulated or
maintained at a uniform temperature of T2  20°C,
depending on the application. Find the shape factor and
the heat rate for each case.

material, what height H must the bar be to provide
an equivalent thermal resistance?
4S.7 Hollow prismatic bars fabricated from plain carbon
steel are 1 m long with top and bottom surfaces, as well
as both ends, well insulated. For each bar, find the
shape factor and the heat rate per unit length of the bar
when T1  500 K and T2  300 K.

T2

T2

100 mm

T2

T2

T2

T2

T2

35 mm

T1

40 mm

100 mm

T1

100 mm

T1

T1

100 mm

T2

35
mm
35
mm

35 mm

120 mm

4S.6 A long support column of trapezoidal cross section is
well insulated on its sides, and temperatures of 100 and
0°C are maintained at its top and bottom surfaces, respectively. The column is fabricated from AISI 1010 steel,
and its widths at the top and bottom surfaces are 0.3 and
0.6 m, respectively.

4S.8 The two-dimensional, square shapes, 1 m to a side, are
maintained at uniform temperatures, T1  100°C and
T2  0°C, on portions of their boundaries and are well
insulated elsewhere.

T1

T1

T2

0.3 m

0.3 m

0.3 m

T1

H

0.6 m

(a) Using the flux plot method, determine the heat
transfer rate per unit length of the column.
(b) If the trapezoidal column is replaced by a bar of
rectangular cross section 0.3 m wide and the same

T2

T2
(a)

( b)

Use the flux plot method to estimate the heat rate per
unit length normal to the page if the thermal conductivity is 50 W/m • K.
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I

n our treatment of conduction we have gradually considered more complicated
conditions. We began with the simple case of one-dimensional, steady-state conduction with no internal generation, and we subsequently considered more realistic
situations involving multidimensional and generation effects. However, we have
not yet considered situations for which conditions change with time.
We now recognize that many heat transfer problems are time dependent. Such
unsteady, or transient, problems typically arise when the boundary conditions of a
system are changed. For example, if the surface temperature of a system is altered,
the temperature at each point in the system will also begin to change. The changes
will continue to occur until a steady-state temperature distribution is reached. Consider a hot metal billet that is removed from a furnace and exposed to a cool
airstream. Energy is transferred by convection and radiation from its surface to the
surroundings. Energy transfer by conduction also occurs from the interior of the
metal to the surface, and the temperature at each point in the billet decreases until a
steady-state condition is reached. The final properties of the metal will depend significantly on the time-temperature history that results from heat transfer. Controlling
the heat transfer is one key to fabricating new materials with enhanced properties.
Our objective in this chapter is to develop procedures for determining the time
dependence of the temperature distribution within a solid during a transient process, as
well as for determining heat transfer between the solid and its surroundings. The nature
of the procedure depends on assumptions that may be made for the process. If, for
example, temperature gradients within the solid may be neglected, a comparatively
simple approach, termed the lumped capacitance method, may be used to determine
the variation of temperature with time. The method is developed in Sections 5.1 to 5.3.
Under conditions for which temperature gradients are not negligible, but heat
transfer within the solid is one-dimensional, exact solutions to the heat equation
may be used to compute the dependence of temperature on both location and time.
Such solutions are considered for finite solids (plane walls, long cylinders and
spheres) in Sections 5.4 to 5.6 and for semi-infinite solids in Section 5.7. Section 5.8
presents the transient thermal response of a variety of objects subject to a step
change in either surface temperature or surface heat flux. In Section 5.9, the
response of a semi-infinite solid to periodic heating conditions at its surface is
explored. For more complex conditions, finite-difference or finite-element methods
must be used to predict the time dependence of temperatures within the solid, as
well as heat rates at its boundaries (Section 5.10).

5.1
The Lumped Capacitance Method
A simple, yet common, transient conduction problem is one for which a solid experiences a sudden change in its thermal environment. Consider a hot metal forging that
is initially at a uniform temperature Ti and is quenched by immersing it in a liquid
of lower temperature T  Ti (Figure 5.1). If the quenching is said to begin at time
t  0, the temperature of the solid will decrease for time t  0, until it eventually
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Ti

t<0
T = Ti

•

Eout = qconv

Liquid
•

Est

T(t)
T∞ < Ti

t≥0
T = T(t)

FIGURE 5.1 Cooling of a hot metal forging.

reaches T. This reduction is due to convection heat transfer at the solid–liquid interface. The essence of the lumped capacitance method is the assumption that the temperature of the solid is spatially uniform at any instant during the transient process.
This assumption implies that temperature gradients within the solid are negligible.
From Fourier’s law, heat conduction in the absence of a temperature gradient
implies the existence of infinite thermal conductivity. Such a condition is clearly
impossible. However, the condition is closely approximated if the resistance to conduction within the solid is small compared with the resistance to heat transfer between
the solid and its surroundings. For now we assume that this is, in fact, the case.
In neglecting temperature gradients within the solid, we can no longer consider
the problem from within the framework of the heat equation. Instead, the transient
temperature response is determined by formulating an overall energy balance on the
solid. This balance must relate the rate of heat loss at the surface to the rate of
change of the internal energy. Applying Equation 1.11c to the control volume of
Figure 5.1, this requirement takes the form
Ė out  Ė st

(5.1)

or
hAs(T  T)  Vc

dT
dt

(5.2)

Introducing the temperature difference
  T  T

(5.3)

and recognizing that (d/dt)  (dT/dt) if T is constant, it follows that
Vc d

hAs dt
Separating variables and integrating from the initial condition, for which t  0 and
T(0)  Ti, we then obtain
Vc
hAs

 d    dt


t

i

0

where
i  Ti  T

(5.4)
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Evaluating the integrals, it follows that
Vc i
ln  t
hAs 

(5.5)

or

  

hAs
 T  T

 exp 
t
Vc
i Ti  T

(5.6)

Equation 5.5 may be used to determine the time required for the solid to reach some
temperature T, or, conversely, Equation 5.6 may be used to compute the temperature reached by the solid at some time t.
The foregoing results indicate that the difference between the solid and fluid
temperatures must decay exponentially to zero as t approaches infinity. This behavior is shown in Figure 5.2. From Equation 5.6 it is also evident that the quantity
(Vc/hAs) may be interpreted as a thermal time constant expressed as
t 

 hA1 (Vc)  R C
t

t

(5.7)

s

where Rt is the resistance to convection heat transfer and Ct is the lumped thermal
capacitance of the solid. Any increase in Rt or Ct will cause a solid to respond more
slowly to changes in its thermal environment. This behavior is analogous to the
voltage decay that occurs when a capacitor is discharged through a resistor in an
electrical RC circuit.
To determine the total energy transfer Q occurring up to some time t, we simply write
Q

 q dt  hA   dt
t

t

s

0

0

1

ρVc
τt = ___ = RtCt
hAs

T – T∞
θ ______
__
=
θ i T i – T∞

258

0.368

0

τt, 1

τt, 2

τt, 3

τt, 4

t

FIGURE 5.2 Transient temperature response of lumped capacitance solids for different
thermal time constants t.
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Substituting for  from Equation 5.6 and integrating, we obtain



 

t
Q  (Vc)i 1  exp  
t

(5.8a)

The quantity Q is, of course, related to the change in the internal energy of the solid,
and from Equation 1.11b
Q  E st

(5.8b)

For quenching Q is positive and the solid experiences a decrease in energy. Equations 5.5, 5.6, and 5.8a also apply to situations where the solid is heated (  0), in
which case Q is negative and the internal energy of the solid increases.

5.2
Validity of the Lumped Capacitance Method
From the foregoing results it is easy to see why there is a strong preference for
using the lumped capacitance method. It is certainly the simplest and most convenient method that can be used to solve transient heating and cooling problems.
Hence it is important to determine under what conditions it may be used with reasonable accuracy.
To develop a suitable criterion consider steady-state conduction through the
plane wall of area A (Figure 5.3). Although we are assuming steady-state conditions, this criterion is readily extended to transient processes. One surface is maintained at a temperature Ts,1 and the other surface is exposed to a fluid of temperature
T  Ts,1. The temperature of this surface will be some intermediate value, Ts,2, for
which T  Ts,2  Ts,1. Hence under steady-state conditions the surface energy balance, Equation 1.12, reduces to
kA
(T  Ts,2)  hA(Ts,2  T)
L s,1

T
qcond

qconv

Bi << 1

Ts, 1

T s, 2

Bi ≈ 1

T s, 2
T s, 2

Bi >> 1

T∞, h
x

L

FIGURE 5.3
Effect of Biot number on steady-state temperature
distribution in a plane wall with surface convection.
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where k is the thermal conductivity of the solid. Rearranging, we then obtain
Ts,1  Ts,2 (L/kA) R cond hL



 Bi
Ts,2  T (1/hA) R conv
k

(5.9)

The quantity (hL /k) appearing in Equation 5.9 is a dimensionless parameter. It
is termed the Biot number, and it plays a fundamental role in conduction problems
that involve surface convection effects. According to Equation 5.9 and as illustrated in Figure 5.3, the Biot number provides a measure of the temperature drop in
the solid relative to the temperature difference between the surface and the fluid.
Note especially the conditions corresponding to Bi  1. The results suggest that,
for these conditions, it is reasonable to assume a uniform temperature distribution
within a solid at any time during a transient process. This result may also be associated with interpretation of the Biot number as a ratio of thermal resistances,
Equation 5.9. If Bi  1, the resistance to conduction within the solid is much less
than the resistance to convection across the fluid boundary layer. Hence the
assumption of a uniform temperature distribution is reasonable.
We have introduced the Biot number because of its significance to transient
conduction problems. Consider the plane wall of Figure 5.4, which is initially at a
uniform temperature Ti and experiences convection cooling when it is immersed in
a fluid of T  Ti. The problem may be treated as one-dimensional in x, and we are
interested in the temperature variation with position and time, T(x, t). This variation
is a strong function of the Biot number, and three conditions are shown in Figure 5.4.
For Bi  1 the temperature gradient in the solid is small and T(x, t)  T(t). Virtually
all the temperature difference is between the solid and the fluid, and the solid temperature remains nearly uniform as it decreases to T. For moderate to large values
of the Biot number, however, the temperature gradients within the solid are significant. Hence T  T(x, t). Note that for Bi  1, the temperature difference across the
solid is much larger than that between the surface and the fluid.
We conclude this section by emphasizing the importance of the lumped capacitance method. Its inherent simplicity renders it the preferred method for solving

T(x, 0) = Ti

T(x, 0) = Ti

T∞, h
t

T ∞, h

T∞
–L

L
x

T∞
–L

Bi << 1
T ≈ T(t)

L

T∞
–L

L

Bi ≈ 1
T = T(x, t)

T∞
–L

L

Bi >> 1
T = T(x, t)

FIGURE 5.4 Transient temperature distributions for different Biot numbers in a plane wall
symmetrically cooled by convection.
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transient heating and cooling problems. Hence, when confronted with such a problem, the very first thing that one should do is calculate the Biot number. If the following condition is satisfied
Bi 

hL c
 0.1
k

(5.10)

the error associated with using the lumped capacitance method is small. For convenience, it is customary to define the characteristic length of Equation 5.10 as the
ratio of the solid’s volume to surface area, Lc  V/As. Such a definition facilitates
calculation of Lc for solids of complicated shape and reduces to the half-thickness L
for a plane wall of thickness 2L (Figure 5.4), to ro /2 for a long cylinder, and to ro /3
for a sphere. However, if one wishes to implement the criterion in a conservative
fashion, Lc should be associated with the length scale corresponding to the maximum spatial temperature difference. Accordingly, for a symmetrically heated (or
cooled) plane wall of thickness 2L, Lc would remain equal to the half-thickness L.
However, for a long cylinder or sphere, Lc would equal the actual radius ro, rather
than ro /2 or ro /3.
Finally, we note that, with Lc  V/As, the exponent of Equation 5.6 may be
expressed as
hAst
hL c k t
hL c t
ht



Vc cL c
k c L 2c
k L 2c
or
hAst
 Bi  Fo
Vc

(5.11)

where
Fo 

t
L 2c

(5.12)

is termed the Fourier number. It is a dimensionless time, which, with the Biot number, characterizes transient conduction problems. Substituting Equation 5.11 into
5.6, we obtain
 T  T

 exp(Bi  Fo)
i Ti  T

(5.13)

EXAMPLE 5.1
A thermocouple junction, which may be approximated as a sphere, is to be used for
temperature measurement in a gas stream. The convection coefficient between the
junction surface and the gas is h  400 W/m2  K, and the junction thermophysical
properties are k  20 W/m  K, c  400 J/kg  K, and   8500 kg/m3. Determine
the junction diameter needed for the thermocouple to have a time constant of 1 s. If
the junction is at 25°C and is placed in a gas stream that is at 200°C, how long will
it take for the junction to reach 199°C?
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SOLUTION
Known: Thermophysical properties of thermocouple junction used to measure
temperature of a gas stream.

Find:
1. Junction diameter needed for a time constant of 1 s.
2. Time required to reach 199°C in gas stream at 200°C.

Schematic:
Leads

T∞ = 200°C
h = 400 W/m2•K

Gas stream

Thermocouple
junction
Ti = 25°C

k = 20 W/m•K
c = 400 J/kg•K
ρ = 8500 kg/m3

D

Assumptions:
1.
2.
3.
4.

Temperature of junction is uniform at any instant.
Radiation exchange with the surroundings is negligible.
Losses by conduction through the leads are negligible.
Constant properties.

Analysis:
1. Because the junction diameter is unknown, it is not possible to begin the solution by determining whether the criterion for using the lumped capacitance
method, Equation 5.10, is satisfied. However, a reasonable approach is to use
the method to find the diameter and to then determine whether the criterion is
satisfied. From Equation 5.7 and the fact that As  D2 and V  D3/6 for a
sphere, it follows that
t 

1
hD 2

D 3
c
6

Rearranging and substituting numerical values,
6ht
6 400 W/m2  K 1 s
D  c 
 7.06
8500 kg/m3 400 J/kg  K

104 m



With Lc  ro /3 it then follows from Equation 5.10 that
Bi 

h(ro/3) 400 W/m2  K 3.53 104 m

 2.35
3 20 W/m  K
k

103

Accordingly, Equation 5.10 is satisfied (for Lc  ro, as well as for Lc  ro /3) and
the lumped capacitance method may be used to an excellent approximation.
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2. From Equation 5.5 the time required for the junction to reach T  199°C is
t
t

(D 3/6)c Ti  T Dc Ti  T
ln

ln
T  T
T  T
6h
h(D 2)
8500 kg/m3

7.06 104 m 400 J/kg  K 25  200
ln
199  200
6 400 W/m2  K

t  5.2 s  5t



Comments: Heat transfer due to radiation exchange between the junction
and the surroundings and conduction through the leads would affect the time
response of the junction and would, in fact, yield an equilibrium temperature that
differs from T.

5.3
General Lumped Capacitance Analysis
Although transient conduction in a solid is commonly initiated by convection heat
transfer to or from an adjoining fluid, other processes may induce transient thermal
conditions within the solid. For example, a solid may be separated from large surroundings by a gas or vacuum. If the temperatures of the solid and surroundings differ, radiation exchange could cause the internal thermal energy, and hence the
temperature, of the solid to change. Temperature changes could also be induced by
applying a heat flux at a portion, or all, of the surface and/or by initiating thermal
energy generation within the solid. Surface heating could, for example, be applied
by attaching a film or sheet electrical heater to the surface, while thermal energy
could be generated by passing an electrical current through the solid.
Figure 5.5 depicts a situation for which thermal conditions within a solid may
be influenced simultaneously by convection, radiation, an applied surface heat flux,
and internal energy generation. It is presumed that, initially (t  0), the temperature
of the solid (Ti) differs from that of the fluid, T, and the surroundings, Tsur, and that
both surface and volumetric heating (q s and q̇) are initiated. The imposed heat flux

Surroundings

Tsur
ρ, c, V, T(0) = Ti

q"rad

q"s

•

•

Eg, Est

T∞, h
q"conv

As, h

As(c, r)

FIGURE 5.5
Control surface for general lumped
capacitance analysis.
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q s and the convection–radiation heat transfer occur at mutually exclusive portions of
the surface, As(h) and As(c,r), respectively, and convection–radiation transfer is presumed to be from the surface. Moreover, although convection and radiation have
been prescribed for the same surface, the surfaces may, in fact, differ (As,c As,r).
Applying conservation of energy at any instant t, it follows from Equation 1.11c that
q sAs,h

Ė g  (q conv

q rad)As(c,r)  Vc

dT
dt

(5.14)

or, from Equations 1.3a and 1.7,
q sAs,h

Ė g  [h(T  T)

(T 4  T 4sur)]As(c,r)  Vc

dT
dt

(5.15)

Equation 5.15 is a nonlinear, first-order, nonhomogeneous, ordinary differential
equation that cannot be integrated to obtain an exact solution.1 However, exact solutions may be obtained for simplified versions of the equation. For example, if there is
no imposed heat flux or generation and convection is either nonexistent (a vacuum) or
negligible relative to radiation, Equation 5.15 reduces to
Vc

dT
 As,r (T 4  T 4sur)
dt

(5.16)

Separating variables and integrating from the initial condition to any time t, it follows that
As,r 
Vc

 dt   T
t

T

0

Ti

dT
 T4

(5.17)

4
sur

Evaluating both integrals and rearranging, the time required to reach the temperature T becomes
t 

Vc
Tsur Ti
Tsur T
ln
 ln
3
T

T
Tsur  Ti
4As,r Tsur
sur

 TT   tan TT 

2 tan1

1

i

sur

(5.18)

sur

This expression cannot be used to evaluate T explicitly in terms of t, Ti, and Tsur, nor
does it readily reduce to the limiting result for Tsur  0 (radiation to deep space).
However, returning to Equation 5.17, its solution for Tsur  0 yields
t



Vc
1  1
3As,r  T 3 T 3i



(5.19)

An exact solution to Equation 5.15 may also be obtained if radiation may be
neglected and h is independent of time. Introducing a temperature difference
  T  T, where d/dt  dT/dt, Equation 5.15 reduces to a linear, first-order,
nonhomogeneous differential equation of the form
d
dt

a  b  0

(5.20)

1
An approximate, finite-difference solution may be obtained by discretizing the time derivative
(Section 5.10) and marching the solution out in time.
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where a  (hAs,c /Vc) and b  [(q sAs,h Ė g)/Vc]. Although Equation 5.20 may
be solved by summing its homogeneous and particular solutions, an alternative
approach is to eliminate the nonhomogeneity by introducing the transformation
b
    a

(5.21)

Recognizing that d /dt  d/dt, Equation 5.21 may be substituted into (5.20) to
yield
d
dt

a  0

(5.22)

Separating variables and integrating from 0 to t ( i to  ), it follows that

 exp(at)
i

(5.23)

T  T  (b/a)
 exp(at)
Ti  T  (b/a)

(5.24)

or substituting for  and ,

Hence
T  T
 exp(at)
Ti  T

b/a
[1  exp(at)]
Ti  T

(5.25)

As it must, Equation 5.25 reduces to Equation 5.6 when b  0 and yields T  Ti at
t  0. As t l , Equation 5.25 reduces to (T  T)  (b/a), which could also be
obtained by performing an energy balance on the control surface of Figure 5.5 for
steady-state conditions.

EXAMPLE 5.2
Consider the thermocouple and convection conditions of Example 5.1, but now
allow for radiation exchange with the walls of a duct that encloses the gas
stream. If the duct walls are at 400 C and the emissivity of the thermocouple
bead is 0.9, calculate the steady-state temperature of the junction. Also, determine the time for the junction temperature to increase from an initial condition
of 25 C to a temperature that is within 1 C of its steady-state value.

SOLUTION
Known: Thermophysical properties and diameter of the thermocouple junction
used to measure temperature of a gas stream passing through a duct with hot walls.

Find:
1. Steady-state temperature of the junction.
2. Time required for the thermocouple to reach a temperature that is within 1 C of
its steady-state value.
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Schematic:
Hot duct wall,
Tsur = 400°C
Gas stream

Junction, T(t)
Ti = 25°C, D = 0.7 mm
ρ = 8500 kg/m3
c = 400 J/kg•K
ε = 0.9

T∞ = 200°C

h = 400 W/m2•K

Assumptions: Same as Example 5.1, but radiation transfer is no longer treated
as negligible and is approximated as exchange between a small surface and large
surroundings.
Analysis:
1. For steady-state conditions, the energy balance on the thermocouple junction
has the form
Ė in  Ė out  0
Recognizing that net radiation to the junction must be balanced by convection
from the junction to the gas, the energy balance may be expressed as

[(T 4sur  T 4)  h(T  T)]As  0
Substituting numerical values, we obtain
T  218.7C



2. The temperature-time history, T(t), for the junction, initially at T(0)  Ti  25 C,
follows from the energy balance for transient conditions,
Ė in  Ė out  Ė st
From Equation 5.15, the energy balance may be expressed as
 [h(T  T)

(T 4  T 4sur)]As  Vc

dT
dt

The solution to this first-order differential equation can be obtained by numerical integration, giving the result, T(4.9 s)  217.7 C. Hence, the time required
to reach a temperature that is within 1 C of the steady-state value is
t  4.9 s.



Comments:
1. The effect of radiation exchange with the hot duct walls is to increase the junction temperature, such that the thermocouple indicates an erroneous gas stream
temperature that exceeds the actual temperature by 18.7 C. The time required
to reach a temperature that is within 1 C of the steady-state value is slightly less
than the result of Example 5.l, which only considers convection heat transfer.
Why is this so?
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2. The response of the thermocouple and the indicated gas stream temperature
depend on the velocity of the gas stream, which in turn affects the magnitude of
the convection coefficient. Temperature-time histories for the thermocouple
junction are shown in the following graph for values of h  200, 400, and
800 W/m2  K.

Junction temperature, T (°C)

260
220
180

800
400
200
h (W/m2•K)

140
100
60
20

0

2

4
6
Elapsed time, t (s)

8

10

The effect of increasing the convection coefficient is to cause the junction to
indicate a temperature closer to that of the gas stream. Further, the effect is to
reduce the time required for the junction to reach the near-steady-state condition. What physical explanation can you give for these results?
3. The IHT software accompanying this text includes an integral function,
Der(T, t), that can be used to represent the temperature-time derivative and to
integrate first-order differential equations. For this problem, an energy balance
relation of the following form may be entered into the Workspace,
(h*(T  Tinf)  eps*sigma*(T4  Tsur4))*As  rho*V*c*Der(T, t)

After hitting the Solve button, the Diff/Integral Equations pad will appear,
identifying the independent variable t and providing boxes (Start, Stop, and
Step) for entering the integration limits and the time increment t, respectively,
as well as the initial condition (IC). Alternatively, the IHT Lumped Capacitance Model can be used to build a model that includes the phenomena of this
problem and to perform the numerical integration.

EXAMPLE 5.3
A 3-mm-thick panel of aluminum alloy (k  177 W/m  K, c  875 J/kg  K, and
  2770 kg/m3) is finished on both sides with an epoxy coating that must be cured
at or above Tc  150°C for at least 5 min. The production line for the curing operation involves two steps: (1) heating in a large oven with air at T,o  175°C and a
convection coefficient of ho  40 W/m2  K, and (2) cooling in a large chamber with
air at T,c  25°C and a convection coefficient of hc  10 W/m2  K. The heating
portion of the process is conducted over a time interval te, which exceeds the time tc
required to reach 150°C by 5 min (te  tc 300 s). The coating has an emissivity of
  0.8, and the temperatures of the oven and chamber walls are 175°C and 25°C,
respectively. If the panel is placed in the oven at an initial temperature of 25°C and
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removed from the chamber at a safe-to-touch temperature of 37°C, what is the total
elapsed time for the two-step curing operation?

SOLUTION
Known: Operating conditions for a two-step heating/cooling process in which a
coated aluminum panel is maintained at or above a temperature of 150°C for at least
5 min.

Find: Total time tt required for the two-step process.
Schematic:
Tsur, o = 175°C

Tsur, c = 25°C

2L = 3 mm

As

ho, T∞, o = 175°C

hc, T∞, c = 25°C

Epoxy,
ε = 0.8

Aluminum, T(0) = Ti, o = 25°C
Step 1: Heating (0 ≤ t ≤ tc)

T(tt) = 37°C
Step 2: Cooling (tc< t ≤ tt)

Assumptions:
1. Panel temperature is uniform at any instant.
2. Thermal resistance of epoxy is negligible.
3. Constant properties.

Analysis: To assess the validity of the lumped capacitance approximation, we
begin by calculating Biot numbers for the heating and cooling processes.
Bi h 

h oL (40 W/m2  K)(0.0015 m)

 3.4
177 W/m  K
k

104

Bi c 

h cL (10 W/m2  K)(0.0015 m)

 8.5
177 W/m  K
k

105

Hence the lumped capacitance approximation is excellent.
To determine whether radiation exchange between the panel and its surroundings should be considered, the radiation heat transfer coefficient is determined from
Equation 1.9. A representative value of hr for the heating process is associated with
the cure condition, in which case
h r,o  (Tc
 0.8

Tsur,o)(T 2c
5.67

 15 W/m2  K

T 2sur,o)

108 W/m2  K 4(423

448)K(4232

4482)K 2
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Using Tc  150°C with Tsur,c  25°C for the cooling process, we also obtain hr,c 
8.8 W/m2  K. Since the values of hr,o and hr,c are comparable to those of ho and hc,
respectively, radiation effects must be considered.
With V  2LAs and As,c  As,r  2As, Equation 5.15 may be expressed as

 dT  T(t)  T   cL1  [h(T  T )
T

t



i

Ti

0

(T 4  T 4sur)]dt

Selecting a suitable time increment t, the right-hand side of this equation may be
evaluated numerically to obtain the panel temperature at t  t, 2t, 3t, and so
on. At each new step of the calculation, the value of T computed from the previous
time step is used in the integrand. Selecting t  10 s, calculations for the heating
process are extended to te  tc 300 s, which is 5 min beyond the time required for
the panel to reach Tc  150°C. At te the cooling process is initiated and continued
until the panel temperature reaches 37°C at t  tt. The integration was performed
using a fourth-order Runge-Kutta scheme, and results of the calculations are plotted
as follows:
200
175
150

∆t(T >150°C)

T (°C)

125
Cooling
Heating

100
75
50
25

0

tc

300

te

600
t(s)

900 tt

1200

The total time for the two-step process is
t t  989 s



with intermediate times of tc  124 s and te  424 s.

Comments:
1. Generally, the accuracy of a numerical integration improves with decreasing
t, but at the expense of increased computation time. In this case, however, results
obtained for t  1 s are virtually identical to those obtained for t  10 s, indicating that the larger time interval is sufficient to accurately depict the temperature history.
2. The duration of the two-step process may be reduced by increasing the convection coefficients and/or by reducing the period of extended heating. The second
option is made possible by the fact that, during a portion of the cooling period,
the panel temperature remains above 150°C. Hence, to satisfy the cure requirement, it is not necessary to extend heating for as much as 5 min from t  tc. If
the convection coefficients are increased to ho  hc  100 W/m2  K and an
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extended heating period of 300 s is maintained, the numerical integration yields
tc  58 s and tt  445 s. The corresponding time interval over which the panel
temperature exceeds 150°C is t(T 150°C)  306 s (58 s  t  364 s). If the
extended heating period is reduced to 294 s, the numerical integration yields
tc  58 s, tt  439 s, and t(T 150°C)  300 s. Hence the total process time is
reduced, while the curing requirement is still satisfied.
3. The solution for this example is provided as a ready-to-solve model in IHT,
with annotations on how the code is written and solved. Look under Examples
on the Toolbar. Note how the User-Defined Function feature of IHT (*.udf) is
used to represent the time dependence of the ambient temperature in the twostep heating and cooling process, thereby allowing use of a single form of the
energy balance relation for the entire process. The model can be used to check
the results of Comment 2 or to independently explore modifications of the cure
process.

5.4
Spatial Effects
Situations frequently arise for which the lumped capacitance method is inappropriate, and alternative approaches must be used. Regardless of the particular method,
we must now cope with the fact that temperature gradients within the medium are
no longer negligible.
In their most general form, transient conduction problems are described by the
heat equation, Equation 2.17, for rectangular coordinates or Equations 2.24 and
2.27, respectively, for cylindrical and spherical coordinates. The solutions to these
partial differential equations provide the variation of temperature with both time
and the spatial coordinates. However, in many problems, such as the plane wall of
Figure 5.4, only one spatial coordinate is needed to describe the internal temperature distribution. With no internal generation and the assumption of constant thermal conductivity, Equation 2.17 then reduces to
2T 1 T

x 2  t

(5.26)

To solve Equation 5.26 for the temperature distribution T(x, t), it is necessary to
specify an initial condition and two boundary conditions. For the typical transient
conduction problem of Figure 5.4, the initial condition is
T(x, 0)  Ti

(5.27)

T
x

(5.28)

and the boundary conditions are
0
x0
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and
k

T
x

xL

 h[T(L, t)  T]

(5.29)

Equation 5.27 presumes a uniform temperature distribution at time t  0; Equation 5.28
reflects the symmetry requirement for the midplane of the wall; and Equation
5.29 describes the surface condition experienced for time t  0. From Equations 5.26
through 5.29, it is evident that, in addition to depending on x and t, temperatures in
the wall also depend on a number of physical parameters. In particular
T  T(x, t, Ti, T, L, k, , h)

(5.30)

The foregoing problem may be solved analytically or numerically. These methods will be considered in subsequent sections, but first it is important to note the
advantages that may be obtained by nondimensionalizing the governing equations.
This may be done by arranging the relevant variables into suitable groups. Consider
the dependent variable T. If the temperature difference   T  T is divided by the
maximum possible temperature difference i  Ti  T, a dimensionless form of the
dependent variable may be defined as
 T  T
*  
i Ti  T

(5.31)

Accordingly, * must lie in the range 0  *  1. A dimensionless spatial coordinate may be defined as
x* 

x
L

(5.32)

where L is the half-thickness of the plane wall, and a dimensionless time may be
defined as
t* 

t
 Fo
L2

(5.33)

where t* is equivalent to the dimensionless Fourier number, Equation 5.12.
Substituting the definitions of Equations 5.31 through 5.33 into Equations 5.26
through 5.29, the heat equation becomes
2* *

x *2 Fo

(5.34)

and the initial and boundary conditions become
*(x *, 0)  1

(5.35)

*
x *

0

(5.36)

 Bi *(1, t *)

(5.37)

x*0

and
*
x *

x*1
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where the Biot number is Bi  hL/k. In dimensionless form the functional dependence may now be expressed as
*  f(x *, Fo, Bi)

(5.38)

Recall that a similar functional dependence, without the x* variation, was obtained
for the lumped capacitance method, as shown in Equation 5.13.
Although the Fourier number may be viewed as a dimensionless time, it has an
important physical interpretation when used in problems for which heat transfer by
conduction through a solid is concurrent with thermal energy storage by the solid.
With a characteristic length of L, the temperature gradient across a solid and the
cross-sectional area perpendicular to conduction heat transfer may be approximated
as T/L and L2, respectively. Hence, as a first-order approximation, the heat rate
may be expressed as q kL2T/L. Similarly, with the volume of the solid represented as V L3, the rate of change of thermal energy storage by the solid may be
approximated as Ė st L3cT/t. It follows that (q/Ė st) kt/cL2  t/L2  Fo.
Hence, the Fourier number provides a measure of the relative effectiveness with
which a solid conducts and stores thermal energy.
Comparing Equations 5.30 and 5.38, the considerable advantage associated
with casting the problem in dimensionless form becomes apparent. Equation 5.38
implies that for a prescribed geometry, the transient temperature distribution is a
universal function of x*, Fo, and Bi. That is, the dimensionless solution has a prescribed form that does not depend on the particular value of Ti, T, L, k, , or h.
Since this generalization greatly simplifies the presentation and utilization of
transient solutions, the dimensionless variables are used extensively in subsequent
sections.

5.5
The Plane Wall with Convection
Exact, analytical solutions to transient conduction problems have been obtained for
many simplified geometries and boundary conditions and are well documented
[1–4]. Several mathematical techniques, including the method of separation of variables (Section 4.2), may be used for this purpose, and typically the solution for the
dimensionless temperature distribution, Equation 5.38, is in the form of an infinite
series. However, except for very small values of the Fourier number, this series may
be approximated by a single term.

5.5.1

Exact Solution

Consider the plane wall of thickness 2L (Figure 5.6a). If the thickness is small relative to the width and height of the wall, it is reasonable to assume that conduction
occurs exclusively in the x direction. If the wall is initially at a uniform temperature,
T(x, 0)  Ti, and is suddenly immersed in a fluid of T Ti, the resulting temperatures may be obtained by solving Equation 5.34 subject to the conditions of
Equations 5.35 through 5.37. Since the convection conditions for the surfaces at
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T(x, 0) = Ti

T∞, h

T(r, 0) = Ti

r
r* = __
ro

T∞, h

T∞ , h
ro

L

L
x* = _x
L
(a)

(b)

FIGURE 5.6 One-dimensional systems with an initial uniform temperature subjected to
sudden convection conditions. (a) Plane wall. (b) Infinite cylinder or sphere.

x*  1 are the same, the temperature distribution at any instant must be symmetrical about the midplane (x*  0). An exact solution to this problem is of the form [2]
* 



Cn exp ( 2nFo) cos ( nx *)

(5.39a)

n1

where Fo  t/L2, the coefficient Cn is
Cn 
and the discrete values of
equation

n

2

n

4 sin n
sin (2 n)

(5.39b)

(eigenvalues) are positive roots of the transcendental
n tan

n

 Bi

(5.39c)

The first four roots of this equation are given in Appendix B.3.

5.5.2

Approximate Solution

It can be shown (Problem 5.34) that for values of Fo  0.2, the infinite series solution, Equation 5.39a, can be approximated by the first term of the series. Invoking
this approximation, the dimensionless form of the temperature distribution becomes
Graphical representations of the oneterm approximations
are presented in
Section 5S.1.

*  C1 exp ( 21Fo) cos ( 1x *)

(5.40a)

*  o* cos ( 1x *)

(5.40b)

or
where *o  (To  T)/(Ti  T) represents the midplane (x*  0) temperature
o*  C1 exp ( 21Fo)

(5.41)

An important implication of Equation 5.40b is that the time dependence of the temperature at any location within the wall is the same as that of the midplane temperature. The coefficients C1 and 1 are evaluated from Equations 5.39b and 5.39c,
respectively, and are given in Table 5.1 for a range of Biot numbers.
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TABLE 5.1 Coefficients used in the one-term approximation to the
series solutions for transient one-dimensional conduction
Plane Wall

Infinite Cylinder

Sphere

Bia

1
(rad)

C1

1
(rad)

C1

1
(rad)

C1

0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09
0.10
0.15
0.20
0.25
0.30
0.4
0.5
0.6
0.7
0.8
0.9
1.0
2.0
3.0
4.0
5.0
6.0
7.0
8.0
9.0
10.0
20.0
30.0
40.0
50.0
100.0


0.0998
0.1410
0.1723
0.1987
0.2218
0.2425
0.2615
0.2791
0.2956
0.3111
0.3779
0.4328
0.4801
0.5218
0.5932
0.6533
0.7051
0.7506
0.7910
0.8274
0.8603
1.0769
1.1925
1.2646
1.3138
1.3496
1.3766
1.3978
1.4149
1.4289
1.4961
1.5202
1.5325
1.5400
1.5552
1.5708

1.0017
1.0033
1.0049
1.0066
1.0082
1.0098
1.0114
1.0130
1.0145
1.0161
1.0237
1.0311
1.0382
1.0450
1.0580
1.0701
1.0814
1.0919
1.1016
1.1107
1.1191
1.1785
1.2102
1.2287
1.2402
1.2479
1.2532
1.2570
1.2598
1.2620
1.2699
1.2717
1.2723
1.2727
1.2731
1.2733

0.1412
0.1995
0.2440
0.2814
0.3143
0.3438
0.3709
0.3960
0.4195
0.4417
0.5376
0.6170
0.6856
0.7465
0.8516
0.9408
1.0184
1.0873
1.1490
1.2048
1.2558
1.5994
1.7887
1.9081
1.9898
2.0490
2.0937
2.1286
2.1566
2.1795
2.2881
2.3261
2.3455
2.3572
2.3809
2.4050

1.0025
1.0050
1.0075
1.0099
1.0124
1.0148
1.0173
1.0197
1.0222
1.0246
1.0365
1.0483
1.0598
1.0712
1.0932
1.1143
1.1345
1.1539
1.1724
1.1902
1.2071
1.3384
1.4191
1.4698
1.5029
1.5253
1.5411
1.5526
1.5611
1.5677
1.5919
1.5973
1.5993
1.6002
1.6015
1.6018

0.1730
0.2445
0.2991
0.3450
0.3854
0.4217
0.4551
0.4860
0.5150
0.5423
0.6609
0.7593
0.8447
0.9208
1.0528
1.1656
1.2644
1.3525
1.4320
1.5044
1.5708
2.0288
2.2889
2.4556
2.5704
2.6537
2.7165
1.7654
2.8044
2.8363
2.9857
3.0372
3.0632
3.0788
3.1102
3.1415

1.0030
1.0060
1.0090
1.0120
1.0149
1.0179
1.0209
1.0239
1.0268
1.0298
1.0445
1.0592
1.0737
1.0880
1.1164
1.1441
1.1713
1.1978
1.2236
1.2488
1.2732
1.4793
1.6227
1.7202
1.7870
1.8338
1.8673
1.8920
1.9106
1.9249
1.9781
1.9898
1.9942
1.9962
1.9990
2.0000

Bi  hL/k for the plane wall and hro /k for the infinite cylinder and sphere. See Figure 5.6.

a

5.5.3

Total Energy Transfer

In many situations it is useful to know the total energy that has left (or entered) the
wall up to any time t in the transient process. The conservation of energy requirement,
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Equation 1.11b, may be applied for the time interval bounded by the initial condition (t  0) and any time t  0
E in  E out  E st

(5.42)

Equating the energy transferred from the wall Q to Eout and setting Ein  0 and
Est  E(t)  E(0), it follows that
Q  [E(t)  E(0)]

(5.43a)

or



Q   c[T(x, t)  Ti]dV

(5.43b)

where the integration is performed over the volume of the wall. It is convenient to
nondimensionalize this result by introducing the quantity
Q o  cV(Ti  T)

(5.44)

which may be interpreted as the initial internal energy of the wall relative to the
fluid temperature. It is also the maximum amount of energy transfer that could occur
if the process were continued to time t  . Hence, assuming constant properties,
the ratio of the total energy transferred from the wall over the time interval t to the
maximum possible transfer is
Q

Qo

t)  T ] dV 1
  (1  *)dV
 [T(x,
T T
V
V
i

i



(5.45)

Employing the approximate form of the temperature distribution for the plane wall,
Equation 5.40b, the integration prescribed by Equation 5.45 can be performed to
obtain
sin 1
Q
1
o*
Qo
1

(5.46)

where o* can be determined from Equation 5.41, using Table 5.1 for values of the
coefficients C1 and 1.

5.5.4

Additional Considerations

Because the mathematical problem is precisely the same, the foregoing results may
also be applied to a plane wall of thickness L, which is insulated on one side (x*  0)
and experiences convective transport on the other side (x*  1). This equivalence
is a consequence of the fact that, regardless of whether a symmetrical or an adiabatic requirement is prescribed at x*  0, the boundary condition is of the form
*/x*  0.
It should also be noted that the foregoing results may be used to determine the
transient response of a plane wall to a sudden change in surface temperature. The
process is equivalent to having an infinite convection coefficient, in which case the
Biot number is infinite (Bi  ) and the fluid temperature T is replaced by the prescribed surface temperature Ts.
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5.6
Radial Systems with Convection
For an infinite cylinder or sphere of radius ro (Figure 5.6b), which is at an initial
uniform temperature and experiences a change in convective conditions, results
similar to those of Section 5.5 may be developed. That is, an exact series solution
may be obtained for the time dependence of the radial temperature distribution, and
a one-term approximation may be used for most conditions. The infinite cylinder is
an idealization that permits the assumption of one-dimensional conduction in the
radial direction. It is a reasonable approximation for cylinders having L /ro  10.

5.6.1

Exact Solutions

For a uniform initial temperature and convective boundary conditions, the exact
solutions [2] are as follows.

Infinite Cylinder In dimensionless form, the temperature is
* 



Cn exp ( 2nFo)J0( nr*)

(5.47a)

n1

where Fo  t/r 2o,
Cn  2
n

and the discrete values of

n

J1( n)
J 20( n) J 21( n)

(5.47b)

are positive roots of the transcendental equation
n

J1( n)
 Bi
J0( n)

(5.47c)

where Bi  hro/k. The quantities J1 and J0 are Bessel functions of the first kind and
their values are tabulated in Appendix B.4. Roots of the transcendental equation
(5.47c) are tabulated by Schneider [2].

Sphere Similarly, for the sphere


* 

n1

Cn exp ( 2nFo) 1 sin ( nr*)
nr*

(5.48a)

where Fo  t/r 2o,
Cn 
and the discrete values of

n

4[sin ( n)  n cos ( n)]
2 n  sin (2 n)

(5.48b)

are positive roots of the transcendental equation
1

n cot

n

 Bi

(5.48c)

where Bi  hro/k. Roots of the transcendental equation are tabulated by Schneider [2].
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5.6.2

Approximate Solutions

For the infinite cylinder and sphere, the foregoing series solutions can again be
approximated by a single term for Fo  0.2. Hence, as for the case of the plane
wall, the time dependence of the temperature at any location within the radial system is the same as that of the centerline or centerpoint.

Infinite Cylinder The one-term approximation to Equation 5.47a is
Graphical representations of the oneterm approximations
are presented in
Section 5S.1.

*  C1 exp ( 21Fo)J0( 1r *)

(5.49a)

*  o*J0( 1r *)

(5.49b)

or
where *o represents the centerline temperature and is of the form
o*  C1 exp ( 21Fo)
Values of the coefficients C1 and
5.1 for a range of Biot numbers.

1

(5.49c)

have been determined and are listed in Table

Sphere From Equation 5.48a, the one-term approximation is
Graphical representations of the oneterm approximations
are presented in
Section 5S.1.

*  C1 exp ( 21Fo) 1 sin ( 1r *)
1r *

(5.50a)

*  o* 1 sin ( 1r *)
1r *

(5.50b)

or

where *
o represents the center temperature and is of the form
o*  C1 exp ( 21Fo)
Values of the coefficients C1 and
for a range of Biot numbers.

5.6.3

1

(5.50c)

have been determined and are listed in Table 5.1

Total Energy Transfer

As in Section 5.5.3, an energy balance may be performed to determine the total
energy transfer from the infinite cylinder or sphere over the time interval t  t.
Substituting from the approximate solutions, Equations 5.49b and 5.50b, and introducing Qo from Equation 5.44, the results are as follows.

Infinite Cylinder
2*
Q
o
1
J1( 1)
Qo
1

(5.51)

Sphere
3o*
Q
 1  3 [sin ( 1) 
Qo
1

1 cos

( 1)]

(5.52)
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Values of the center temperature o* are determined from Equation 5.49c or 5.50c,
using the coefficients of Table 5.1 for the appropriate system.

5.6.4

Additional Considerations

As for the plane wall, the foregoing results may be used to predict the transient
response of long cylinders and spheres subjected to a sudden change in surface temperature. Namely, an infinite Biot number is prescribed, and the fluid temperature
T is replaced by the constant surface temperature Ts.

EXAMPLE 5.4
Consider a steel pipeline (AISI 1010) that is 1 m in diameter and has a wall thickness of 40 mm. The pipe is heavily insulated on the outside, and before the initiation of flow, the walls of the pipe are at a uniform temperature of 20°C. With the
initiation of flow, hot oil at 60°C is pumped through the pipe, creating a convective
condition corresponding to h  500 W/m2  K at the inner surface of the pipe.
1. What are the appropriate Biot and Fourier numbers 8 min after the initiation of
flow?
2. At t  8 min, what is the temperature of the exterior pipe surface covered by
the insulation?
3. What is the heat flux q (W/m2) to the pipe from the oil at t  8 min?
4. How much energy per meter of pipe length has been transferred from the oil to
the pipe at t  8 min?

SOLUTION
Known: Wall subjected to sudden change in convective surface condition.
Find:
1.
2.
3.
4.

Biot and Fourier numbers after 8 min.
Temperature of exterior pipe surface after 8 min.
Heat flux to the wall at 8 min.
Energy transferred to pipe per unit length after 8 min.

Schematic:
T(x, 0) =
Ti = –20°C

T(L, t)

T(0, t)

T∞ = 60°C
h = 500 W/m2•K

Insulation
Steel, AISI 1010

Oil

L = 40 mm
x

c05.qxd 3/6/06 10:40 AM Page 279

5.6



279

Radial Systems with Convection

Assumptions:
1. Pipe wall can be approximated as plane wall, since thickness is much less than
diameter.
2. Constant properties.
3. Outer surface of pipe is adiabatic.

Properties: Table A.1, steel type AISI 1010 [T  (20

  7832 kg/m3, c  434 J/kg  K, k  63.9 W/m  K,   18.8

60)°C/2  300 K]:
106 m2/s.

Analysis:
1. At t  8 min, the Biot and Fourier numbers are computed from Equations 5.10
and 5.12, respectively, with Lc  L. Hence
Bi 

hL 500 W/m2  K 0.04 m

 0.313
k
63.9 W/m  K

Fo 

106 m2/s 8 min
(0.04 m)2

t 18.8

L2

60 s/min


 5.64



2. With Bi  0.313, use of the lumped capacitance method is inappropriate. However, since Fo  0.2 and transient conditions in the insulated pipe wall of thickness L correspond to those in a plane wall of thickness 2L experiencing the
same surface condition, the desired results may be obtained from the one-term
approximation for a plane wall. The midplane temperature can be determined
from Equation 5.41
*
o 

To  T
 C1 exp ( 21Fo)
Ti  T

where, with Bi  0.313, C1  1.047 and
Fo  5.64,

 0.531 rad from Table 5.1. With

1

2
*
o  1.047 exp [(0.531 rad)

5.64]  0.214

Hence after 8 min, the temperature of the exterior pipe surface, which corresponds to the midplane temperature of a plane wall, is
T(0, 8 min)  T

*
o (Ti  T)  60C

0.214(20  60)C  42.9C



3. Heat transfer to the inner surface at x  L is by convection, and at any time t the
heat flux may be obtained from Newton’s law of cooling. Hence at t  480 s,
q x(L, 480 s)  q L  h[T(L, 480 s)  T]
Using the one-term approximation for the surface temperature, Equation 5.40b
with x*  1 has the form
*  o* cos ( 1)
T(L, t)  T

(Ti  T)*
o cos ( 1)

T(L, 8 min)  60C
T(L, 8 min)  45.2C

(20  60)C

0.214

cos (0.531 rad)
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The heat flux at t  8 min is then
q L  500 W/m2  K (45.2  60)C  7400 W/m2



4. The energy transfer to the pipe wall over the 8-min interval may be obtained
from Equations 5.44 and 5.46. With
sin ( 1)
Q
1
*
o
Qo
1
Q
sin (0.531 rad)
1
Qo
0.531 rad

0.214  0.80

it follows that
Q  0.80 cV(Ti  T)
or with a volume per unit pipe length of V  DL,
Q 0.80 cDL(Ti  T)
Q  0.80

Q  2.73

7832 kg/m3

434 J/kg  K

0.04 m (20  60)C

1m
7

10 J/m



Comments:
1. The minus sign associated with q and Q simply implies that the direction of
heat transfer is from the oil to the pipe (into the pipe wall).
2. The foregoing results may be obtained using the IHT Models, Transient Conduction, Plane Wall option. The model provides for calculation of the temperature distribution, T(x, t), the heat flux distribution, q x(x, t), and the amount of
energy transferred from the wall, Q(t). Substituting the appropriate input parameters for the wall geometry, thermophysical properties and thermal conditions, the model yields the following results:
T(0, 8 min)  43.1C
T(L, 8 min)  45.4C

q (L, 8 min)  q L  7305 W/m2
Q (8 min)  2.724 107 J/m

Since the IHT model uses a multiple-term approximation to the series solution,
the results are more accurate than those obtained from the foregoing one-term
approximation. The complete solution for this example is provided as a readyto-solve model in IHT, with annotations on how the code is written and solved
(see Examples). IHT Models for Transient Conduction are also provided for the
radial systems treated in Section 5.6.

EXAMPLE 5.5
A new process for treatment of a special material is to be evaluated. The material, a
sphere of radius ro  5 mm, is initially in equilibrium at 400°C in a furnace. It is
suddenly removed from the furnace and subjected to a two-step cooling process.
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Step 1 Cooling in air at 20°C for a period of time ta until the center temperature
reaches a critical value, Ta(0, ta)  335°C. For this situation, the convective
heat transfer coefficient is ha  10 W/m2  K.
After the sphere has reached this critical temperature, the second step is initiated.
Step 2 Cooling in a well-stirred water bath at 20°C, with a convective heat transfer coefficient of hw  6000 W/m2  K.
The thermophysical properties of the material are   3000 kg/m3, k  20 W/m  K,
c  1000 J/kg  K, and   6.66 106 m2/s.
1. Calculate the time ta required for step 1 of the cooling process to be completed.
2. Calculate the time tw required during step 2 of the process for the center of the
sphere to cool from 335°C (the condition at the completion of step 1) to 50°C.

SOLUTION
Known: Temperature requirements for cooling a sphere.
Find:
1. Time ta required to accomplish desired cooling in air.
2. Time tw required to complete cooling in water bath.

Schematic:
T∞ = 20°C
ha = 10 W/m2•K

T∞ = 20°C
hw = 6000 W/m2•K

Air

Water

Ti = 400°C
Ta(0, ta) = 335°C

Sphere, ro = 5 mm
ρ = 3000 kg/m3
c = 1 kJ/kg•K
α = 6.66 × 10–6 m2/s
k = 20 W/m•K

Step 1

Ti = 335°C
Tw(0, tw) = 50°C
Step 2

Assumptions:
1. One-dimensional conduction in r.
2. Constant properties.

Analysis:
1. To determine whether the lumped capacitance method can be used, the Biot
number is calculated. From Equation 5.10, with Lc  ro /3,
Bi 

h aro 10 W/m2  K 0.005 m

 8.33
3 20 W/m  K
3k

104
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Accordingly, the lumped capacitance method may be used, and the temperature
is nearly uniform throughout the sphere. From Equation 5.5 it follows that
ta 

Vc i roc Ti  T
ln 
ln
h a As a 3h a Ta  T

where V  (4/3)r 3o and As  4r 2o. Hence
ta 

3000 kg/m3 0.005 m 1000 J/kg  K 400  20
ln
 94 s
335  20
3 10 W/m2  K



2. To determine whether the lumped capacitance method may also be used for the
second step of the cooling process, the Biot number is again calculated. In this
case
Bi 

h wro 6000 W/m2  K 0.005 m

 0.50
3 20 W/m  K
3k

and the lumped capacitance method is not appropriate. However, to an excellent approximation, the temperature of the sphere is uniform at t  ta and the
one-term approximation may be used for the calculations. The time tw at which
the center temperature reaches 50°C, that is, T(0, tw)  50°C, can be obtained
by rearranging Equation 5.50c
Fo   12 ln
1

 C    1 ln  C1
*
o

2
1

1

1



T(0, t w)  T
Ti  T

where t w  Fo r 2o/. With the Biot number now defined as
Bi 

h wro 6000 W/m2  K 0.005 m

 1.50
20 W/m  K
k

Table 5.1 yields C1  1.376 and
Fo 



1

 1.800 rad. It follows that

1
ln 1
1.376
(1.800 rad)2



(50  20)C
 0.82
(335  20)C

and
r o2
(0.005 m)2
t w  Fo   0.82
 3.1 s
6.66 106 m2/s



Note that, with Fo  0.82, use of the one-term approximation is justified.

Comments:
1. If the temperature distribution in the sphere at the conclusion of step 1 were not
uniform, the one-term approximation could not be used for the calculations of
step 2.
2. The surface temperature of the sphere at the conclusion of step 2 may be
obtained from Equation 5.50b. With *o  0.095 and r*  1,
*(ro) 

T(ro)  T
0.095

sin (1.800 rad)  0.0514
Ti  T
1.800 rad
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and
T(ro)  20C

0.0514(335  20)C  36C

The infinite series, Equation 5.48a, and its one-term approximation, Equation
5.50b, may be used to compute the temperature at any location in the sphere
and at any time t  ta. For (t  ta)  0.2(0.005 m)2/6.66 106 m2/s  0.75 s,
a sufficient number of terms must be retained to ensure convergence of the
series. For (t  ta)  0.75 s, satisfactory convergence is provided by the oneterm approximation. Computing and plotting the temperature histories for
r  0 and r  ro, we obtain the following results for 0  (t  ta)  5 s:
400

300

T (°C)

r* = 1
200

r* = 0

100
50
0

0

1

2

3

4

5

t – ta (s)

3. The IHT Models, Transient Conduction, Sphere option could be used to analyze the cooling processes experienced by the sphere in air and water, steps 1
and 2. The IHT Models, Lumped Capacitance option may only be used to analyze the air-cooling process, step 1.

5.7
The Semi-Infinite Solid
Another simple geometry for which analytical solutions may be obtained is the
semi-infinite solid. Since, in principle, such a solid extends to infinity in all but one
direction, it is characterized by a single identifiable surface (Figure 5.7). If a sudden
change of conditions is imposed at this surface, transient, one-dimensional conduction will occur within the solid. The semi-infinite solid provides a useful idealization for many practical problems. It may be used to determine transient heat transfer
near the surface of the earth or to approximate the transient response of a finite
solid, such as a thick slab. For this second situation the approximation would be reasonable for the early portion of the transient, during which temperatures in the slab
interior (well removed from the surface) are essentially uninfluenced by the change
in surface conditions.
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Case (1)

Case (2)

Case (3)

T(x, 0) = Ti
T(0, t) = Ts

T(x, 0) = Ti
–k ∂ T/∂ x⎥x = 0 = q"o

T(x, 0) = Ti
–k ∂ T/∂ x⎥x = 0 = h[T∞ – T(0, t)]

Ts

T∞, h
q"o

x

x

x

T(x, t)
T∞

Ts
t

t

Ti

t

Ti

Ti

x

x

x

FIGURE 5.7 Transient temperature distributions in a semi-infinite solid for three surface
conditions: constant surface temperature, constant surface heat flux, and surface convection.

The heat equation for transient conduction in a semi-infinite solid is given by
Equation 5.26. The initial condition is prescribed by Equation 5.27, and the interior
boundary condition is of the form
T(x l , t)  Ti

(5.53)

Closed-form solutions have been obtained for three important surface conditions,
instantaneously applied at t  0 [1, 2]. These conditions are shown in Figure 5.7.
They include application of a constant surface temperature Ts Ti, application of a
constant surface heat flux q o, and exposure of the surface to a fluid characterized by
T Ti and the convection coefficient h.
The solution for case 1 may be obtained by recognizing the existence of a similarity variable , through which the heat equation may be transformed from a partial differential equation, involving two independent variables (x and t), to an
ordinary differential equation expressed in terms of the single similarity variable.
To confirm that such a requirement is satisfied by  x/(4t)1/2, we first transform
the pertinent differential operators, such that
dT
T dT 

 1
x d x (4t)1/2 d
d
2T

x 2 d

Tx  x  4t1 dd T
2

2

dT
x
T dT 


1/2 d
t d t
2t(4t)
Substituting into Equation 5.26, the heat equation becomes
d 2T
dT
2
d
d 2

(5.54)
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With x  0 corresponding to

 0, the surface condition may be expressed as
T(  0)  Ts

(5.55)

and with x l , as well as t  0, corresponding to l , both the initial condition
and the interior boundary condition correspond to the single requirement that
T( l )  Ti

(5.56)

Since the transformed heat equation and the initial/boundary conditions are
independent of x and t,  x/(4t)1/2 is, indeed, a similarity variable. Its existence
implies that, irrespective of the values of x and t, the temperature may be represented as a unique function of .
The specific form of the temperature dependence, T( ), may be obtained by
separating variables in Equation 5.54, such that
d(dT/d )
 2 d
(dT/d )
Integrating, it follows that
ln(dT/d )  

C 1

2

or
dT
 C1 exp ( 2)
d
Integrating a second time, we obtain

 exp(u ) du

T  C1

2

C2

0

where u is a dummy variable. Applying the boundary condition at
it follows that C2  Ts and
T  C1

 exp(u ) du
2

 0, Equation 5.55,

Ts

0

From the second boundary condition, Equation 5.56, we obtain

 exp(u ) du

Ti  C1



2

Ts

0

or, evaluating the definite integral,
C1 

2(Ti  Ts)
1/2

Hence the temperature distribution may be expressed as

 exp (u ) du  erf

T  Ts
 (2/1/2)
Ti  Ts

2

(5.57)

0

where the Gaussian error function, erf , is a standard mathematical function that
is tabulated in Appendix B. Note that erf( ) asymptotically approaches unity as
becomes infinite. Thus, at any nonzero time, temperatures everywhere are predicted to have changed from Ti (become closer to Ts). The infinite speed at which
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boundary-condition information propagates into the semi-infinite solid is physically
unrealistic, but this limitation of Fourier’s law is not important except at extremely
small time scales, as discussed in Section 2.3. The surface heat flux may be obtained
by applying Fourier’s law at x  0, in which case
q s  k

T
x

 k(Ti  Ts)
x0

d(erf ) 
x
d

q s  k(Ts  Ti)(2/ )exp( )(4t)
1/2

q s 

1/2

2



0
0

k(Ts  Ti)
(t)1/2

(5.58)

Analytical solutions may also be obtained for the case 2 and case 3 surface conditions, and results for all three cases are summarized as follows.
Case 1

Constant Surface Temperature: T(0, t)  Ts



T(x, t)  Ts
x
 erf
Ti  Ts
2t
k(Ts  Ti)
q s(t) 
t



(5.57)
(5.58)

Case 2 Constant Surface Heat Flux: q s  q o
T(x, t)  Ti 

2q o(t/)1/2
q o x
x 2
x
exp

erfc
4t
k
k
2t

 

Case 3 Surface Convection: k



T(x, t)  Ti
x
 erfc
T  Ti
2t

 

 exp

T
x

x0





(5.59)

 h[T  T(0, t)]



hx
k

h 2t
k2

x
erfc 2t

ht
k



(5.60)

The complementary error function, erfc w, is defined as erfc w  1  erf w.
Temperature histories for the three cases are shown in Figure 5.7, and distinguishing features should be noted. With a step change in the surface temperature,
case 1, temperatures within the medium monotonically approach Ts with increasing
t, while the magnitude of the surface temperature gradient, and hence the surface
heat flux, decreases as t1/2. In contrast, for a fixed surface heat flux (case 2), Equation 5.59 reveals that T(0, t)  Ts(t) increases monotonically as t1/2. For surface convection (case 3), the surface temperature and temperatures within the medium
approach the fluid temperature T with increasing time. As Ts approaches T, there
is, of course, a reduction in the surface heat flux, q s(t)  h[T  Ts(t)]. Specific
temperature histories computed from Equation 5.60 are plotted in Figure 5.8. The
result corresponding to h   is equivalent to that associated with a sudden change
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1.0

T – Ti
______
T∞ – Ti

0.5

T∞
T(x, t)
h

∞
3
0.4 0.5

1

x
2

0.1
0.3
0.2

0.05

0.1

h √α t = 0.05
_____
k

0.01
0

0.5

1.0

1.5

x
_____
2 √ αt

FIGURE 5.8
Temperature histories in a
semi-infinite solid with
surface convection [2].
Adapted with permission.

in surface temperature, case 1. That is, for h  , the surface instantaneously
achieves the imposed fluid temperature (Ts  T), and with the second term on the
right-hand side of Equation 5.60 reducing to zero, the result is equivalent to Equation 5.57.
An interesting permutation of case 1 results when two semi-infinite solids, initially at uniform temperatures TA,i and TB,i, are placed in contact at their free surfaces (Figure 5.9). If the contact resistance is negligible, the requirement of thermal
equilibrium dictates that, at the instant of contact (t  0), both surfaces must
assume the same temperature Ts, for which TB,i  Ts  TA,i. Since Ts does not
change with increasing time, it follows that the transient thermal response and the
surface heat flux of each of the solids are determined by Equations 5.57 and 5.58,
respectively.
The equilibrium surface temperature of Figure 5.9 may be determined from a
surface energy balance, which requires that
q s,A  q s,B

(5.61)

Substituting from Equation 5.58 for qs,A and qs,B and recognizing that the x coordinate of Figure 5.9 requires a sign change for qs,A, it follows that
k A(Ts  TA,i)
1/2

(At)



k B(Ts  TB,i)
(Bt)1/2

(5.62)

T
B

TA, i

kB, ρB, cB
q"s, B
t
Ts

t

q"s, A
A
kA, ρA, cA

TB, i
x

FIGURE 5.9
Interfacial contact between two semiinfinite solids at different initial
temperatures.
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or, solving for Ts,
Ts 

(kc)1/2
A TA,i
(kc)1/2
A

(kc)1/2
B TB,i
(kc)1/2
B

(5.63)

Hence the quantity m  (kc)1/2 is a weighting factor that determines whether Ts
will more closely approach TA,i (mA  mB) or TB,i (mB  mA).

EXAMPLE 5.6
In laying water mains, utilities must be concerned with the possibility of freezing
during cold periods. Although the problem of determining the temperature in soil as
a function of time is complicated by changing surface conditions, reasonable estimates can be based on the assumption of a constant surface temperature over a prolonged period of cold weather. What minimum burial depth xm would you recommend
to avoid freezing under conditions for which soil, initially at a uniform temperature
of 20°C, is subjected to a constant surface temperature of 15°C for 60 days?

SOLUTION
Known: Temperature imposed at the surface of soil initially at 20°C.
Find: The depth xm to which the soil has frozen after 60 days.
Schematic:
Atmosphere

Soil
Ti = 20°C

Ts = –15°C

xm

T(xm, 60 d) = 0°C
Water main

Assumptions:
1. One-dimensional conduction in x.
2. Soil is a semi-infinite medium.
3. Constant properties.

Properties: Table A.3, soil (300 K):   2050 kg/m3, k  0.52 W/m  K,
c  1840 J/kg  K,   (k/c)  0.138

106 m2/s.

Analysis: The prescribed conditions correspond to those of case 1 of Figure 5.7,
and the transient temperature response of the soil is governed by Equation 5.57.
Hence at the time t  60 days after the surface temperature change,



T(x m, t)  Ts
xm
 erf
Ti  Ts
2t
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or



xm
0  (15)
 0.429  erf
20  (15)
2t



Hence, from Appendix B.2
xm
2t

 0.40

and
x m  0.80(t)1/2  0.80(0.138
1/2

3600 s/h)

106 m2/s

60 days

24 h/day

 0.68 m



Comments:
1. The properties of soil are highly variable, depending on the nature of the soil
and its moisture content, and a representative range of thermal diffusivities is
1 107    3 107 m2/s. To assess the effect of soil properties on freezing conditions, we use Equation 5.57 to compute temperature histories at
xm  0.68 m for  107  1.0, 1.38, and 3.0 m2/s.
20
× 107 (m2/s):
α
______________
1.00
1.38
3.00

T (°C)

10

0

x = 0.68 m
T(0, t) = Ts = –15°C
–10

0

15

30

45

60

t (days)

If   1.38 107 m2/s, the design criterion is not achieved at xm  0.68 m
and freezing would occur. It is also instructional to examine temperature distributions in the soil at representative times during the cooling period. Using
Equation 5.57 with   1.38 107 m2/s, the following results are obtained:
20
0

10 days

15
1 day

5 days

T (°C)

10
5
30 days

0

60 days
–5

20 days

α = 1.38 × 10–7m2/s
T(0, t) = –15°C

–10
–15
0.00

0.25

0.50

x (m)

0.75

1.00
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As thermal penetration increases with increasing time, the temperature gradient
at the surface, T/xx0, and hence the rate of heat extraction from the soil,
decreases.
2. The IHT Models, Transient Conduction, Semi-infinite Solid option may be used
to generate the foregoing numerical results. The option provides model builders
for the three boundary conditions of constant surface temperature, constant
surface heat flux, and surface convection.

5.8
Objects with Constant Surface Temperatures
or Surface Heat Fluxes
In Sections 5.5 and 5.6, the transient thermal response of plane walls, cylinders, and
spheres to an applied convection boundary condition was considered in detail. It
was pointed out that the solutions in those sections may be used for cases involving
a step change in surface temperature by allowing the Biot number to be infinite. In
Section 5.7, the response of a semi-infinite solid to a step change in surface temperature, or to an applied constant heat flux, was determined. This section further explores
the transient thermal response of a variety of objects to a constant surface temperature or a constant surface heat flux boundary condition.

5.8.1 Constant Temperature Boundary Conditions
In the following discussion, the transient thermal response of objects to a step
change in surface temperature is considered.

Semi-Infinite Solid Insight into the thermal response of objects to an applied
constant temperature boundary condition may be obtained by casting the heat flux
in Equation 5.58 into the nondimensional form
q* 

qsLc
k(Ts  Ti)

(5.64)

where Lc is a characteristic length and q* is the dimensionless conduction heat rate
that was introduced in Section 4.3.3. Substituting Equation 5.64 into Equation 5.58
yields
q* 

1
Fo

(5.65)

where the Fourier number is defined as Fo  t/Lc2. Note that the value of qs is independent of the choice of the characteristic length, as it must be for a semi-infinite
solid. Equation 5.65 is plotted in Figure 5.10a, and since q*  Fo1/2, the slope of
the line is 1/2 on the log-log plot.
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100

Exterior objects, Lc = (As/4)1/2
Semi-infinite solid

q*

10

1

Interior, Lc = L or ro
sphere
0.1

infinite cylinder
plane wall

0.01

0.0001

0.001

0.01

0.1

1

10

Fo = t/L2c
(a)
100

Exterior objects, Lc = (As/4)1/2
Semi-infinite solid

q*

10

1

Interior, Lc = L or ro
sphere

0.1

infinite cylinder
plane wall

0.01
0.0001

0.001

0.01

0.1

1

10

Fo = t/L2c
(b)

FIGURE 5.10 Transient dimensionless conduction heat rates for a variety of geometries.
(a) Constant surface temperature. Results for the geometries of Table 4.1 lie within the shaded
region and are from [5]. (b) Constant surface heat flux.

Interior Heat Transfer: Plane Wall, Cylinder, and Sphere Results for
heat transfer to the interior of a plane wall, cylinder, and sphere are also shown in
Figure 5.10a. These results are generated by using Fourier’s law in conjunction
with Equations 5.39, 5.47, and 5.48 for Bi l . As in Sections 5.5 and 5.6, the
characteristic length is Lc  L or ro for a plane wall of thickness 2L or a cylinder (or
sphere) of radius ro, respectively. For each geometry, q* initially follows the semiinfinite solid solution but at some point decreases rapidly as the objects approach
their equilibrium temperature and qs (t l ) l 0. The value of q* is expected to
decrease more rapidly for geometries that possess large surface area to volume
ratios, and this trend is evident in Figure 5.10a.
Exterior Heat Transfer: Various Geometries Additional results are shown
in Figure 5.10a for an object that is embedded in an exterior (surrounding) medium
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of infinite extent. The infinite medium is initially at temperature Ti, and the surface
temperature of the object is suddenly changed to Ts. For the exterior cases, Lc is the
characteristic length used in Section 4.3.3, namely Lc  (As/4)1/2. For the sphere in
a surrounding infinite medium, the exact solution for q*(Fo) is [5]
1
1
(5.66)
Fo
As seen in the figure, for all of the exterior cases q* closely mimics that of the
sphere when the appropriate length scale is used in its definition, regardless of the
object’s shape. In a manner consistent with the interior cases, q* initially follows
the semi-infinite solid solution. In contrast to the interior cases, q* eventually
reaches the nonzero, steady-state value of q*ss that is listed in Table 4.1. Note that qs
in Equation 5.64 is the average surface heat flux for geometries that have nonuniform surface heat flux.
As seen in Figure 5.10a, all of the thermal responses collapse to that of the semiinfinite solid for early times, that is, for Fo less than approximately 103. This remarkable consistency reflects the fact that temperature variations are confined to thin layers
adjacent to the surface of any object at early times, regardless of whether internal or
external heat transfer is of interest. At early times, therefore, Equations 5.57 and
5.58 may be used to predict the temperatures and heat transfer rates within the thin
regions adjacent to the boundaries of any object. For example, predicted local heat
fluxes and local dimensionless temperatures using the semi-infinite solid solutions
are within approximately 5% of the predictions obtained from the exact solutions
for the interior and exterior heat transfer cases involving spheres when Fo  103.
q* 

5.8.2

Constant Heat Flux Boundary Conditions

When a constant surface heat flux is applied to an object, the resulting surface temperature history is often of interest. In this case, the heat flux in the numerator of
Equation 5.64 is now constant, and the temperature difference in the denominator,
Ts  Ti, increases with time.

Semi-Infinite Solid In the case of a semi-infinite solid, the surface temperature
history can be found by evaluating Equation 5.59 at x  0, which may be rearranged and combined with Equation 5.64 to yield
q*  1
2

Fo

(5.67)

As for the constant temperature case, q*  Fo1/2, but with a different coefficient.
Equation 5.67 is presented in Figure 5.10b.

Interior Heat Transfer: Plane Wall, Cylinder, and Sphere A second
set of results is shown in Figure 5.10b for the interior cases of the plane wall, cylinder, and sphere. As for the constant surface temperature results of Figure 5.10a, q*
initially follows the semi-infinite solid solution and subsequently decreases more
rapidly, with the decrease occurring first for the sphere, then the cylinder, and
finally the plane wall. Compared to the constant surface temperature case, the rate at
which q* decreases is not as dramatic, since steady-state conditions are never
reached; the surface temperature must continue to increase with time. At late times
(large Fo), the surface temperature increases linearly with time, yielding q*  Fo1,
with a slope of 1 on the log-log plot.
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Exterior Heat Transfer: Various Geometries Results for heat transfer
between a sphere and an exterior infinite medium are also presented in Figure
5.10b. The exact solution for the embedded sphere is
q*  [1  exp(Fo) erfc(Fo 1/2)]1

(5.68)

As in the constant surface temperature case of Figure 5.10a, this solution approaches
steady-state conditions, with q*ss  1. For objects of other shapes that are embedded
within an infinite medium, q* would follow the semi-infinite solid solution at small
Fo. At larger Fo, q* must asymptotically approach the value of q*ss given in Table
4.1 where Ts in Equation 5.64 is the average surface temperature for geometries that
have nonuniform surface temperatures.

5.8.3

Approximate Solutions

Simple expressions have been developed for q*(Fo). These expressions may be
used to approximate all the results included in Figure 5.10 over the entire range of
Fo. These expressions are listed in Table 5.2, along with the corresponding exact
solutions. Table 5.2a is for the constant surface temperature case, while Table 5.2b
is for the constant surface heat flux situation. For each of the geometries listed in the
left-hand column, the tables provide the length scale to be used in the definition of
both Fo and q*, the exact solution for q*(Fo), the approximation solutions for early
times (Fo  0.2) and late times (Fo  0.2), and the maximum percentage error
associated with use of the approximations (which occurs at Fo  0.2 for all results
except the external sphere with constant heat flux).

EXAMPLE 5.7
A proposed cancer treatment utilizes small, composite nanoshells whose size and
composition are carefully engineered so that the particles efficiently absorb laser
irradiation at particular wavelengths [6]. Prior to treatment, antibodies are attached
to the nanoscale particles. The doped particles are then injected into the patient’s
bloodstream and are distributed throughout the body. The antibodies are attracted to
malignant sites, and therefore carry and adhere the nanoshells only to cancerous tissue. After the particles have come to rest within the tumor, a laser beam penetrates
through the tissue between the skin and the cancer, is absorbed by the nanoshells,
and, in turn, heats and destroys the cancerous tissues.
Consider an approximately spherical tumor of diameter Dt  3 mm that is uniformly infiltrated with nanoshells that are highly absorptive of incident radiation
from a laser located outside the patient’s body.
Mirror
Laser
Nanoshell
impregnated
tumor

L (arbitrary)

Geometry

Semi-infinite

ro

Sphere

(As /4)1/2

2

2

2

n

1

 (n  2)

 n

J0( n)  0

n

1
1
Fo
none

exp( 2n Fo)

n1



exp( 2n Fo)
exp( 2n Fo)

n1



n1



1
1
Fo

1
Fo

2 exp( 21 Fo)

2 exp( 21 Fo)

2 exp( 21 Fo)

q*
s ,

q*
s from Table 4.1

Use exact solution.

1
 0.50  0.65 Fo
Fo

1
Fo

Use exact solution.

1

1

1

Fo  0.2



 2.4050

 /2

7.1

none

6.3

0.8

1.7

none

Maximum
Error (%)

a
q*  qs Lc /k(Ts  Ti) and Fo  t/L2c, where Lc is the length scale given in the table, Ts is the object surface temperature, and Ti is (a) the initial object temperature for the interior cases
and (b) the temperature of the infinite medium for the exterior cases.

Various shapes
(Table 4.1,
cases 12–15)

ro

ro

Infinite cylinder

Exterior Cases
Sphere

L

Fo  0.2

Approximate Solutions



Plane wall of
thickness 2L

1
Fo

Exact
Solutions

Chapter 5

Interior Cases
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Scale, Lc
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TABLE 5.2a Summary of transient heat transfer results for constant surface temperature casesa
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(As/4)1/2

ro

2Fo


3Fo

Fo
1

1


Fo)


 n

tan( n) 

J1( n) 0

n

none

[1  exp(Fo)erfc(Fo 1/2)]1

2

 exp(
n
1
2
2
5
n1
n

2

1



 exp(
n Fo)
1
2
2
4
n1
n

2

Fo

 exp(
n Fo)
1
2
2
3
n1
n

1
2

n

Fo

1
2

1
2

Fo

Fo


4


4

Fo  8

1 

2Fo 4
1
2

1
2

0.77
Fo

0.77
Fo

q*ss

1

1

2Fo 14
3Fo 15

1

1

Fo 13

Use exact solution.

Fo  0.2

unknown

3.2

4.5

2.1

5.3

none

Maximum
Error (%)

a

q*  qs L c/k(Ts  Ti) and Fo  t/L2c, where Lc is the length scale given in the table, Ts is the object surface temperature, and Ti is (a) the initial object temperature for the interior cases
and (b) the temperature of the infinite medium for the exterior cases.

Various shapes
(Table 4.1,
cases 12–15)

Exterior Cases
Sphere

ro

Interior Cases
Plane wall of
thickness 2L

Sphere

L

Semi-infinite

Fo  0.2

Approximate Solutions



ro

L (arbitrary)

Geometry

Exact
Solutions

5.8

Infinite cylinder

Length
Scale, Lc

q*(Fo)

TABLE 5.2b Summary of transient heat transfer results for constant surface heat flux casesa
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1. Estimate the heat transfer rate from the tumor to the surrounding healthy tissue
for a steady-state treatment temperature of Tt,ss  55 C at the surface of the
tumor. The thermal conductivity of healthy tissue is approximately k  0.5
W/m  K, and the body temperature is Tb  37 C.
2. Find the laser power necessary to sustain the tumor surface temperature at Tt,ss 
55 C if the tumor is located d  20 mm beneath the surface of the skin, and the
 (1  ) e x, between the surlaser heat flux decays exponentially, ql (x)  ql,o
 is the laser
face of the body and the tumor. In the preceding expression, q l,o
heat flux outside the body,   0.05 is the reflectivity of the skin surface, and
 0.02 mm1 is the extinction coefficient of the tissue between the tumor and
the surface of the skin. The laser beam has a diameter of Dl  5 mm.
3. Neglecting heat transfer to the surrounding tissue, estimate the time at which
the tumor temperature is within 3 C of Tt,ss  55 C for the laser power found in
part 2. Assume the tissue’s density and specific heat are that of water.
4. Neglecting the thermal mass of the tumor but accounting for heat transfer to the
surrounding tissue, estimate the time needed for the surface temperature of the
tumor to reach Tt  52 C.

SOLUTION
Known: Size of a small sphere; thermal conductivity, reflectivity, and extinction
coefficient of tissue; depth of sphere below the surface of the skin.

Find:
1. Heat transferred from the tumor to maintain its surface temperature at Tt,ss  55 C.
2. Laser power needed to sustain the tumor surface temperature at Tt,ss  55 C.
3. Time for the tumor to reach Tt  52 C when heat transfer to the surrounding
tissue is neglected.
4. Time for the tumor to reach Tt  52 C when heat transfer to the surrounding
tissue is considered and the thermal mass of the tumor is neglected.

Schematic:
Laser beam, q"l,o

Dl = 5 mm

Skin,  = 0.05
x
Tumor

d = 20 mm

Healthy tissue
Tb = 37°C
k = 0.5 W/m•K
κ = 0.02 mm1
Dt = 3 mm
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Assumptions:
1.
2.
3.
4.
5.
6.
7.

One-dimensional conduction in the radial direction.
Constant properties.
Healthy tissue can be treated as an infinite medium.
The treated tumor absorbs all irradiation incident from the laser.
Lumped capacitance behavior for the tumor.
Neglect potential nanoscale heat transfer effects.
Neglect the effect of perfusion.

 989.1 kg/m3, cp 
Properties: Table A.6, water (320 K, assumed):   v1
f
4180 J/kg · K.

Analysis:
1. The steady-state heat loss from the spherical tumor may be determined by evaluating the dimensionless heat rate from the expression for case 12 of Table 4.1:
q  2kDt(Tt,ss  Tb)  2  0.5 W/m  K
 0.170 W

3

103 m

(55  37)C


2. The laser irradiation will be absorbed over the projected area of the tumor,
D 2t /4. To determine the laser power corresponding to q  0.170 W, we first
write an energy balance for the sphere. For a control surface about the sphere,
the energy absorbed from the laser irradiation is offset by heat conduction
to the healthy tissue, q  0.170 W  ql(x  d)Dt2/4, where, ql(x  d) 
ql ,o (1  )e d and the laser power is Pl  ql,oD2l /4. Hence,
Pl  qD2l e d/[(1  )D2t ]
 0.170 W (5 103 m)2
 0.74 W

e(0.02 mm

1

/[(1  0.05)

20 mm)

(3

103 m)2]


3. The general lumped capacitance energy balance, Equation 5.14, may be written
q l(x  d)D 2t /4  q  Vc

dT
dt

Separating variables and integrating between appropriate limits,
q
Vc

 dt  dT
t

Tt

t0

Tb

yields
989.1 kg/m3 (/6) (3 103 m)3
Vc
t  q (Tt  Tb) 
0.170 W
(52C  37C)

4180 J/kg  K

or
t  5.16 s
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4. Using Equation 5.68,
q/2kDt(Tt  Tb)  q*  [1  exp(Fo)erfc(Fo 1/2)]1
which may be solved by trial-and-error to yield Fo  10.3  4t/Dt2. Then,
with   k/c  0.50 W/m · K/(989.1 kg/m3 4180 J/kg · K)  1.21 107
m2/s, we find
t  FoD 2t /4  10.3

(3

103 m)2/(4

1.21

107 m2/s)  192 s



Comments:
1. The analysis does not account for blood perfusion. The flow of blood would
lead to advection of warmed fluid away from the tumor (and relatively cool
blood to the vicinity of the tumor), increasing the power needed to reach the
desired treatment temperature.
2. The laser power needed to treat various-sized tumors, calculated as in parts 1
and 2 of the problem solution, is shown below. Note that as the tumor becomes
smaller, a higher-powered laser is needed, which may seem counterintuitive.
The power required to heat the tumor, which is the same as the heat loss calculated in part 1, increases in direct proportion to the diameter, as might be
expected. However, since the laser power flux remains constant, a smaller tumor
cannot absorb as much energy (the energy absorbed has a D2t dependence). Less
of the overall laser power is utilized to heat the tumor, and the required laser
power increases for smaller tumors.
2.5

2
Laser power, Pl (W)

298

1.5

1

0.5

1

2
3
Tumor diameter, Dt (mm)

4

3. To determine the actual time needed for the tumor temperature to approach
steady-state conditions, a numerical solution of the heat diffusion equation applied
to the surrounding tissue, coupled with a solution for the temperature history
within the tumor, would be required. However, we see that significantly more
time is needed for the surrounding tissue to reach steady-state conditions than
to increase the temperature of the isolated spherical tumor. This is due to the
fact that higher temperatures propagate into a large volume when heating of the
surrounding tissue is considered, while in contrast the thermal mass of the tumor
is limited by the tumor’s size. Hence, the actual time to heat both the tumor and
the surrounding tissue will be slightly greater than 192 s.
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4. Since temperatures are likely to increase at a considerable distance from the
tumor, the assumption that the surroundings are of infinite size would need to
be checked by inspecting results of the proposed numerical solution described
in Comment 3.

5.9
Periodic Heating
Periodic heating is used in various applications, such as thermal processing of
materials using pulsed lasers, and occurs naturally in situations such as those
involving the collection of solar energy.
Consider, for example, the semi-infinite solid of Figure 5.11a. For a surface
temperature history described by T(0,t)  Ti T sin t, the solution of Equation
5.26 subject to the interior boundary condition given by Equation 5.53 is
T(x, t)  Ti
 exp[x/2] sin[t  x/2]
T

(5.69)

This solution applies after sufficient time has passed to yield a quasi steady state for
which all temperatures fluctuate periodically about a time-invariant mean value. At
locations in the solid, the fluctuations have a time lag relative to the surface temperature. In addition, the amplitude of the fluctuations within the material decays exponentially with distance from the surface. For x  p  4/, the amplitude of the
temperature fluctuation is reduced by approximately 90% relative to that of the surface. The term p is a thermal penetration depth, which is an indication of the extent
to which significant temperature effects propagate within a medium. The heat flux
at the surface may be determined by applying Fourier’s law at x  0, yielding
q s (t)  kT/ sin(t

/4)

(5.70)

Equation 5.70 reveals that the surface heat flux is periodic, with a time-averaged
value of zero.

T(0,t) = Ti

Ti

∆Tsin(t)

(a)

∆qssin(t)

∆T

p

x

qs(0,t) = ∆qs

y

w
x

p

(b)

FIGURE 5.11 Schematic of (a) a periodically heated, one-dimensional semi-infinite solid
and (b) a periodically heated strip attached to a semi-infinite solid.
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Periodic heating can also occur in two- or three-dimensional arrangements, as
shown in Figure 5.11b. Recall that for this geometry, a steady state can be attained
with constant heating of the strip placed upon a semi-infinite solid (Table 4.1,
case 13). In a similar manner, a quasi steady state may be achieved when sinusoidal
heating (qs  qs qs sin t) is applied to the strip. Again, a quasi steady state is
achieved for which all temperatures fluctuate about a time-invariant mean value.
The solution of the two-dimensional, transient heat diffusion equation for the
two-dimensional configuration shown in Figure 5.11b has been obtained, and the
relationship between the amplitude of the applied sinusoidal heating and the amplitude of the temperature response of the heated strip can be approximated as [7]
T 



qs
1 ln(/2)  ln(w 2/4)
Lk 2



C1 



qs
1 ln(/2)
Lk 2



C2

(5.71)

where the constant C1 depends on the thermal contact resistance at the interface
between the heated strip and the underlying material. Note that the amplitude of the
temperature fluctuation, T, corresponds to the spatially averaged temperature of
the rectangular strip of length L and width w. The heat flux from the strip to the
semi-infinite medium is assumed to be spatially uniform. The approximation is
valid for L  w. For the system of Figure 5.11b, the thermal penetration depth is
smaller than that of Figure 5.11a because of the lateral spreading of thermal energy
and is p  /.

EXAMPLE 5.8
A novel nanostructured dielectric material has been fabricated, and the following
method is used to measure its thermal conductivity. A long metal strip 3000 angstroms
thick, w  100 m wide, and L  3.5 mm long is deposited by a photolithography
technique on the top surface of a d  300-m thick sample of the new material. The
strip is heated periodically by an electric current supplied through two connector
pads. The heating rate is qs(t)  qs
qs sin(t), where qs is 3.5 mW. The
instantaneous, spatially averaged temperature of the metal strip is found experimentally by measuring the time variation of its electrical resistance, R(t)  E(t)/I(t), and
by knowing how the electrical resistance of the metal varies with temperature. The
measured temperature of the metal strip is periodic; it has an amplitude of T 
1.37 K at a relatively low heating frequency of   2 rad/s and 0.71 K at a frequency of 200 rad/s. Determine the thermal conductivity of the nanostructured
dielectric material. The density and specific heats of the conventional version of the
material are 3100 kg/m3 and 820 J/kg  K, respectively.

SOLUTION
Known: Dimensions of a thin metal strip, the frequency and amplitude of the
electric power dissipated within the strip, the amplitude of the induced oscillating
strip temperature, and the thickness of the underlying nanostructured material.

Find: The thermal conductivity of the nanostructured material.
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Schematic:
Heated metal strip

Connector
pad

L
I

E

E

x

I

y
d

Sample
z

Assumptions:
1. Two-dimensional transient conduction in the x- and z-directions.
2. Constant properties.
3. Negligible radiation and convection losses from the metal strip and top surface
of the sample.
4. The nanostructured material sample is a semi-infinite solid.
5. Uniform heat flux at the interface between the heated strip and the nanostructured material.

Analysis: Substitution of T  1.37 K at   2 rad/s and T  0.71 K at  
200 rad/s into Equation 5.71 results in two equations that may be solved simultaneously to yield
C2  5.35

k  1.11 W/m  K

The thermal diffusivity is   4.37
107 m2/s, while the thermal penetration
depths are estimated by p  /, resulting in p  260 m and p  26 m at
  2 rad/s and   200 rad/s, respectively.

Comments:
1. The foregoing experimental technique, which is widely used to measure the
thermal conductivity of microscale devices and nanostructured materials, is
referred to as the 3  method [7].
2. Because this technique is based on measurement of a temperature that fluctuates about a mean value that is approximately the same as the temperature of
the surroundings, the measured value of k is relatively insensitive to radiation
heat transfer losses from the top of the metal strip. Likewise, the technique is
insensitive to thermal contact resistances that may exist at the interface between
the sensing strip and the underlying material since these effects cancel when
measurements are made at two different excitation frequencies [7].
3. The specific heat and density are not strongly dependent on the nanostructure
of most solids, and properties of conventional material may be used.
4. The thermal penetration depth is less than the sample thickness. Therefore,
treating the sample as a semi-infinite solid is a valid approach. Thinner samples
could be used if higher heating frequencies were employed.
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5.10
Finite-Difference Methods

Analytical solutions
for some simple
two- and threedimensional
geometries are found
in Section 5S.2.

Analytical solutions to transient problems are restricted to simple geometries and
boundary conditions, such as the one-dimensional cases considered in the preceding
sections. For some simple two- and three-dimensional geometries, analytical solutions are still possible. However, in many cases the geometry and/or boundary conditions preclude the use of analytical techniques, and recourse must be made to
finite-difference (or finite-element) methods. Such methods, introduced in Section 4.4
for steady-state conditions, are readily extended to transient problems. In this section we consider explicit and implicit forms of finite-difference solutions to transient
conduction problems.

5.10.1 Discretization of the Heat Equation:
The Explicit Method
Once again consider the two-dimensional system of Figure 4.4. Under transient
conditions with constant properties and no internal generation, the appropriate form
of the heat equation, Equation 2.19, is
1 T 2T
 t  x 2

2T
y 2

(5.72)

To obtain the finite-difference form of this equation, we may use the central-difference
approximations to the spatial derivatives prescribed by Equations 4.27 and 4.28.
Once again the m and n subscripts may be used to designate the x and y locations of
discrete nodal points. However, in addition to being discretized in space, the problem must be discretized in time. The integer p is introduced for this purpose, where
t  p t

(5.73)

and the finite-difference approximation to the time derivative in Equation 5.72 is
expressed as
T
t


m, n

T pm, n1 T pm, n
t

(5.74)

The superscript p is used to denote the time dependence of T, and the time derivative is expressed in terms of the difference in temperatures associated with the new
(p 1) and previous ( p) times. Hence calculations must be performed at successive times separated by the interval t, and just as a finite-difference solution
restricts temperature determination to discrete points in space, it also restricts it to
discrete points in time.
If Equation 5.74 is substituted into Equation 5.72, the nature of the finite-difference
solution will depend on the specific time at which temperatures are evaluated in the
finite-difference approximations to the spatial derivatives. In the explicit method of
solution, these temperatures are evaluated at the previous ( p) time. Hence Equation
5.74 is considered to be a forward-difference approximation to the time derivative.
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Evaluating terms on the right-hand side of Equations 4.27 and 4.28 at p and substituting into Equation 5.72, the explicit form of the finite-difference equation for the
interior node m, n is
p 1
p
p
1 T m, n  T m, n  T m

t

1, n

T pm1, n  2T pm, n

T pm, n

(x)2

1, n

p
T m1,
n

T pm, n1  2T pm, n
(y)2

Solving for the nodal temperature at the new ( p
x  y, it follows that
p 1
p
T m,
n  Fo(T m

1

p
T m,
n

1

(5.75)

1) time and assuming that

p
T m,
n1)

p
(1  4Fo)T m,
n

(5.76)

where Fo is a finite-difference form of the Fourier number
Fo 

 t
(x)2

(5.77)

This approach can easily be extended to one- or three-dimensional systems. If the
system is one-dimensional in x, the explicit form of the finite-difference equation
for an interior node m reduces to
T mp 1  Fo(T mp

1

p
T m1
)

(1  2Fo)T mp

(5.78)

Equations 5.76 and 5.78 are explicit because unknown nodal temperatures for
the new time are determined exclusively by known nodal temperatures at the previous time. Hence calculation of the unknown temperatures is straightforward. Since
the temperature of each interior node is known at t  0 (p  0) from prescribed initial conditions, the calculations begin at t  t (p  1), where Equation 5.76 or
5.78 is applied to each interior node to determine its temperature. With temperatures known for t  t, the appropriate finite-difference equation is then applied at
each node to determine its temperature at t  2 t (p  2). In this way, the transient
temperature distribution is obtained by marching out in time, using intervals of t.
The accuracy of the finite-difference solution may be improved by decreasing
the values of x and t. Of course, the number of interior nodal points that must be
considered increases with decreasing x, and the number of time intervals required
to carry the solution to a prescribed final time increases with decreasing t. Hence
the computation time increases with decreasing x and t. The choice of x is typically based on a compromise between accuracy and computational requirements.
Once this selection has been made, however, the value of t may not be chosen
independently. It is, instead, determined by stability requirements.
An undesirable feature of the explicit method is that it is not unconditionally
stable. In a transient problem, the solution for the nodal temperatures should continuously approach final (steady-state) values with increasing time. However,
with the explicit method, this solution may be characterized by numerically
induced oscillations, which are physically impossible. The oscillations may
become unstable, causing the solution to diverge from the actual steady-state conditions. To prevent such erroneous results, the prescribed value of t must be
maintained below a certain limit, which depends on x and other parameters of the
system. This dependence is termed a stability criterion, which may be obtained
mathematically or demonstrated from a thermodynamic argument (see Problem
5.92). For the problems of interest in this text, the criterion is determined by
requiring that the coefficient associated with the node of interest at the previous
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time is greater than or equal to zero. In general, this is done by collecting all terms
p
involving T m,
n to obtain the form of the coefficient. This result is then used to
obtain a limiting relation involving Fo, from which the maximum allowable value
of t may be determined. For example, with Equations 5.76 and 5.78 already
expressed in the desired form, it follows that the stability criterion for a onedimensional interior node is (1  2Fo)  0, or
Fo  1
2

(5.79)

and for a two-dimensional node, it is (1  4Fo)  0, or
Fo  1
4

(5.80)

For prescribed values of x and , these criteria may be used to determine upper
limits to the value of t.
Equations 5.76 and 5.78 may also be derived by applying the energy balance
method of Section 4.4.3 to a control volume about the interior node. Accounting for
changes in thermal energy storage, a general form of the energy balance equation
may be expressed as
Ėg  Ėst

Ėin

(5.81)

In the interest of adopting a consistent methodology, it is again assumed that all
heat flow is into the node.
To illustrate application of Equation 5.81, consider the surface node of the onedimensional system shown in Figure 5.12. To more accurately determine thermal
conditions near the surface, this node has been assigned a thickness that is one-half
that of the interior nodes. Assuming convection transfer from an adjoining fluid and
no generation, it follows from Equation 5.81 that
hA(T  T 0p)

p 1
p
kA p
x T 0  T 0
(T 1  T 0p)  cA
2
x
t

or, solving for the surface temperature at t
T 0p

1



2h t
(T T 0p)
c x 

t,
2 t p
(T 1  T 0p)
x 2

T 0p

x
A
T ∞, h
T0

T1

T2

T3

•

qconv

E st

qcond

∆x
___
2

∆x

FIGURE 5.12 Surface node with convection and one-dimensional transient conduction.
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Recognizing that (2h t/c x)  2(h x/k)( t/x2)  2 Bi Fo and grouping
terms involving T p0, it follows that
T 0p

1

 2Fo(T 1p

Bi T)

(1  2Fo  2Bi Fo)T 0p

(5.82)

The finite-difference form of the Biot number is
Bi 

h x
k

(5.83)

Recalling the procedure for determining the stability criterion, we require that
the coefficient for T 0p be greater than or equal to zero. Hence
1  2Fo  2Bi Fo  0
or
Fo(1

Bi)  1
2

(5.84)

Since the complete finite-difference solution requires the use of Equation 5.78 for
the interior nodes, as well as Equation 5.82 for the surface node, Equation 5.84 must
be contrasted with Equation 5.79 to determine which requirement is more stringent.
Since Bi  0, it is apparent that the limiting value of Fo for Equation 5.84 is less
than that for Equation 5.79. To ensure stability for all nodes, Equation 5.84 should
therefore be used to select the maximum allowable value of Fo, and hence t, to be
used in the calculations.
Forms of the explicit finite-difference equation for several common geometries
are presented in Table 5.3(a). Each equation may be derived by applying the energy
balance method to a control volume about the corresponding node. To develop confidence in your ability to apply this method, you should attempt to verify at least
one of these equations.

EXAMPLE 5.9
A fuel element of a nuclear reactor is in the shape of a plane wall of thickness
2L  20 mm and is convectively cooled at both surfaces, with h  1100 W/m2  K
and T  250°C. At normal operating power, heat is generated uniformly within the
element at a volumetric rate of q̇1  107 W/m3. A departure from the steady-state
conditions associated with normal operation will occur if there is a change in the
generation rate. Consider a sudden change to q̇2  2 107 W/m3, and use the
explicit finite-difference method to determine the fuel element temperature distribution after 1.5 s. The fuel element thermal properties are k  30 W/m  K and  
5 106 m2/s.

SOLUTION
Known: Conditions associated with heat generation in a rectangular fuel element
with surface cooling.

Find: Temperature distribution 1.5 s after a change in operating power.

a

∆x

m, n

T∞, h
m, n

m, n – 1

T∞, h

∆x

m, n – 1

m, n + 1

T∞, h
m, n – 1

m + 1, n

p
Tm,n1
4
3

2Bi T)
p
Fo)T m,n

p
2Tm1,n

(1  4Fo  Bi

1

1,n

(5.85)

(5.87)

4. Node at exterior corner with convection

p 1
p
p
Tm,n
 2Fo(Tm1,n
Tm,n1
2Bi T)
p
(5.89)
(1  4Fo  4Bi Fo)Tm,n

3. Node at plane surface with convectiona

p 1
p
p
 Fo(2Tm1,n
Tm,n
Tm,n
1
p
Tm,n1 2Bi T)
p
(1  4Fo2Bi Fo)Tm,n

2. Node at interior corner with convection

2

p 1
 3Fo(Tmp
Tm,n
p
2Tm,n

1. Interior node

(5.76)

Fo(1

Fo(2

Fo(3

Bi) 

Bi) 

Bi) 

Fo 

1
4

1
2

3
4

(5.90)

(5.88)

(5.86)

(5.80)

(1

(1

(1

(1

2

p 1
4Fo(1 Bi))Tm,n
p 1
p 1
 2Fo(Tm1,n
Tm,n1
)
p
 Tm,n 4Bi Fo T

(5.92)

(5.97)

(5.96)

p 1
Tm,n1
)
(5.95)

p 1
Tm,n1
)

p 1
Bi))Tm,n
 3Fo 
p 1
p 1
2T m1,n 2Tm,n
1
4
Bi
Fo
T
3

1
3

p 1
2Fo(2 Bi))Tm,n
p 1
p 1
 Fo(2Tm1,n Tm,n
1
p
 Tm,n 2Bi Fo T

4Fo(1
(Tmp 11,n
p
 Tm,n

p 1
p 1
4Fo)Tm,n
 Fo(Tmp 11,n Tm1,n
p 1
p 1
p
Tm,n
Tm,n1
)  Tm,n
1

To obtain the finite-difference equation and/or stability criterion for an adiabatic surface (or surface of symmetry), simply set Bi equal to zero.

∆y

m – 1, n

m – 1, n

∆y

∆y

m, n

m, n + 1

m, n – 1

m + 1, n

1
4

(b) Implicit Method



∆x

∆x

m, n

p 1
p
 Fo(Tmp 1,n Tm1,n
Tm,n
p
p
Tm,n 1 Tm,n1)
p
(1  4Fo)Tm,n

Stability Criterion

Chapter 5

m – 1, n

m – 1, n

m, n + 1

Finite-Difference Equation

306

∆y

Configuration

(a) Explicit Method

TABLE 5.3 Transient, two-dimensional finite-difference equations (x  y)
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Schematic:
Fuel element
q•1 = 1 × 107 W/m3
q•2 = 2 × 107 W/m3
α = 5 × 10–6 m2/s
k = 30 W/m•K

m–1

m

T∞ = 250°C
h = 1100 W/m2•K
Coolant

Symmetry adiabat

1

m+1

2

3

4 5

4

0
•

qcond

5
•

•

Eg,

E g, E st

qcond

qcond

•

Est

L = 10 mm

qconv

x
∆ x = _L_
5

∆ x = __
L
___
2 10

Assumptions:
1. One-dimensional conduction in x.
2. Uniform generation.
3. Constant properties.

Analysis: A numerical solution will be obtained using a space increment of
x  2 mm. Since there is symmetry about the midplane, the nodal network yields
six unknown nodal temperatures. Using the energy balance method, Equation 5.81,
an explicit finite-difference equation may be derived for any interior node m.
kA

p
T m1
 T mp
x

Solving for T mp

1

kA

T mp

 T mp
x
1

q̇A x  A x c

T pm 1  T mp
t

and rearranging,



p
T mp 1  Fo T m1

T mp

1

q̇(x)2
k



(1  2Fo)T mp

(1)

p
This equation may be used for node 0, with T m1
 T mp 1, as well as for nodes 1, 2,
3, and 4. Applying energy conservation to a control volume about node 5,

hA(T  T 5p)

kA

T 4p  T 5p
x

q̇A

p 1
p
x
x T 5  T 5
 A
c
2
2
t

or
T 5p

1



 2Fo T 4p

Bi T 

q̇(x)2
2k



(1  2Fo  2Bi Fo)T 5p

(2)

Since the most restrictive stability criterion is associated with Equation 2, we
select Fo from the requirement that
Fo(1

Bi)  1
2
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Hence, with
Bi 

2
h x 1100 W/m  K (0.002 m)

 0.0733
30 W/m  K
k

it follows that
Fo  0.466
or
t 

Fo(x)2 0.466(2 103 m)2

 0.373 s

5 106 m2/s

To be well within the stability limit, we select t  0.3 s, which corresponds to
Fo 

5

106 m2/s(0.3 s)
 0.375
(2 103 m)2

Substituting numerical values, including q̇  q̇2  2
tions become

107 W/m3, the nodal equa-

T 0p

1

 0.375(2T 1p

T 1p

1

 0.375(T 0p

T 2p

2.67)

0.250T 1p

T 2p

1

 0.375(T 1p

T 3p

2.67)

0.250T 2p

T 3p

1

 0.375(T 2p

T 4p

2.67)

0.250T 3p

T 4p

1

 0.375(T 3p

T 5p

2.67)

0.250T 4p

T 5p

1

 0.750(T 4p

19.67)

0.250T 0p

2.67)

0.195T 5p

To begin the marching solution, the initial temperature distribution must be
known. This distribution is given by Equation 3.42, with q̇  q̇1. Obtaining Ts  T5
from Equation 3.46,
T5  T

q̇L
 250C
h

107 W/m3 0.01 m
 340.91C
1100 W/m2  K

it follows that



T(x)  16.67 1 

x2
L2



340.91C

Computed temperatures for the nodal points of interest are shown in the first row of
the accompanying table.
Using the finite-difference equations, the nodal temperatures may be sequentially calculated with a time increment of 0.3 s until the desired final time is reached.
The results are illustrated in rows 2 through 6 of the table and may be contrasted
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with the new steady-state condition (row 7), which was obtained by using Equations
3.42 and 3.46 with q̇  q̇2:

Tabulated Nodal Temperatures
p

t(s)

T0

T1

T2

T3

T4

T5

0
1
2
3
4
5


0
0.3
0.6
0.9
1.2
1.5


357.58
358.08
358.58
359.08
359.58
360.08
465.15

356.91
357.41
357.91
358.41
358.91
359.41
463.82

354.91
355.41
355.91
356.41
356.91
357.41
459.82

351.58
352.08
352.58
353.08
353.58
354.07
453.15

346.91
347.41
347.91
348.41
348.89
349.37
443.82

340.91
341.41
341.88
342.35
342.82
343.27
431.82

Comments:
1. It is evident that at 1.5 s, the wall is in the early stages of the transient process
and that many additional calculations would have to be made to reach steady-state
conditions with the finite-difference solution. The computation time could be
reduced slightly by using the maximum allowable time increment (t  0.373 s),
but with some loss of accuracy. In the interest of maximizing accuracy, the
time interval should be reduced until the computed results become independent
of further reductions in t.
Extending the finite-difference solution, the time required to achieve the
new steady-state condition may be determined, with temperature histories computed for the midplane (0) and surface (5) nodes having the following forms:
480
465.1

T0

T (°C)

440
431.8

T5
400

360

320

0

100

200
t (s)

300

400

With steady-state temperatures of T0  465.15°C and T5  431.82°C, it is evident that the new equilibrium condition is reached within 250 s of the step
change in operating power.
2. The IHT option entitled Tools, Finite-Difference Equations, One-Dimensional,
Transient can be used to express the nodal equations according to the implicit
method of solution. In solving the equations, the user is prompted to enter the
initial temperature of each node on the Initial Condition (IC) pad. The problem
may also be solved using FEHT, with the initial temperature distribution
determined by applying the Steady-State command of the Set-up menu for
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q̇1  107 W/m3. The generation rate may then be changed to q̇2  2 107 W/m3,
and after enabling the Transient command of the Set-up menu, the Continue
command of the Solve menu may be activated to obtain the transient solution.
For details on application of IHT or FEHT to transient conduction problems,
refer to the booklet Software Tools and User’s Guides, which accompanies the
software.

5.10.2 Discretization of the Heat Equation:
The Implicit Method
In the explicit finite-difference scheme, the temperature of any node at t t may
be calculated from knowledge of temperatures at the same and neighboring nodes
for the preceding time t. Hence determination of a nodal temperature at some time
is independent of temperatures at other nodes for the same time. Although the
method offers computational convenience, it suffers from limitations on the selection of t. For a given space increment, the time interval must be compatible with
stability requirements. Frequently, this dictates the use of extremely small values of
t, and a very large number of time intervals may be necessary to obtain a solution.
A reduction in the amount of computation time may often be realized by
employing an implicit, rather than explicit, finite-difference scheme. The implicit
form of a finite-difference equation may be derived by using Equation 5.74 to
approximate the time derivative, while evaluating all other temperatures at the new
(p 1) time, instead of the previous ( p) time. Equation 5.74 is then considered to
provide a backward-difference approximation to the time derivative. In contrast to
Equation 5.75, the implicit form of the finite-difference equation for the interior
node of a two-dimensional system is then
p 1
p
p
1 T m, n  T m, n  T m

t

p 1
p 1
T m1,
n  2T m, n

1
1, n

p 1
T m,
n

(x)2
1

p 1
p 1
T m,
n1  2T m, n

(y)2

(5.91)

Rearranging and assuming x  y, it follows that
(1

p 1
p
4Fo)T m,
n Fo(T m

1
1, n

p 1
T m1,
n

p 1
T m,
n

1

p 1
p
T m,
n1)  T m, n

(5.92)

From Equation 5.92 it is evident that the new temperature of the m, n node
depends on the new temperatures of its adjoining nodes, which are, in general,
unknown. Hence, to determine the unknown nodal temperatures at t t, the corresponding nodal equations must be solved simultaneously. Such a solution may be
effected by using Gauss–Seidel iteration or matrix inversion, as discussed in Section 4.5. The marching solution would then involve simultaneously solving the
nodal equations at each time t  t, 2t, . . . , until the desired final time was
reached.
Relative to the explicit method, the implicit formulation has the important
advantage of being unconditionally stable. That is, the solution remains stable for
all space and time intervals, in which case there are no restrictions on x and t.
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Since larger values of t may therefore be used with an implicit method, computation
times may often be reduced, with little loss of accuracy. Nevertheless, to maximize
accuracy, t should be sufficiently small to ensure that the results are independent
of further reductions in its value.
The implicit form of a finite-difference equation may also be derived from the
energy balance method. For the surface node of Figure 5.12, it is readily shown that
(1

2Fo

2Fo Bi)T 0p

1

 2Fo T 1p

1

 2Fo Bi T

T 0p

(5.93)

For any interior node of Figure 5.12, it may also be shown that
(1

p 1
2Fo)T mp 1  Fo (T m1

T mp 11)  T mp

(5.94)

Forms of the implicit finite-difference equation for other common geometries are
presented in Table 5.3(b). Each equation may be derived by applying the energy
balance method.

EXAMPLE 5.10
A thick slab of copper initially at a uniform temperature of 20°C is suddenly
exposed to radiation at one surface such that the net heat flux is maintained at a constant value of 3 105 W/m2. Using the explicit and implicit finite-difference techniques with a space increment of x  75 mm, determine the temperature at the
irradiated surface and at an interior point that is 150 mm from the surface after
2 min have elapsed. Compare the results with those obtained from an appropriate
analytical solution.

SOLUTION
Known: Thick slab of copper, initially at a uniform temperature, is subjected to a
constant net heat flux at one surface.

Find:
1. Using the explicit finite-difference method, determine temperatures at the surface and 150 mm from the surface after an elapsed time of 2 min.
2. Repeat the calculations using the implicit finite-difference method.
3. Determine the same temperatures analytically.

Schematic:
q"o = 3 × 105 W/m2

0

q"o

m–1

1

q"cond
∆x
___
2

q"cond
x

∆x = 75 mm

m

m+1
q"cond
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Assumptions:
1. One-dimensional conduction in x.
2. Thick slab may be approximated as a semi-infinite medium with constant surface heat flux.
3. Constant properties.

Properties: Table A.1, copper (300 K): k  401 W/m  K,   117

106 m2/s.

Analysis:
1. An explicit form of the finite-difference equation for the surface node may be
obtained by applying an energy balance to a control volume about the node.
q o A

kA

p 1
p
T 1p  T 0p
x T 0  T 0
 A
c
2
x
t

or
T 0p

1

 2Fo

o

q kx

T 1p



(1  2Fo)T 0p

The finite-difference equation for any interior node is given by Equation 5.78.
Both the surface and interior nodes are governed by the stability criterion
Fo  1
2
Noting that the finite-difference equations are simplified by choosing the
maximum allowable value of Fo, we select Fo  12. Hence
(x)2
(0.075 m)2
t  Fo   1
 24 s
2 117 106 m2/s
With
q o x 3

k

105 W/m2 (0.075 m)
 56.1C
401 W/m  K

the finite-difference equations become
T 0p

1

 56.1C

T 1p

and

T mp 1 

T mp

p
T m1

1

2

for the surface and interior nodes, respectively. Performing the calculations, the
results are tabulated as follows:

Explicit Finite-Difference Solution for Fo  2
1

p

t(s)

T0

T1

T2

T3

T4

0
1
2
3
4
5

0
24
48
72
96
120

20
76.1
76.1
104.2
104.2
125.3

20
20
48.1
48.1
69.1
69.1

20
20
20
34.1
34.1
48.1

20
20
20
20
27.1
27.1

20
20
20
20
20
20
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After 2 min, the surface temperature and the desired interior temperature are
T0  125.3°C and T2  48.1°C.
Note that calculation of identical temperatures at successive times for the same
node is an idiosyncrasy of using the maximum allowable value of Fo with the
explicit finite-difference technique. The actual physical condition is, of course, one
in which the temperature changes continuously with time. The idiosyncrasy is eliminated and the accuracy of the calculations is improved by reducing the value of Fo.
To determine the extent to which the accuracy may be improved by reducing Fo, let us redo the calculations for Fo  14(t  12 s). The finite-difference
equations are then of the form
 1 (56.1C T 1p) 1 T 0p
2
2
1
p 1
p
p
T m  (T m 1 T m1) 1 T mp
4
2
and the results of the calculations are tabulated as follows:
T 0p

1

Explicit Finite-Difference Solution for Fo  14
p

t(s)

T0

T1

T2

T3

T4

T5

T6

T7

T8

0
1
2
3
4
5
6
7
8
9
10

0
12
24
36
48
60
72
84
96
108
120

20
48.1
62.1
72.6
81.4
89.0
95.9
102.3
108.1
113.7
118.9

20
20
27.0
34.0
40.6
46.7
52.5
57.9
63.1
68.0
72.6

20
20
20
21.8
24.4
27.5
30.7
34.1
37.6
41.0
44.4

20
20
20
20
20.4
21.3
22.6
24.1
25.8
27.6
29.6

20
20
20
20
20
20.1
20.4
20.8
21.5
22.2
23.2

20
20
20
20
20
20
20.0
20.1
20.3
20.5
20.8

20
20
20
20
20
20
20
20.0
20.0
20.1
20.2

20
20
20
20
20
20
20
20
20.0
20.0
20.0

20
20
20
20
20
20
20
20
20
20.0
20.0

After 2 min, the desired temperatures are T0  118.9°C and T2  44.4°C.
Comparing the above results with those obtained for Fo  12, it is clear that by
reducing Fo we have eliminated the problem of recurring temperatures. We
have also predicted greater thermal penetration (to node 6 instead of node 3).
An assessment of the improvement in accuracy must await a comparison with
results based on an exact solution.
2. Performing an energy balance on a control volume about the surface node, the
implicit form of the finite-difference equation is
q o

k

T 1p

T 0p
x

1

1



p 1
p
x T 0  T 0
c
2
t

or
(1

2Fo)T 0p

1

 2FoT 1p

1



2q o t
k x

Arbitrarily choosing Fo  12(t  24 s), it follows that
2T 0p

1

 T 1p

1

 56.1

T 0p

T 0p
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From Equation 5.94, the finite-difference equation for any interior node is then
of the form
p 1
T m1

4T mp 1  T mp

1
1

 2T mp

Since we are dealing with a semi-infinite solid, the number of nodes is, in
principle, infinite. In practice, however, the number may be limited to the nodes
that are affected by the change in the boundary condition for the time of interest. From the results of the explicit method, it is evident that we are safe in
choosing nine nodes corresponding to T0, T1, . . . , T8. We are thereby assuming
that, at t  120 s, there has been no change in T8.
We now have a set of nine equations that must be solved simultaneously
for each time increment. Using the matrix inversion method, we express the
equations in the form [A][T]  [C], where
2 1
0
0
0
0
0
0
0
1
4 1
0
0
0
0
0
0
0 1
4 1
0
0
0
0
0
0
0 1
4 1
0
0
0
0
[A] 
0
0
0 1
4 1
0
0
0
0
0
0
0 1
4 1
0
0
0
0
0
0
0 1
4 1
0
0
0
0
0
0
0 1
4 1
0
0
0
0
0
0
0 1
4
56.1 T 0p
2T 1p
2T 2p
2T 3p
[C]  2T 4p
2T 5p
2T 6p
2T 7p
2T 8p T 9p 1
Note that numerical values for the components of [C] are determined from previous values of the nodal temperatures. Note also how the finite-difference
equation for node 8 appears in matrices [A] and [C].
A table of nodal temperatures may be compiled, beginning with the first
row (p  0) corresponding to the prescribed initial condition. To obtain nodal
temperatures for subsequent times, the inverse of the coefficient matrix [A]1
must first be found. At each time p 1, it is then multiplied by the column vector [C], which is evaluated at p, to obtain the temperatures T 0p 1, T 1p 1, . . . , T 8p 1.
For example, multiplying [A]1 by the column vector corresponding to p  0,
76.1
40
40
40
[C]p0  40
40
40
40
60
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the second row of the table is obtained. Updating [C], the process is repeated
four more times to determine the nodal temperatures at 120 s. The desired temperatures are T0  114.7°C and T2  44.2°C.

Implicit Finite-Difference Solution for Fo  12
p

t(s)

T0

T1

T2

T3

T4

T5

T6

T7

T8

0
1
2
3
4
5

0
24
48
72
96
120

20.0
52.4
74.0
90.2
103.4
114.7

20.0
28.7
39.5
50.3
60.5
70.0

20.0
22.3
26.6
32.0
38.0
44.2

20.0
20.6
22.1
24.4
27.4
30.9

20.0
20.2
20.7
21.6
22.9
24.7

20.0
20.0
20.2
20.6
21.1
21.9

20.0
20.0
20.1
20.2
20.4
20.8

20.0
20.0
20.0
20.1
20.2
20.3

20.0
20.0
20.0
20.0
20.1
20.1

3. Approximating the slab as a semi-infinite medium, the appropriate analytical
expression is given by Equation 5.59, which may be applied to any point in the
slab.
T(x, t)  Ti 

2q o(t/)1/2
q o x
x2
x
exp 

erfc
4t
k
k
2t









At the surface, this expression yields
T(0, 120 s)  20C 

2

3 105 W/m2
(117
401 W/m  K

106 m2/s

120 s/)1/2

or
T(0, 120 s)  120.0C



At the interior point (x  0.15 m)
T(0.15 m, 120 s)  20C 

2

3 105 W/m2
401 W/m  K
(117



106 m2/s

exp 


3

4

120 s/)1/2

(0.15 m)2
117 106 m2/s



120 s

105 W/m2 0.15 m
401 W/m  K

1  erf 2117
T(0.15 m, 120 s)  45.4C

0.15 m
106 m2/s

120 s




Comments:
1. Comparing the exact results with those obtained from the three approximate
1
solutions, it is clear that the explicit method with Fo  4 provides the most
accurate predictions.
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Method

T0  T(0, 120 s)

T2  T(0.15 m, 120 s)

125.3
118.9
114.7
120.0

48.1
44.4
44.2
45.4

Explicit (Fo  2)
Explicit (Fo  14)
Implicit (Fo  12)
Exact
1

This is not unexpected, since the corresponding value of t is 50% smaller than
that used in the other two methods. Although computations are simplified by
using the maximum allowable value of Fo in the explicit method, the accuracy
of the results is seldom satisfactory.
2. The accuracy of the foregoing calculations is adversely affected by the coarse
grid (x  75 mm), as well as by the large time steps (t  24 s, 12 s). Applying the implicit method with x  18.75 mm and t  6 s (Fo  2.0), the solution yields T0  T(0, 120 s)  119.2°C and T2  T(0.15 m, 120 s)  45.3°C,
both of which are in good agreement with the exact solution. Complete temperature distributions may be plotted at any of the discrete times, and results
obtained at t  60 and 120 s are as follows:
120
Implicit finite-difference
solution (∆ x = 18.75 mm, ∆ t = 6 s)

100
80

T (°C)

316

T(x, 120 s)
60

T(x, 60 s)

40
20
0

T(x, 0)
0

100

200

300

400

500

600

x (mm)

Note that, at t  120 s, the assumption of a semi-infinite medium would remain
valid if the thickness of the slab exceeded approximately 500 mm.
3. Note that the coefficient matrix [A] is tridiagonal. That is, all elements are zero
except those that are on, or to either side of, the main diagonal. Tridiagonal
matrices are associated with one-dimensional conduction problems.
4. A more general radiative heating condition would be one in which the surface
is suddenly exposed to large surroundings at an elevated temperature Tsur (Problem 5.107). The net rate at which radiation is transferred to the surface may
then be calculated from Equation 1.7. Allowing for convection heat transfer to
the surface, application of conservation of energy to the surface node yields an
explicit finite-difference equation of the form
[T 4sur  (T 0p)4]

h(T  T 0p)

k

p 1
p
T 1p  T 0p
x T 0  T 0

c
2
x
t

Use of this finite-difference equation in a numerical solution is complicated by the
fact that it is nonlinear. However, the equation may be linearized by introducing
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the radiation heat transfer coefficient hr defined by Equation 1.9, and the finitedifference equation is
h rp(Tsur  T 0p)

h(T  T 0p)

k

p 1
p
T 1p  T 0p
x T 0  T 0

c
2
x
t

The solution may proceed in the usual manner, although the effect of a radiative Biot number (Bir  hr x/k) must be included in the stability criterion and
the value of hr must be updated at each step in the calculations. If the implicit
method is used, hr is calculated at p 1, in which case an iterative calculation
must be made at each time step.
5. The IHT Tools, Finite-Difference Equations, One-Dimensional, Transient option
can be used to formulate the nodal equations for the implicit method. A
schematic of the pertinent node and its control volume appears in the tool pad,
with provision for entering indices associated with the node of interest and relevant adjoining nodes. The system of equations, with comments, has this form:
//Node 0
rho * cp * der(T0,t)  fd_1d_sur_w(T0,T1,k,qdot,deltax,Tinf,h,qa0)
qa0  3e5
// Applied heat flux, W/m^2
Tinf  20
// Arbitrary value for convection process
h  1e-20
// Makes convection process negligible
// Interior nodes, 1 - 8
rho*cp*der(T1,t)  fd_1d_int(T1,T2,T0,k,qdot,deltax)
rho*cp*der(T2,t)  fd_1d_int(T2,T3,T1,k,qdot,deltax)
rho*cp*der(T3,t)  fd_1d_int(T3,T4,T2,k,qdot,deltax)
rho*cp*der(T4,t)  fd_1d_int(T4,T5,T3,k,qdot,deltax)
rho*cp*der(T5,t)  fd_1d_int(T5,T6,T4,k,qdot,deltax)
rho*cp*der(T6,t)  fd_1d_int(T6,T7,T5,k,qdot,deltax)
rho*cp*der(T7,t)  fd_1d_int(T7,T8,T6,k,qdot,deltax)
rho*cp*der(T8,t)  fd_1d_int(T8,T9,T7,k,qdot,deltax)

Note that the prescribed convection coefficient renders convection negligible,
as required by the problem statement. Using x  75 mm and t  12 s, the
solution yields T0  T(0,120 s)  116.0 C and T2  T(150 mm, 120 s)  44.2 C.
Contrast these results with those summarized in Comment 1.
6. This example is provided in FEHT as a solved model accessed through the Toolbar menu, Examples. The input screen summarizes key pre- and post-processing
steps, as well as results for nodal spacings of 1 and 0.125 mm. As an exercise,
press Run to solve for the nodal temperatures, and in the View menu, select Temperature Contours to represent the temperature field in the form of isotherms.

5.11
Summary
Transient conduction occurs in numerous engineering applications and may be
treated using different methods. There is certainly much to be said for simplicity, in
which case, when confronted with a transient problem, the first thing you should do
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is calculate the Biot number. If this number is much less than unity, you may use
the lumped capacitance method to obtain accurate results with minimal computational requirements. However, if the Biot number is not much less than unity, spatial effects must be considered, and some other method must be used. Analytical
results are available in convenient graphical and equation form for the plane wall,
the infinite cylinder, the sphere, and the semi-infinite solid. You should know when
and how to use these results. If geometrical complexities and/or the form of the
boundary conditions preclude their use, recourse must be made to an approximate
numerical technique, such as the finite-difference method.
You may test your understanding of key concepts by addressing the following
questions.
• Under what conditions may the lumped capacitance method be used to predict
the transient response of a solid to a change in its thermal environment?
• What is the physical interpretation of the Biot number?
• Is the lumped capacitance method of analysis likely to be more applicable for a
hot solid being cooled by forced convection in air or in water? By forced convection in air or natural convection in air?
• Is the lumped capacitance method of analysis likely to be more applicable for
cooling of a hot solid made of copper or aluminum? For silicon nitride or
glass?
• What parameters determine the time constant associated with the transient thermal response of a lumped capacitance solid? Is this response accelerated or
decelerated by an increase in the convection coefficient? By an increase in the
density or specific heat of the solid?
• For one-dimensional, transient conduction in a plane wall, a long cylinder or a
sphere with surface convection, what dimensionless parameters may be used to
simplify the representation of thermal conditions? How are these parameters
defined?
• Why is the semi-infinite solution applicable to any geometry at early times?
• What is the physical interpretation of the Fourier number?
• What requirement must be satisfied for use of a one-term approximation to determine the transient thermal response of a plane wall, a long cylinder or a sphere
experiencing one-dimensional conduction due to a change in surface conditions?
At what stage of a transient process is the requirement not satisfied?
• What does transient heating or cooling of a plane wall with equivalent convection conditions at opposite surfaces have in common with a plane wall heated or
cooled by convection at one surface and well insulated at the other surface?
• How may a one-term approximation be used to determine the transient thermal
response of a plane wall, long cylinder, or sphere subjected to a sudden change
in surface temperature?
• For one-dimensional, transient conduction, what is implied by the idealization of
a semi-infinite solid? Under what conditions may the idealization be applied to a
plane wall?
• What differentiates an explicit, finite-difference solution to a transient conduction problem from an implicit solution?
• What is meant by characterization of the implicit finite-difference method as
unconditionally stable? What constraint is placed on the explicit method to
ensure a stable solution?
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Problems
Qualitative Considerations
5.1 Consider a thin electrical heater attached to a plate and
backed by insulation. Initially, the heater and plate are at
the temperature of the ambient air, T. Suddenly, the
power to the heater is activated, yielding a constant heat
flux q o (W/m2) at the inner surface of the plate.
Plate
Insulation

T∞, h

~

x=L
x

(a) Sketch and label, on T–x coordinates, the temperature distributions: initial, steady-state, and at two
intermediate times.
(b) Sketch the heat flux at the outer surface q x(L, t) as a
function of time.
5.2 The inner surface of a plane wall is insulated while the
outer surface is exposed to an airstream at T. The wall
is at a uniform temperature corresponding to that of the
airstream. Suddenly, a radiation heat source is switched
on applying a uniform flux q o to the outer surface.
q"o for t > 0
Insulation

T∞ , h
x

L

(a) Sketch and label, on T–x coordinates, the temperature distributions: initial, steady-state, and at two
intermediate times.

(b) Sketch the heat flux at the outer surface q x (L, t) as a
function of time.
5.3 A microwave oven operates on the principle that application of a high-frequency field causes electrically polarized molecules in food to oscillate. The net effect is a
nearly uniform generation of thermal energy within the
food. Consider the process of cooking a slab of beef of
thickness 2L in a microwave oven and compare it with
cooking in a conventional oven, where each side of the
slab is heated by radiation. In each case the meat is to
be heated from 0°C to a minimum temperature of 90°C.
Base your comparison on a sketch of the temperature
distribution at selected times for each of the cooking
processes. In particular, consider the time t0 at which
heating is initiated, a time t1 during the heating process,
the time t2 corresponding to the conclusion of heating,
and a time t3 well into the subsequent cooling process.
5.4 A plate of thickness 2L, surface area As, mass M, and
specific heat cp, initially at a uniform temperature Ti, is
suddenly heated on both surfaces by a convection
process (T, h) for a period of time to, following which
the plate is insulated. Assume that the midplane temperature does not reach T within this period of time.
(a) Assuming Bi  1 for the heating process, sketch
and label, on T–x coordinates, the following temperature distributions: initial, steady-state (t l ),
T(x, to), and at two intermediate times between
t  to and t l .
(b) Sketch and label, on T–t coordinates, the midplane
and exposed surface temperature distributions.
(c) Repeat parts (a) and (b) assuming Bi  1 for the
plate.
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(d) Derive an expression for the steady-state temperature T(x, )  Tƒ, leaving your result in terms of
plate parameters (M, cp), thermal conditions (Ti, T,
h), the surface temperature T(L, t), and the heating
time to.

Surroundings, Tsur

Air

T∞, h

Lumped Capacitance Method
5.5 Steel balls 12 mm in diameter are annealed by heating
to 1150 K and then slowly cooling to 400 K in an air
environment for which T  325 K and h  20 W/m2  K.
Assuming the properties of the steel to be k  40 W/m 
K,   7800 kg/m3, and c  600 J/kg  K, estimate the
time required for the cooling process.
5.6 Consider the steel balls of Problem 5.5, except now the
air temperature increases with time as T(t)  325 K
at where a  0.1875 K/s.
(a) Sketch the ball temperature versus time for 0  t 
1 h. Also show the ambient temperature, T, in your
graph. Explain special features of the ball temperature behavior.
(b) Find an expression for the ball temperature as a
function of time, T(t), and plot the ball temperature
for 0  t  1 h. Was your sketch correct?
5.7 The heat transfer coefficient for air flowing over a sphere
is to be determined by observing the temperature–time
history of a sphere fabricated from pure copper. The
sphere, which is 12.7 mm in diameter, is at 66°C before
it is inserted into an airstream having a temperature of
27°C. A thermocouple on the outer surface of the sphere
indicates 55°C 69 s after the sphere is inserted in the
airstream. Assume, and then justify, that the sphere
behaves as a spacewise isothermal object and calculate
the heat transfer coefficient.
5.8 A solid steel sphere (AISI 1010), 300 mm in diameter, is
coated with a dielectric material layer of thickness 2 mm
and thermal conductivity 0.04 W/m  K. The coated sphere
is initially at a uniform temperature of 500°C and is suddenly quenched in a large oil bath for which T  100°C
and h  3300 W/m2  K. Estimate the time required for
the coated sphere temperature to reach 140°C. Hint:
Neglect the effect of energy storage in the dielectric
material, since its thermal capacitance (cV) is small
compared to that of the steel sphere.
5.9 The base plate of an iron has a thickness of L  7 mm
and is made from an aluminum alloy (  2800 kg/m3,
c  900 J/kg  K, k  180 W/m  K,   0.80). An electric resistance heater is attached to the inner surface of
the plate, while the outer surface is exposed to ambient
air and large surroundings at T  Tsur  25 C. The areas
of both the inner and outer surfaces are As  0.040 m2.

Baseplate
(ρ, c, k, ε, q"h, t, As)

If an approximately uniform heat flux of qh  1.25
104 W/m2 is applied to the inner surface of the base
plate and the convection coefficient at the outer surface
is h  10 W/m2  K, estimate the time required for the
plate to reach a temperature of 135 C. Hint: Numerical
integration is suggested in order to solve the problem.
5.10 Carbon steel (AISI 1010) shafts of 0.1-m diameter are
heat treated in a gas-fired furnace whose gases are at 1200
K and provide a convection coefficient of 100 W/m2  K.
If the shafts enter the furnace at 300 K, how long must
they remain in the furnace to achieve a centerline temperature of 800 K?
5.11 A thermal energy storage unit consists of a large rectangular channel, which is well insulated on its outer surface and encloses alternating layers of the storage
material and the flow passage.

Storage
material

Hot gas

T∞, h

Each layer of the storage material is an aluminum slab
of width W  0.05 m, which is at an initial temperature
of 25°C. Consider conditions for which the storage unit
is charged by passing a hot gas through the passages,
with the gas temperature and the convection coefficient
assumed to have constant values of T  600°C and
h  100 W/m2  K throughout the channel. How long
will it take to achieve 75% of the maximum possible
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energy storage? What is the temperature of the aluminum at this time?
5.12 Thermal energy storage systems commonly involve a
packed bed of solid spheres, through which a hot gas
flows if the system is being charged, or a cold gas if it is
being discharged. In a charging process, heat transfer
from the hot gas increases thermal energy stored within
the colder spheres; during discharge, the stored energy
decreases as heat is transferred from the warmer
spheres to the cooler gas.
Packed bed

Sphere
( ρ , c, k, Ti)

D

Gas

Tg, i, h

Consider a packed bed of 75-mm-diameter aluminum
spheres (  2700 kg/m3, c  950 J/kg  K, k  240
W/m  K) and a charging process for which gas enters
the storage unit at a temperature of Tg,i  300 C. If the
initial temperature of the spheres is Ti  25 C and the
convection coefficient is h  75 W/m2  K, how long
does it take a sphere near the inlet of the system to
accumulate 90% of the maximum possible thermal
energy? What is the corresponding temperature at the
center of the sphere? Is there any advantage to using
copper instead of aluminum?
5.13 A tool used for fabricating semiconductor devices
consists of a chuck (thick metallic, cylindrical disk)
onto which a very thin silicon wafer (  2700 kg/m3,
c  875 J/kg  K, k  177 W/m  K) is placed by a
robotic arm. Once in position, an electric field in the
chuck is energized, creating an electrostatic force that
holds the wafer firmly to the chuck. To ensure a reproducible thermal contact resistance between the chuck
and the wafer from cycle-to-cycle, pressurized helium
gas is introduced at the center of the chuck and flows
(very slowly) radially outward between the asperities
of the interface region.
Wafer, Tw(t),
Tw(0) = Tw, i = 100°C

w = 0.758 mm

Helium gas
purge
Interface region,
greatly exaggerated

Chuck, Tc = 23°C

An experiment has been performed under conditions
for which the wafer, initially at a uniform temperature
Tw,i  100°C, is suddenly placed on the chuck, which is
at a uniform and constant temperature Tc  23°C. With
the wafer in place, the electrostatic force and the
helium gas flow are applied. After 15 seconds, the temperature of the wafer is determined to be 33°C. What is
the thermal contact resistance R t,c (m2  K/W) between
 increase,
the wafer and chuck? Will the value of R t,c
decrease, or remain the same if air, instead of helium, is
used as the purge gas?
5.14 A spherical vessel used as a reactor for producing
pharmaceuticals has a 5-mm-thick stainless steel wall
(k  17 W/m  K) and an inner diameter of Di  1.0 m.
During production, the vessel is filled with reactants for
which   1100 kg/m3 and c  2400 J/kg  K, while
exothermic reactions release energy at a volumetric rate
of q̇  104 W/m3. As first approximations, the reactants
may be assumed to be well stirred and the thermal
capacitance of the vessel may be neglected.
(a) The exterior surface of the vessel is exposed to
ambient air (T  25 C) for which a convection
coefficient of h  6 W/m2  K may be assumed. If
the initial temperature of the reactants is 25 C,
what is the temperature of the reactants after five
hours of process time? What is the corresponding
temperature at the outer surface of the vessel?
(b) Explore the effect of varying the convection coefficient on transient thermal conditions within the
reactor.
5.15 Batch processes are often used in chemical and pharmaceutical operations to achieve a desired chemical composition for the final product and typically involve a
transient heating operation to take the product from
room temperature to the desired process temperature.

Steam
•

Th, mh
Coiled tubing
(D, L, hi, ho)

Stirred liquid
T (t), V, ρ, c

Containment vessel
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Consider a situation for which a chemical of density  
l200 kg/m3 and specific heat c  2200 J/kg  K occupies
a volume of V  2.25 m3 in an insulated vessel. The
chemical is to be heated from room temperature, Ti 
300 K, to a process temperature of T  450 K by passing saturated steam at Th  500 K through a coiled, thinwalled, 20-mm-diameter tube in the vessel. Steam
condensation within the tube maintains an interior convection coefficient of hi  10,000 W/m2  K, while the
highly agitated liquid in the stirred vessel maintains an
outside convection coefficient of ho  2000 W/m2  K.
If the chemical is to be heated from 300 to 450 K
in 60 minutes, what is the required length L of the submerged tubing?
5.16 A plane wall of a furnace is fabricated from plain
carbon steel (k  60 W/m  K,   7850 kg/m3, c 
430 J/kg  K) and is of thickness L  10 mm. To protect
it from the corrosive effects of the furnace combustion
gases, one surface of the wall is coated with a thin
ceramic film that, for a unit surface area, has a thermal
resistance of R t, f  0.01 m2  K/W. The opposite surface is well insulated from the surroundings.
Ceramic film,

R"t, f

Carbon steel,
ρ, c, k, Ti

Furnace
gases

T∞, h

Ts, o

Ts, i

x

L

At furnace start-up the wall is at an initial temperature
of Ti  300 K, and combustion gases at T  1300 K
enter the furnace, providing a convection coefficient of
h  25 W/m2  K at the ceramic film. Assuming the
film to have negligible thermal capacitance, how long
will it take for the inner surface of the steel to achieve a
temperature of Ts,i  1200 K? What is the temperature
Ts,o of the exposed surface of the ceramic film at this
time?
5.17 A steel strip of thickness   12 mm is annealed by
passing it through a large furnace whose walls are
maintained at a temperature Tw corresponding to that of
combustion gases flowing through the furnace (Tw 
T). The strip, whose density, specific heat, thermal
conductivity, and emissivity are   7900 kg/m3, cp 
640 J/kg  K, k  30 W/m  K, and   0.7, respectively, is to be heated from 300°C to 600°C.

Furnace walls, Tw

Combustion gases

T∞, h
Vs

δ
Combustion gases

T∞, h

(a) For a uniform convection coefficient of h 
100 W/m2  K and Tw  T  700°C, determine the
time required to heat the strip. If the strip is moving
at 0.5 m/s, how long must the furnace be?
(b) The annealing process may be accelerated (the
strip speed increased) by increasing the environmental temperatures. For the furnace length
obtained in part (a), determine the strip speed for
Tw  T  850°C and Tw  T  1000°C. For
each set of environmental temperatures (700, 850,
and 1000°C), plot the strip temperature as a function of time over the range 25°C  T  600°C.
Over this range, also plot the radiation heat transfer coefficient, hr, as a function of time.
5.18 A long wire of diameter D  1 mm is submerged in an
oil bath of temperature T  25°C. The wire has an
electrical resistance per unit length of R e  0.01 /m.
If a current of I  100 A flows through the wire
and the convection coefficient is h  500 W/m2  K,
what is the steady-state temperature of the wire? From
the time the current is applied, how long does it take for
the wire to reach a temperature that is within 1°C of the
steady-state value? The properties of the wire are  
8000 kg/m3, c  500 J/kg  K, and k  20 W/m  K.
5.19 Consider the system of Problem 5.1 where the temperature of the plate is spacewise isothermal during the transient process.
(a) Obtain an expression for the temperature of the
plate as a function of time T(t) in terms of q o, T, h,
L, and the plate properties  and c.
(b) Determine the thermal time constant and the steadystate temperature for a 12-mm-thick plate of pure
copper when T  27°C, h  50 W/m2  K, and q o 
5000 W/m2. Estimate the time required to reach
steady-state conditions.
(c) For the conditions of part (b), as well as for
h  100 and 200 W/m2  K, compute and plot the
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corresponding temperature histories of the plate for
0  t  2500 s.
5.20 An electronic device, such as a power transistor mounted
on a finned heat sink, can be modeled as a spatially
isothermal object with internal heat generation and an
external convection resistance.
(a) Consider such a system of mass M, specific heat c,
and surface area As, which is initially in equilibrium
with the environment at T. Suddenly, the electronic device is energized such that a constant heat
generation Ė g (W) occurs. Show that the temperature response of the device is
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t
 exp 
RC
i



where   T  T() and T() is the steady-state
temperature corresponding to t l ; i  Ti 
T(); Ti  initial temperature of device; R  thermal
resistance 1/hAs; and C  thermal capacitance Mc.
(b) An electronic device, which generates 60 W of
heat, is mounted on an aluminum heat sink weighing 0.31 kg and reaches a temperature of 100°C in
ambient air at 20°C under steady-state conditions.
If the device is initially at 20°C, what temperature
will it reach 5 min after the power is switched on?
5.21 Before being injected into a furnace, pulverized coal is
preheated by passing it through a cylindrical tube
whose surface is maintained at Tsur  1000°C. The coal
pellets are suspended in an airflow and are known to
move with a speed of 3 m/s. If the pellets may be
approximated as spheres of 1-mm diameter and it may
be assumed that they are heated by radiation transfer
from the tube surface, how long must the tube be to heat
coal entering at 25°C to a temperature of 600°C? Is the
use of the lumped capacitance method justified?
5.22 A metal sphere of diameter D, which is at a uniform
temperature Ti, is suddenly removed from a furnace and
suspended from a fine wire in a large room with air at a
uniform temperature T and the surrounding walls at a
temperature Tsur.
(a) Neglecting heat transfer by radiation, obtain an
expression for the time required to cool the sphere
to some temperature T.
(b) Neglecting heat transfer by convection, obtain an
expression for the time required to cool the sphere
to the temperature T.
(c) How would you go about determining the time
required for the sphere to cool to the temperature
T if both convection and radiation are of the same
order of magnitude?

(d) Consider an anodized aluminum sphere (  0.75)
50 mm in diameter, which is at an initial temperature of Ti  800 K. Both the air and surroundings
are at 300 K, and the convection coefficient is
10 W/m2  K. For the conditions of parts (a), (b),
and (c), determine the time required for the sphere
to cool to 400 K. Plot the corresponding temperature histories. Repeat the calculations for a polished
aluminum sphere (  0.1).
5.23 As permanent space stations increase in size, there is an
attendant increase in the amount of electrical power
they dissipate. To keep station compartment temperatures from exceeding prescribed limits, it is necessary
to transfer the dissipated heat to space. A novel heat
rejection scheme that has been proposed for this purpose is termed a Liquid Droplet Radiator (LDR). The
heat is first transferred to a high vacuum oil, which is
then injected into outer space as a stream of small
droplets. The stream is allowed to traverse a distance L,
over which it cools by radiating energy to outer space at
absolute zero temperature. The droplets are then collected and routed back to the space station.

Outer space
Tsur = 0 K

Droplet
injector

Ti

V

Droplet
collector

Tf

L
Cold oil return

Consider conditions for which droplets of emissivity
  0.95 and diameter D  0.5 mm are injected at a temperature of Ti  500 K and a velocity of V  0.1 m/s.
Properties of the oil are   885 kg/m3, c  1900 J/kg 
K, and k  0.145 W/m  K. Assuming each drop to radiate to deep space at Tsur  0 K, determine the distance L
required for the droplets to impact the collector at a final
temperature of Tƒ  300 K. What is the amount of thermal energy rejected by each droplet?
5.24 In a material processing experiment conducted aboard
the space shuttle, a coated niobium sphere of 10-mm
diameter is removed from a furnace at 900 C and
cooled to a temperature of 300 C. Although properties
of the niobium vary over this temperature range,
constant values may be assumed to a reasonable
approximation, with   8600 kg/m3, c  290 J/kg  K,
and k  63 W/m  K.
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(a) If cooling is implemented in a large evacuated
chamber whose walls are at 25 C, determine the
time required to reach the final temperature if the
coating is polished and has an emissivity of   0.1.
How long would it take if the coating is oxidized
and   0.6?

arc plasma, which is at T  10,000 K and provides a
coefficient of h  30,000 W/m2  K for convective
heating of the particles. The melting point and latent
heat of fusion of alumina are Tmp  2318 K and hsf 
3577 kJ/kg, respectively.

(b) To reduce the time required for cooling, consideration is given to immersion of the sphere in an inert
gas stream for which T  25 C and h  200 W/m2
 K. Neglecting radiation, what is the time required
for cooling?

(a) Neglecting radiation, obtain an expression for the
time-in-flight, ti ƒ, required to heat a particle from
its initial temperature Ti to its melting point Tmp,
and, once at the melting point, for the particle
to experience complete melting. Evaluate ti ƒ for
Ti  300 K and the prescribed heating conditions.

(c) Considering the effect of both radiation and convection, what is the time required for cooling if
h  200 W/m2  K and   0.6? Explore the effect on
the cooling time of independently varying h and .

(b) Assuming alumina to have an emissivity of p  0.4
and the particles to exchange radiation with large
surroundings at Tsur  300 K, assess the validity of
neglecting radiation.

5.25 Plasma spray-coating processes are often used to provide surface protection for materials exposed to hostile
environments, which induce degradation through factors such as wear, corrosion, or outright thermal failure.
Ceramic coatings are commonly used for this purpose.
By injecting ceramic powder through the nozzle (anode)
of a plasma torch, the particles are entrained by the
plasma jet, within which they are then accelerated and
heated.
Plasma gas

T∞, h
Particle
injection

Cathode
Nozzle (anode)

Electric
arc
Plasma jet with entrained
ceramic particles (T∞, h)

Ceramic coating
Substrate

During their time-in-flight, the ceramic particles must
be heated to their melting point and experience complete conversion to the liquid state. The coating is
formed as the molten droplets impinge (splat) on the
substrate material and experience rapid solidification.
Consider conditions for which spherical alumina
(Al2O3) particles of diameter Dp  50 m, density p 
3970 kg/m3, thermal conductivity kp  10.5 W/m  K,
and specific heat cp  1560 J/kg  K are injected into an

5.26 Thin film coatings characterized by high resistance to
abrasion and fracture may be formed by using microscale composite particles in a plasma spraying process.
A spherical particle typically consists of a ceramic
core, such as tungsten carbide (WC), and a metallic
shell, such as cobalt (Co). The ceramic provides the
thin film coating with its desired hardness at elevated
temperatures, while the metal serves to coalesce the
particles on the coated surface and to inhibit crack formation. In the plasma spraying process, the particles
are injected into a plasma gas jet that heats them to a
temperature above the melting point of the metallic
casing and melts the casing before the particles impact
the surface.
Consider spherical particles comprised of a WC
core of diameter Di  16 m, which is encased in a Co
shell of outer diameter Do  20 m. If the particles
flow in a plasma gas at T  10,000 K and the coefficient associated with convection from the gas to the
particles is h  20,000 W/m2  K, how long does it take
to heat the particles from an initial temperature of
Ti  300 K to the melting point of cobalt, Tmp  1770
K? The density and specific heat of WC (the core of the
particle) are c  16,000 kg/m3 and cc  300 J/kg  K,
while the corresponding values for Co (the outer shell)
are s  8900 kg/m3 and cs  750 J/kg  K. Once having reached the melting point, how much additional
time is required to completely melt the cobalt if its
latent heat of fusion is hsf  2.59 105 J/kg? You may
use the lumped capacitance method of analysis and
neglect radiation exchange between the particle and its
surroundings.
5.27 A chip that is of length L  5 mm on a side and thickness t  1 mm is encased in a ceramic substrate, and its
exposed surface is convectively cooled by a dielectric
liquid for which h  150 W/m2  K and T  20°C.
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A thermal stress test begins by subjecting the multichip
module, which is initially at room temperature, to a hot
fluid stream and subsequently cooling the module by
exposing it to a cold fluid stream. The process is repeated
for a prescribed number of cycles to assess the integrity
of the soldered connections.

Chip,

T ∞, h

q•, Ti, ρ, cp

t

L

Substrate

In the off-mode the chip is in thermal equilibrium with
the coolant (Ti  T). When the chip is energized, however, its temperature increases until a new steady-state
is established. For purposes of analysis, the energized
chip is characterized by uniform volumetric heating
with q̇  9 106 W/m3. Assuming an infinite contact
resistance between the chip and substrate and negligible
conduction resistance within the chip, determine the
steady-state chip temperature Tƒ. Following activation
of the chip, how long does it take to come within 1°C of
this temperature? The chip density and specific heat are
  2000 kg/m3 and c  700 J/kg  K, respectively.
5.28 Consider the conditions of Problem 5.27. In addition to
treating heat transfer by convection directly from the
chip to the coolant, a more realistic analysis would
account for indirect transfer from the chip to the substrate and then from the substrate to the coolant. The
total thermal resistance associated with this indirect
route includes contributions due to the chip–substrate
interface (a contact resistance), multidimensional conduction in the substrate, and convection from the surface of the substrate to the coolant. If this total thermal
resistance is Rt  200 K/W, what is the steady-state chip
temperature Tƒ? Following activation of the chip, how
long does it take to come within 1°C of this temperature?
5.29 Thermal stress testing is a common procedure used to
assess the reliability of an electronic package. Typically,
thermal stresses are induced in soldered or wired connections to reveal mechanisms that could cause failure and
must therefore be corrected before the product is released.
As an example of the procedure, consider an array of silicon chips (ch  2300 kg/m3, cch  710 J/kg  K) joined
to an alumina substrate (sb  4000 kg/m3, csb  770
J/kg  K) by solder balls (sd  11,000 kg/m3, csd 
130 J/kg  K). Each chip of width Lch and thickness tch is
joined to a unit substrate section of width Lsb and thickness tsb by solder balls of diameter D.
Chip
( ρch, cch)

Lch

(b) To reduce the time required to complete a stress
test, a dielectric liquid could be used in lieu of air
to provide a larger convection coefficient of
h  200 W/m2  K. What is the corresponding savings in time for each component to achieve 99% of
its maximum possible temperature rise?
5.30 The objective of this problem is to develop thermal
models for estimating the steady-state temperature and
the transient temperature history of the electrical transformer shown below.

tch
Fluid

T∞, h

Solder ball
(D, ρ sd, csd)
Substrate
(ρ sb, csb)

(a) As a first approximation, assume that there is negligible heat transfer between the components
(chip/solder/substrate) of the module and that the
thermal response of each component may be determined from a lumped capacitance analysis involving the same convection coefficient h. Assuming no
reduction in surface area due to contact between a
solder ball and the chip or substrate, obtain expressions for the thermal time constant of each component. Heat transfer is to all surfaces of a chip, but to
only the top surface of the substrate. Evaluate the
three time constants for Lch  15 mm, tch  2 mm,
Lsb  25 mm, tsb  10 mm, D  2 mm, and a value
of h  50 W/m2  K, which is characteristic of an
air stream. Compute and plot the temperature histories of the three components for the heating portion
of a cycle, with Ti  20 C and T  80 C. At
what time does each component experience 99% of
its maximum possible temperature rise, that is,
(T  Ti )/(T  Ti)  0.99? If the maximum stress
on a solder ball corresponds to the maximum difference between its temperature and that of the chip
or substrate, when will this maximum occur?

Lsb

tsb

The external transformer geometry is approximately
cubical, with a length of 32 mm to a side. The combined
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mass of the iron and copper in the transformer is 0.28 kg,
and its weighted-average specific heat is 400 J/kg  K.
The transformer dissipates 4.0 W and is operating in
ambient air at T  20 C, with a convection coefficient
of 10 W/m2  K. List and justify the assumptions made
in your analysis, and discuss limitations of the models.
(a) Beginning with a properly defined control volume,
develop a model for estimating the steady-state temperature of the transformer, T(). Evaluate T() for
the prescribed operating conditions.
(b) Develop a model for estimating the thermal response
(temperature history) of the transformer if it is initially at a temperature of Ti  T and power is suddenly applied. Determine the time required for the
transformer to come within 5 C of its steady-state
operating temperature.
5.31 In thermomechanical data storage, a processing head,
consisting of M heated cantilevers, is used to write data
onto an underlying polymer storage medium. Electrical
resistance heaters are microfabricated onto each cantilever, which continually travel over the surface of the
medium. The resistance heaters are turned on and off
by controlling electrical current to each cantilever. As a
cantilever goes through a complete heating and cooling
cycle, the underlying polymer is softened, and one bit
of data is written in the form of a surface pit in the
polymer. A track of individual data bits (pits), each separated by approximately 50 nm, can be fabricated. Multiple tracks of bits, also separated by approximately 50
nm, are subsequently fabricated into the surface of the
storage medium. Consider a single cantilever that is
fabricated primarily of silicon with a mass of 50
1018 kg and a surface area of 600
1015 m2. The
cantilever is initially at Ti  T  300 K, and the heat
transfer coefficient between the cantilever and the
ambient is 200 103 W/m2  K.
T ∞, h

Heat on

Written bits

Heat off

Polymer substrate

(a) Determine the ohmic heating required to raise the
cantilever temperature to T  1000 K within a heating time of th  1 s. Hint: See Problem 5.20.
(b) Find the time required to cool the cantilever from
1000 K to 400 K (tc) and the thermal processing

time required for one complete heating and cooling
cycle, tp  th tc.
(c) Determine how many bits (N) can be written onto a
1 mm 1 mm polymer storage medium. If M  100
cantilevers are ganged onto a single processing head,
determine the total thermal processing time needed
to write the data.
5.32 The melting of water initially at the fusion temperature,
Tf  0 C, was considered in Example 1.5. Freezing of
water often occurs at 0 C. However, pure liquids that
undergo a cooling process can remain in a supercooled
liquid state well below their equilibrium freezing temperature, Tf, particularly when the liquid is not in contact with any solid material. Droplets of liquid water in
the atmosphere have a supercooled freezing temperature, Tf,sc, that can be well correlated to the droplet
diameter by the expression Tf,sc  28 0.87 ln(Dp) in
the diameter range 107  Dp  102 m, where Tf,sc has
units of degrees Celsius and Dp is expressed in units of
meters. For a droplet of diameter D  50 m and initial
temperature Ti  10 C subject to ambient conditions of
T  40 C and h  900 W/m2  K, compare the time
needed to completely solidify the droplet for case A,
when the droplet solidifies at Tf  0 C, and case B,
when the droplet starts to freeze at Tf,sc. Sketch the temperature histories from the initial time to the time when
the droplets are completely solid. Hint: When the droplet
reaches Tf,sc in case B, rapid solidification occurs during
which the latent energy released by the freezing water is
absorbed by the remaining liquid in the drop. As
soon as any ice is formed within the droplet, the
remaining liquid is in contact with a solid (the ice) and
the freezing temperature immediately shifts from Tf,sc to
Tf  0 C.
5.33 As noted in Problem 5.3, microwave ovens operate by
rapidly aligning and reversing water molecules within
the food, resulting in volumetric energy generation and,
in turn, cooking of the food. When the food is initially
frozen, however, the water molecules do not readily
oscillate in response to the microwaves, and the volumetric generation rates are between one and two orders
of magnitude lower than if the water were in liquid
form. (Microwave power that is not absorbed in the
food is reflected back to the microwave generator,
where it must be dissipated in the form of heat to prevent damage to the generator.)
(a) Consider a frozen, 1-kg spherical piece of ground
beef at an initial temperature of Ti  20 C placed
in a microwave oven with T  30 C and h  15
W/m2  K. Determine how long it will take the beef
to reach a uniform temperature of T  0 C, with all
the water in the form of ice. Assume the properties
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of the beef are the same as ice, and assume 3% of
the oven power (P  1 kW total) is absorbed in the
food.

analysis, the dimensionless functional dependence for
the transient temperature distribution expressed in
Equation 5.38.

(b) After all the ice is converted to liquid, determine
how long it will take to heat the beef to Tf  80 C
if 95% of the oven power is absorbed in the food.
Assume the properties of the beef are the same as
liquid water.

5.36 Referring to the semiconductor processing tool of Problem 5.13, it is desired at some point in the manufacturing cycle to cool the chuck, which is made of aluminum
alloy 2024. The proposed cooling scheme passes air at
20°C between the air-supply head and the chuck surface.

(c) When thawing food in microwave ovens, one may
observe that some of the food may still be frozen
while other parts of the food are overcooked. Explain
why this occurs. Explain why most microwave
ovens have thaw cycles that are associated with
very low oven powers.

Air supply, 20°C

Cooling head
Exit air

L = 25 mm

One-Dimensional Conduction:
The Plane Wall

Heater coil
(deactivated)

5.34 Consider the series solution, Equation 5.39, for the
plane wall with convection. Calculate midplane (x*  0)
and surface (x*  1) temperatures * for Fo  0.1 and
1, using Bi  0.1, 1, and 10. Consider only the first four
eigenvalues. Based on these results discuss the validity
of the approximate solutions, Equations 5.40 and 5.41.
5.35 Consider the one-dimensional wall shown in the sketch,
which is initially at a uniform temperature Ti and is suddenly subjected to the convection boundary condition
with a fluid at T.
Insulation

Wall, T(x, 0) = Ti,

k, α

T∞, h

x

L

For a particular wall, case 1, the temperature at x  L1
after t1  100 s is T1(L1, t1)  315°C. Another wall,
case 2, has different thickness and thermal conditions
as shown below.
Case

L
(m)

1
2

0.10
0.40


(m2/s)
15
25

106
106

k
Ti
(W/m  K) (°C)
50
100

300
30

Chuck

T
h
(°C) (W/m2  K)
400
20

200
100

How long will it take for the second wall to reach
28.5°C at the position x  L2? Use as the basis for

Insulation

(a) If the chuck is initially at a uniform temperature
of 100°C, calculate the time required for its lower
surface to reach 25°C, assuming a uniform convection coefficient of 50 W/m2  K at the head–chuck
interface.
(b) Generate a plot of the time-to-cool as a function of
the convection coefficient for the range 10  h 
2000 W/m2  K. If the lower limit represents a free
convection condition without any head present,
comment on the effectiveness of the head design as
a method for cooling the chuck.
5.37 Annealing is a process by which steel is reheated and
then cooled to make it less brittle. Consider the reheat
stage for a 100-mm-thick steel plate (  7830 kg/m3,
c  550 J/kg  K, k  48 W/m  K), which is initially at
a uniform temperature of Ti  200 C and is to be
heated to a minimum temperature of 550 C. Heating is
effected in a gas-fired furnace, where products of combustion at T  800 C maintain a convection coefficient of h  250 W/m2  K on both surfaces of the plate.
How long should the plate be left in the furnace?
5.38 Consider the heavily insulated pipe of Example 5.4,
which is suddenly subjected to the flow of hot oil. Use
the Transient Conduction, Plane Wall model of IHT to
obtain the following solutions.
(a) Calculate the temperature of the inner and outer
surfaces of the pipe, the heat flux at the inner surface, and the energy transferred to the wall after
8 min. Compare your results with those obtained in
the example.
(b) At what time will the outer surface temperature of
the pipe, T(0, t), reach 25 C?
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(c) Using the Explore and Graph options of IHT, calculate and plot on a single graph the temperature
distributions, T(x, t), for the initial condition, the
final condition, and intermediate times of 4 and
8 min. Explain key features of the distributions.
(d) Calculate and plot the temperature histories, T(x, t),
at the inner (x  0) and outer (x  L) pipe surfaces
for 0  t  16 min.
5.39 The 150-mm-thick wall of a gas-fired furnace is constructed of fire-clay brick (k  1.5 W/m  K,   2600
kg/m3, cp  1000 J/kg  K) and is well insulated at its
outer surface. The wall is at a uniform initial temperature of 20 C, when the burners are fired and the inner
surface is exposed to products of combustion for which
T  950 C and h  100 W/m2  K.
(a) How long does it take for the outer surface of the
wall to reach a temperature of 750 C?
(b) Plot the temperature distribution in the wall at the
foregoing time, as well as at several intermediate
times.
5.40 Steel is sequentially heated and cooled (annealed) to
relieve stresses and to make it less brittle. Consider a
100-mm-thick plate (k  45 W/m  K,   7800 kg/m3,
cp  500 J/kg  K) that is initially at a uniform temperature of 300 C and is heated (on both sides) in a gas-fired
furnace for which T  700 C and h  500 W/m2  K.
How long will it take for a minimum temperature of
550 C to be reached in the plate?
5.41 A plate of thickness 2L  25 mm at a temperature of
600 C is removed from a hot pressing operation and
must be cooled rapidly in order to achieve the required
physical properties. The process engineer plans to use
air jets to control the rate of cooling, but she is uncertain whether it is necessary to cool both sides (case 1)
or only one side (case 2) of the plate. The concern is not
just for the time-to-cool, but also for the maximum temperature difference within the plate. If this temperature
difference is too large, the plate can experience significant warping.
Case 1: cooling, both sides

Case 2: cooling, one side only

T(x, 0) = Ti

ρ
c
k

2L

T(x, 0) = Ti

ρ
c
k

T∞, h

T∞, h

2L

The air supply is at 25 C, and the convection coefficient
on the surface is 400 W/m2  K. The thermophysical

properties of the plate are   3000 kg/m3, c  750
J/kg  K, and k  15 W/m  K.
(a) Using the IHT software, calculate and plot on one
graph the temperature histories for cases 1 and 2
for a 500-s cooling period. Compare the times
required for the maximum temperature in the plate
to reach 100 C. Assume no heat loss from the
unexposed surface of case 2.
(b) For both cases, calculate and plot on one graph the
variation with time of the maximum temperature
difference in the plate. Comment on the relative
magnitudes of the temperature gradients within the
plate as a function of time.
5.42 During transient operation, the steel nozzle of a rocket
engine must not exceed a maximum allowable operating
temperature of 1500 K when exposed to combustion gases
characterized by a temperature of 2300 K and a convection
coefficient of 5000 W/m2  K. To extend the duration of
engine operation, it is proposed that a ceramic thermal
barrier coating (k  10 W/m  K,   6 106 m2/s)
be applied to the interior surface of the nozzle.
(a) If the ceramic coating is 10 mm thick and at an initial temperature of 300 K, obtain a conservative
estimate of the maximum allowable duration of
engine operation. The nozzle radius is much larger
than the combined wall and coating thickness.
(b) Compute and plot the inner and outer surface temperatures of the coating as a function of time for
0  t  150 s. Repeat the calculations for a coating
thickness of 40 mm.
5.43 In a tempering process, glass plate, which is initially at
a uniform temperature Ti, is cooled by suddenly reducing the temperature of both surfaces to Ts. The plate is
20 mm thick, and the glass has a thermal diffusivity of
6 107 m2/s.
(a) How long will it take for the midplane temperature
to achieve 50% of its maximum possible temperature reduction?
(b) If (Ti  Ts)  300°C, what is the maximum temperature gradient in the glass at the above time?
5.44 The strength and stability of tires may be enhanced by
heating both sides of the rubber (k  0.14 W/m  K,
  6.35 108 m2/s) in a steam chamber for which
T  200°C. In the heating process, a 20-mm-thick rubber
wall (assumed to be untreaded) is taken from an initial
temperature of 25°C to a midplane temperature of 150°C.
(a) If steam flow over the tire surfaces maintains a
convection coefficient of h  200 W/m2  K, how
long will it take to achieve the desired midplane
temperature?
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(b) To accelerate the heating process, it is recommended that the steam flow be made sufficiently
vigorous to maintain the tire surfaces at 200°C
throughout the process. Compute and plot the midplane and surface temperatures for this case, as
well as for the conditions of part (a).
5.45 Copper-coated, epoxy-filled fiberglass circuit boards are
treated by heating a stack of them under high pressure as
shown in the sketch. The purpose of the pressing–heating
operation is to cure the epoxy that bonds the fiberglass
sheets, imparting stiffness to the boards. The stack,
referred to as a book, is comprised of 10 boards and 11
pressing plates, which prevent epoxy from flowing
between the boards and impart a smooth finish to the
cured boards. In order to perform simplified thermal
analyses, it is reasonable to approximate the book as
having an effective thermal conductivity (k) and an
effective thermal capacitance (cp). Calculate the effective properties if each of the boards and plates has a
thickness of 2.36 mm and the following thermophysical
properties: board (b) b  1000 kg/m3, cp, b  1500
J/kg  K, kb  0.30 W/m  K; plate (p) p  8000 kg/m3,
cp,p  480 J/kg  K, kp  12 W/m  K.
Applied force
Platens with
circulating fluid
Metal pressing
plate

x

energy would have to be removed from the book
by the coolant circulating in the platen, in order to
return the stack to its initial uniform temperature?
5.47 A plastic coating is applied to wood panels by first
depositing molten polymer on a panel and then cooling
the surface of the polymer by subjecting it to air flow at
25 C. As first approximations, the heat of reaction associated with solidification of the polymer may be neglected
and the polymer/wood interface may be assumed to be
adiabatic.
Air

T∞, h
Plastic coating
(k, α , Ti)

L
Wood panel

If the thickness of the coating is L  2 mm and it has
an initial uniform temperature of Ti  200 C, how long
will it take for the surface to achieve a safe-to-touch
temperature of 42 C if the convection coefficient is
h  200 W/m2  K? What is the corresponding value of
the interface temperature? The thermal conductivity
and diffusivity of the plastic are k  0.25 W/m  K and
  1.20 107 m2/s, respectively.

~50 mm
Circuit
board

One-Dimensional Conduction:
The Long Cylinder

Platen

5.46 Circuit boards are treated by heating a stack of them
under high pressure as illustrated in Problem 5.45. The
platens at the top and bottom of the stack are maintained at a uniform temperature by a circulating fluid.
The purpose of the pressing–heating operation is to cure
the epoxy, which bonds the fiberglass sheets, and
impart stiffness to the boards. The cure condition is
achieved when the epoxy has been maintained at or
above 170°C for at least 5 min. The effective thermophysical properties of the stack or book (boards and
metal pressing plates) are k  0.613 W/m  K and cp 
2.73 106 J/m3  K.
(a) If the book is initially at 15°C and, following application of pressure, the platens are suddenly brought
to a uniform temperature of 190°C, calculate the
elapsed time te required for the midplane of the
book to reach the cure temperature of 170°C.
(b) If, at this instant of time, t  te, the platen temperature were reduced suddenly to 15°C, how much

5.48 A long rod of 60-mm diameter and thermophysical
properties   8000 kg/m3, c  500 J/kg  K, and k 
50 W/m  K is initially at a uniform temperature and is
heated in a forced convection furnace maintained at
750 K. The convection coefficient is estimated to be
1000 W/m2  K.
(a) What is the centerline temperature of the rod when
the surface temperature is 550 K?
(b) In a heat-treating process, the centerline temperature of the rod must be increased from Ti  300 K
to T  500 K. Compute and plot the centerline
temperature histories for h  100, 500, and 1000
W/m2  K. In each case the calculation may be terminated when T  500 K.
5.49 A long cylinder of 30-mm diameter, initially at a uniform
temperature of 1000 K, is suddenly quenched in a large,
constant-temperature oil bath at 350 K. The cylinder properties are k  1.7 W/m  K, c  1600 J/kg  K, and   400
kg/m3, while the convection coefficient is 50 W/m2  K.

c05.qxd 3/6/06 10:41 AM Page 330

330

Chapter 5



Transient Conduction

(a) Calculate the time required for the surface of the
cylinder to reach 500 K.
(b) Compute and plot the surface temperature history
for 0  t  300 s. If the oil were agitated, providing a convection coefficient of 250 W/m2  K, how
would the temperature history change?
5.50 A long pyroceram rod of diameter 20 mm is clad with a
very thin metallic tube for mechanical protection. The
bonding between the rod and the tube has a thermal
  0.12 m  K/W.
contact resistance of R t,c
Thin metallic tube
Ceramic rod
Bonding interface

D = 20 mm

(a) If the rod is initially at a uniform temperature of
900 K and is suddenly cooled by exposure to an airstream for which T  300 K and h  100 W/m2  K,
at which time will the centerline reach 600 K?
(b) Cooling may be accelerated by increasing the airspeed and hence the convection coefficient. For
values of h  100, 500, and 1000 W/m2  K, compute and plot the centerline and surface temperatures of the pyroceram as a function of time for
0  t  300 s. Comment on the implications of
achieving enhanced cooling solely by increasing h.
5.51 A long rod 40 mm in diameter, fabricated from sapphire
(aluminum oxide) and initially at a uniform temperature
of 800 K, is suddenly cooled by a fluid at 300 K having a
heat transfer coefficient of 1600 W/m2  K. After 35 s, the
rod is wrapped in insulation and experiences no heat
losses. What will be the temperature of the rod after a
long period of time?
5.52 A long plastic rod of 30-mm diameter (k  0.3 W/m  K
and cp  1040 kJ/m3  K) is uniformly heated in an
oven as preparation for a pressing operation. For best
results, the temperature in the rod should not be less
than 200°C. To what uniform temperature should the
rod be heated in the oven if, for the worst case, the rod
sits on a conveyor for 3 min while exposed to convection cooling with ambient air at 25°C and with a convection coefficient of 8 W/m2  K? A further condition
for good results is a maximum–minimum temperature
difference of less than 10°C. Is this condition satisfied
and, if not, what could you do to satisfy it?
5.53 As part of a heat treatment process, cylindrical, 304
stainless steel rods of 100-mm diameter are cooled from
an initial temperature of 500 C by suspending them in
an oil bath at 30 C. If a convection coefficient of 500

W/m2  K is maintained by circulation of the oil, how
long does it take for the centerline of a rod to reach a
temperature of 50 C, at which point it is withdrawn from
the bath? If 10 rods of length L  1 m are processed per
hour, what is the nominal rate at which energy must be
extracted from the bath (the cooling load)?
5.54 In a manufacturing process, long rods of different diameters are at a uniform temperature of 400 C in a curing
oven, from which they are removed and cooled by
forced convection in air at 25 C. One of the line operators has observed that it takes 280 seconds for a 40-mmdiameter rod to cool to an safe-to-handle temperature
of 60 C. For an equivalent convection coefficient, how
long will it take for an 80-mm-diameter rod to cool to the
same temperature? The thermophysical properties of the
rod are   2500 kg/m3, c  900 J/kg  K, and k  15
W/m  K. Comment on your result. Did you anticipate this
outcome?
5.55 The density and specific heat of a particular material are
known (  l200 kg/m3, cp  1250 J/kg  K), but its thermal conductivity is unknown. To determine the thermal
conductivity, a long cylindrical specimen of diameter
D  40 mm is machined, and a thermocouple is inserted
through a small hole drilled along the centerline.
Air

D

T∞, h, V

Thermocouple junction
Thermocouple
leads

Material of unknown
thermal conductivity ( ρ , cp, Ti)

The thermal conductivity is determined by performing
an experiment in which the specimen is heated to a uniform temperature of Ti  100 C and then cooled by
passing air at T  25 C in cross flow over the cylinder. For the prescribed air velocity, the convection
coefficient is h  55 W/m2  K.
(a) If a centerline temperature of T(0, t)  40 C is
recorded after t  1136 s of cooling, verify that the
material has a thermal conductivity of k  0.30
W/m  K.
(b) For air in cross-flow over the cylinder, the prescribed value of h  55 W/m2  K corresponds to a
velocity of V  6.8 m/s. If h  CV 0.618, where the
constant C has units of W  s0.618/m2.618  K, how
does the centerline temperature at t  1136 s vary
with velocity for 3  V  20 m/s? Determine the
centerline temperature histories for 0  t  1500 s
and velocities of 3, 10, and 20 m/s.
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5.56 In Section 5.2 we noted that the value of the Biot number significantly influences the nature of the temperature distribution in a solid during a transient conduction
process. Reinforce your understanding of this important
concept by using the IHT model for one-dimensional
transient conduction to determine radial temperature
distributions in a 30-mm-diameter, stainless steel rod
(k  15 W/m  K,   8000 kg/m3, cp  475 J/kg  K),
as it is cooled from an initial uniform temperature of
325 C by a fluid at 25 C. For the following values of
the convection coefficient and the designated times,
determine the radial temperature distribution: h  100
W/m2  K (t  0, 100, 500 s); h  1000 W/m2  K
(t  0, 10, 50 s); h  5000 W/m2  K (t  0, 1, 5, 25 s).
Prepare a separate graph for each convection coefficient, on which temperature is plotted as a function of
dimensionless radius at the designated times.

One-Dimensional Conduction: The Sphere
5.57 In heat treating to harden steel ball bearings (c 
500 J/kg  K,   7800 kg/m3, k  50 W/m  K), it is
desirable to increase the surface temperature for a short
time without significantly warming the interior of the
ball. This type of heating can be accomplished by sudden immersion of the ball in a molten salt bath with
T  1300 K and h  5000 W/m2  K. Assume that any
location within the ball whose temperature exceeds
1000 K will be hardened. Estimate the time required to
harden the outer millimeter of a ball of diameter
20 mm, if its initial temperature is 300 K.
5.58 A cold air chamber is proposed for quenching steel ball
bearings of diameter D  0.2 m and initial temperature
Ti  400°C. Air in the chamber is maintained at 15°C
by a refrigeration system, and the steel balls pass
through the chamber on a conveyor belt. Optimum bearing production requires that 70% of the initial thermal
energy content of the ball above 15°C be removed.
Radiation effects may be neglected, and the convection
heat transfer coefficient within the chamber is
1000 W/m2  K. Estimate the residence time of the balls
within the chamber, and recommend a drive velocity of
the conveyor. The following properties may be used for
the steel: k  50 W/m  K,   2 105 m2/s, and
c  450 J/kg  K.
5m
Ball
bearing

Cold air

V
Belt

Chamber
housing
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5.59 Stainless steel (AISI 304) ball bearings, which have
uniformly been heated to 850°C, are hardened by
quenching them in an oil bath that is maintained at 40°C.
The ball diameter is 20 mm, and the convection coefficient associated with the oil bath is 1000 W/m2  K.
(a) If quenching is to occur until the surface temperature of the balls reaches 100°C, how long must the
balls be kept in the oil? What is the center temperature at the conclusion of the cooling period?
(b) If 10,000 balls are to be quenched per hour, what is
the rate at which energy must be removed by the
oil bath cooling system in order to maintain its
temperature at 40°C?
5.60 A sphere 30 mm in diameter initially at 800 K is
quenched in a large bath having a constant temperature
of 320 K with a convection heat transfer coefficient
of 75 W/m2  K. The thermophysical properties of the
sphere material are:   400 kg/m3, c  1600 J/kg  K,
and k  1.7 W/m  K.
(a) Show, in a qualitative manner on T–t coordinates,
the temperatures at the center and at the surface of
the sphere as a function of time.
(b) Calculate the time required for the surface of the
sphere to reach 415 K.
(c) Determine the heat flux (W/m2) at the outer surface
of the sphere at the time determined in part (b).
(d) Determine the energy (J) that has been lost by the
sphere during the process of cooling to the surface
temperature of 415 K.
(e) At the time determined by part (b), the sphere is
quickly removed from the bath and covered with
perfect insulation, such that there is no heat loss
from the surface of the sphere. What will be the
temperature of the sphere after a long period of
time has elapsed?
(f) Compute and plot the center and surface temperature histories over the period 0  t  150 s. What
effect does an increase in the convection coefficient
to h  200 W/m2  K have on the foregoing temperature histories? For h  75 and 200 W/m2  K, compute and plot the surface heat flux as a function of
time for 0  t  150 s.
5.61 Spheres A and B are initially at 800 K, and they are
simultaneously quenched in large constant temperature
baths, each having a temperature of 320 K. The following parameters are associated with each of the spheres
and their cooling processes.
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Sphere A

Sphere B

300
1600
0.400
170
5

30
400
1.60
1.70
50

(a) Show in a qualitative manner, on T versus t coordinates, the temperatures at the center and at the surface for each sphere as a function of time. Briefly
explain the reasoning by which you determine the
relative positions of the curves.
(b) Calculate the time required for the surface of each
sphere to reach 415 K.
(c) Determine the energy that has been gained by each
of the baths during the process of the spheres cooling to 415 K.
5.62 Spheres of 40-mm diameter heated to a uniform temperature of 400 C are suddenly removed from the oven
and placed in a forced-air bath operating at 25 C with a
convection coefficient of 300 W/m2  K on the sphere
surfaces. The thermophysical properties of the sphere
material are   3000 kg/m3, c  850 J/kg  K, and
k  15 W/m  K.
(a) How long must the spheres remain in the air bath
for 80% of the thermal energy to be removed?
(b) The spheres are then placed in a packing carton
that prevents further heat transfer to the environment. What uniform temperature will the spheres
eventually reach?
5.63 Consider the packed bed operating conditions of Problem
5.12, but with Pyrex (  2225 kg/m3, c  835 J/kg  K,
k  1.4 W/m  K) used instead of aluminum. How long
does it take a sphere near the inlet of the system to
accumulate 90% of the maximum possible thermal
energy? What is the corresponding temperature at the
center of the sphere?

and surface temperature histories for   106,
105, and 104 m2/s. Plot your results for the period
0  t  300 s. In a similar manner, assess the
effect of thermal conductivity by considering values of k  1.5, 15, and 150 W/m  K.
5.65 Consider the sphere of Example 5.5, which is initially
at a uniform temperature when it is suddenly removed
from the furnace and subjected to a two-step cooling
process. Use the Transient Conduction, Sphere model
of IHT to obtain the following solutions.
(a) For step 1, calculate the time required for the center
temperature to reach T(0, t)  335 C, while cooling in air at 20 C with a convection coefficient of
10 W/m2  K. What is the Biot number for this cooling process? Do you expect radial temperature gradients to be appreciable? Compare your results to
those of the example.
(b) For step 2, calculate the time required for the center
temperature to reach T(0, t)  50 C, while cooling
in a water bath at 20 C with a convection coefficient of 6000 W/m2  K.
(c) For the step 2 cooling process, calculate and plot
the temperature histories, T(r, t), for the center and
surface of the sphere. Identify and explain key features of the histories. When do you expect the temperature gradients in the sphere to be the largest?

Semi-Infinite Media
5.66 Two large blocks of different materials, such as copper
and concrete, have been sitting in a room (23°C) for a
very long time. Which of the two blocks, if either, will
feel colder to the touch? Assume the blocks to be semiinfinite solids and your hand to be at a temperature
of 37°C.

5.64 The convection coefficient for flow over a solid sphere
may be determined by submerging the sphere, which is
initially at 25°C, into the flow, which is at 75°C, and
measuring its surface temperature at some time during
the transient heating process.

5.67 A plane wall of thickness 0.6 m (L  0.3 m) is made of
steel (k  30 W/m  K,   7900 kg/m3, c  640 J/kg  K).
It is initially at a uniform temperature and is then exposed
to air on both surfaces. Consider two different convection conditions: natural convection, characterized by
h  10 W/m2  K, and forced convection, with h  100
W/m2  K. You are to calculate the surface temperature
at three different times—t  2.5 min, 25 min, and 250
min—for a total of six different cases.

(a) If the sphere has a diameter of 0.1 m, a thermal
conductivity of 15 W/m  K, and a thermal diffusivity of 105 m2/s, at what time will a surface temperature of 60°C be recorded if the convection coefficient
is 300 W/m2  K?

(a) For each of these six cases, calculate the nondimensional surface temperature, *s  (Ts  T)/(Ti T),
using four different methods: exact solution, firstterm-of-the-series solution, lumped capacitance, and
semi-infinite solid. Present your results in a table.

(b) Assess the effect of thermal diffusivity on the thermal response of the material by computing center

(b) Briefly explain the conditions for which (i) the
first-term solution is a good approximation to the
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exact solution, (ii) the lumped capacitance solution
is a good approximation, (iii) the semi-infinite solid
solution is a good approximation.
5.68 Asphalt pavement may achieve temperatures as high as
50°C on a hot summer day. Assume that such a temperature exists throughout the pavement, when suddenly a
rainstorm reduces the surface temperature to 20°C. Calculate the total amount of energy (J/m2) that will be
transferred from the asphalt over a 30-min period in
which the surface is maintained at 20°C.
5.69 A thick steel slab (  7800 kg/m3, c  480 J/kg  K,
k  50 W/m  K) is initially at 300 C and is cooled by
water jets impinging on one of its surfaces. The temperature of the water is 25 C, and the jets maintain an
extremely large, approximately uniform convection
coefficient at the surface. Assuming that the surface is
maintained at the temperature of the water throughout
the cooling, how long will it take for the temperature to
reach 50 C at a distance of 25 mm from the surface?
5.70 Consider the water main of Example 5.6, which is buried
in soil initially at 20 C and is suddenly subjected to a constant surface temperature of 15 C for 60 days. Use the
Transient Conduction/Semi-Infinite Solid model of IHT to
obtain the following solutions. Compare your results with
those in the Comments section of the example.
(a) Calculate and plot the temperature history at the
burial depth of 0.68 m for thermal diffusivities of
 107  1.0, 1.38, and 3.0 m2/s.
(b) For   1.38 107 m2/s, plot the temperature distribution over the depth 0  x  1.0 m for times of
1, 5, 10, 30, and 60 days.
(c) For   1.38 107 m2/s, show that the heat flux
from the soil decreases with increasing time by plotting q x (0, t) as a function of time for the 60-day
period. On this graph, also plot the heat flux at the
depth of the buried main, q x(0.68 m, t).
5.71 A tile-iron consists of a massive plate maintained at
150°C by an imbedded electrical heater. The iron is
placed in contact with a tile to soften the adhesive, allowing the tile to be easily lifted from the subflooring. The
adhesive will soften sufficiently if heated above 50°C for
at least 2 min, but its temperature should not exceed
120°C to avoid deterioration of the adhesive. Assume the
tile and subfloor to have an initial temperature of 25°C
and to have equivalent thermophysical properties of
k  0.15 W/m  K and cp  1.5 106 J/m3  K.
Tile, 4–mm thickness
Subflooring

(a) How long will it take a worker using the tile-iron to
lift a tile? Will the adhesive temperature exceed
120°C?
(b) If the tile-iron has a square surface area 254 mm to
the side, how much energy has been removed from it
during the time it has taken to lift the tile?
5.72 The manufacturer of a heat flux gage like that illustrated
in Problem 1.12 claims the time constant for a 63.2%
response to be   (4d2cp)/ 2k, where , cp, and k are
the thermophysical properties of the gage material and
d is its thickness. Not knowing the origin of this relation, your task is to model the gage considering the two
extreme cases illustrated below. In both cases, the gage,
initially at a uniform temperature Ti, is exposed to a
sudden change in surface temperature, T(0, t)  Ts. For
case (a) the backside of the gage is insulated, and for
case (b) the gage is imbedded in a semi-infinite solid
having the same thermophysical properties as those of
the gage.
0

T1

d

x

x
Gage,
ρ , cp, k

T2

Same material
as gage

T(x, 0) = Ti
(a)

Thin film
thermocouples
(b)

Develop relationships for predicting the time constant
of the gage for the two cases and compare them to the
manufacturer’s relation. What conclusion can you draw
from this analysis regarding the transient response of
gages for different applications?
5.73 A simple procedure for measuring surface convection
heat transfer coefficients involves coating the surface
with a thin layer of material having a precise melting
point temperature. The surface is then heated and, by
determining the time required for melting to occur, the
Gas flow

T∞, h

Surface coating
Copper rod,
k = 400 W/m•K, α = 10–4m2/s
Super insulator
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convection coefficient is determined. The following
experimental arrangement uses the procedure to determine the convection coefficient for gas flow normal to a
surface. Specifically, a long copper rod is encased in
a super insulator of very low thermal conductivity, and
a very thin coating is applied to its exposed surface.
If the rod is initially at 25°C and gas flow for
which h  200 W/m2  K and T  300°C is initiated,
what is the melting point temperature of the coating if
melting is observed to occur at t  400 s?
5.74 An insurance company has hired you as a consultant to
improve their understanding of burn injuries. They are
especially interested in injuries induced when a portion
of a worker’s body comes into contact with machinery
that is at elevated temperatures in the range of 50 to
100°C. Their medical consultant informs them that irreversible thermal injury (cell death) will occur in any
living tissue that is maintained at T  48°C for a duration t  10 s. They want information concerning the
extent of irreversible tissue damage (as measured by
distance from the skin surface) as a function of the
machinery temperature and the time during which contact is made between the skin and the machinery.
Assume that living tissue has a normal temperature of
37°C, is isotropic, and has constant properties equivalent to those of liquid water.
(a) To assess the seriousness of the problem, compute
locations in the tissue at which the temperature will
reach 48°C after 10 s of exposure to machinery at
50°C and 100°C.
(b) For a machinery temperature of 100°C and 0  t 
30 s, compute and plot temperature histories at tissue
locations of 0.5, 1, and 2 mm from the skin.
5.75 A procedure for determining the thermal conductivity
of a solid material involves embedding a thermocouple in a thick slab of the solid and measuring the
response to a prescribed change in temperature at one
surface. Consider an arrangement for which the thermocouple is embedded 10 mm from a surface that is
suddenly brought to a temperature of 100°C by exposure to boiling water. If the initial temperature of the
slab was 30°C and the thermocouple measures a temperature of 65°C, 2 min after the surface is brought to
100°C, what is its thermal conductivity? The density
and specific heat of the solid are known to be
2200 kg/m3 and 700 J/kg  K.
5.76 The density and specific heat of a plastic material are
known (  950 kg/m3, cp  1100 J/kg  K), but its
thermal conductivity is unknown. To determine the thermal conductivity, an experiment is performed in which
a thick sample of the material is heated to a uniform

temperature of 100 C and then cooled by passing air at
25 C over one surface. A thermocouple embedded a
distance of xm  10 mm below the surface records the
thermal response of the plastic during cooling.
Air

T∞, h
xm
Thermocouple, T (xm, t)
Material of unknown
thermal conductivity
( ρ, cp, Ti)

If the convection coefficient associated with the
air flow is h  200 W/m2  K and a temperature of 60 C
is recorded 5 min after the onset of cooling, what is the
thermal conductivity of the material?
5.77 A very thick slab with thermal diffusivity 5.6
106 m2/s and thermal conductivity 20 W/m  K is initially at a uniform temperature of 325°C. Suddenly, the
surface is exposed to a coolant at 15°C for which the
convection heat transfer coefficient is 100 W/m2  K.
(a) Determine temperatures at the surface and at a
depth of 45 mm after 3 min have elapsed.
(b) Compute and plot temperature histories (0  t 
300 s) at x  0 and x  45 mm for the following
parametric variations: (i)   5.6 107, 5.6
106, and 5.6 105 m2/s; and (ii) k  2, 20, and
200 W/m  K.
5.78 A thick oak wall, initially at 25°C, is suddenly exposed
to combustion products for which T  800°C and
h  20 W/m2  K.
(a) Determine the time of exposure required for the
surface to reach the ignition temperature of 400°C.
(b) Plot the temperature distribution T(x) in the medium
at t  325 s. The distribution should extend to a
location for which T  25°C.
5.79 Standards for firewalls may be based on their thermal
response to a prescribed radiant heat flux. Consider a
0.25-m-thick concrete wall (  2300 kg/m3, c 
880 J/kg  K, k  1.4 W/m  K), which is at an initial
temperature of Ti  25 C and irradiated at one surface
by lamps that provide a uniform heat flux of
q s  104 W/m2. The absorptivity of the surface to the
irradiation is s  1.0. If building code requirements
dictate that the temperatures of the irradiated and back
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surfaces must not exceed 325 C and 25 C, respectively,
after 30 min of heating, will the requirements be met?

instantaneously deposited on the substrate, estimate
the time required for the deposit to solidify.

5.80 It is well known that, although two materials are at the
same temperature, one may feel cooler to the touch than
the other. Consider thick plates of copper and glass, each
at an initial temperature of 300 K. Assuming your finger
to be at an initial temperature of 310 K and to have thermophysical properties of   1000 kg/m3, c  4180 J/kg  K,
and k  0.625 W/m  K, determine whether the copper or
the glass will feel cooler to the touch.

5.83 When a molten metal is cast in a mold that is a poor
conductor, the dominant resistance to heat flow is
within the mold wall. Consider conditions for which a
liquid metal is solidifying in a thick-walled mold of
thermal conductivity kw and thermal diffusivity w. The
density and latent heat of fusion of the metal are designated as  and hsf, respectively, and in both its molten
and solid states, the thermal conductivity of the metal is
very much larger than that of the mold.

5.81 Two stainless steel plates (  8000 kg/m3, c  500
J/kg  K, k  15 W/m  K), each 20 mm thick and insulated on one surface, are initially at 400 and 300 K
when they are pressed together at their uninsulated surfaces. What is the temperature of the insulated surface
of the hot plate after 1 min has elapsed?
5.82 Special coatings are often formed by depositing thin
layers of a molten material on a solid substrate. Solidification begins at the substrate surface and proceeds until
the thickness S of the solid layer becomes equal to the
thickness  of the deposit.
Liquid
Deposit,
ρ , hsf

S(t)

δ

Solid
Substrate,
ks, αs

(a) Consider conditions for which molten material at
its fusion temperature Tƒ is deposited on a large
substrate that is at an initial uniform temperature Ti.
With S  0 at t  0, develop an expression for estimating the time td required to completely solidify
the deposit if it remains at Tƒ throughout the solidification process. Express your result in terms of the
substrate thermal conductivity and thermal diffusivity (ks, s), the density and latent heat of fusion
of the deposit (, hsf), the deposit thickness , and
the relevant temperatures (Tƒ, Ti).
(b) The plasma spray deposition process of Problem
5.25 is used to apply a thin (  2 mm) alumina
coating on a thick tungsten substrate. The substrate
has a uniform initial temperature of Ti  300 K,
and its thermal conductivity and thermal diffusivity
may be approximated as ks  120 W/m  K and
s  4.0 105 m2/s, respectively. The density
and latent heat of fusion of the alumina are  
3970 kg/m3 and hsf  3577 kJ/kg, respectively, and
the alumina solidifies at its fusion temperature
(Tƒ  2318 K). Assuming that the molten layer is

Molten metal
Solid metal
ρ , hsf

S
x
Mold wall
kw, α w

Just before the start of solidification (S  0), the mold
wall is everywhere at an initial uniform temperature Ti
and the molten metal is everywhere at its fusion (melting
point) temperature of Tƒ. Following the start of solidification, there is conduction heat transfer into the mold
wall and the thickness of the solidified metal, S,
increases with time t.
(a) Sketch the one-dimensional temperature distribution, T(x), in the mold wall and the metal at t  0
and at two subsequent times during the solidification. Clearly indicate any underlying assumptions.
(b) Obtain a relation for the variation of the solid layer
thickness S with time t, expressing your result in
terms of appropriate parameters of the system.
5.84 Joints of high quality can be formed by friction welding. Consider the friction welding of two 40-mm-diameter
Inconel rods. The bottom rod is stationary, while the top
rod is forced into a back-and-forth linear motion characterized by an instantaneous horizontal displacement,
d(t)  a cos(t) where a  2 mm and   1000 rad/s.
The coefficient of sliding friction between the two
pieces is   0.3. Determine the compressive force that
must be applied in order to heat the joint to the Inconel
melting point within t  3 s, starting from an initial
temperature of 20 C. Hint: The frequency of the motion
and resulting heat rate are very high. The temperature
response can be approximated as if the heating rate
were constant in time, equal to its average value.
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F
Output
voltage

Top moving
cylindrical rod

d(t)

Time
Detector

Bottom stationary
cylindrical rod

Storage material

Polycarbonate
DVD
thickness

D
F

DVD
motion

Polycarbonate

D

Objects with Constant Surface
Temperatures or Surface Heat Fluxes
and Periodic Heating
5.85 An above-ground circular swimming pool is heated so
that it can be used in cool weather. The ground has a
temperature of 10 C far from the pool. The heater is
turned on and quickly brings the pool water to a comfortable 20 C; assume this is the temperature of the circular region of the ground beneath the swimming pool.
The pool has a diameter of 5 m.
(a) Calculate the rate of heat transfer from the pool to
the ground, ten hours after the heater is turned on.
Hint: Based on symmetry considerations, the pool
footprint can be viewed as a heated disk in infinite
surroundings.
(b) Calculate the time it would take for the heat transfer
rate to reach within 10% of its steady-state value.
5.86 A rewritable optical disc (DVD) is formed by sandwiching a 15-nm-thick binary compound storage material between two 1-mm-thick polycarbonate sheets. Data
are written to the opaque storage medium by irradiating
it from below with a relatively high-powered laser
beam of diameter 0.4 m and power 1 mW, resulting in
rapid heating of the compound material (the polycarbonate is transparent to the laser irradiation). If the temperature of the storage medium exceeds 900 K, a
noncrystalline, amorphous material forms at the heated
spot when the laser irradiation is curtailed and the spot
is allowed to cool rapidly. The resulting spots of amorphous material have a different reflectivity from the
surrounding crystalline material, so they can subsequently be read by irradiating them with a second, lowpower laser and detecting the changes in laser radiation
transmitted through the entire DVD thickness. Determine the irradiation (write) time needed to raise the
storage medium temperature from an initial value of
300 K to 1000 K. The absorptivity of the storage
medium is 0.8. The polycarbonate properties are  
1200 kg/m3, k  0.21 W/m  K, and cp  1260 J/kg  K.

Read laser
(on)

Write laser
(on/off)

5.87 To enable cooking a wider range of foods in microwave
ovens, thin, metallic packaging materials have been
developed that will readily absorb microwave energy.
As the packaging material is heated by the microwaves,
conduction simultaneously occurs from the hot packaging material to the cold food. Consider the spherical
piece of frozen ground beef of Problem 5.33 that is now
wrapped in the thin microwave-absorbing packaging
material. Determine the time needed for the beef that is
immediately adjacent to the packaging material to reach
T  0 C if 50% of the oven power (P  1 kW total) is
absorbed in the packaging material.
5.88 The structural components of modern aircraft are commonly fabricated of high-performance composite materials. These materials are fabricated by impregnating
mats of extremely strong fibers that are held within a
form with an epoxy or thermoplastic liquid. After the
liquid cures or cools, the resulting component is of
extremely high strength and low weight. Periodically,
these components must be inspected to ensure that the
fiber mats and bonding material do not become delaminated and, in turn, the component loses its airworthiness. One inspection method involves application of a
uniform, constant radiation heat flux to the surface
being inspected. The thermal response of the surface is
measured with an infrared imaging system, which captures the emission from the surface and converts it to a
color-coded map of the surface temperature distribution.
Consider the case where a uniform flux of 5 kW/m2 is
applied to the top skin of an airplane wing initially at
20 C. The opposite side of the 15-mm-thick skin is
adjacent to stagnant air and can be treated as well insulated. The density and specific heat of the skin material
are 1200 kg/m3 and 1200 J/kg  K, respectively. The
effective thermal conductivity of the intact skin material is k1  1.6 W/m  K. Contact resistances develop
internal to the structure as a result of delamination
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between the fiber mats and the bonding material, leading to a reduced effective thermal conductivity of k2 
1.1 W/m  K. Determine the surface temperature of the
component after 10 and 100 seconds of irradiation for
(a) an area where the material is structurally intact and
(b) an adjacent area where delamination has occurred
within the wing.

(b) Determine the maximum heat flux to the air during
a 24-hour time period near the inlet. Determine the
air inlet and outlet temperatures at the time corresponding to the maximum air heat flux.
(c) Determine the air outlet temperatures at the times
corresponding to the maximum and minimum air
inlet temperatures.
(d) Plot the inlet air temperature, the limestone surface
temperature, and the heat transfer rate to the limestone over 48 hours.
(e) What is the required thickness of limestone necessary to ensure that the limestone may be viewed as
a semi-infinite medium?

Infrared imaging

Limestone
d = 30 mm

w=5m
Air
outlet

Air
inlet
Heating

q"s

L=5m
Top

Hollow

x

Ts

Bottom

5.89 Problem 4.9 addressed radioactive wastes stored underground in a spherical container. Because of uncertainty
in the thermal properties of the soil, it is desired to measure the steady-state temperature using a test container
(identical to the real container) that is equipped with
internal electrical heaters. Estimate how long it will take
the test container to come within 10 C of its steady-state
value, assuming it is buried very far underground. Use
the soil properties from Table A.3 in your analysis.
5.90 A thermal storage medium consists of a large mass of
limestone. Ambient air is pumped through a 30-mmhigh, 5-m-long, 5-m-wide fissure within the limestone at
a velocity of 2 m/s, providing a heat transfer coefficient
between the air and the limestone of h  10 W/m2  K.
Over a 24-hour time period, the temperature of the surface of the limestone adjacent to the air stream near the
inlet exhibits periodic behavior with maximum and
minimum values of 302 and 298 K, respectively.
(a) Determine the minimum and maximum values of
the temperature of the air near the inlet.

5.91 Consider the experimental measurement of Example 5.8.
It is desired to measure the thermal conductivity of an
extremely thin sample of the same nanostructured material having the same length and width. To minimize
experimental uncertainty, the experimenter wishes to
keep the amplitude of the temperature response, T,
above a value of 0.1 C. What is the minimum sample
thickness that can be measured? Assume the properties
of the thin sample and the magnitude of the applied
heating rate are the same as those measured and used in
Example 5.8.

Finite-Difference Equations: Derivations
5.92 The stability criterion for the explicit method requires
that the coefficient of the T mp term of the one-dimensional,
finite-difference equation be zero or positive. Consider
the situation for which the temperatures at the two
p
neighboring nodes (T m1
, T mp 1) are 100°C while the
p
center node (T m) is at 50°C. Show that for values of
Fo  12 the finite-difference equation will predict a value
of T mp 1 that violates the second law of thermodynamics.
5.93 A thin rod of diameter D is initially in equilibrium with
its surroundings, a large vacuum enclosure at temperature Tsur. Suddenly an electrical current I (A) is passed
through the rod having an electrical resistivity e and
emissivity . Other pertinent thermophysical properties
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are identified in the sketch. Derive the transient, finitedifference equation for node m.

(c) With a time increment of t  5 s, use the finitedifference method to obtain values of Tm for the
first 45 s of elapsed time. Determine the corresponding heat fluxes at the boundaries, that is, q x
(0, 45 s) and q x (20 mm, 45 s).

Tsur
∆x

ε

∆x

m–1

I

m

m+1

ρe, ρ, c, k

Tm

5.94 A one-dimensional slab of thickness 2L is initially at a
uniform temperature Ti. Suddenly, electric current is
passed through the slab causing a uniform volumetric
heating q̇ (W/m3). At the same time, both outer surfaces
(x  L) are subjected to a convection process at T
with a heat transfer coefficient h.

T ∞, h

0

1

processes, derive the corresponding finite-difference
equation using either the explicit or implicit method.

2

(d) To determine the effect of mesh size, repeat your
analysis using grids of 5 and 11 nodal points (x 
5.0 and 2.0 mm, respectively).
5.96 A round solid cylinder made of a plastic material (  6
107 m2/s) is initially at a uniform temperature of 20°C
and is well insulated along its lateral surface and at one
end. At time t  0, heat is applied to the left boundary
causing T0 to increase linearly with time at a rate of 1°C/s.

T0

∆x

–L

T1

T2

T3

T4

+L

x
x

Write the finite-difference equation expressing conservation of energy for node 0 located on the outer surface
at x  L. Rearrange your equation and identify any
important dimensionless coefficients.
5.95 A plane wall (  4000 kg/m , cp  500 J/kg  K, k 
10 W/m  K) of thickness L  20 mm initially has a linear, steady-state temperature distribution with boundaries
maintained at T1  0°C and T2  100°C. Suddenly, an
electric current is passed through the wall, causing uniform energy generation at a rate q̇  2 107 W/m3.
The boundary conditions T1 and T2 remain fixed.
3

T1 = 0°C

T2 = 100°C
m

1

L = 24 mm

(a) Using the explicit method with Fo  2, derive the
finite-difference equations for nodes 1, 2, 3, and 4.
1

(b) Format a table with headings of p, t (s), and the
nodal temperatures T0 to T4. Determine the surface
temperature T0 when T4  35°C.
5.97 Derive the explicit finite-difference equation for an interior node for three-dimensional transient conduction.
Also determine the stability criterion. Assume constant
properties and equal grid spacing in all three directions.
5.98 Derive the transient, two-dimensional finite-difference
equation for the temperature at nodal point 0 located on
the boundary between two different materials.

2

t ≥ 0, q• = 2 × 107 W/m3

2
0

1

x

(b) For the system of three nodal points shown
schematically (1, m, 2), define an appropriate control volume for node m and, identifying all relevant

∆y

∆ x = ∆y

L = 20 mm

(a) On T–x coordinates, sketch temperature distributions for the following cases: (i) initial condition
(t  0); (ii) steady-state conditions (t l ), assuming that the maximum temperature in the wall
exceeds T2; and (iii) for two intermediate times.
Label all important features of the distributions.

3

4

Material A

kA, A, cA

Material B

kB, B, cB

Finite-Difference Solutions:
One-Dimensional Systems
5.99 A wall 0.12 m thick having a thermal diffusivity of 1.5
106 m2/s is initially at a uniform temperature of 85°C.
Suddenly one face is lowered to a temperature of 20°C,
while the other face is perfectly insulated.
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(a) Using the explicit finite-difference technique with
space and time increments of 30 mm and 300 s,
respectively, determine the temperature distribution
at t  45 min.
(b) With x  30 mm and t  300 s, compute T(x, t)
for 0  t  tss, where tss is the time required for the
temperature at each nodal point to reach a value
that is within 1°C of the steady-state temperature.
Repeat the foregoing calculations for t  75 s.
For each value of t, plot temperature histories for
each face and the midplane.
5.100 A molded plastic product (  1200 kg/m3, c 
1500 J/kg  K, k  0.30 W/m  K) is cooled by exposing one surface to an array of air jets, while the opposite surface is well insulated. The product may be
approximated as a slab of thickness L  60 mm,
which is initially at a uniform temperature of Ti 
80 C. The air jets are at a temperature of T  20 C
and provide a uniform convection coefficient of h 
100 W/m2  K at the cooled surface.
Air jets

T∞, h
Plastic
(Ti, ρ, c, k)

L
x

Using a finite-difference solution with a space increment of x  6 mm, determine temperatures at the
cooled and insulated surfaces after 1 hour of exposure
to the gas jets.
5.101 The plane wall of Problem 2.48 (k  50 W/m  K,  
1.5 106 m2/s) has a thickness of L  40 mm and an
initial uniform temperature of To  25°C. Suddenly,
the boundary at x  L experiences heating by a fluid
for which T  50°C and h  1000 W/m2  K, while
heat is uniformly generated within the wall at q̇  1
107 W/m3. The boundary at x  0 remains at To.
(a) With x  4 mm and t  1 s, plot temperature
distributions in the wall for (i) the initial condition, (ii) the steady-state condition, and (iii) two
intermediate times.
(b) On q xt coordinates, plot the heat flux at x  0
and x  L. At what elapsed time is there zero heat
flux at x  L?
5.102 Consider the fuel element of Example 5.9. Initially,
the element is at a uniform temperature of 250°C with
no heat generation. Suddenly, the element is inserted
into the reactor core causing a uniform volumetric heat
generation rate of q̇  108 W/m3. The surfaces are

convectively cooled with T  250°C and h 
1100 W/m2  K. Using the explicit method with a
space increment of 2 mm, determine the temperature
distribution 1.5 s after the element is inserted into the
core.
5.103 Consider the fuel element of Example 5.9, which
operates at a uniform volumetric generation rate of
q̇1  107 W/m3, until the generation rate suddenly
changes to q̇2  2 107 W/m3. Use the Finite-Difference
Equations, One-Dimensional, Transient conduction
model builder of IHT to obtain the implicit form of the
finite-difference equations for the 6 nodes, with x 
2 mm, as shown in the example.
(a) Calculate the temperature distribution 1.5 s after
the change in operating power and compare your
results with those tabulated in the example.
(b) Use the Explore and Graph options of IHT to
calculate and plot temperature histories at the midplane (00) and surface (05) nodes for 0  t  400 s.
What are the steady-state temperatures, and approximately how long does it take to reach the new
equilibrium condition after the step change in
operating power?
5.104 Consider the fuel element of Example 5.9, which
operates at a uniform volumetric generation rate of
q̇1  107 W/m3, until the generation rate suddenly
changes to q̇2  2 107 W/m3. Use the finite-element
software FEHT to obtain the following solutions.
(a) Calculate the temperature distribution 1.5 s after
the change in operating power and compare your
results with those tabulated in the example. Hint:
First determine the steady-state temperature distribution for q̇1, which represents the initial condition
for the transient temperature distribution after the
step change in power to q̇2. Next, in the Setup
menu, click on Transient: in the Specify/Internal
Generation box, change the value to q̇2; and in the
Run command, click on Continue (not Calculate).
See the Run menu in the FEHT Help section for
background information on the Continue option.
(b) Use your FEHT model to plot temperature histories at the midplane and surface for 0  t  400 s.
What are the steady-state temperatures, and
approximately how long does it take to reach the
new equilibrium condition after the step change in
operating power?
5.105 In a thin-slab, continuous casting process, molten steel
leaves a mold with a thin solid shell, and the molten
material solidifies as the slab is quenched by water jets
en route to a section of rollers. Once fully solidified,
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the slab continues to cool as it is brought to an acceptable handling temperature. It is this portion of the
process that is of interest.
T∞, h
Solid
(Ti = 1400°C)

2L = 200 mm

Tundish

T∞, h
Mold

Liquid

Solid
Water jet

Consider a 200-mm-thick solid slab of steel ( 
7800 kg/m3, c  700 J/kg  K, k  30 W/m  K), initially
at a uniform temperature of Ti  1400 C. The slab is
cooled at its top and bottom surfaces by water jets (T
 50 C), which maintain an approximately uniform
convection coefficient of h  5000 W/m2  K at both surfaces. Using a finite-difference solution with a space
increment of x  1 mm, determine the time required
to cool the surface of the slab to 200 C. What is the corresponding temperature at the midplane of the slab? If
the slab moves at a speed of V  15 mm/s, what is the
required length of the cooling section?
5.106 A very thick plate with thermal diffusivity 5.6
106 m2/s and thermal conductivity 20 W/m  K is initially at a uniform temperature of 325°C. Suddenly, the
surface is exposed to a coolant at 15°C for which the convection heat transfer coefficient is 100 W/m2  K. Using
the finite-difference method with a space increment of
x  15 mm and a time increment of 18 s, determine
temperatures at the surface and at a depth of 45 mm
after 3 min have elapsed.
5.107 Referring to Example 5.10, Comment 4, consider a sudden exposure of the surface to large surroundings at an
elevated temperature (Tsur) and to convection (T, h).
(a) Derive the explicit, finite-difference equation for
the surface node in terms of Fo, Bi, and Bir.
(b) Obtain the stability criterion for the surface node.
Does this criterion change with time? Is the criterion more restrictive than that for an interior node?

(c) A thick slab of material (k  1.5 W/m  K,   7
107 m2/s,   0.9), initially at a uniform temperature of 27°C, is suddenly exposed to large
surroundings at 1000 K. Neglecting convection
and using a space increment of 10 mm, determine
temperatures at the surface and 30 mm from the
surface after an elapsed time of 1 min.

5.108 Consider the thick slab of copper in Example 5.10,
which is initially at a uniform temperature of 20 C
and is suddenly exposed to a net radiant flux of
3 105 W/m2. Use the Finite-Difference Equations/
One-Dimensional/Transient conduction model builder
of IHT to obtain the implicit form of the finitedifference equations for the interior nodes. In your
analysis, use a space increment of x  37.5 mm
with a total of 17 nodes (00–16), and a time increment of t  1.2 s. For the surface node 00, use the
finite-difference equation derived in Section 2 of the
Example.
(a) Calculate the 00 and 04 nodal temperatures at
t  120 s, that is, T(0, 120 s) and T(0.15 m, 120 s),
and compare the results with those given in Comment 1 for the exact solution. Will a time increment of 0.12 s provide more accurate results?
(b) Plot temperature histories for x  0, 150, and 600
mm, and explain key features of your results.
5.109 Consider the thick slab of copper in Example 5.10,
which is initially at a uniform temperature of 20 C and
is suddenly exposed to large surroundings at 1000 C
(instead of a prescribed heat flux).
(a) For a surface emissivity of 0.94, calculate the
temperatures T(0, 120 s) and T(0.15 m, 120 s)
using the finite-element software FEHT. Hint: In
the Convection Coefficient box of the Specify/
Boundary Conditions menu of FEHT, enter the
linearized radiation coefficient (see Equation
1.9) for the surface (x  0). Enter the temperature of the surroundings in the Fluid Temperature box. See also the Help section on Entering
Equations. Click on Setup/Temperatures in K to
enter all temperatures in kelvins.
(b) Plot the temperature histories for x  0, 150, and
600 mm, and explain key features of your results.
5.110 Consider the composite wall of Problem 2.53. In part
(d), you are asked to sketch the temperature histories at
x  0, L during the transient period between cases 2
and 3. Calculate and plot these histories using the
finite-element method of FEHT, the finite-difference
method of IHT (with x  5 mm and t  1.2 s),
and/or an alternative procedure of your choice. If you
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use more than one method, compare the respective
results. Note that, in using FEHT or IHT, a look-up
table must be created for prescribing the variation of
the heater flux with time (see the appropriate Help section for guidance).
5.111 In Section 5.5, the one-term approximation to the
series solution for the temperature distribution was
developed for a plane wall of thickness 2L that is initially at a uniform temperature and suddenly subjected
to convection heat transfer. If Bi  0.1, the wall can
be approximated as isothermal and represented as a
lumped capacitance (Equation 5.7). For the conditions
shown schematically, we wish to compare predictions
based on the one-term approximation, the lumped
capacitance method, and a finite-difference solution.
T(x,t), T(x,0) = Ti = 250°C
ρ = 7800 kg/m3
c = 440 J/kg•K
k = 15 W/m•K

nodal temperatures by the intrinsic function,
Der(T, t). Prepare a table summarizing the results
of parts (a), (b), and (c). Comment on the relative
differences of the predicted temperatures. Hint:
See the Solver/Intrinsic Functions section of
IHT/Help or the IHT Examples menu (Example
5.2) for guidance on using the Der(T, t) function.
5.112 Consider the bonding operation described in Problem
3.103, which was analyzed under steady-state conditions. In this case, however, the laser will be used to
heat the film for a prescribed period of time, creating
the transient heating situation shown in the sketch.
q"o

Laser source, q"o

1

Metal strip

3

T∞, h

d

w2
T∞, h

4

1

# Nodes

∆x

5

5

L /4

2

2

L/2

(∆t = 1s)

x

w1

x

L = 20 mm

2

t

Plastic film

T∞ = 25°C
h = 500 W/m2•K
x

∆ ton

L

(a) Determine the midplane, T(0, t), and surface, T(L,
t), temperatures at t  100, 200, and 500 s using
the one-term approximation to the series solution,
Equation 5.40. What is the Biot number for the
system?
(b) Treating the wall as a lumped capacitance, calculate the temperatures at t  50, 100, 200, and 500 s.
Did you expect these results to compare favorably
with those from part (a)? Why are the temperatures considerably higher?
(c) Consider the 2- and 5-node networks shown
schematically. Write the implicit form of the
finite-difference equations for each network, and
determine the temperature distributions for t  50,
100, 200, and 500 s using a time increment of t 
1 s. You may use IHT to solve the finite-difference
equations by representing the rate of change of the

The strip is initially at 25°C and the laser provides a
uniform flux of 85,000 W/m2 over a time interval of
ton  10 s. The system dimensions and thermophysical properties remain the same, but the convection
coefficient to the ambient air at 25°C is now 100
W/m2  K and w1  44 mm.
Using an implicit finite-difference method with
x  4 mm and t  1 s, obtain temperature histories
for 0  t  30 s at the center and film edge, T(0, t) and
T(w1/2, t), respectively, to determine if the adhesive is
satisfactorily cured above 90°C for 10 s and if its
degradation temperature of 200°C is exceeded.
5.113 One end of a stainless steel (AISI 316) rod of diameter
10 mm and length 0.16 m is inserted into a fixture maintained at 200°C. The rod, covered with an insulating
sleeve, reaches a uniform temperature throughout its
length. When the sleeve is removed, the rod is subjected
to ambient air at 25°C such that the convection heat
transfer coefficient is 30 W/m2  K.
(a) Using the explicit finite-difference technique with
a space increment of  x  0.016 m, estimate the
time required for the midlength of the rod to reach
100°C.
(b) With x  0.016 m and t  10 s, compute T(x, t)
for 0  t  t1, where t1 is the time required for the
midlength of the rod to reach 50°C. Plot the temperature distribution for t  0, 200 s, 400 s, and t1.
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5.114 A tantalum rod of diameter 3 mm and length 120 mm
is supported by two electrodes within a large vacuum
enclosure. Initially the rod is in equilibrium with the
electrodes and its surroundings, which are maintained
at 300 K. Suddenly, an electrical current, I  80 A, is
passed through the rod. Assume the emissivity of the rod
is 0.1 and the electrical resistivity is 95 108   m.
Use Table A.1 to obtain the other thermophysical
properties required in your solution. Use a finitedifference method with a space increment of 10 mm.
I

(b) After the rod has reached steady-state conditions,
the flow of hot gases is suddenly terminated, and
the rod cools by free convection to ambient air at
T  300 K and by radiation exchange with large
surroundings at Tsur  300 K. The free convection
coefficient can be expressed as h (W/m2  K)  C
T n, where C  4.4 W/m2  K1.188 and n  0.188.
The emissivity of the rod is 0.5. Determine the
subsequent thermal response of the rod. Plot the
midspan temperature as a function of cooling time,
and determine the time required for the rod to reach
a safe-to-touch temperature of 315 K.
5.116 Consider the acceleration-grid foil (k  40 W/m  K,
  3 105 m2/s,   0.45) of Problem 4.72. Develop
an implicit, finite-difference model of the foil, which
can be used for the following purposes.

Electrode,
300 K

Rod

(a) Assuming the foil to be at a uniform temperature of
300 K when the ion beam source is activated, obtain
a plot of the midspan temperature–time history. At
what elapsed time does this point on the foil reach a
temperature within 1 K of the steady-state value?

Electrode,
300 K
Surroundings, Tsur

(a) Estimate the time required for the midlength of the
rod to reach 1000 K.
(b) Determine the steady-state temperature distribution and estimate approximately how long it
will take to reach this condition.
5.115 A support rod (k  15 W/m  K,   4.0 106 m2/s)
of diameter D  15 mm and length L  100 mm
spans a channel whose walls are maintained at a temperature of Tb  300 K. Suddenly, the rod is exposed
to a cross flow of hot gases for which T  600 K and
h  75 W/m2  K. The channel walls are cooled and
remain at 300 K.
Hot gases

T∞, h
Tb = 300 K

(b) The foil is operating under steady-state conditions
when, suddenly, the ion beam is deactivated. Obtain
a plot of the subsequent midspan temperature–
time history. How long does it take for the hottest
point on the foil to cool to 315 K, a safe-to-touch
condition?
5.117 Circuit boards are treated by heating a stack of them
under high pressure as illustrated in Problem 5.45 and
described further in Problem 5.46. A finite-difference
method of solution is sought with two additional considerations. First, the book is to be treated as having
distributed, rather than lumped, characteristics, by
using a grid spacing of x  2.36 mm with nodes at
the center of the individual circuit board or plate. Second, rather than bringing the platens to 190°C in one
sudden change, the heating schedule Tp(t) shown
below is to be used in order to minimize excessive
thermal stresses induced by rapidly changing thermal
gradients in the vicinity of the platens.

190

Rod, D = 15 mm, L = 100 mm

Tp (°C)

160

(a) Using an appropriate numerical technique, determine the thermal response of the rod to the convective heating. Plot the midspan temperature as a
function of elapsed time. Using an appropriate
analytical model of the rod, determine the steadystate temperature distribution and compare the
result with that obtained numerically for very long
elapsed times.

15
0

20

40
Time (min)

60

c05.qxd 3/6/06 10:41 AM Page 343



343

Problems

(a) Using a time increment of t  60 s and the
implicit method, find the temperature history of
the midplane of the book and determine whether
curing will occur (170°C for 5 min).

(a) On T  t coordinates, sketch the temperature history at the midplane of the reaction plate, at the
interface between the clutch pair, and at the midplane of the composite plate. Identify key features.

(b) Following the reduction of the platen temperatures
to 15°C (t  50 min), how long will it take for the
midplane of the book to reach 37°C, a safe temperature at which the operator can begin unloading the press?

(b) Perform an energy balance on the clutch pair over
the time interval t  tlu to determine the steadystate temperature resulting from clutch engagement. Assume negligible heat transfer from the
plates to the surroundings.

(c) Validate your program code by using the heating
schedule of a sudden change of platen temperature
from 15 to 190°C and compare results with those
from an appropriate analytical solution (see Problem 5.46).
5.118 Common transmission failures result from the glazing
of clutch surfaces by deposition of oil oxidation and
decomposition products. Both the oxidation and
decomposition processes depend on temperature histories of the surfaces. Because it is difficult to measure
these surface temperatures during operation, it is useful
to develop models to predict clutch-interface thermal
behavior. The relative velocity between mating clutch
plates, from the initial engagement to the zero-sliding
(lock-up) condition, generates heat that is transferred to
the plates. The relative velocity decreases at a constant
rate during this period, producing a heat flux that is
initially very large and decreases linearly with time,
until lock-up occurs. Accordingly, q f  q o[1  (t/t lu)],
where q o  1.6 107 W/m2 and tlu  100 ms is the lockup time. The plates have an initial uniform temperature
of Ti  40 C, when the prescribed frictional heat flux is
suddenly applied to the surfaces. The reaction plate is
fabricated from steel, while the composite plate has a
thinner steel center section bonded to low-conductivity
friction material layers. The thermophysical properties
are s  7800 kg/m3, cs  500 J/kg  K, and ks  40
W/m  K for the steel and fm  1150 kg/m3, cfm  1650
J/kg  K, and kfm  4 W/m  K for the friction material.
2 mm

0.5 mm

1 mm

T(x, 0) = Ti
q"rp
q"cp
Steel

q"f (t) = q"rp + q"cp

Reaction plate (rp)

q"o

Friction
material

Steel
Composite plate (cp)

q"o = 1.6 × 107 W/m2
tlu = 100 ms

tlu

Time, t (s)

(c) Compute and plot the three temperature histories
of interest using the finite-element method of
FEHT or the finite-difference method of IHT
(with x  0.1 mm and t  1 ms). Calculate
and plot the frictional heat fluxes to the reaction
 and q cp
 , respectively, as
and composite plates, q rp
a function of time. Comment on features of the
temperature and heat flux histories. Validate your
model by comparing predictions with the results
from part (b). Note: Use of both FEHT and IHT
requires creation of a look-up data table for prescribing the heat flux as a function of time.
5.119 Heat transfer is not an intuitive process muses the
Curious Cook. Does doubling the thickness of a hamburger approximately double the cooking time? What
effect does the initial temperature have on cooking
time? To answer these questions, develop a model to
do virtual cooking of meat of thickness 2L in a doublesided grill. The meat is initially at 20 C when it is
placed in the grill and both sides experience convection heat transfer characterized by an ambient temperature of 100 C and a convection coefficient of 5000
W/m2  K. Assume the meat to have the properties of
liquid water at 300 K and to be properly cooked when
the center temperature is 60 C.
(a) For hamburgers of thickness 2L  10, 20, and 30
mm, calculate the time for the center to reach the
required cooking temperature of 60 C. Determine
a relationship between the cooking time and the
thickness. For your solution, use the finite-element
method of FEHT, the ready-to-solve model in the
Models/Transient Conduction/Plane Wall section
of IHT, or a numerical procedure of your choice.
For one of the thicknesses, use an appropriate analytical solution to validate your numerical results.
(b) Without performing a detailed numerical solution,
but drawing on the results of part (a), what can
you say about the effect on the cooking time of
changing the initial temperature of the meat from
20 C to 5 C? You may use your numerical model
from part (a) to confirm your assessment.
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5.120 A process mixture at 200 C flows at a rate of 207
kg/min onto a conveyor belt of 3-mm thickness, 1-m
width, and 30-m length traveling with a velocity of
36 m/min. The underside of the belt is cooled by a
water spray at a temperature of 30 C, and the convection coefficient is 3000 W/m2  K. The thermophysical
properties of the process mixture are m  960 kg/m3,
cm  1700 J/kg  K, and km  1.5 W/m  K, while the
properties for the conveyor (metallic) belt are b 
8000 kg/m3, cb  460 J/kg  K, and kb  15 W/m  K.
Process mixture (m)
•
m = 207 kg/min
Ti = 200°C V = 36 m/min
To,s = ?

(a) Derive the transient, finite-difference equation for
node m, which is within the region subjected to
induction heating.
(b) On T–r coordinates sketch, in a qualitative manner,
the steady-state temperature distribution, identifying important features.
5.122 An electrical cable, experiencing a uniform volumetric
generation q̇, is half buried in an insulating material
while the upper surface is exposed to a convection
process (T, h).

Mixture (m)
Belt (b), Lb = 3 mm

m, n + 1

Ts

x
Lm
Lm + Lb

z

T∞, h
Spray
nozzles

T∞ = 30°C
h = 3000 W/m2•K

L = 30 m

∆r

∆φ

m – 1, n

m, n

m + 1, n

Cable

ro

Using the finite-difference method of IHT (x  0.5
mm, t  0.05 s), the finite-element method of FEHT,
or a numerical procedure of your choice, calculate the
surface temperature of the mixture at the end of the
conveyor belt, To,s. Assume negligible heat transfer to
the ambient air by convection or by radiation to the
surroundings.

5.121 A thin circular disk is subjected to induction heating
from a coil, the effect of which is to provide a uniform
heat generation within a ring section as shown. Convection occurs at the upper surface, while the lower
surface is well insulated.
r
ro

T∞, h

r1
•

q

l
Coil

m+1

m

m–1

rm

m, n – 1

(a) Derive the explicit, finite-difference equations for
an interior node (m, n), the center node (m  0),
and the outer surface nodes (M, n) for the convection and insulated boundaries.
(b) Obtain the stability criterion for each of the finitedifference equations. Identify the most restrictive
criterion.

Finite-Difference Equations:
Cylindrical Coordinates

r2

rm

Finite-Difference Solutions:
Two-Dimensional Systems
5.123 Two very long (in the direction normal to the page)
bars having the prescribed initial temperature distributions are to be soldered together. At time t  0, the
m  3 face of the copper (pure) bar contacts the m  4
face of the steel (AISI 1010) bar. The solder and flux
act as an interfacial layer of negligible thickness and
effective contact resistance R t, c  2 105 m2  K/W.

Initial Temperatures (K)
n/m

1

2

3

4

5

6

1
2
3

700
700
700

700
700
700

700
700
700

1000
1000
1000

900
900
900

800
800
800
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Interface with
solder and flux
Copper,
pure

Steel,
AISI 1010

1, 3

2, 3

3, 3

4, 3

5, 3

6, 3

1, 2

2, 2

3, 2

4, 2

5, 2

6, 2

1, 1

2, 1

3, 1

4, 1

5, 1

6, 1

y, n
x, m

∆ x = ∆y = 20 mm

(a) Derive the explicit, finite-difference equation in
terms of Fo and Bi c  x/kR t, c for T4, 2 and determine the corresponding stability criterion.
(b) Using Fo  0.01, determine T4, 2 one time step
after contact is made. What is t? Is the stability
criterion satisfied?
5.124 In a manufacturing process, stainless steel cylinders
(AISI 304) initially at 600 K are quenched by submersion in an oil bath maintained at 300 K with h  500
W/m2  K. Each cylinder is of length 2L  60 mm and
diameter D  80 mm. Use the ready-to-solve model in
the Examples menu of FEHT to obtain the following
solutions.
r
ro = 40 mm

(c) Having solved the model for a total integration
time of 10 min in part (b), now use the View/
Temperature Contours command with the shaded
band option for the isotherm contours. Select the
From Start to Stop time option, and view the temperature contours as the cylinder cools during the
quench process. Describe the major features of the
cooling process revealed by this display. Use other
options of this command to create a 10-isotherm
temperature distribution for t  3 min.
(d) For the location of part (a), calculate the temperatures after 3 min if the convection coefficient is
doubled (h  1000 W/m2  K). Also, for convection coefficients of 500 and 1000 W/m2  K, determine how long the cylinder needs to remain in the
oil bath to achieve a safe-to-touch surface temperature of 316 K. Tabulate and comment on the
results of parts (a) and (d).
5.125 Consider the system of Problem 4.55. Initially with no
flue gases flowing, the walls (  5.5 107 m2/s)
are at a uniform temperature of 25°C. Using the
implicit, finite-difference method with a time increment of 1 h, find the temperature distribution in the
wall 5, 10, 50, and 100 h after introduction of the flue
gases.

T(0, L, t)
T(r, x, 0) = Ti = 600 K

x

(b) Plot the temperature history at the center, T(0, 0,
t), and at the midheight of the side, T(ro, 0, t),
for 0  t  10 min using the View/Temperatures
vs. Time command. Comment on the gradients
occurring at these locations and what effect they
might have on phase transformations and thermal
stresses.

T(ro, 0, t)

L = 30 mm

L = 30 mm
T(0, 0, t)
Cylinder
AISI 304
Oil Bath

T∞ = 300 K
h = 500 W/m2•K

(a) Calculate the temperatures, T(r, x, t), after 3 min at
the cylinder center, T(0, 0, 3 min), at the center of
a circular face, T(0, L, 3 min), and the midheight
of the side, T(ro, 0, 3 min).

5.126 Consider the system of Problem 4.73. Initially, the
ceramic plate (  1.5 106 m2/s) is at a uniform
temperature of 30°C, and suddenly the electrical heating elements are energized. Using the implicit, finitedifference method, estimate the time required for the
difference between the surface and initial temperatures
to reach 95% of the difference for steady-state conditions. Use a time increment of 2 s.
5.127 Consider the thermal conduction module and operating conditions of Problem 4.76. To evaluate the transient response of the cold plate, which has a thermal
diffusivity of   75 106 m2/s, assume that, when
the module is activated at t  0, the initial temperature
of the cold plate is Ti  15°C and a uniform heat flux
of q o  105 W/m2 is applied at its base. Using the
implicit finite-difference method and a time increment
of t  0.1 s, compute the designated nodal temperatures as a function of time. From the temperatures
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computed at a particular time, evaluate the ratio of the
rate of heat transfer by convection to the water to the
heat input at the base. Terminate the calculations when
this ratio reaches 0.99. Print the temperature field at
5-s intervals and at the time for which the calculations
are terminated.
5.128 The operations manager for a metals processing plant
anticipates the need to repair a large furnace and has
come to you for an estimate of the time required for
the furnace interior to cool to a safe working temperature. The furnace is cubical with a 16-m interior
dimension and 1-m thick walls for which   2600
kg/m3, c  960 J/kg  K, and k  1 W/m  K. The operating temperature of the furnace is 900 C, and the
outer surface experiences convection with ambient air
at 25 C and a convection coefficient of 20 W/m2  K.
(a) Use a numerical procedure to estimate the time
required for the inner surface of the furnace to cool
to a safe working temperature of 35 C. Hint: Consider a two-dimensional cross-section of the furnace, and perform your analysis on the smallest
symmetrical section.
(b) Anxious to reduce the furnace downtime, the operations manager also wants to know what effect circulating ambient air through the furnace would have
on the cool-down period. Assume equivalent convection conditions for the inner and outer surfaces.
5.129 The door panel of an automobile is fabricated by a plastic hot-extrusion process resulting in the ribbed cross
section shown schematically. Following a process
involving air-cooling, painting, and baking, the panel is
ready for assembly on the vehicle. However, upon
visual inspection, the rib pattern is evident on the outer
surface. In regions over the ribs, the paint has an
“orange peel” appearance, making the door panel unacceptable for use. The apparent reason for this defect is
the variable microfinish caused by differential cooling
rates at the surface of the panel, which affect adherence
of the paint. Your assignment is to estimate the panel
surface temperature distribution as a function of cooling
time.

T∞, h
Region of
nonuniform
appearance

T∞, h

3 mm

2 mm R
Panel surface

26 mm

12 mm

Rib
6 mm 2 mm

Symmetrical
section

T ∞, h
Rib cross section
and analysis
section

T ∞, h

Use the finite-element software FEHT to obtain the
temperature distribution in the symmetrical section
shown schematically. The panel is ejected from the
extrusion press at a uniform temperature of 275 C and
is allowed to cool on a transport table, where the air
temperature is 25 C and the convection coefficient is
10 W/m2  K. The thermophysical properties of the
extruded plastic are   1050 kg/m3, c  800 J/kg  K,
and k  0.5 W/m  K.
(a) Using the View/Temperature vs. Time command,
plot temperature histories for selected locations on
the panel surface. Is there noticeable differential
cooling in the region above the rib? If so, what is
the cause? Hint: When you draw the shape outline
in FEHT, represent the fillet region by six or seven
segments that approximate the fillet radius. Then
draw element lines to form triangular elements.
(b) Use the View/Temperature Contours command
with the shaded band option to plot the isotherm
contours. Select the From Start to Stop time
option, and view the temperature contours as the
panel cools. Describe major features of the cooling process observed from the display. Use other
options of this command to create a 10-isotherm
temperature distribution for a time that illustrates
some of the foregoing important features. How
would you redesign the ribbed panel to reduce this
thermally induced defect, while still retaining the
stiffening function required of the ribs?
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5S.1
Graphical Representation of
One-Dimensional, Transient Conduction
in the Plane Wall, Long Cylinder, and Sphere
In Sections 5.5 and 5.6, one-term approximations have been developed for transient,
one-dimensional conduction in a plane wall (with symmetrical convection conditions)
and radial systems (long cylinder and sphere). The results apply for Fo  0.2 and can
conveniently be represented in graphical forms that illustrate the functional dependence of the transient temperature distribution on the Biot and Fourier numbers.
Results for the plane wall (Figure 5.6a) are presented in Figures 5S.1 through
5S.3. Figure 5S.1 may be used to obtain the midplane temperature of the wall, T(0, t) 
To(t), at any time during the transient process. If To is known for particular values of
Fo and Bi, Figure 5S.2 may be used to determine the corresponding temperature at
any location off the midplane. Hence Figure 5S.2 must be used in conjunction with
Figure 5S.1. For example, if one wishes to determine the surface temperature (x* 
1) at some time t, Figure 5S.1 would first be used to determine To at t. Figure 5S.2
would then be used to determine the surface temperature from knowledge of To. The
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FIGURE 5S.1 Midplane temperature as a function of time for a plane wall of thickness 2L [1]. Used with permission.
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Representations of One-Dimensional, Transient Conduction

1.0
0.2
0.9
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T – T∞
=
θ o To – T∞
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x/L
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0.5
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0.2 0.9
0.1
1.0
0
0.01 0.02 0.05 0.1 0.2

0.5 1.0
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50 100

(k/hL) = Bi –1

FIGURE 5S.2 Temperature distribution in a plane wall of thickness 2L [1]. Used
with permission.

procedure would be inverted if the problem were one of determining the time required
for the surface to reach a prescribed temperature.
Graphical results for the energy transferred from a plane wall over the
time interval t are presented in Figure 5S.3. These results were generated from
Equation 5.46. The dimensionless energy transfer Q/Qo is expressed exclusively in
terms of Fo and Bi.
Results for the infinite cylinder are presented in Figures 5S.4 through 5S.6, and
those for the sphere are presented in Figures 5S.7 through 5S.9, where the Biot
number is defined in terms of the radius ro.
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h L /k

0.6

Q
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0.0
05
0.01

0.8

0.02

0.9

0.4
0.3
0.2
0.1
0 –5
10

10–4

10–3

10–2

10–1

1

10

102

103

104

2
α t = Bi2 Fo
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FIGURE 5S.3 Internal energy change as a function of time for a plane wall of thickness
2L [2]. Adapted with permission.
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FIGURE 5S.4 Centerline temperature as a function of time for an infinite cylinder of radius ro [1]. Used with permission.
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FIGURE 5S.5 Temperature distribution in an infinite cylinder of radius ro [1]. Used with
permission.
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Representations of One-Dimensional, Transient Conduction
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FIGURE 5S.6 Internal energy change as a function of time for an infinite cylinder of
radius ro [2]. Adapted with permission.

The foregoing charts may also be used to determine the transient response of a
plane wall, an infinite cylinder, or sphere subjected to a sudden change in surface
temperature. For such a condition it is only necessary to replace T by the prescribed
surface temperature Ts and to set Bi1 equal to zero. In so doing, the convection coefficient is tacitly assumed to be infinite, in which case T  Ts.
1.0

50
35
30

100

0.7
14

0.5

25
18

12

0.4

9

8

0.3

7

6
5

0.2

1.0

4
0 0.2
0

2.0

2.6

3.0

0.7
0.5
0.4
0.3

3.5

2

1

3

100
80 90
60 70

0.2
14

0.1

θ To – T∞
θ *o = __o = _______
θ i Ti – T∞

0.1

1.4

0.75

0.07

2.8 3.0
2.6

0.05
0.04
0.03

2.4
2.2
2.0

0.02

1.8

Bi –1 = k/hro

50

12

5 6

7

10
89

45
40
35

4
3.5

30

1.6

0.01

1.4

25

1.2

0.007
0.005
0.004
0.003

0.5
0.35
0.05

0.002

0

0.75

1.0

20
18
16

0.2
0.1

0.001
0

1

2

3 4 5 6 7

8 9 10 15 20

30

40 45 50 70 90

t* = (α t /r 2o) = Fo

FIGURE 5S.7 Center temperature as a function of time in a sphere of radius ro [1]. Used with permission.
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Representations of One-Dimensional, Transient Conduction
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FIGURE 5S.8 Temperature distribution in a sphere of radius ro [1]. Used with permission.
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FIGURE 5S.9 Internal energy change as a function of time for a sphere of radius ro [2].
Adapted with permission.
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5S.2
Analytical Solution of
Multidimensional Effects
Transient problems are frequently encountered for which two- and even threedimensional effects are significant. Solution to a class of such problems can be
obtained from the one-dimensional analytical results of Sections 5.5 through 5.7.
Consider immersing the short cylinder of Figure 5S.10, which is initially at a
uniform temperature Ti, in a fluid of temperature T  Ti. Because the length and
diameter are comparable, the subsequent transfer of energy by conduction will be
significant for both the r and x coordinate directions. The temperature within the
cylinder will therefore depend on r, x, and t.
Assuming constant properties and no generation, the appropriate form of the
heat equation is, from Equation 2.24,

 

1  r T  2T  1 T
r r r
x 2  t
where x has been used in place of z to designate the axial coordinate. A closed-form
solution to this equation may be obtained by the separation of variables method.
Although we will not consider the details of this solution, it is important to note that
the end result may be expressed in the following form:
T(r, x, t)  T T(x, t)  T

Ti  T
Ti  T



Plane
wall



T(r, t)  T
Ti  T



Infinite
cylinder

That is, the two-dimensional solution may be expressed as a product of onedimensional solutions that correspond to those for a plane wall of thickness 2L and
an infinite cylinder of radius ro. For Fo  0.2, these solutions are provided by the
one-term approximations of Equations 5.40 and 5.49, as well as by Figures 5S.1 and
5S.2 for the plane wall and Figures 5S.4 and 5S.5 for the infinite cylinder.

T∞, h
ro
+L

T∞, h

r

ro

T(r, x, t)
(r, x)

x

T∞, h

L
=

Midplane

x
r

x

L

×

L

L
(r, t) θ_____
(x, t)
θ (r, x, t) θ_____
________
=
×
θi
θi
θi

–L

T∞, h

r

θ * = C(r*, t*) × P(x*, t*)

FIGURE 5S.10 Two-dimensional, transient conduction in a short cylinder. (a) Geometry.
(b) Form of the product solution.

c05_supl.qxd 3/6/06 10:37 AM Page W-14

W-14

5S.2

Analytical Solution of Multidimensional Effects



Results for other multidimensional geometries are summarized in Figure 5S.11.
In each case the multidimensional solution is prescribed in terms of a product
involving one or more of the following one-dimensional solutions:
S(x, t) 

T(x, t)  T
Ti  T

P(x, t) 

T(x, t)  T
Ti  T

C(r, t) 

T(r, t)  T
Ti  T

x

(5S.1)

Semi-infinite
solid

(5S.2)

Plane
wall

(5S.3)

Infinite
cylinder

P(x, t)

S(x, t)

C(r, t)

x

r

ro

2L1
(b) Plane wall

(a) Semi-infinite
solid





(c) Infinite cylinder

C(r, t)S(x, t)
S(x1, t)P(x2, t)

P(x1, t)P(x2, t)

r

x2

x2

x

x1

x1

2L1
2L2

2L2
(d) Semi-infinite
plate

ro

(e) Infinite rectangular
bar

S(x3, t)P(x1, t)P(x2, t)

( f ) Semi-infinite
cylinder

C(r, t)P(x, t)

P(x1, t)P(x2, t)P(x3, t)
x3

x
x2

x3

2L2
(g) Semi-infinite
rectangular bar

2L1

r

x1

x2
x1

2L3

2L1

2L1
2L2
(h) Rectangular
parallelepiped

ro
(i) Short cylinder

FIGURE 5S.11 Solutions for multidimensional systems expressed as products of
one-dimensional results.
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Analytical Solution of Multidimensional Effects

The x coordinate for the semi-infinite solid is measured from the surface, whereas
for the plane wall it is measured from the midplane. In using Figure 5S.11 the coordinate origins should carefully be noted. The transient, three-dimensional temperature distribution in a rectangular parallelepiped, Figure 5S.11h, is then, for example,
the product of three one-dimensional solutions for plane walls of thicknesses 2L1,
2L2, and 2L3. That is,
T(x 1, x 2, x 3, t)  T
 P(x 1, t)  P(x 2, t)  P(x 3, t)
Ti  T
The distances x1, x2, and x3 are all measured with respect to a rectangular coordinate
system whose origin is at the center of the parallelepiped.
The amount of energy Q transferred to or from a solid during a multidimensional transient conduction process may also be determined by combining onedimensional results, as shown by Langston [1].

EXAMPLE 5S.1
In a manufacturing process stainless steel cylinders (AISI 304) initially at 600 K are
quenched by submersion in an oil bath maintained at 300 K with h  500 W/m2  K.
Each cylinder is of length 2L  60 mm and diameter D  80 mm. Consider a time
3 min into the cooling process and determine temperatures at the center of the cylinder, at the center of a circular face, and at the midheight of the side. Note that Problem 5.124 requires a numerical solution of the same problem using FEHT.

SOLUTION
Known: Initial temperature and dimensions of cylinder and temperature and convection conditions of an oil bath.

Find: Temperatures T(r, x, t) after 3 min at the cylinder center, T(0, 0, 3 min), at the
center of a circular face, T(0, L, 3 min), and at the midheight of the side, T(ro, 0, 3 min).

Schematic:
r
ro = 40 mm

T(0, L, t)
T(r, x, 0) = Ti = 600 K

x

T(ro, 0, t)

L = 30 mm

L = 30 mm
T(0, 0, t)
Cylinder
AISI 304
Oil Bath

T∞ = 300 K
h = 500 W/m2•K
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Analytical Solution of Multidimensional Effects

Assumptions:
1. Two-dimensional conduction in r and x.
2. Constant properties.

Properties: Table A.1, stainless steel, AISI 304 [T  (600  300)/2  450 K]:
106 m2/s.

  7900 kg/m3, c  526 J/kg  K, k  17.4 W/m  K,   k/c  4.19

Analysis: The solid steel cylinder corresponds to case (i) of Figure 5S.11, and
the temperature at any point in the cylinder may be expressed as the following product of one-dimensional solutions.
T(r, x, t)  T
 P(x, t)C(r, t)
Ti  T
where P(x, t) and C(r, t) are defined by Equations 5S.2 and 5S.3, respectively.
Accordingly, for the center of the cylinder,
T(0, 0, 3 min)  T T(0, 3 min)  T

Ti  T
Ti  T



Plane 
wall

T(0, 3 min)  T
Ti  T



Infinite
cylinder

Hence, for the plane wall, with
Bi 1 
Fo 

17.4 W/m  K
k

 1.16
hL 500 W/m2  K 0.03 m
t 4.19

L2

106 m2/s
(0.03 m)2

180 s

 0.84

it follows from Equation 5.41 that
*
o 

o
 C1 exp (21Fo)
i

where, with Bi  0.862, C1  1.109 and
Fo  0.84,
o T(0, 3 min)  T

Ti  T
i



Plane
wall

 0.814 rad from Table 5.1. With

1

 1.109 exp [(0.814 rad)2

0.84]  0.636

Similarly, for the infinite cylinder, with
Bi 1 
Fo 

17.4 W/m  K
k

 0.87
hro 500 W/m2  K 0.04 m
t 4.19

r 2o

106 m2/s
(0.04 m)2

180 s

 0.47

it follows from Equation 5.49c that
*
o 

o
 C1 exp (21Fo)
i

where, with Bi  1.15, C1  1.227 and
Fo  0.47,
o
i



Infinite
cylinder

1

 1.307 rad from Table 5.1. With

 1.109 exp [(1.307 rad)2

0.47]  0.550
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Hence, for the center of the cylinder,
T(0, 0, 3 min)  T
 0.636 0.550  0.350
Ti  T
T(0, 0, 3 min)  300 K  0.350(600  300) K  405 K



The temperature at the center of a circular face may be obtained from the requirement that
T(0, L, 3 min)  T T(L, 3 min)  T

Ti  T
Ti  T



Plane 
wall

T(0, 3 min)  T
Ti  T



Infinite
cylinder

where, from Equation 5.40b,
* 
  cos (1x*)
o* o
Hence, with x*  1, we have
(L) T(L, 3 min)  T

o
T(0, 3 min)  T



Plane
wall

 cos (0.814 rad

1)  0.687

Hence
T(L, 3 min)  T
Ti  T
T(L, 3 min)  T
Ti  T




Plane
wall

Plane
wall



T(L, 3 min)  T
T(0, 3 min)  T

 0.687



Plane 
wall



T(0, 3 min)  T
Ti  T

Plane
wall

0.636  0.437

Hence
T(0, L, 3 min)  T
 0.437
Ti  T

0.550  0.240

T(0, L, 3 min)  300 K  0.24(600  300) K  372 K



The temperature at the midheight of the side may be obtained from the requirement that
T(ro, 0, 3 min)  T T(0, 3 min)  T

Ti  T
Ti  T



Plane 
wall

T(ro, 3 min)  T
Ti  T



Infinite
cylinder

where, from Equation 5.49b,
* 
  J0(1r*)
o
*
o
With r*  1 and the value of the Bessel function determined from Table B.4,
(ro) T(ro, 3 min)  T

o
T(0, 3 min)  T



Infinite
cylinder

 J0(1.307 rad

1)  0.616
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Hence
T(ro, 3 min)  T
Ti  T



Infinite
cylinder



T(ro, 3 min)  T
T(0, 3 min)  T


T(ro, 3 min)  T
Ti  T



Infinite
cylinder

T(0, 3 min)  T
Ti  T

 0.616




Infinite
cylinder

Infinite
cylinder

0.550  0.339

Hence
T(ro, 0, 3 min)  T
 0.636
Ti  T

0.339  0.216

T(ro, 0, 3 min)  300 K  0.216(600  300) K  365 K



Comments:
1. Verify that the temperature at the edge of the cylinder is T(ro, L, 3 min)  344 K.
2. The Heisler charts of Section 5S.1 could also be used to obtain the desired
results. Accessing these charts, one would obtain o/ iPlane wall  0.64, o/ iInfinite
cylinder  0.55, (L)/ oPlane wall  0.68, and (ro)/ oInfinite cylinder  0.61, which are
in good agreement with results obtained from the one-term approximations.
3. The IHT Models, Transient Conduction option for the Plane Wall and Infinite
Cylinder may be used to calculate temperature ratios required for the foregoing
product solution.

Reference
1. Langston, L.S., Int. J. Heat Mass Transfer, 25, 149–150,
1982.

Problems
One-Dimensional Conduction:
The Plane Wall

defrost system, the interior surface is suddenly exposed
to an airstream at 30°C. Assuming that the ice behaves
as an insulating layer on the exterior surface, what
interior convection coefficient would allow the exterior
surface to reach 0°C in 60 s? The windshield thermophysical properties are   2200 kg/m3, cp  830 J/kg 
K, and k  1.2 W/m  K.

5S.1 Consider the thermal energy storage unit of Problem
5.11, but with a masonry material of   1900 kg/m3,
c  800 J/kg  K, and k  0.70 W/m  K used in place
of the aluminum. How long will it take to achieve 75%
of the maximum possible energy storage? What are the
maximum and minimum temperatures of the masonry
at this time?

One-Dimensional Conduction:
The Long Cylinder

5S.2 An ice layer forms on a 5-mm-thick windshield of a car
while parked during a cold night for which the ambient
temperature is 20°C. Upon start-up, using a new

5S.3 Cylindrical steel rods (AISI 1010), 50 mm in diameter, are heat treated by drawing them through an oven
5 m long in which air is maintained at 750°C. The
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rods enter at 50°C and achieve a centerline temperature of 600°C before leaving. For a convection coefficient of 125 W/m2  K, estimate the speed at which the
rods must be drawn through the oven.
5S.4 Estimate the time required to cook a hot dog in boiling
water. Assume that the hot dog is initially at 6°C, that
the convection heat transfer coefficient is 100 W/m2  K,
and that the final temperature is 80°C at the centerline.
Treat the hot dog as a long cylinder of 20-mm diameter having the properties:   880 kg/m3, c  3350
J/kg  K, and k  0.52 W/m  K.
5S.5 A long bar of 70-mm diameter and initially at 90°C is
cooled by immersing it in a water bath that is at 40°C
and provides a convection coefficient of 20 W/m2  K.
The thermophysical properties of the bar are  
2600 kg/m3, c  1030 J/kg  K, and k  3.50 W/m  K.
(a) How long should the bar remain in the bath in order
that, when it is removed and allowed to equilibrate
while isolated from any surroundings, it achieves a
uniform temperature of 55°C?
(b) What is the surface temperature of the bar when it
is removed from the bath?

One-Dimensional Conduction:
The Sphere

(b) Compute and plot the center and surface temperatures as a function of time for 0
t
20 s and
h  100, 400, and 1000 W/m2  K.

Multidimensional Conduction
5S.9 A long steel (plain carbon) billet of square cross section 0.3 m by 0.3 m, initially at a uniform temperature
of 30°C, is placed in a soaking oven having a temperature of 750°C. If the convection heat transfer coefficient for the heating process is 100 W/m2  K, how
long must the billet remain in the oven before its center temperature reaches 600°C?
5S.10 Fireclay brick of dimensions 0.06 m 0.09 m
0.20 m is removed from a kiln at 1600 K and cooled in
air at 40°C with h  50 W/m2  K. What is the temperature at the center and at the corners of the brick after
50 min of cooling?
5S.11 A cylindrical copper pin 100 mm long and 50 mm in
diameter is initially at a uniform temperature of 20°C.
The end faces are suddenly subjected to an intense
heating rate that raises them to a temperature of
500°C. At the same time, the cylindrical surface is
subjected to heating by gas flow with a temperature of
500°C and a heat transfer coefficient of 100 W/m2  K.
Gas flow

5S.6 A sphere of 80-mm diameter (k  50 W/m  K and
  1.5 106 m2/s) is initially at a uniform, elevated
temperature and is quenched in an oil bath maintained at
50°C. The convection coefficient for the cooling process
is 1000 W/m2  K. At a certain time, the surface temperature of the sphere is measured to be 150°C. What is the
corresponding center temperature of the sphere?
5S.7 A spherical hailstone that is 5 mm in diameter is
formed in a high-altitude cloud at 30°C. If the stone
begins to fall through warmer air at 5°C, how long will
it take before the outer surface begins to melt? What is
the temperature of the stone’s center at this point in
time, and how much energy (J) has been transferred to
the stone? A convection heat transfer coefficient of
250 W/m2  K may be assumed, and the properties of
the hailstone may be taken to be those of ice.
5S.8 In a process to manufacture glass beads (k  1.4 W/m 
K,   2200 kg/m3, cp  800 J/kg  K) of 3-mm diameter, the beads are suspended in an upwardly directed
airstream that is at T  15°C and maintains a convection coefficient of h  400 W/m2  K.
(a) If the beads are at an initial temperature of Ti 
477°C, how long must they be suspended to achieve
a center temperature of 80°C? What is the corresponding surface temperature?

End face
50 mm
100 mm

(a) Determine the temperature at the center point of the
cylinder 8 s after sudden application of the heat.
(b) Considering the parameters governing the temperature distribution in transient heat diffusion problems, can any simplifying assumptions be justified
in analyzing this particular problem? Explain briefly.
5S.12 Recalling that your mother once said that meat should
be cooked until every portion has attained a temperature of 80°C, how long will it take to cook a 2.25-kg
roast? Assume that the meat is initially at 6°C and that
the oven temperature is 175°C with a convection heat
transfer coefficient of 15 W/m2  K. Treat the roast as a
cylinder with properties of liquid water, having a diameter equal to its length.
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5S.13 A long rod 20 mm in diameter is fabricated from alumina (polycrystalline aluminum oxide) and is initially
at a uniform temperature of 850 K. The rod is suddenly
exposed to fluid at 350 K with h  500 W/m2  K.
Estimate the centerline temperature of the rod after
30 s at an exposed end and at an axial distance of
6 mm from the end.
5S.14 Consider the stainless steel cylinder of Example 5S.1,
which is initially at 600 K and suddenly quenched in
an oil bath at 300 K with h  500 W/m2  K. Use the
Transient Conduction, Plane Wall and Cylinder models of IHT to obtain the following solutions.
(a) Calculate the temperatures, T(r, x, t), after 3 min
at the cylinder center, T(0, 0, 3 min), at the center

of a circular face, T(0, L, 3 min), and at the midheight of the side, T(ro, 0, 3 min). Compare your
results with those in the example.
(b) Use the Explore and Graph options of IHT to calculate and plot temperature histories at the cylinder center, T(0, 0, t), and the midheight of the
side, T(ro, 0, t), for 0 t 10 min. Comment on
the gradients occurring at these locations and what
effect they might have on phase transformations
and thermal stresses. Hint: In your sweep over the
time variable, start at 1 s rather than zero.
(c) For 0 t 10 min, calculate and plot temperature histories at the cylinder center, T(0, 0, t), for
convection coefficients of 500 W/m2  K and
1000 W/m2  K.
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T

hus far we have focused on heat transfer by conduction and have considered
convection only to the extent that it provides a possible boundary condition for conduction problems. In Section 1.2.2 we used the term convection to describe energy
transfer between a surface and a fluid moving over the surface. Convection includes
energy transfer by both the bulk fluid motion (advection) and the random motion of
fluid molecules (conduction or diffusion).
In our treatment of convection, we have two major objectives. In addition to
obtaining an understanding of the physical mechanisms that underlie convection
transfer, we wish to develop the means to perform convection transfer calculations.
This chapter and the supplementary material of Appendix D are devoted primarily
to achieving the former objective. Physical origins are discussed, and relevant
dimensionless parameters, as well as important analogies, are developed.
A unique feature of this chapter is the manner in which convection mass transfer effects are introduced by analogy to those of convection heat transfer. In mass
transfer by convection, gross fluid motion combines with diffusion to promote the
transfer of a species for which there exists a concentration gradient. In this text, we
focus on convection mass transfer that occurs at the surface of a volatile solid or liquid due to motion of a gas over the surface.
With conceptual foundations established, subsequent chapters are used to develop
useful tools for quantifying convection effects. Chapters 7 and 8 present methods for
computing the coefficients associated with forced convection in external and internal
flow configurations, respectively. Chapter 9 describes methods for determining these
coefficients in free convection, and Chapter 10 considers the problem of convection
with phase change (boiling and condensation). Chapter 11 develops methods for
designing and evaluating the performance of heat exchangers, devices that are widely
used in engineering practice to effect heat transfer between fluids.
Accordingly, we begin by developing our understanding of the nature of
convection.

6.1
The Convection Boundary Layers
The concept of boundary layers is central to the understanding of convection heat
and mass transfer between a surface and a fluid flowing past it. In this section, velocity, thermal, and concentration boundary layers are described, and their relationships
to the friction coefficient, convection heat transfer coefficient, and convection mass
transfer coefficient are introduced.

6.1.1

The Velocity Boundary Layer

To introduce the concept of a boundary layer, consider flow over the flat plate of Figure
6.1. When fluid particles make contact with the surface, they assume zero velocity.
These particles then act to retard the motion of particles in the adjoining fluid layer,
which act to retard the motion of particles in the next layer, and so on until, at a distance
y   from the surface, the effect becomes negligible. This retardation of fluid motion is
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FIGURE 6.1
Velocity boundary layer
development on a flat plate.

x

associated with shear stresses  acting in planes that are parallel to the fluid velocity
(Figure 6.1). With increasing distance y from the surface, the x velocity component of
the fluid, u, must then increase until it approaches the free stream value u. The subscript  is used to designate conditions in the free stream outside the boundary layer.
The quantity  is termed the boundary layer thickness, and it is typically defined
as the value of y for which u  0.99u. The boundary layer velocity profile refers to
the manner in which u varies with y through the boundary layer. Accordingly, the
fluid flow is characterized by two distinct regions, a thin fluid layer (the boundary
layer) in which velocity gradients and shear stresses are large and a region outside
the boundary layer in which velocity gradients and shear stresses are negligible.
With increasing distance from the leading edge, the effects of viscosity penetrate further into the free stream and the boundary layer grows ( increases with x).
Because it pertains to the fluid velocity, the foregoing boundary layer may be
referred to more specifically as the velocity boundary layer. It develops whenever there
is fluid flow over a surface, and it is of fundamental importance to problems involving
convection transport. In fluid mechanics its significance to the engineer stems from its
relation to the surface shear stress s, and hence to surface frictional effects. For external flows it provides the basis for determining the local friction coefficient
Cf 

s
u2/2

(6.1)

a key dimensionless parameter from which the surface frictional drag may be determined. Assuming a Newtonian fluid, the surface shear stress may be evaluated from
knowledge of the velocity gradient at the surface
s  

u
y



(6.2)

y0

where  is a fluid property known as the dynamic viscosity. In a velocity boundary
layer, the velocity gradient at the surface depends on the distance x from the leading
edge of the plate. Therefore, the surface shear stress and friction coefficient also
depend on x.

6.1.2 The Thermal Boundary Layer
Just as a velocity boundary layer develops when there is fluid flow over a surface, a
thermal boundary layer must develop if the fluid free stream and surface temperatures
differ. Consider flow over an isothermal flat plate (Figure 6.2). At the leading edge
the temperature profile is uniform, with T(y)  T. However, fluid particles that
come into contact with the plate achieve thermal equilibrium at the plate’s surface
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FIGURE 6.2
Thermal boundary layer
development on an isothermal flat
plate.

Ts

temperature. In turn, these particles exchange energy with those in the adjoining fluid
layer, and temperature gradients develop in the fluid. The region of the fluid in which
these temperature gradients exist is the thermal boundary layer, and its thickness t is
typically defined as the value of y for which the ratio [(Ts  T)/(Ts  T)]  0.99.
With increasing distance from the leading edge, the effects of heat transfer penetrate
further into the free stream and the thermal boundary layer grows.
The relation between conditions in this boundary layer and the convection heat
transfer coefficient may readily be demonstrated. At any distance x from the leading
edge, the local surface heat flux may be obtained by applying Fourier’s law to the
fluid at y  0. That is,
T
qs  kf
y



(6.3)

y0

The subscript s has been used to emphasize that this is the surface heat flux, but it will
be dropped in later sections. This expression is appropriate because, at the surface,
there is no fluid motion and energy transfer occurs only by conduction. Recalling
Newton’s law of cooling, we see that
qs  h(Ts  T)

(6.4)

and combining this with Equation 6.3, we obtain
h

kf T/yy0
Ts  T

(6.5)

Hence, conditions in the thermal boundary layer, which strongly influence the wall
temperature gradient T/yy0, determine the rate of heat transfer across the
boundary layer. Since (Ts  T) is a constant, independent of x, while t increases
with increasing x, temperature gradients in the boundary layer must decrease with
increasing x. Accordingly, the magnitude of T/yy0 decreases with increasing
x, and it follows that qs and h decrease with increasing x.

6.1.3 The Concentration Boundary Layer
When air moves past the surface of a pool of water, the liquid water will evaporate,
and water vapor will be transferred into the air stream. This is an example of convection mass transfer. More generally, consider a binary mixture of chemical species A
and B that flows over a surface (Figure 6.3). The molar concentration (kmol/m3) of
species A at the surface is CA,s, and in the free stream it is CA,. If CA,s differs from
CA,, transfer of species A by convection will occur. For example, species A could
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FIGURE 6.3
Species concentration boundary
layer development on a flat
plate.

CA, s

be a vapor that is transferred into a gas stream (species B) due to evaporation at a liquid surface (as in the water example) or due to sublimation at a solid surface. In this
situation, a concentration boundary layer will develop that is similar to the velocity
and thermal boundary layers. The concentration boundary layer is the region of the
fluid in which concentration gradients exist, and its thickness c is typically defined
as the value of y for which [(CA,s  CA)/(CA,s  CA,)]  0.99. With increasing distance from the leading edge, the effects of species transfer penetrate further into the
free stream and the concentration boundary layer grows.
Species transfer by convection between the surface and the free stream fluid is
determined by conditions in the boundary layer, and we are interested in determining the rate at which this transfer occurs. In particular, we are interested in the
molar flux of species A, NA (kmol/s  m2). It is helpful to recognize that the molar
flux associated with species transfer by diffusion is determined by an expression
that is analogous to Fourier’s law. For the conditions of interest in this chapter, the
expression, which is termed Fick’s law, has the form
NA  DAB

CA
y

(6.6)1

where DAB is a property of the binary mixture known as the binary diffusion coefficient. At any point corresponding to y  0 in the concentration boundary layer of
Figure 6.3, species transfer is due to both bulk fluid motion (advection) and diffusion.
However, at y  0 there is no fluid motion (neglecting the often small velocity normal
to the surface caused by the species transfer process itself, as is discussed in Chapter
14), and thus species transfer is by diffusion only. Applying Fick’s law at y  0, we
see that the molar flux at the surface at any distance from the leading edge is then

  DAB
NA,s

CA
y



(6.7)
y0

The subscript s has been used to emphasize that this is the molar flux at the surface,
but it will be dropped in later sections. Analogous to Newton’s law of cooling, an
equation can be written that relates the molar flux to the concentration difference
across the boundary layer, as

  hm(CA,s  CA,)
NA,s

(6.8)

1
This expression is an approximation of a more general form of Fick’s law of diffusion
(Section 14.1.3) when the total molar concentration of the mixture, C  CA + CB, is a constant.
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where hm (m/s) is the convection mass transfer coefficient, analogous to the convection heat transfer coefficient. Combining Equations 6.7 and 6.8, it follows that
hm 

DABCA/y y0
CA,s  CA,

(6.9)

Therefore, conditions in the concentration boundary layer, which strongly influence
the surface concentration gradient CA/y y0, also influence the convection mass
transfer coefficient and hence the rate of species transfer in the boundary layer.

6.1.4 Significance of the Boundary Layers
For flow over any surface, there will always exist a velocity boundary layer and
hence surface friction. Likewise, a thermal boundary layer, and hence convection
heat transfer, will always exist if the surface and free stream temperatures differ.
Similarly, a concentration boundary layer and convection mass transfer will exist if
the surface concentration of a species differs from its free stream concentration. The
velocity boundary layer is of extent (x) and is characterized by the presence of
velocity gradients and shear stresses. The thermal boundary layer is of extent t(x)
and is characterized by temperature gradients and heat transfer. Finally, the concentration boundary layer is of extent c(x) and is characterized by concentration gradients and species transfer. Situations can arise in which all three boundary layers are
present. In such cases, the boundary layers rarely grow at the same rate, and the values of , t, and c at a given location are not the same.
For the engineer, the principal manifestations of the three boundary layers are,
respectively, surface friction, convection heat transfer, and convection mass transfer. The key boundary layer parameters are then the friction coefficient Cf and the
heat and mass transfer convection coefficients h and hm, respectively. We now turn
our attention to examining these key parameters, which are central to the analysis of
convection heat and mass transfer problems.

6.2
Local and Average Convection Coefficients
6.2.1

Heat Transfer

Consider the conditions of Figure 6.4a. A fluid of velocity V and temperature T
flows over a surface of arbitrary shape and of area As. The surface is presumed to be
at a uniform temperature, Ts, and if Ts  T, we know that convection heat transfer
will occur. From Section 6.1.2, we also know that the surface heat flux and convection heat transfer coefficient both vary along the surface. The total heat transfer
rate q may be obtained by integrating the local flux over the entire surface. That is,
q

 qdA

s

As

(6.10)
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FIGURE 6.4 Local and total convection heat transfer.
(a) Surface of arbitrary shape. (b) Flat plate.

or, from Equation 6.4,

 hdA

q  (Ts  T)

s

(6.11)

As

Defining an average convection coefficient h for the entire surface, the total heat
transfer rate may also be expressed as
q  h As(Ts  T)

(6.12)

Equating Equations 6.11 and 6.12, it follows that the average and local convection
coefficients are related by an expression of the form
h 1
As

 hdA

(6.13)

s

As

Note that for the special case of flow over a flat plate (Figure 6.4b), h varies only
with the distance x from the leading edge and Equation 6.13 reduces to
h1
L

 hdx
L

(6.14)

0

6.2.2 Mass Transfer
Similar results may be obtained for convection mass transfer. If a fluid of species
molar concentration CA, flows over a surface at which the species concentration is
maintained at some uniform value CA,s  CA, (Figure 6.5a), transfer of the species
by convection will occur. From Section 6.1.3, we know that the surface molar flux
and convection mass transfer coefficient both vary along the surface. The total
molar transfer rate for an entire surface, NA (kmol/s), may then be expressed as
NA  hm As(CA,s  CA,)

(6.15)

where the average and local mass transfer convection coefficients are related by an
equation of the form
hm  1
As

 h dA
m

As

s

(6.16)
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FIGURE 6.5 Local and total convection species transfer.
(a) Surface of arbitrary shape. (b) Flat plate.

For the flat plate of Figure 6.5b, it follows that
hm  1
L

 h dx
L

(6.17)

m

0

Species transfer may also be expressed as a mass flux, nA (kg/s  m2), or as a
mass transfer rate, nA (kg/s), by multiplying both sides of Equations 6.8 and 6.15,
respectively, by the molecular weight A (kg/kmol) of species A. Accordingly,
nA  hm(A,s  A,)

(6.18)

nA  hm As(A,s  A,)

(6.19)

and

where A (kg/m3) is the mass density of species A.2 We can also write Fick’s law on
a mass basis by multiplying Equation 6.7 by A to yield
nA,s  DAB

A
y



(6.20)

y0

Furthermore, multiplying the numerator and denominator of Equation 6.9 by A
yields an alternative expression for hm:
hm 

DABA/y y0
A,s  A,

(6.21)

To perform a convection mass transfer calculation, it is necessary to determine
the value of CA,s or A,s. Such a determination may be made by assuming thermodynamic equilibrium at the interface between the gas and the liquid or solid phase.
One implication of equilibrium is that the temperature of the vapor at the interface
is equal to the surface temperature Ts. A second implication is that the vapor is in a
saturated state, in which case thermodynamic tables, such as Table A.6 for water,
may be used to obtain its density from knowledge of Ts. To a good approximation,
the molar concentration of the vapor at the surface may also be determined from the
vapor pressure through application of the equation of state for an ideal gas. That is,
2

Although the foregoing nomenclature is well suited for characterizing mass transfer processes of
interest in this text, there is by no means a standard nomenclature, and it is often difficult to reconcile the results from different publications. A review of the different ways in which driving potentials, fluxes, and convection coefficients may be formulated is provided by Webb [1].
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CA,s 

psat(Ts)
Ts

(6.22)

where  is the universal gas constant and psat(Ts) is the vapor pressure corresponding to saturation at Ts. Note that the vapor mass density and molar concentration are
related by A  ACA.

6.2.3 The Problem of Convection
The local flux and/or the total transfer rate are of paramount importance in any convection problem. These quantities may be determined from the rate equations,
Equations 6.4, 6.8, 6.12, and 6.15, which depend on knowledge of the local (h or
hm) and average (h or hm) convection coefficients. It is for this reason that determination of these coefficients is viewed as the problem of convection. However, the
problem is not a simple one, for in addition to depending on numerous fluid properties such as density, viscosity, thermal conductivity, and specific heat, the coefficients depend on the surface geometry and the flow conditions. This multiplicity of
independent variables is attributable to the dependence of convection transfer on the
boundary layers that develop on the surface.

EXAMPLE 6.1
Experimental results for the local heat transfer coefficient hx for flow over a flat
plate with an extremely rough surface were found to fit the relation
hx(x)  ax0.1
where a is a coefficient (W/m1.9 • K) and x (m) is the distance from the leading edge
of the plate.
1. Develop an expression for the ratio of the average heat transfer coefficient hx
for a plate of length x to the local heat transfer coefficient hx at x.
2. Show, in a qualitative manner, the variation of hx and hx as a function of x.

SOLUTION
Known: Variation of the local heat transfer coefficient, hx(x).
Find:
1. The ratio of the average heat transfer coefficient h(x) to the local value hx(x).
2. Sketch of the variation of hx and hx with x.

Schematic:
Boundary layer
hx = ax–0.1

t(x)
T∞
Ts

x
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Analysis:
1. From Equation 6.14 the average value of the convection heat transfer coefficient over the region from 0 to x is
hx  hx(x)  1x

 h (x) dx
x

x

0

Substituting the expression for the local heat transfer coefficient
hx(x)  ax0.1
and integrating, we obtain
hx  1x

 ax
x

0

0.1

a
dx  x

x
x

0.1

0

 

a x0.9
dx  x
 1.11ax0.1
0.9

or


hx  1.11hx
2. The variation of hx and hx with x is as follows:
1.5a

hx, hx (W/m2•K)

356

hx = 1.11hx
1.0a

hx = ax–0.1

0.5a
0

0

1

2

3

4

x (m)

Comments: Boundary layer development causes both the local and average
coefficients to decrease with increasing distance from the leading edge. The average
coefficient up to x must therefore exceed the local value at x.

EXAMPLE 6.2
A long circular cylinder 20 mm in diameter is fabricated from solid naphthalene, a
common moth repellant, and is exposed to an airstream that provides for an average convection mass transfer coefficient of hm  0.05 m/s. The molar concentration
of naphthalene vapor at the cylinder surface is 5  106 kmol/m3, and its molecular weight is 128 kg/kmol. What is the mass sublimation rate per unit length of
cylinder?

SOLUTION
Known: Saturated vapor concentration of naphthalene.
Find: Sublimation rate per unit length, nA (kg/s • m).
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Schematic:
n'A
CA, ∞ = 0
hm = 0.05 m/s
L
Air

CA, s = 5 × 10–6 kmol/m3

D = 20 mm

Assumptions:
1. Steady-state conditions.
2. Negligible concentration of naphthalene in free stream of air.

Analysis: Naphthalene is transported to the air by convection, and from Equation
6.15, the molar transfer rate for the cylinder is
NA  hm DL(CA,s  CA,)
With CA,   0 and NA  NA/L, it follows that
NA  (D)hmCA, s    0.02 m  0.05 m/s  5  106 kmol/m3
NA  1.57  108 kmol/s  m
The mass sublimation rate is then
nA  ANA  128 kg/kmol  1.57  108 kmol/s  m
nA  2.01  106 kg/s  m



EXAMPLE 6.3
At some location on the surface of a pan of water, measurements of the partial pressure of water vapor pA (atm) are made as a function of the distance y from the surface, and the results are as follows:
8

y (mm)

6
4
2
0

0 0.02 0.04 0.06 0.08 0.10
pA (atm)

Determine the convection mass transfer coefficient hm,x at this location.
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SOLUTION
Known: Partial pressure pA of water vapor as a function of distance y at a particular location on the surface of a water layer.
Find: Convection mass transfer coefficient at the prescribed location.
Schematic:
pA, ∞ = 0.02 atm
Air

y

pA, ∞, T∞
y

pA, s, Ts

pA, s = 0.10 atm

3.0 mm

Water
Tangent at y = 0

x

pA (y)

Assumptions:
1. Water vapor may be approximated as an ideal gas.
2. Conditions are isothermal.

Properties: Table A.6, saturated vapor (0.1 atm  0.101 bar): Ts  319 K. Table

A.8, water vapor–air (319 K): DAB (319 K)  DAB (298 K)  (319 K/298 K)3/2 
0.288  104 m2/s.

Analysis: From Equation 6.21 the local convection mass transfer coefficient is
hm,x 

DAB A/yy0
A,s  A,

or, approximating the vapor as an ideal gas
pA  ART
with constant T (isothermal conditions),
hm,x 

DAB pA/yy0
pA,s  pA,

From the measured vapor pressure distribution
pA
y



y0



(0  0.1) atm
 33.3 atm/m
(0.003  0) m

Hence
hm,x 

0.288  104 m2/s (33.3 atm/m)
 0.0120 m/s
(0.1  0.02) atm

Comments: From thermodynamic equilibrium at the liquid–vapor interface, the
interfacial temperature was determined from Table A.6.
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6.3
Laminar and Turbulent Flow
In the discussion of convection so far, we have not addressed the significance of the
flow conditions. An essential first step in the treatment of any convection problem is
to determine whether the boundary layer is laminar or turbulent. Surface friction and
the convection transfer rates depend strongly on which of these conditions exists.

6.3.1 Laminar and Turbulent Velocity Boundary Layers
Boundary layer development on a flat plate is illustrated in Figure 6.6. In many cases,
laminar and turbulent flow conditions both occur, with the laminar section preceding
the turbulent section. For either condition, the fluid motion is characterized by velocity components in the x- and y-directions. Fluid motion away from the surface is
necessitated by the slowing of the fluid near the wall as the boundary layer grows in
the x-direction. Figure 6.6 shows that there are sharp differences between laminar
and turbulent flow conditions, as described in the following paragraphs.
In the laminar boundary layer, the fluid flow is highly ordered and it is possible
to identify streamlines along which fluid particles move. From Section 6.1.1 we
know that the boundary layer thickness grows and that velocity gradients at y  0
decrease in the streamwise (increasing x) direction. From Equation 6.2, we see that
the local surface shear stress s also decreases with increasing x. The highly ordered
behavior continues until a transition zone is reached, across which a conversion
from laminar to turbulent conditions occurs. Conditions within the transition zone
change with time, with the flow sometimes exhibiting laminar behavior and sometimes exhibiting the characteristics of turbulent flow.
Flow in the fully turbulent boundary layer is, in general, highly irregular and is
characterized by random, three-dimensional motion of relatively large parcels of
fluid. Mixing within the boundary layer carries high-speed fluid toward the solid
surface and transfers slower-moving fluid farther into the free stream. Much of the

Streamline

v
u

u∞

y, v
x, u
u∞

Turbulent
region

u∞

Buffer layer
Viscous
sublayer

x

xc
Turbulent

Laminar
Transition

FIGURE 6.6 Velocity boundary layer development on a flat plate.
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mixing is promoted by streamwise vortices called streaks that are generated intermittently near the flat plate, where they rapidly grow and decay. Recent analytical and
experimental studies have suggested that these and other coherent structures within
the turbulent flow can travel in waves at velocities that can exceed u, interact nonlinearly, and spawn the chaotic conditions that characterize turbulent flow [2].
As a result of the interactions that lead to chaotic flow conditions, velocity and
pressure fluctuations occur at any point within the turbulent boundary layer. Three
different regions may be delineated within the turbulent boundary layer as a function
of distance from the surface. We may speak of a viscous sublayer in which transport
is dominated by diffusion and the velocity profile is nearly linear. There is an adjoining buffer layer in which diffusion and turbulent mixing are comparable, and there is a
turbulent zone in which transport is dominated by turbulent mixing. A comparison of
the laminar and turbulent boundary layer profiles for the x-component of the velocity,
provided in Figure 6.7, shows that the turbulent velocity profile is relatively flat due to
the mixing that occurs within the buffer layer and turbulent region, giving rise to large
velocity gradients within the viscous sublayer. Hence, s is generally larger in the turbulent portion of the boundary layer of Figure 6.6 than in the laminar portion.
The transition from laminar to turbulent flow is ultimately due to triggering
mechanisms, such as the interaction of unsteady flow structures that develop naturally within the fluid or small disturbances that exist within many typical boundary
layers. These disturbances may originate from fluctuations in the free stream, or
they may be induced by surface roughness or minute surface vibrations. The onset
of turbulence depends on whether the triggering mechanisms are amplified or attenuated in the direction of fluid flow, which in turn depends on a dimensionless
grouping of parameters called the Reynolds number,
Rex 

u x


(6.23)

where, for a flat plate, the characteristic length is x, the distance from the leading
edge. It will be shown later that the Reynolds number represents the ratio of the inertia to viscous forces. If the Reynolds number is small, inertia forces are insignificant
relative to viscous forces. The disturbances are then dissipated, and the flow remains
laminar. For a large Reynolds number, however, the inertia forces can be sufficient
to amplify the triggering mechanisms, and a transition to turbulence occurs.

]u
]y y = 0, lam

<

]u
]y y = 0, turb

u∞

u∞
_
u (y)

u(y)

]u
]y y = 0

]u
]y y = 0
Laminar

Turbulent

FIGURE 6.7 Comparison
of laminar and turbulent
velocity boundary layer
profiles for the same free
stream velocity.3

3
Since velocity fluctuates with time in turbulent flow, the time-averaged velocity, u, is plotted in
Figure 6.7.
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In calculating boundary layer behavior, it is frequently reasonable to assume
that transition begins at some location xc, as shown in Figure 6.6. This location is
determined by the critical Reynolds number, Rex,c. For flow over a flat plate, Rex,c
is known to vary from approximately 105 to 3  106, depending on surface roughness and the turbulence level of the free stream. A representative value of
Rex,c 

uxc
5
  5  10

(6.24)

is often assumed for boundary layer calculations and, unless otherwise noted, is
used for the calculations of this text that involve a flat plate.

6.3.2 Laminar and Turbulent Thermal and Species

Concentration Boundary Layers
Since the velocity distribution determines the advective component of thermal
energy or chemical species transfer within the boundary layer, the nature of the flow
also has a profound effect on convective heat and mass transfer rates. Similar to the
laminar velocity boundary layer, the thermal and species boundary layers grow in
the streamwise (increasing x) direction, temperature and species concentration
gradients in the fluid at y  0 decrease in the streamwise direction, and, from
Equations 6.5 and 6.9, the heat and mass transfer coefficients also decrease with
increasing x.
Just as it induces large velocity gradients at y  0, turbulent mixing promotes
large temperature and species concentration gradients adjacent to the solid surface
as well as a corresponding increase in the heat and mass transfer coefficients across
the transition region. These effects are illustrated in Figure 6.8 for the velocity
boundary layer thickness  and the local convection heat transfer coefficient h.
Because turbulence induces mixing, which in turn reduces the importance of conduction and diffusion in determining the thermal and species boundary layer thicknesses, differences in the thicknesses of the velocity, thermal, and species boundary
layers tend to be much smaller in turbulent flow than in laminar flow. As is evident
in Equation 6.24, the presence of heat and/or mass transfer can affect the location of
the transition from laminar to turbulent flow xc if the density or dynamic viscosity
of the fluid is dependent on temperature or species concentration.

h, δ
h (x)

δ (x)
u∞, T∞
Ts
xc
x
Laminar

Turbulent
Transition

FIGURE 6.8
Variation of velocity boundary layer thickness
 and the local heat transfer coefficient h for
flow over an isothermal flat plate.
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EXAMPLE 6.4
Water flows at a velocity u  1 m/s over a flat plate of length L  0.6 m. Consider two
cases, one for which the water temperature is approximately 300 K and the other for an
approximate water temperature of 350 K. In the laminar and turbulent regions, experimental measurements show that the local convection coefficients are well described by
hlam(x)  Clam x0.5

hturb(x)  Cturb x0.2

where x has units of m. At 300 K,
Clam,300  395 W/m1.5  K

Cturb,300  2330 W/m1.8  K

while at 350 K,
Clam,350  477 W/m1.5  K

Cturb,350  3600 W/m1.8  K

As is evident, the constant, C, depends on the nature of the flow as well as the water
temperature because of the thermal dependence of various properties of the fluid.
Determine the average convection coefficient, h, over the entire plate for the
two water temperatures.
SOLUTION

Known: Water flow over a flat plate; expressions for the dependence of the local
convection coefficient with distance from the plate’s leading edge, x; and approximate temperature of the water.

Find: Average convection coefficient, h.
Schematic:
Laminar

Turbulent

u∞

y

Ts

δ t(x)

xc
L
x

Assumptions:
1. Steady-state conditions.
2. Transition occurs at a critical Reynolds number of Rex,c  5  105.
6
3
Properties: Table A.6, water (T  300 K):   v1
f  997 kg/m ,   855  10
6
3
N  s/m2. Table A.6 (T  350 K):   v1
N  s/m2.
f  974 kg/m ,   365  10

Analysis: The local convection coefficient is highly dependent on whether laminar or turbulent conditions exist. Therefore, we first determine the extent to which
these conditions exist by finding the location where transition occurs, xc. From
Equation 6.24, we know that at 300 K,
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Rex,c 5  105  855  106 N  s/m2
xc  u 
 0.43 m

997 kg/m3  1 m/s
while at 350 K,
Rex,c 5  105  365  106 N  s/m2
xc  u 
 0.19 m

974 kg/m3  1 m/s
From Equation 6.14 we know that
h1
L

 hdx  L1
L

xc

hlam dx 

0

0

or



Clam 0.5
h1
x
L 0.5





L

hturb dx

xc



xc
0



Cturb 0.8
x
0.8


L

xc

At 300 K,
h



395 W/m1.5  K
2330 W/m1.8  K
1
 (0.430.5) m0.5 
0.8
0.6 m
0.5





 (0.60.8  0.430.8) m0.8  1620 W/m2  K
while at 350 K,
h



477 W/m1.5  K
3600 W/m1.8  K
1
 (0.190.5) m0.5 
0.8
0.6 m
0.5





 (0.60.8  0.190.8) m0.8  3710 W/m2  K

The local and average convection coefficient distributions for the plate are shown in
the figure below.
8000

h, 300 K
h, 350 K
6000

h, h, (W/m2•K)

h, 350 K

4000

h, 300 K
2000

0
0

0.2

0.4

x (m)

0.6
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Comments:
1. The average convection coefficient at T  350 K is over twice as large as the
value at T  300 K. This strong temperature dependence is due primarily to the
significant shift of xc that is associated with the smaller viscosity of the water at
the higher temperature. Careful consideration of the temperature dependence of
fluid properties is crucial when performing a convection heat transfer analysis.
2. Spatial variations in the local convection coefficient are significant. The largest
local convection coefficients occur at the leading edge of the flat plate, where
the laminar thermal boundary layer is extremely thin, and just downstream of
xc, where the turbulent boundary layer is thinnest.

6.4
The Boundary Layer Equations
We can improve our understanding of the physical effects that determine boundary
layer behavior and further illustrate its relevance to convection transport by considering the equations that govern boundary layer conditions, such as those illustrated
in Figure 6.9.
The velocity boundary layer results from the difference between the free stream
velocity and the zero velocity at the wall, while the thermal boundary layer results
from a difference between the free stream and surface temperatures. The fluid is
considered to be a binary mixture of species A and B, and the concentration boundary layer originates from a difference between the free stream and surface concentrations (CA,  CA,s). Illustration of the relative thicknesses (t  c  ) in Figure
6.9 is arbitrary, for the moment, and the factors that influence relative boundary
layer development are discussed later in this chapter.
Our objective in the next section is to obtain the differential equations that govern the velocity, temperature, and species concentration fields that are applicable to

dy
Mixture
of A + B

CA, ∞

N"A, s
dx

q"s

T∞

y

τs

T∞

CA, ∞

x

CA, s

Ts
V

u∞

δt

δc

δ

Thermal
boundary
layer

Concentration
boundary
layer

Velocity
boundary
layer

FIGURE 6.9 Development of the velocity, thermal, and concentration boundary layers
for an arbitrary surface.
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boundary layer flow with heat and species transfer. Section 6.4.1 presents the laminar boundary layer equations, and Appendix E gives the corresponding equations
for turbulent conditions.

6.4.1 Boundary Layer Equations for Laminar Flow

These equations are
derived in Section 6S.1.

Motion of a fluid in which there are coexisting velocity, temperature, and concentration
gradients must comply with several fundamental laws of nature. In particular, at each
point in the fluid, conservation of mass, energy, and chemical species, as well as
Newton’s second law of motion, must be satisfied. Equations representing these
requirements are derived by applying the laws to a differential control volume situated
in the flow. The resulting equations, in Cartesian coordinates, for the steady, twodimensional flow of an incompressible fluid with constant properties are given in
Appendix D. These equations serve as starting points for our analysis of laminar
boundary layers. Note that turbulent flows are inherently unsteady, and the equations
governing them are presented in Appendix E.
We begin by restricting attention to applications for which body forces are negligible (X  Y  0), there is no thermal energy generation (q̇  0), and the flow is
nonreacting (ṄA  0). Additional simplifications may be made by invoking approximations pertinent to conditions in the velocity, thermal, and concentration boundary layers. The boundary layer thicknesses are typically very small relative to the
size of the object upon which they form, and the x-direction velocity, temperature,
and concentration must change from their surface to their free stream values over
these very small distances. Therefore, gradients normal to the object’s surface are
much larger than those along the surface. As a result, we can neglect terms that represent x-direction diffusion of momentum, thermal energy, and chemical species,
relative to their y-direction counterparts. That is [3, 4]:
2u
x2

2u
y2

2T
x2

2T
y2

2CA
x2

2CA
y2

(6.25)

By neglecting the x-direction terms, we are assuming that the corresponding shear
stress, conduction flux, and species diffusion flux are negligible.
Furthermore, because the boundary layer is so thin, the x-direction pressure gradient within the boundary layer can be approximated as the free stream pressure gradient:
p dp

x
dx

(6.26)

The form of p(x) depends on the surface geometry and may be obtained from a
separate consideration of flow conditions in the free stream. Hence, the pressure
gradient may be treated as a known quantity.
With the foregoing simplifications and approximations, the overall continuity
equation is unchanged from Equation D.1:
u v
 0
x y

(6.27)

This equation is an outgrowth of applying conservation of mass to the differential,
dx  dy  1 control volume shown in Figure 6.9. The two terms represent the net outflow (outflow minus inflow) of mass in the x- and y-directions, the sum of which
must be zero for steady flow.
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The x-momentum equation (Equation D.2) reduces to:
u

dp
u
u
2u
 v  1
 2
x
y
dx
y

(6.28)

This equation results from application of Newton’s second law of motion in the
x-direction to the dx  dy  1 differential control volume in the fluid. The left-hand
side represents the net rate at which x-momentum leaves the control volume due to
fluid motion across its boundaries. The first term on the right-hand side represents
the net pressure force, and the second term represents the net force due to viscous
shear stresses.
The energy equation (Equation D.4) reduces to
u

 

T
T
2T  u
v
 2 c
x
y
p y
y

2

(6.29)

This equation results from application of conservation of energy to a differential
control volume in the flowing fluid. Terms on the left-hand side account for the net
rate at which thermal energy leaves the control volume due to bulk fluid motion
(advection). The first term on the right-hand side accounts for the net inflow of thermal energy due to y-direction conduction. The last term on the right-hand side is
what remains of the viscous dissipation, Equation D.5, when it is acknowledged
that, in a boundary layer, the velocity component in the direction along the surface, u,
is much larger than that normal to the surface, v, and gradients normal to the surface
are much larger than those along the surface. In many situations this term may be
neglected relative to those that account for advection and conduction. However,
aerodynamic heating that accompanies high-speed (especially supersonic) flight is a
noteworthy situation in which this term is important.
The species conservation equation (Equation D.6) reduces to
u

CA
CA
2CA
v
 DAB 2
x
y
y

(6.30)

This equation is obtained by applying conservation of chemical species to a differential control volume in the flow. Terms on the left-hand side account for net transport of species A due to bulk fluid motion (advection), while the right-hand side
represents the net inflow due to y-direction diffusion.
Equations 6.27 through 6.30 may be solved to determine the spatial variations of
u, v, T, and CA in the different laminar boundary layers. For incompressible, constant
property flow, Equations 6.27 and 6.28 are uncoupled from Equations 6.29 and 6.30.
That is, Equations 6.27 and 6.28 may be solved for the velocity field, u(x,y) and
v(x,y), without consideration of Equations 6.29 and 6.30. From knowledge of u(x,y),
the velocity gradient (u/y)y0 could then be evaluated, and the wall shear stress
could be obtained from Equation 6.2. In contrast, through the appearance of u and v
in Equations 6.29 and 6.30, the temperature and species concentration are coupled to
the velocity field. Hence u(x,y) and v(x,y) must be known before Equations 6.29 and
6.30 may be solved for T(x,y) and CA(x,y). Once T(x,y) and CA(x,y) have been
obtained from such solutions, the convection heat and mass transfer coefficients may
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be determined from Equations 6.5 and 6.9, respectively. It follows that these coefficients depend strongly on the velocity field.4
Because boundary layer solutions generally involve mathematics beyond the
scope of this text, our treatment of such solutions will be restricted to the analysis
of laminar parallel flow over a flat plate (Section 7.2 and Appendix F). However,
other analytical solutions are discussed in advanced texts on convection [6–8], and
detailed boundary layer solutions may be obtained by using numerical (finitedifference or finite-element) techniques [9]. It is also essential to recognize that a
wide array of situations of engineering relevance involve turbulent convective heat
transfer, which is both mathematically and physically more complex than laminar
convection. The boundary layer equations for turbulent flow are included in
Appendix E.
It is important to stress that we have not developed the laminar boundary layer
equations solely for the purpose of obtaining solutions. In fact, we have been motivated primarily by two other considerations. One motivation has been to obtain an
appreciation for the physical processes that occur in boundary layers. These
processes affect wall friction as well as energy and species transfer in the boundary
layers. A second important motivation arises from the fact that the equations may
be used to identify key boundary layer similarity parameters, as well as important
analogies between momentum, heat, and mass transfer. The laminar governing
equations will be used for this purpose in Sections 6.5 through 6.7, but the same key
parameters and analogies hold true for turbulent conditions as well.

6.5
Boundary Layer Similarity: The Normalized
Boundary Layer Equations
If we examine Equations 6.28, 6.29, and 6.30 we note a strong similarity. In fact, if the
pressure gradient appearing in Equation 6.28 and the viscous dissipation term of Equation 6.29 are negligible, the three equations are of the same form. Each equation is
characterized by advection terms on the left-hand side and a diffusion term on the
right-hand side. This situation describes low-speed, forced convection flows, which are

4

Special attention must be given to the effect of species transfer on the velocity boundary layer.
Recall that velocity boundary layer development is generally characterized by the existence of zero
fluid velocity at the surface. This condition pertains to the velocity component v normal to the surface, as well as to the velocity component u along the surface. However, if there is simultaneous
mass transfer to or from the surface, it is evident that v can no longer be zero at the surface. Nevertheless, for the mass transfer problems of interest in this text, it is reasonable to assume that v  0 at
the surface, which is equivalent to assuming that mass transfer has a negligible effect on the velocity
boundary layer. The assumption is appropriate for many problems involving evaporation or sublimation from gas–liquid or gas–solid interfaces, respectively. It is not appropriate, however, for mass
transfer cooling problems that involve large surface mass transfer rates [5]. In addition, we note that,
with mass transfer, the boundary layer fluid is a binary mixture of species A and B, and its properties
should be those of the mixture. However, in all problems in this text, CA CB and it is reasonable to
assume that the boundary layer properties (such as k, , cp, etc.) are those of species B.
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found in many engineering applications. Implications of this similarity may be developed in a rational manner by first nondimensionalizing the governing equations.

6.5.1 Boundary Layer Similarity Parameters
The boundary layer equations are normalized by first defining dimensionless independent variables of the forms
x* 

x
L

and

y* 

y
L

(6.31)

where L is a characteristic length for the surface of interest (e.g., the length of a flat
plate). Moreover, dependent dimensionless variables may also be defined as
u* 

u
V

and

v* 

v
V

(6.32)

where V is the velocity upstream of the surface (Figure 6.9), and as
T  Ts
T  Ts

(6.33)

CA  CA,s
CA,   CA,s

(6.34)

T* 
CA* 

Equations 6.31 through 6.34 may be substituted into Equations 6.28, 6.29, and 6.30 to
obtain the dimensionless forms of the conservation equations shown in Table 6.1.
Note that viscous dissipation has been neglected and that p* (p /V 2) is a dimensionless pressure. The y-direction boundary conditions required to solve the equations
are also shown in the table.
Three very important dimensionless similarity parameters are introduced in
Table 6.1. They are the Reynolds number, ReL; Prandtl number, Pr; and Schmidt
number, Sc. Similarity parameters are important because they allow us to apply
results obtained for a surface experiencing one set of convective conditions to geometrically similar surfaces experiencing entirely different conditions. These conditions may vary, for example, with the nature of the fluid, the fluid velocity, and/or
the size of the surface, as described by the characteristic length, L. As long as the
similarity parameters and dimensionless boundary conditions are the same for the
two sets of conditions, the solutions of the differential equations for the nondimensional velocity, temperature, and species concentration will also be the same. This
concept will be expanded upon in the remainder of this section.

6.5.2 Functional Form of the Solutions
Equations 6.35 through 6.43 in Table 6.1 are extremely useful from the standpoint
of suggesting how important boundary layer results may be simplified and generalized. The momentum equation (6.35) suggests that, although conditions in the
velocity boundary layer depend on the fluid properties  and , the velocity V, and
the length scale L, this dependence may be simplified by grouping these variables

T*(x*,0)  0

(6.36)

(6.37)

T*
T*
2T*
 v*
 1
x*
y* ReL Pr y*2
CA*
C*
2CA*
 v* A  1
x*
y* ReLSc y*2

u*

u*

Thermal

Concentration

C*A (x*,0)  0

u*(x*,0)  0
v*(x*,0)  0

dp*
u*
u*
2u*
 v*

 1
(6.35)
x*
y*
dx* ReL y*2

Wall

u*

Conservation Equation

u(x*)
V

C*A (x*,)  1

T*(x*,)  1

u*(x*,) 

Free Stream

Boundary Conditions

Velocity

Boundary
Layer

(6.40)

(6.39)

(6.38)

ReL, Sc 


DAB


ReL, Pr  

VL
ReL  

(6.43)

(6.42)

(6.41)

Similarity
Parameter(s)

TABLE 6.1 The boundary layer equations and their y-direction boundary conditions in nondimensional form
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in the form of the Reynolds number. We therefore anticipate that the solution to
Equation 6.35 will be of the functional form



u*  f x*, y*, ReL,

dp*
dx*



(6.44)

Since the pressure distribution p*(x*) depends on the surface geometry and may be
obtained independently by considering flow conditions in the free stream, the
appearance of dp*/dx* in Equation 6.44 represents the influence of geometry on the
velocity distribution.
From Equation 6.2, the shear stress at the surface, y*  0, may be expressed as
u
y

s  

   
V u*
L y*



y0

y*0

and from Equations 6.1 and 6.41, it follows that the friction coefficient is
Cf 

s
u*
 2
2
Re
V /2
L y*



(6.45)

y*0

From Equation 6.44 we also know that
u*
y*





 f x*, ReL,

y*0

dp*
dx*



Hence, for a prescribed geometry Equation 6.45 may be expressed as
Cf  2 f (x*, ReL)
ReL

(6.46)

The significance of this result should not be overlooked. Equation 6.46 states
that the friction coefficient, a dimensionless parameter of considerable importance
to the engineer, may be expressed exclusively in terms of a dimensionless space
coordinate and the Reynolds number. Hence, for a prescribed geometry we expect
the function that relates Cƒ to x* and ReL to be universally applicable. That is, we
expect it to apply to different fluids and over a wide range of values for V and L.
Similar results may be obtained for the convection coefficients of heat and
mass transfer. Intuitively, we might anticipate that h depends on the fluid properties
(k, cp, , and ), the fluid velocity V, the length scale L, and the surface geometry.
However, Equation 6.36 suggests the manner in which this dependence may be simplified. In particular, the solution to this equation may be expressed in the form



T*  f x*, y*, ReL, Pr,

dp*
dx*



(6.47)

where the dependence on dp*/dx* originates from the influence of the geometry on
the fluid motion (u* and v*), which, in turn, affects the thermal conditions. Once
again the term dp*/dx* represents the effect of surface geometry. From the definition of the convection coefficient, Equation 6.5, and the dimensionless variables,
Equations 6.31 and 6.33, we also obtain
h

kf (T  Ts) T*
L (Ts  T) y*




y*0

kf T*
L y*



y*0
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This expression suggests defining a dependent dimensionless parameter termed the
Nusselt number.
Nusselt Number:
Nu 

T*
hL

y*
kf



(6.48)

y*  0

This parameter is equal to the dimensionless temperature gradient at the surface,
and it provides a measure of the convection heat transfer occurring at the surface.
From Equation 6.47 it follows that, for a prescribed geometry,
Nu  f (x*, ReL, Pr)

(6.49)

The Nusselt number is to the thermal boundary layer what the friction coefficient is
to the velocity boundary layer. Equation 6.49 implies that for a given geometry, the
Nusselt number must be some universal function of x*, ReL, and Pr. If this function
were known, it could be used to compute the value of Nu for different fluids and for different values of V and L. From knowledge of Nu, the local convection coefficient h may
be found and the local heat flux may then be computed from Equation 6.4. Moreover,
since the average heat transfer coefficient is obtained by integrating over the surface of
the body, it must be independent of the spatial variable x*. Hence the functional dependence of the average Nusselt number is
Nu 

hL
 f (ReL, Pr)
kf

(6.50)

Similarly, it may be argued that, for mass transfer in a gas flow over an evaporating liquid or a sublimating solid, the convection mass transfer coefficient hm
depends on the properties DAB, , and , the velocity V, and the characteristic
length L. However, Equation 6.37 suggests that this dependence may be simplified.
The solution to this equation must be of the form



CA*  f x*, y*, ReL, Sc,

dp*
dx*



(6.51)

where the dependence on dp*/dx* again originates from the influence of the fluid
motion. From the definition of the convection coefficient, Equation 6.9, and the
dimensionless variables, Equation 6.31 and 6.34, we know that
hm  

DAB (CA,  CA,s) C*
A
L (CA,s  CA,) y*





y*0

DAB CA*
L y*



y*0

Hence we may define a dependent dimensionless parameter termed the Sherwood
number (Sh).
Sherwood Number:
Sh 

hmL
C*
A

DAB
y*



(6.52)
y*0
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This parameter is equal to the dimensionless concentration gradient at the surface,
and it provides a measure of the convection mass transfer occurring at the surface.
From Equation 6.51 it follows that, for a prescribed geometry,
Sh  f (x*, ReL, Sc)

(6.53)

The Sherwood number is to the concentration boundary layer what the Nusselt
number is to the thermal boundary layer, and Equation 6.53 implies that it must be a
universal function of x*, ReL, and Sc. As for the Nusselt number, it is also possible to
work with an average Sherwood number that depends on only ReL and Sc.
Sh 

hmL
 f(ReL, Sc)
DAB

(6.54)

From the foregoing development we have obtained the relevant dimensionless
parameters for low-speed, forced-convection boundary layers. We have done so by
nondimensionalizing the differential equations that describe the physical processes
occurring within the boundary layers. An alternative approach could have involved
the use of dimensional analysis in the form of the Buckingham pi theorem [10].
However, the success of that method depends on one’s ability to select, largely from
intuition, the various parameters that influence a problem. For example, knowing
beforehand that h  ƒ(k, cp , , , V, L), one could use the Buckingham pi theorem
to obtain Equation 6.50. However, having begun with the differential form of the
conservation equations, we have eliminated the guesswork and have established the
similarity parameters in a rigorous fashion.
The value of an expression such as Equation 6.50 should be fully appreciated. It
states that many convection heat transfer results, whether obtained theoretically or
experimentally, can be represented in terms of three dimensionless groups, instead of
the original seven parameters. The convenience afforded by such simplifications is
evident. Moreover, once the form of the functional dependence of Equation 6.50
has been obtained for a particular surface geometry, let us say from laboratory
measurements, it is known to be universally applicable. By this we mean that it may
be applied for different fluids, velocities, and length scales, as long as the assumptions implicit in the originating boundary layer equations remain valid (e.g., negligible viscous dissipation and body forces).

EXAMPLE 6.5
Experimental tests on a portion of the turbine blade shown indicate a heat flux to the
blade of q  95,000 W/m2. To maintain a steady-state surface temperature of 800°C,
heat transferred to the blade is removed by circulating a coolant inside the blade.
q" = 95 kW/m2
Ts = 800°C
Air

Coolant channel

V = 160 m/s
T∞ = 1150°C
L = 40mm
Original
conditions
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1. Determine the heat flux to the blade if its temperature is reduced to Ts,1  700°C
by increasing the coolant flow.
2. Determine the heat flux at the same dimensionless location for a similar turbine
blade having a chord length of L  80 mm, when the blade operates in an airflow at T  1150°C and V  80 m/s, with Ts  800°C.

SOLUTION
Known: Operating conditions of an internally cooled turbine blade.
Find:
1. Heat flux to the blade when the surface temperature is reduced.
2. Heat flux to a larger turbine blade of the same shape with reduced air velocity.

Schematic:
Air

Air

q"1

V = 160 m/s
T∞ = 1150°C

Ts, 1 = 700°C

V2 = 80 m/s
T∞ = 1150°C

q"2

Ts = 800°C

L = 40 mm
L2 = 80 mm

Case 1

Case 2

Assumptions:
1. Steady-state conditions.
2. Constant air properties.

Analysis:
1. When the surface temperature is 800°C, the convection heat transfer coefficient
between the surface and the air can be obtained from Newton’s law of cooling:
q  h(T  Ts)
Thus,

q
(T  Ts)
We proceed without calculating the value for now. From Equation 6.49, it follows that, for the prescribed geometry,
h

hL
 f(x*, ReL, Pr)
k
Hence, since there is no change in x*, ReL, or Pr associated with a change in T,
for constant properties, the local Nusselt number is unchanged. Moreover, since
L and k are also unchanged, the local convection coefficient remains the same.
Thus, when the surface temperature is reduced to 700°C, the heat flux may be
obtained from Newton’s law of cooling, using the same convection coefficient:
q
95,000 W/m2
(T  Ts,1) 
(1150  700)C
q1  h(T  Ts,1) 
(T  Ts)
(1150  800)C
 122,000 W/m2

Nu 
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2. To determine the heat flux associated with the larger blade and the reduced airflow (case 2), we first note that, although L has increased by a factor of 2, the
velocity has decreased by the same factor and the Reynolds number has not
changed. That is,
V2L2 VL
ReL,2      ReL
Accordingly, since x* and Pr are also unchanged, the local Nusselt number
remains the same.
Nu2  Nu
Because the characteristic length is different, however, the convection coefficient changes, where
h2L2 hL

k
k

or

q
L
h2  h L 
L2 (T  Ts) L2

The heat flux is then
(T  Ts) L
(T  Ts) L2
0.04
m
q2  95,000 W/m2 
 47,500 W/m2
0.08 m
q2  h2(T  Ts)  q



Comments: If the Reynolds number for the two situations of part 2 differed, that
is, ReL,2  ReL, the heat flux q 2 could only be obtained if the particular functional
dependence of Equation 6.49 were known. Such forms are provided for many different shapes in subsequent chapters.

6.6
Physical Significance of the
Dimensionless Parameters
All of the foregoing dimensionless parameters have physical interpretations that
relate to conditions in the flow, not only for boundary layers but also for other flow
types as well, such as the internal flows we will see in Chapter 8. Consider the
Reynolds number, ReL (Equation 6.41), which may be interpreted as the ratio of
inertia to viscous forces in a region of characteristic dimension L. Inertia forces are
associated with an increase in the momentum of a moving fluid. From Equation
6.28, it is evident that these forces (per unit mass) are of the form uu/x, in which
case an order-of-magnitude approximation gives FI  V 2/L. Similarly, the net shear
force (per unit mass) is found on the right-hand side of Equation 6.28 as (2u/y2)
and may be approximated as Fs  V/L2. Therefore, the ratio of forces is
FI V2 / L VL

   ReL
Fs V / L2
We therefore expect inertia forces to dominate for large values of ReL and viscous
forces to dominate for small values of ReL.
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There are several important implications of this result. Recall that the Reynolds
number determines the existence of laminar or turbulent flow. In any flow there exist
small disturbances that can be amplified to produce turbulent conditions. For small
ReL, however, viscous forces are sufficiently large relative to inertia forces to prevent
this amplification. Hence, laminar flow is maintained. But, with increasing ReL, viscous effects become progressively less important relative to inertia effects, and small
disturbances may be amplified to a point where transition occurs. We should also
expect the magnitude of the Reynolds number to influence the velocity boundary
layer thickness . With increasing ReL at a fixed location on a surface, we expect viscous forces to become less influential relative to inertia forces. Hence the effects of
viscosity do not penetrate as far into the free stream, and the value of  diminishes.
The physical interpretation of the Prandtl number follows from its definition as
a ratio of the momentum diffusivity  to the thermal diffusivity . The Prandtl number provides a measure of the relative effectiveness of momentum and energy transport by diffusion in the velocity and thermal boundary layers, respectively. From
Table A.4 we see that the Prandtl number of gases is near unity, in which case
energy and momentum transfer by diffusion are comparable. In a liquid metal
(Table A.7), Pr
1 and the energy diffusion rate greatly exceeds the momentum
diffusion rate. The opposite is true for oils (Table A.5), for which Pr 1. From this
interpretation it follows that the value of Pr strongly influences the relative growth
of the velocity and thermal boundary layers. In fact for laminar boundary layers (in
which transport by diffusion is not overshadowed by turbulent mixing) it is reasonable to expect that

 Pr n
t

(6.55)

where n is a positive exponent. Hence for a gas t ; for a liquid metal t ; for
an oil t .
Similarly, the Schmidt number, which is defined by Equation 6.43, provides a
measure of the relative effectiveness of momentum and mass transport by diffusion
in the velocity and concentration boundary layers, respectively. For convection
mass transfer in laminar flows, it therefore determines the relative velocity and concentration boundary layer thicknesses, where

 Scn
c

(6.56)

Another parameter, which is related to Pr and Sc, is the Lewis number (Le). It is
defined as
Le 

Sc


DAB Pr

(6.57)

and is relevant to any situation involving simultaneous heat and mass transfer by
convection. From Equations 6.55 through 6.57 it then follows that
t
 Len
c

(6.58)

The Lewis number is therefore a measure of the relative thermal and concentration
boundary layer thicknesses. For most applications it is reasonable to assume a value
of n  1/3 in Equations 6.55, 6.56, and 6.58.
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Table 6.2 lists the dimensionless groups that appear frequently in heat and mass
transfer. The list includes groups already considered, as well as those yet to be
introduced for special conditions. As a new group is confronted, its definition and
interpretation should be committed to memory. Note that the Grashof number provides a measure of the ratio of buoyancy forces to viscous forces in the velocity

TABLE 6.2 Selected dimensionless groups of heat and mass transfer
Group

Definition

Biot number
(Bi)

hL
ks

Mass transfer
Biot number
(Bim)

hmL
DAB

Bond number
(Bo)
Coefficient
of friction
(Cƒ)

g(l  v)L2

Eckert number
(Ec)

V2
cp(Ts  T)

Fourier number
(Fo)

t
L2

Mass transfer
Fourier number
(Fom)

DABt

Friction factor
(ƒ)
Grashof number
(GrL)
Colburn j factor
( jH)
Colburn j factor
( jm)

s

Interpretation
Ratio of the internal thermal resistance of a solid
to the boundary layer thermal resistance.
Ratio of the internal species transfer resistance to
the boundary layer species transfer resistance.
Ratio of gravitational and surface
tension forces.
Dimensionless surface shear stress.

V 2/2

L2
p

Kinetic energy of the flow relative to the
boundary layer enthalpy difference.
Ratio of the heat conduction rate to the rate of
thermal energy storage in a solid. Dimensionless
time.
Ratio of the species diffusion rate to the rate of
species storage. Dimensionless time.
Dimensionless pressure drop for internal flow.

(L/D)(u2m/2)
2
St Pr 2/3

Measure of the ratio of buoyancy forces to
viscous forces.
Dimensionless heat transfer coefficient.

Stm Sc2/3

Dimensionless mass transfer coefficient.

g (Ts  T)L3

Jakob number
(Ja)

cp(Ts Tsat)
hfg

Ratio of sensible to latent energy absorbed
during liquid–vapor phase change.

Lewis number
(Le)


DAB

Ratio of the thermal and mass diffusivities.

Nusselt number
(NuL)

hL
kf

Ratio of convection to pure conduction heat
transfer.

Peclet number
(PeL)

VL
  ReL Pr

Prandtl number
(Pr)

cp 

k

Ratio of advection to conduction heat transfer
rates.
Ratio of the momentum and thermal diffusivities.
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TABLE 6.2 Continued
Group

Definition

Interpretation

Reynolds number
(ReL)

VL


Schmidt number
(Sc)


DAB

Ratio of the momentum and mass diffusivities.

Sherwood number
(ShL)

hmL
DAB

Dimensionless concentration gradient at
the surface.

Stanton number
(St)

NuL
h

Vcp ReL Pr

Mass transfer
Stanton number
(Stm)

hm
ShL

V
ReLSc

Weber number
(We)

V 2L

Ratio of the inertia and viscous forces.

Modified Nusselt number.
Modified Sherwood number.

Ratio of inertia to surface tension forces.

boundary layer. Its role in free convection (Chapter 9) is much the same as that of
the Reynolds number in forced convection. The Eckert number provides a measure
of the kinetic energy of the flow relative to the enthalpy difference across the thermal boundary layer. It plays an important role in high-speed flows for which viscous dissipation is significant. Note also that, although similar in form, the Nusselt
and Biot numbers differ in both definition and interpretation. Whereas the Nusselt
number is defined in terms of the thermal conductivity of the fluid, the Biot number
is based on the solid thermal conductivity, Equation 5.9.

6.7
Boundary Layer Analogies
As engineers, our interest in boundary layer behavior is directed principally toward
the dimensionless parameters Cƒ, Nu, and Sh. From knowledge of these parameters,
we may compute the wall shear stress and the convection heat and mass transfer
rates. It is therefore understandable that expressions that relate Cƒ, Nu, and Sh to
each other can be useful tools in convection analysis. Such expressions are available
in the form of boundary layer analogies.

6.7.1 The Heat and Mass Transfer Analogy
If two or more processes are governed by dimensionless equations of the same form,
the processes are said to be analogous. Clearly, then, from Equations 6.36 and 6.37
and the boundary conditions, Equations 6.39 and 6.40, of Table 6.1, convection heat
and mass transfer are analogous. Each of the differential equations is composed
of advection and diffusion terms of the same form. Moreover, as shown in
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TABLE 6.3 Functional relations pertinent to the boundary layer analogies
Fluid Flow



Heat Transfer

u*  f x*, y*, ReL,
Cf 
Cf 

2 u*
ReL y*



dp*
dx*



T*  f x*, y*, ReL, Pr,

(6.45)

Nu 

y*0

2
f (x*, ReL)
ReL



(6.44)

(6.46)

T*
hL

y*
k



dp*
dx*

Mass Transfer





(6.47)

CA*  f x*, y*, ReL, Sc,

(6.48)

Sh 

y*0

Nu  ƒ(x*, ReL, Pr)

(6.49)

Nu  ƒ(ReL, Pr)

(6.50)

hmL
C A*

DAB
y*



dp*
dx*



(6.51)

(6.52)

y*0

Sh  ƒ(x*, ReL, Sc)
Sh  ƒ(ReL, Sc)

(6.53)
(6.54)

Equations 6.36 and 6.37, each equation is related to the velocity field through ReL,
and the parameters Pr and Sc assume analogous roles. One implication of this analogy is that dimensionless relations that govern thermal boundary layer behavior must
be of the same form as those that govern the concentration boundary layer. Hence the
boundary layer temperature and concentration profiles must also be of the same
functional form if the applied boundary conditions are analogous.
Recalling the discussion of Section 6.5.2, features of which are summarized
in Table 6.3, an important result of the heat and mass transfer analogy may be
obtained. From the foregoing paragraph, it follows that Equation 6.47 must be of
the same functional form as Equation 6.51. From Equations 6.48 and 6.52, it then
follows that the dimensionless temperature and concentration gradients evaluated at the surface, and therefore the values of Nu and Sh, are analogous. Similarly, expressions for the average Nusselt and Sherwood numbers, Equations
6.50 and 6.54, respectively, are also of the same form. Accordingly, heat and
mass transfer relations for a particular geometry are interchangeable. If, for
example, one has performed a set of heat transfer experiments to determine the
functional form of Equation 6.49 for a particular surface geometry, the results
may be used for convection mass transfer involving the same geometry, simply
by replacing Nu with Sh and Pr with Sc.
The analogy may also be used to directly relate the two convection coefficients.
In subsequent chapters we will find that Nu and Sh are generally proportional to Pr n
and Scn, respectively, where n is a positive exponent less than 1. Anticipating this
dependence, we use Equations 6.49 and 6.53 to obtain
Nu  f(x*, ReL)Pr n

and

Sh  f(x*, ReL)Scn

in which case, with equivalent functions, f(x*, ReL),
Sh
Nu

Pr n Sc n
Substituting from Equations 6.48 and 6.52 we then obtain
hL/k hmL/DAB

Pr n
Scn

(6.59)
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or, from Equation 6.57,
h
k

 cpLe1n
hm DABLen

(6.60)

This result may often be used to determine one convection coefficient, for example,
hm, from knowledge of the other coefficient. The same relation may be applied to the
average coefficients h and hm, and it may be used in turbulent, as well as laminar, flow.
For most applications it is reasonable to assume a value of n  1e .

EXAMPLE 6.6
A solid of arbitrary shape is suspended in atmospheric air having a free stream temperature and velocity of 20°C and 100 m/s, respectively. The solid has a characteristic length of 1 m, and its surface is maintained at 80°C. Under these conditions
measurements of the heat flux at a particular point (x*) on the surface and of the
temperature in the boundary layer above this point (x*, y*) reveal values of 104
W/m2 and 60°C, respectively. A mass transfer operation is to be effected for a second solid having the same shape but a characteristic length of 2 m. In particular, a
thin film of water on the solid is to be evaporated in dry atmospheric air having a
free stream velocity of 50 m/s, with the air and the solid both at a temperature of
50°C. What are the molar concentration and the species molar flux of the water
vapor at a location (x*, y*) corresponding to the point at which the temperature and
heat flux measurements were made in the first case?

SOLUTION
Known: A boundary layer temperature and heat flux at a location on a solid in an
airstream of prescribed temperature and velocity.

Find: Water vapor concentration and flux associated with the same location on a
larger surface of the same shape.
Schematic:
T(x*, y*) = 60°C
T∞ = 20°C
V = 100 m/s
p = 1 atm

q"(x*) = 104 W/m2
Ts = 80°C

CA (x*, y*)
T∞ = 50°C
V = 50 m/s
p = 1 atm

NA" (x*)
Water film (A)
Ts = 50°C

CA, ∞ = 0

L=1m
Air

Air (B)

Case 1: heat transfer

L=2m
Case 2: mass transfer

Assumptions:
1. Steady-state, two-dimensional, incompressible boundary layer behavior; constant properties.
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2. Boundary layer approximations are valid.
3. Negligible viscous dissipation.
4. Mole fraction of water vapor in concentration boundary layer is much less than
unity.

Properties: Table A.4, air (50°C):   18.2  106 m2/s, k  28  103 W/m • K,

Pr  0.70. Table A.6, saturated water vapor (50°C): A,sat  v1
 0.082 kg/m3.
g
4
2
Table A.8, water vapor–air (50°C): DAB 0.26  10 m /s.

Analysis: The desired molar concentration and flux may be determined by
invoking the analogy between heat and mass transfer. From Equations 6.47 and
6.51, we know that
T* 



T  Ts
dp*
 f x*, y*, ReL, Pr,
T  Ts
dx*



and
C*
A

CA  CA,s
dp*
 f x*, y*, ReL, Sc,
CA,  CA,s
dx*





However, for case 1
VL
100 m/s  1 m
ReL,1  1 1 
 5.5  106,
18.2  106 m2/s

Pr  0.70

while for case 2
VL
50 m/s  2 m
ReL,2  2 2 
 5.5  106
18.2  106 m2/s
Sc 

18.2  106 m2/s


 0.70
DAB
26  106 m2/s

Since ReL,1  ReL,2, Pr  Sc, x *1  x *2, y *1  y *2, and the surface geometries are the
same, it follows that the temperature and concentration distributions have the same
functional form. Hence
CA(x*, y*)  CA,s T(x*, y*)  Ts 60  80


 0.33
T  Ts
CA,  CA,s
20  80
or, with CA,  0,
CA(x*, y*)  CA,s(1  0.33)  0.67CA,s
With
CA,s  CA,sat(50C) 

A,sat 0.082 kg/m3

 0.0046 kmol/m3
18 kg/kmol
A

it follows that
CA(x*, y*)  0.67 (0.0046 kmol/m3)  0.0031 kmol/m3
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The molar flux may be obtained from Equation 6.8
NA(x*)  hm(CA,s  CA,)
with hm evaluated from the analogy. From Equations 6.49 and 6.53 we know that,
since x *1  x *2, ReL,1  ReL,2, and Pr  Sc, the corresponding functional forms are
equivalent. Hence
Sh 

hmL2
hL
 Nu  1
DAB
k

With h  q /(Ts  T) from Newton’s law of cooling,
hm 

q
L1 DAB
0.26  104 m2/s
104 W/m2


1

L2
(Ts  T) 2
0.028 W/m  K
k
(80  20)C

hm  0.077 m/s
Hence
NA(x*)  0.077 m/s (0.0046  0.0) kmol/m3
or
NA(x*)  3.54  104 kmol/s  m2



Comments:
1. Recognize that, since the mole fraction of water vapor in the concentration
boundary layer is small, the kinematic viscosity of air (B) may be used to evaluate ReL,2.
2. The properties of air (and a variety of other substances) can be very quickly and
easily found using IHT by selecting Properties from the Tools menu, and then
“Air.” The Viewpad window will list property function calls for the properties
available for air. Copy the equations to the Workspace as needed, and add an
equation that specifies the temperature at which properties are to be evaluated,
namely the film temperature, Tf  (Ts  T)/2. The resulting lines of IHT are
shown below. Click the Solve button, accept the initial guess, and the properties
will be displayed in the Data Browser.
//Evaluate air properties at the film temperature
T  50  273
//Air property functions : From Table A.4
//Units: T(K); 1 atm pressure
nu  nu_T(“Air”,T)
//Kinematic viscosity, m^2/s
k  k_T(“Air”,T)
//Thermal conductivity, W/m  K
Pr  Pr_T(“Air”,T)
//Prandtl number

6.7.2 Evaporative Cooling
An important application of the heat and mass transfer analogy is to the process of
evaporative cooling, which occurs when a gas flows over a liquid (Figure 6.10).
Evaporation occurs from the liquid surface, and the energy associated with the
phase change is the latent heat of vaporization of the liquid. Evaporation occurs
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q"conv

q"evap

Gas-liquid
interface

Liquid layer
(species A)

q"add

FIGURE 6.10
Latent and sensible heat
exchange at a gas–liquid
interface.

when liquid molecules near the surface experience collisions that increase their
energy above that needed to overcome the surface binding energy. The energy
required to sustain the evaporation must come from the internal energy of the liquid, which would then experience a reduction in temperature (the cooling effect).
However, if steady-state conditions are to be maintained, the latent energy lost by
the liquid because of evaporation must be replenished by energy transfer to the liquid from its surroundings. Neglecting radiation effects, this transfer may be due to
the convection of sensible energy from the gas or to heat addition by other means,
as, for example, by an electrical heater submerged in the liquid. Applying conservation of energy to a control surface about the liquid (Equation 1.11c), it follows that,
for a unit surface area,


qconv  qadd  qevap

(6.61)

where q evap may be approximated as the product of the evaporative mass flux and
the latent heat of vaporization
qevap  nA hfg

(6.62)

If there is no heat addition by other means, Equation 6.61 reduces to a balance
between convection heat transfer from the gas and the evaporative heat loss from
the liquid. Substituting from Equations 6.4, 6.18, and 6.62, Equation 6.61 may then
be expressed as
h(T  Ts)  hfghm[A,sat(Ts)  A,]

(6.63)

where the vapor density at the surface is that associated with saturated conditions at
Ts. Hence the magnitude of the cooling effect may be expressed as
T  Ts  hfg

hh [
m

A,sat(Ts)

 A,]

(6.64)

Substituting for (hm/h) from Equation 6.60 and for the vapor densities from the ideal
gas law, the cooling effect may also be expressed as
(T  Ts) 

Ahfg
cpLe

2/3





pA,sat(Ts) pA,

Ts
T

(6.65)

In the interest of accuracy, the gas (species B) properties , cp, and Le should
be evaluated at the arithmetic mean temperature of the thermal boundary layer,
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Tam  (Ts  T)/2. A representative value of n  1e has been assumed for the Pr and
Sc exponent of Equation 6.60.
Numerous environmental and industrial applications of the foregoing results
arise for situations in which the gas is air and the liquid is water.

EXAMPLE 6.7
A container, which is wrapped in a fabric that is continually moistened with a
highly volatile liquid, may be used to keep beverages cool in hot arid regions. Suppose that the container is placed in dry ambient air at 40°C, with heat and mass
transfer between the wetting agent and the air occurring by forced convection. The
wetting agent is known to have a molecular weight of 200 kg/kmol and a latent heat
of vaporization of 100 kJ/kg. Its saturated vapor pressure for the prescribed conditions is approximately 5000 N/m2, and the diffusion coefficient of the vapor in air is
0.2  104 m2/s. What is the steady-state temperature of the beverage?

SOLUTION
Known: Properties of wetting agent used to evaporatively cool a beverage
container.

Find: Steady-state temperature of beverage.
Schematic:
Ts

Air (B)

T∞ = 40°C
φ∞ = 0

q"conv

Volatile wetting agent (A)
hfg = 100 kJ/kg
MA = 200 kg/kmol
pA, sat (Ts) = 5000 N/m2
–
DAB = 0.2 × 10 4 m2/s

q"evap

Assumptions:
1.
2.
3.
4.

Heat and mass transfer analogy is applicable.
Vapor displays ideal gas behavior.
Radiation effects are negligible.
Air properties may be evaluated at a mean boundary layer temperature assumed
to be 300 K.

Properties: Table A.4, air (300 K):   1.16 kg/m3, cp  1.007 kJ/kg • K,  

22.5  106 m2/s.

Analysis: Subject to the foregoing assumptions, the evaporative cooling effect is
given by Equation 6.65.
(T  Ts) 

Ahfg
cp Le

2/3





pA, sat(Ts) pA,

Ts
T
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Setting pA,  0 and rearranging, it follows that
T 2s  TTs  B  0
where the coefficient B is
B

Ahfg pA,sat
cp Le2/3

or
B  [200 kg/kmol  100 kJ/kg  5000 N/m2  103 kJ/N  m]

8.315 kJ/kmol  K  1.16 kg/m  1.007 kJ/kg  K
22.5  10 m /s

 9518 K
20  10 m /s  
3

6

6

2

2/3

2

2

Hence
T2  4B 313 K  (313)2  4(9514) K

2
2
Rejecting the minus sign on physical grounds (Ts must equal T if there is no evaporation, in which case pA,sat  0 and B  0), it follows that
Ts 

T 

Ts  278.9 K  5.9C



Comments: The result is independent of the shape of the container as long as the
heat and mass transfer analogy may be used.

6.7.3 The Reynolds Analogy
A second boundary layer analogy may be obtained by noting from Table 6.1 that,
for dp*/dx*  0 and Pr  Sc  1, the boundary layer equations, Equations 6.35
through 6.37, are of precisely the same form. For a flat plate parallel to the incoming flow, we have dp*/dx*  0 and there is no variation in the free stream velocity
outside the boundary layer. With u  V, Equations 6.38 through 6.40 also have the
same form. Hence the functional forms of the solutions for u*, T*, and C *A,
Equations 6.44, 6.47, and 6.51, must be equivalent. From Equations 6.45, 6.48, and
6.52, it follows that
Re
Cf L  Nu  Sh
(6.66)
2
Replacing Nu and Sh by the Stanton number (St) and the mass transfer Stanton
number (Stm), respectively,
St 

Nu
h

Vcp Re Pr

(6.67)

hm
Sh

V Re Sc

(6.68)

Stm 

Equation 6.66 may also be expressed in the form
Cf
 St  Stm
2

(6.69)
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Summary

Equation 6.69 is known as the Reynolds analogy, and it relates the key engineering parameters of the velocity, thermal, and concentration boundary layers. If
the velocity parameter is known, the analogy may be used to obtain the other parameters, and vice versa. However, there are restrictions associated with using this
result. In addition to relying on the validity of the boundary layer approximations,
the accuracy of Equation 6.69 depends on having Pr and Sc 1 and dp*/dx* 0.
However, it has been shown that the analogy may be applied over a wide range of
Pr and Sc, if certain corrections are added. In particular the modified Reynolds, or
Chilton–Colburn, analogies [11, 12], have the form
Cf
 St Pr 2/3  jH
2
Cf
 Stm Sc2/3  jm
2

0.6  Pr  60

(6.70)

0.6  Sc  3000

(6.71)

where jH and jm are the Colburn j factors for heat and mass transfer, respectively.
For laminar flow Equations 6.70 and 6.71 are only appropriate when dp*/dx* 0,
but in turbulent flow, conditions are less sensitive to the effect of pressure gradients
and these equations remain approximately valid. If the analogy is applicable at
every point on a surface, it may be applied to the surface average coefficients.

6.8
The Convection Coefficients
In this chapter we have considered several fundamental issues related to convection
transport phenomena. In the process, however, you should not lose sight of what
remains the problem of convection. Our primary objective is still one of developing
means to determine the convection coefficients h and hm. Although these coefficients
may be obtained by solving the boundary layer equations, it is only for simple flow
situations that such solutions are readily effected. The more practical approach frequently involves calculating h and hm from empirical relations of the form given by
Equations 6.49 and 6.53. The particular form of these equations is obtained by correlating measured convection heat and mass transfer results in terms of appropriate
dimensionless groups. It is this approach that is emphasized in the chapters that follow.

6.9
Summary
In this chapter, attempts have been made to develop, in a logical fashion, the mathematical and physical bases of convection transport. To test your comprehension of
the material, you should challenge yourself with appropriate questions.
• What is the difference between a local convection heat transfer coefficient and an
average coefficient? What are their units? What is the difference between local
and average convection coefficients for species transfer? What are their units?
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• What are the forms of Newton’s law of cooling for a heat flux and a heat rate?
What are the analogous forms for convection mass transfer, expressed in molar
and mass units?
• Provide some examples for which species transfer by convection is pertinent.
• What is Fick’s law?
• What are the velocity, thermal, and concentration boundary layers? Under what
conditions do they develop?
• What quantities change with location in a velocity boundary layer? A thermal
boundary layer? A concentration boundary layer?
• Recognizing that convection heat (mass) transfer is strongly influenced by conditions associated with fluid flow over a surface, how is it that we may determine the convection heat (species) flux by applying Fourier’s (Fick’s) law to the
fluid at the surface?
• Do we expect heat and mass transfer to change with transition from a laminar to
a turbulent boundary layer? If so, how?
• What laws of nature are embodied by the convection transfer equations?
• What physical processes are represented by the terms of the x-momentum
equation (6.28)? By the energy equation (6.29)? By the species conservation
equation (6.30)?
• What special approximations may be made for conditions within thin velocity,
thermal, and concentration boundary layers?
• How is the Reynolds number defined? What is its physical interpretation? What
role is played by the critical Reynolds number?
• What is the definition of the Prandtl number? How does its value affect relative
growth of the velocity and thermal boundary layers for laminar flow over a surface? What are representative room-temperature values of the Prandtl number
for a liquid metal, a gas, water, and an oil?
• What is the definition of the Schmidt number? The Lewis number? What are their
physical interpretations, and how do they influence relative velocity, thermal, and
concentration boundary layer development for laminar flow over a surface?
• What is the coefficient of friction? The Nusselt number? The Sherwood number?
For flow over a prescribed geometry, what are the independent parameters that
determine local and average values of these quantities?
• Under what conditions may velocity, thermal, and concentration boundary layers
be termed analogous? What is the physical basis of analogous behavior?
• What important boundary layer parameters are linked by the heat and mass
transfer analogy?
• What is the physical basis of the evaporative cooling effect? Have you ever
experienced the effect?
• What important boundary layer parameters are linked by the Reynolds analogy?
• What physical features distinguish a turbulent flow from a laminar flow?
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Problems
Boundary Layer Profiles
6.1 In flow over a surface, velocity and temperature profiles
are of the forms
u(y)  Ay  By2  Cy3

and

T(y)  D  Ey  Fy2  Gy3
where the coefficients A through G are constants.
Obtain expressions for the friction coefficient Cƒ and
the convection coefficient h in terms of u, T, and
appropriate profile coefficients and fluid properties.
6.2 Water at a temperature of T  25°C flows over one of
the surfaces of a steel wall (AISI 1010) whose temperature is Ts,1  40°C. The wall is 0.35 m thick, and its
other surface temperature is Ts,2  100°C. For steadystate conditions what is the convection coefficient associated with the water flow? What is the temperature
gradient in the wall and in the water that is in contact
with the wall? Sketch the temperature distribution in the
wall and in the adjoining water.
6.3 In a particular application involving airflow over a heated
surface, the boundary layer temperature distribution may
be approximated as



T  Ts
uy
 1  exp  Pr 
T  Ts



where y is the distance normal to the surface and the
Prandtl number, Pr  cp/k  0.7, is a dimensionless fluid property. If T  400 K, Ts  300 K, and
u/  5000 m1, what is the surface heat flux?

Heat Transfer Coefficients
6.4 For laminar flow over a flat plate, the local heat transfer coefficient hx is known to vary as x1/2, where x is
the distance from the leading edge (x  0) of the
plate. What is the ratio of the average coefficient
between the leading edge and some location x on the
plate to the local coefficient at x?

6.5 For laminar free convection from a heated vertical surface, the local convection coefficient may be expressed
as hx  Cx1/4, where hx is the coefficient at a distance x
from the leading edge of the surface and the quantity C,
which depends on the fluid properties, is independent of
x. Obtain an expression for the ratio hx /hx , where hx is the
average coefficient between the leading edge (x  0) and
the x location. Sketch the variation of hx and hx with x.
6.6 A circular, hot gas jet at T is directed normal to a
circular plate that has radius ro and is maintained at a
uniform temperature Ts. Gas flow over the plate is
axisymmetric, causing the local convection coefficient
to have a radial dependence of the form h(r)  a  br n,
where a, b, and n are constants. Determine the rate of
heat transfer to the plate, expressing your result in terms
of T, Ts, ro, a, b, and n.
6.7 Parallel flow of atmospheric air over a flat plate of
length L  3 m is disrupted by an array of stationary
rods placed in the flow path over the plate.
V
T∞

Ts
x

L

Laboratory measurements of the local convection coefficient at the surface of the plate are made for a prescribed value of V and Ts  T. The results are
correlated by an expression of the form hx  0.7 
13.6x  3.4x2, where hx has units of W/m2 • K and x is
in meters. Evaluate the average convection coefficient
hL for the entire plate and the ratio hL/hL at the trailing
edge.
6.8 Air at a free stream temperature of T  20°C is in parallel flow over a flat plate of length L  5 m and temperature Ts  90°C. However, obstacles placed in the flow
intensify mixing with increasing distance x from the
leading edge, and the spatial variation of temperatures

c06.qxd 3/6/06 10:54 AM Page 388

388

Chapter 6



Introduction to Convection

measured in the boundary layer is correlated by an
expression of the form T(°C)  20  70 exp (600xy),
where x and y are in meters. Determine and plot the
manner in which the local convection coefficient h
varies with x. Evaluate the average convection coefficient h for the plate.
6.9 The heat transfer rate per unit width (normal to the
page) from a longitudinal section, x2  x1, can be
expressed as q12  h12(x2  x1)(Ts  T), where h12 is
the average coefficient for the section of length (x2 
x1). Consider laminar flow over a flat plate with a uniform temperature Ts. The spatial variation of the local
convection coefficient is of the form hx  Cx1/2, where
C is a constant.

Determine the value of the average heat transfer coefficient for the entire exposed surface (that is, averaged
over all four faces) of a c  40-mm wide, d  30-mm
tall rectangular rod. The rod is exposed to air in cross
flow at V  10 m/s, T  300 K. Provide a plausible
explanation of the relative values of the face-averaged
heat transfer coefficients on the front, side, and back
faces.
6.11 Experiments to determine the local convection heat
transfer coefficient for uniform flow normal to a heated
circular disk have yielded a radial Nusselt number distribution of the form
NuD 

dq'

q'12
dx

x2

Nuo 

Ts

x

x1

n

where both n and a are positive. The Nusselt number at
the stagnation point is correlated in terms of the
Reynolds (ReD  VD/) and Prandtl numbers

u∞, T∞

x1

  

h(r)D
r
 Nuo 1  a r
o
k

h(r  0)D
0.36
 0.814Re1/2
D Pr
k

x2

L

(a) Beginning with the convection rate equation in the
form dq  hx dx(Ts  T), derive an expression
for h12 in terms of C, x1, and x2.
(b) Derive an expression for h12 in terms of x1, x2, and
the average coefficients h1 and h2, corresponding to
lengths x1 and x2, respectively.
6.10 Experiments have been conducted to determine local
heat transfer coefficients for flow perpendicular to a
long, isothermal bar of rectangular cross section. The
bar is of width c, parallel to the flow, and height d, normal
to the flow. For Reynolds numbers in the range 104 
Red  5  104, the face-averaged Nusselt numbers are
well correlated by an expression of the form
Nud  hd / k  CRemd Pr1/3
The values of C and m for the front face, side faces, and
back face of the rectangular rod are found to be the
following:
Face

c/d

C

m

Front
Side
Side
Back
Back

0.33  c/d  1.33
0.33
1.33
0.33
1.33

0.674
0.153
0.107
0.174
0.153

1/2
2/3
2/3
2/3
2/3

V
T∞

ro
D

Ts

Obtain an expression for the average Nusselt number,
NuD  hD/k, corresponding to heat transfer from an
isothermal disk. Typically, boundary layer development
from a stagnation point yields a decaying convection
coefficient with increasing distance from the stagnation
point. Provide a plausible explanation for why the opposite trend is observed for the disk.
6.12 An experimental procedure for validating results of the
foregoing problem involves preheating a copper disk to
an initial elevated temperature Ti and recording its temperature history T(t) as it is subsequently cooled by the
impinging flow to a final temperature Tƒ. The measured
temperature decay may then be compared with predictions based on the correlation for NuD. Assume that values of a  0.30 and n  2 are associated with the
correlation.
Consider experimental conditions for which a disk
of diameter D  50 mm and length L  25 mm is preheated to Ti  1000 K and cooled to Tƒ  400 K by an
impinging airflow at T  300 K. The cooled surface of
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the disk has an emissivity of  0.8 and is exposed to
large, isothermal surroundings for which Tsur  T. The
remaining surfaces of the disk are well insulated,
and heat transfer through the supporting rod may be
neglected. Using results from the preceding problem,
compute and plot temperature histories corresponding to
air velocities of V  4, 20, and 50 m/s. Constant properties may be assumed for the copper (  8933 kg/m3,
cp  425 J/kg • K, k  386 W/m • K) and air (  38.8 
106 m2/s, k  0.0407 W/m • K, Pr  0.684).
6.13 If laminar flow is induced at the surface of a disk due to
rotation about its axis, the local convection coefficient is
known to be a constant, h  C, independent of radius.
Consider conditions for which a disk of radius ro 
100 mm is rotating in stagnant air at T  20°C and a
value of C  20 W/m2 • K is maintained.
Air

T∞

Ω

ro

Ts

r

Support tube
Connections to
electric heater

If an embedded electric heater maintains a surface
temperature of Ts  50°C, what is the local heat flux at
the surface of the disk? What is the total electric power
requirement? What can you say about the nature of
boundary layer development on the disk?

Boundary Layer Transition
6.14 Consider airflow over a flat plate of length L  1 m under
conditions for which transition occurs at xc  0.5 m based
on the critical Reynolds number, Rex,c  5  105.
(a) Evaluating the thermophysical properties of air at
350 K, determine the air velocity.
(b) In the laminar and turbulent regions, the local convection coefficients are, respectively,

hlam(x)  Clam x0.5
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and

hturb  Cturb x0.2

where, at T  350 K, Clam  8.845 W/m3/2  K,
Cturb  49.75 W/m1.8  K, and x has units of m. Develop an expression for the average convection coefficient, hlam(x), as a function of distance from the
leading edge, x, for the laminar region, 0  x  xc.

(c) Develop an expression for the average convection
coefficient, hturb(x), as a function of distance from
the leading edge, x, for the turbulent region, xc 
x  L.
(d) On the same coordinates, plot the local and average
convection coefficients, hx and hx, respectively, as
a function of x for 0  x  L.
6.15 A fan that can provide air speeds up to 50 m/s is to be
used in a low-speed wind tunnel with atmospheric air
at 25°C. If one wishes to use the wind tunnel to study
flat-plate boundary layer behavior up to Reynolds
numbers of Rex  108, what is the minimum plate
length that should be used? At what distance from the
leading edge would transition occur if the critical
Reynolds number were Rex,c  5  105?
6.16 Assuming a transition Reynolds number of 5  105,
determine the distance from the leading edge of a flat
plate at which transition will occur for each of the following fluids when u  1 m/s: atmospheric air, engine
oil, and mercury. In each case, calculate the transition
location for fluid temperatures of 27°C and 77°C.
6.17 To a good approximation, the dynamic viscosity , the
thermal conductivity k, and the specific heat cp are independent of pressure. In what manner do the kinematic
viscosity  and thermal diffusivity  vary with pressure
for an incompressible liquid and an ideal gas? Determine  of air at 350 K for pressures of 1, 5, and 10 atm.
Assuming a transition Reynolds number of 5  105,
determine the distance from the leading edge of a flat
plate at which transition will occur for air at 350 K at
pressures of 1, 5, and 10 atm with u  2 m/s.

Similarity and Dimensionless Parameters
6.18 An object of irregular shape has a characteristic length
of L  1 m and is maintained at a uniform surface temperature of Ts  400 K. When placed in atmospheric air
at a temperature of T  300 K and moving with a
velocity of V  100 m/s, the average heat flux from the
surface to the air is 20,000 W/m2. If a second object of
the same shape, but with a characteristic length of L 
5 m, is maintained at a surface temperature of Ts  400
K and is placed in atmospheric air at T  300 K, what
will the value of the average convection coefficient be
if the air velocity is V  20 m/s?
6.19 Experiments have shown that, for airflow at T  35°C
and V1  100 m/s, the rate of heat transfer from a turbine blade of characteristic length L1  0.15 m and surface temperature Ts,1  300°C is q1  1500 W. What
would be the heat transfer rate from a second turbine
blade of characteristic length L2  0.3 m operating at
Ts,2  400°C in airflow of T  35°C and V2  50 m/s?
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The surface area of the blade may be assumed to be
directly proportional to its characteristic length.
6.20 Experimental measurements of the convection heat transfer coefficient for a square bar in cross flow yielded the
following values:
h1  50 W/m2  K
h2  40 W/m2  K

when
when

V1  20 m/s
V2  15 m/s

L =
0.5 m

Air
V

6.25 Sketch the variation of the velocity and thermal boundary layer thicknesses with distance from the leading
edge of a flat plate for the laminar flow of air, water,
engine oil, and mercury. For each case assume a mean
fluid temperature of 300 K.
6.26 Forced air at T  25°C and V  10 m/s is used to cool
electronic elements on a circuit board. One such element is a chip, 4 mm by 4 mm, located 120 mm from
the leading edge of the board. Experiments have
revealed that flow over the board is disturbed by the
elements and that convection heat transfer is correlated
by an expression of the form
Nux  0.04Re0.85
Pr1/3
x

Assume that the functional form of the Nusselt number
is Nu  C Rem Pr n, where C, m, and n are constants.
(a) What will be the convection heat transfer coefficient for a similar bar with L  1 m when
V  15 m/s?
(b) What will be the convection heat transfer coefficient
for a similar bar with L  1 m when V  30 m/s?
(c) Would your results be the same if the side of the
bar, rather than its diagonal, were used as the characteristic length?
6.21 Experimental results for heat transfer over a flat plate
with an extremely rough surface were found to be correlated by an expression of the form
1/3
Nux  0.04Re0.9
x Pr

where Nux is the local value of the Nusselt number at a
position x measured from the leading edge of the plate.
Obtain an expression for the ratio of the average heat
transfer coefficient hx to the local coefficient hx.
6.22 Consider conditions for which a fluid with a free stream
velocity of V  1 m/s flows over a surface with a characteristic length of L  1 m, providing an average convection heat transfer coefficient of h  100 W/m2 • K.
Calculate
the dimensionless parameters NuL, ReL, Pr,
_
and j H for the following fluids: air, engine oil, mercury,
and water. Assume the fluids to be at 300 K.
6.23 For flow over a flat plate of length L, the local heat
transfer coefficient hx is known to vary as x1/2, where x
is the distance from the leading edge of the plate. What
is the ratio of the average Nusselt number for the entire
plate (NuL) to the local Nusselt number at x  L (NuL)?
6.24 For laminar boundary layer flow over a flat plate with air
at 20°C and 1 atm, the thermal boundary layer thickness
t is approximately 13% larger than the velocity boundary layer thickness . Determine the ratio /t if the fluid
is ethylene glycol under the same flow conditions.

l = 4 mm

V , T∞

Chip
Board

x

L = 120 mm

Estimate the surface temperature of the chip if it is dissipating 30 mW.
6.27 Consider the electronic elements that are cooled by
forced convection in Problem 6.26. The cooling system
is designed and tested at sea level (P 1 atm), but the
circuit board is sold to a customer in Mexico City, with
an elevation of 2250 m and atmospheric pressure of
76.5 kPa.
(a) Estimate the surface temperature of the chip
located 120 mm from the leading edge of the board
when the board is operated in Mexico City. The
dependence of various thermophysical properties
upon pressure is noted in Problem 6.17.
(b) It is highly desirable for the chip operating temperature to be independent of the location of the customer. What air velocity is required for operation
in Mexico City if the chip temperature is to be the
same as at sea level?
6.28 Consider the chip on the circuit board of Problem 6.26.
To ensure reliable operation over extended periods, the
chip temperature should not exceed 85°C. Assuming the
availability of forced air at T  25°C and applicability
of the prescribed heat transfer correlation, compute and
plot the maximum allowable chip power dissipation Pc
as a function of air velocity for 1  V  25 m/s. If the
chip surface has an emissivity of 0.80 and the board is
mounted in a large enclosure whose walls are at 25°C,
what is the effect of radiation on the Pc–V plot?
6.29 A major contributor to product defects in electronic
modules relates to stresses induced during thermal
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cycling (intermittent heating and cooling). For example,
in circuit cards having active and passive components
with materials of different thermal expansion coefficients, thermal stresses are the principal source of failure in component joints, such as soldered and wired
connections. Although concern is generally for fatigue
failure resulting from numerous excursions during the
life of a product, it is possible to identify defective
joints by performing accelerated thermal stress tests
before the product is released to the customer. In such
cases, it is important to achieve rapid thermal cycling to
minimize disruptions to production schedules.
A manufacturer of circuit cards wishes to develop
an apparatus for imposing rapid thermal transients on
the cards by subjecting them to forced convection characterized by a relation of the form NuL  C RemL Prn,
where m  0.8 and n  0.33. However, she does not
know whether to use air (k  0.026 W/m  K,  
1.6105 m2/s, Pr  0.71) or a dielectric liquid (k 
0.064 W/m  K,   106 m2/s, Pr  25) as the working fluid. Assuming equivalent air and liquid velocities
and validity of the lumped capacitance model for the
components, obtain a quantitative estimate of the ratio
of the thermal time constants for the two fluids. What
fluid provides the faster thermal response?
6.30 To assess the efficacy of different liquids for cooling an
object of given size and shape by forced convection, it is
convenient to introduce a figure of merit, FF, which combines the influence of all pertinent fluid properties on the
convection coefficient. If the Nusselt number is governed
by an expression of the form, NuL RemL Prn, obtain the
corresponding relationship between FF and the fluid
properties. For representative values of m  0.80 and
n  0.33, calculate values of FF for air (k  0.026
W/m  K,   1.6  105 m2/s, Pr  0.71), water (k 
0.600 W/m  K,   106 m2/s, Pr  5.0), and a dielectric liquid (k  0.064 W/m  K,   106 m2/s, Pr  25).
What fluid is the most effective cooling agent?
6.31 Gases are often used instead of liquids to cool electronics in avionics applications because of weight considerations. The cooling systems are often closed so that
coolants other than air may be used. Gases with high
figures of merit (see Problem 6.30) are desired. For representative values of m  0.85 and n  0.33 in the
expression of Problem 6.30, determine the figures of
merit for air, pure helium, pure xenon (k  0.006
W/m  K,   24.14  106 N  s/m2), and an ideal
He-Xe mixture containing 0.75 mole fraction of helium
(k  0.0713 W/m  K,   25.95  106 N  s/m2).
Evaluate properties at 300 K and atmospheric pressure.
For monatomic gases such as helium and xenon and
their mixtures, the specific heat at constant pressure is
well described by the relation cp  (5/2)/ .

6.32 The defroster of an automobile functions by discharging warm air on the inner surface of the windshield. To
prevent condensation of water vapor on the surface, the
temperature of the air and the surface convection coefficient (T,i, hi) must be large enough to maintain a surface temperature Ts,i that is at least as high as the
dewpoint (Ts,i  Tdp).
T∞,o, ho

t
T∞,i, hi

Ts,o
L

V

Ts,i

Consider a windshield of length L  800 mm and
thickness t  6 mm and driving conditions for which
the vehicle moves at a velocity of V  70 mph in
ambient air at T,o  15C. From laboratory experiments performed on a model of the vehicle, the average convection coefficient on the outer surface of the
windshield is known to be correlated by an expression
1/3
of the form NuL  0.030 Re0.8
L Pr , where ReL 
VL/. Properties of the ambient air may be approximated as k  0.023 W/m  K,   12.5106 m2/s,
and Pr  0.71. If Tdp  10C and T,i  50C, what
is the smallest value of hi required to prevent condensation on the inner surface?
6.33 A microscale detector monitors a steady flow (T 
27°C, V  10 m/s) of air for the possible presence of
small, hazardous particulate matter that may be suspended in the room. The sensor is heated to a slightly
higher temperature in order to induce a chemical reaction
associated with certain substances of interest that might
impinge on the sensor’s active surface. The active surface
produces an electric current if such surface reactions
occur; the electric current is then sent to an alarm. To
maximize the sensor head’s surface area and, in turn, the
probability of capturing and detecting a particle, the sensor head is designed with a very complex shape. The
value of the average heat transfer coefficient associated
with the heated sensor must be known so that the
required electrical power to the sensor can be determined.
Particulate- •
laden
room
•
air T∞, V

Hydrogen

•
•

T∞, V
P = 0.5 atm

Ls
Heated
sensor

Lm
Heated
model

Consider a sensor with a characteristic dimension of
Ls  80 m. A scale model of the sensor is placed in a
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recirculating (closed) wind tunnel using hydrogen as
the working fluid. If the wind tunnel operates at a
hydrogen absolute pressure of 0.5 atm and velocity of
V  0.5 m/s, find the required hydrogen temperature
and characteristic dimension of the scale model, Lm.

tance heating elements be installed within the wings. To
determine representative power requirements, consider
nominal flight conditions for which the plane moves at
100 m/s in air that is at a temperature of 23C and has
properties of k  0.022 W/m  K, Pr  0.72, and  
16.3  106 m2/s. If the characteristic length of the airfoil is L  2 m and wind tunnel measurements indicate
an average friction coefficient of Cf  0.0025 for the
nominal conditions, what is the average heat flux needed
to maintain a surface temperature of Ts  5C?

Reynolds Analogy
6.34 A thin, flat plate that is 0.2 m by 0.2 m on a side is oriented parallel to an atmospheric airstream having a
velocity of 40 m/s. The air is at a temperature of
T  20°C, while the plate is maintained at Ts  120°C.
The air flows over the top and bottom surfaces of the
plate, and measurement of the drag force reveals a
value of 0.075 N. What is the rate of heat transfer from
both sides of the plate to the air?
6.35 Atmospheric air is in parallel flow (u  15 m/s, T 
15°C) over a flat heater surface that is to be maintained
at a temperature of 140°C. The heater surface area is
0.25 m2, and the airflow is known to induce a drag force
of 0.25 N on the heater. What is the electrical power
needed to maintain the prescribed surface temperature?
6.36 For flow over a flat plate with an extremely rough surface, convection heat transfer effects are known to be
correlated by the expression of Problem 6.21. For airflow at 50 m/s, what is the surface shear stress at x  1
m from the leading edge of the plate? Assume the air to
be at a temperature of 300 K.
6.37 A thin, flat plate that is 0.2 m by 0.2 m on a side with
extremely rough top and bottom surfaces is placed in a
wind tunnel so that its surfaces are parallel to an atmospheric air stream having a velocity of 30 m/s. The air is
at a temperature of T  20°C while the plate is maintained at Ts  80°C. The plate is rotated 45° about its
center point, as shown in the schematic. Air flows over
the top and bottom surfaces of the plate, and measurement of the heat transfer rate is 2000 W. What is the
drag force on the plate?

L = 0.2 m

6.39 A circuit board with a dense distribution of integrated
circuits (ICs) and dimensions of 120 mm by 120 mm on
a side is cooled by the parallel flow of atmospheric air
with a velocity of 2 m/s.
Air
Integrated circuit (IC)

u∞ = 2 m/s
Circuit board

From wind tunnel tests under the same flow conditions, the average frictional shear stress on the upper
surface is determined to be 0.0625 N/m2. What is the
allowable power dissipation from the upper surface of
the board if the average surface temperature of the ICs
must not exceed the ambient air temperature by more
than 25C? Evaluate the thermophysical properties of
air at 300 K.

Mass Transfer Coefficients
6.40 On a summer day the air temperature is 27°C and the
relative humidity is 30%. Water evaporates from the
surface of a lake at a rate of 0.10 kg/h per square meter
of water surface area. The temperature of the water is
also 27°C. Determine the value of the convection mass
transfer coefficient.
6.41 It is observed that a 230-mm-diameter pan of water at
23°C has a mass loss rate of 1.5  105 kg/s when the
ambient air is dry and at 23°C.
(a) Determine the convection mass transfer coefficient
for this situation.
(b) Estimate the evaporation mass loss rate when the
ambient air has a relative humidity of 50%.

Air

T∞, u∞

Ts
Top view of thin, flat plate

6.38 As a means of preventing ice formation on the wings of
a small, private aircraft, it is proposed that electric resis-

(c) Estimate the evaporation mass loss rate when the
water and ambient air temperatures are 47°C, assuming that the convection mass transfer coefficient
remains unchanged and the ambient air is dry.
6.42 The rate at which water is lost because of evaporation
from the surface of a body of water may be determined
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by measuring the surface recession rate. Consider a
summer day for which the temperature of both the
water and the ambient air is 305 K and the relative
humidity of the air is 40%. If the surface recession rate
is known to be 0.1 mm/h, what is the rate at which mass
is lost because of evaporation per unit surface area?
What is the convection mass transfer coefficient?
6.43 Photosynthesis, as it occurs in the leaves of a green
plant, involves transport of carbon dioxide (CO2) from
the atmosphere to the chloroplasts of the leaves, and the
rate of photosynthesis may be quantified in terms of
the rate of CO2 assimilation by the chloroplasts. This
assimilation is strongly influenced by CO2 transfer
through the boundary layer that develops on the leaf
surface. Under conditions for which the density of CO2
is 6  104 kg/m3 in the air and 5  104 kg/m3 at the
leaf surface and the convection mass transfer coefficient is 102 m/s, what is the rate of photosynthesis in
terms of kilograms of CO2 assimilated per unit time and
area of leaf surface?
6.44 Species A is evaporating from a flat surface into species
B. Assume that the concentration profile for species A in
the concentration boundary layer is of the form CA(y) 
Dy2  Ey  F, where D, E, and F are constants at any x
location and y is measured along a normal from the surface. Develop an expression for the mass transfer convection coefficient hm in terms of these constants, the
concentration of A in the free stream CA, and the mass
diffusivity DAB. Write an expression for the molar flux
of mass transfer by convection for species A.

Similarity and Heat–Mass Transfer Analogy
6.45 Consider cross flow of gas X over an object having a
characteristic length of L  0.1 m. For a Reynolds number of 1  104, the average heat transfer coefficient is 25
W/m2 • K. The same object is then impregnated with liquid Y and subjected to the same flow conditions. Given
the following thermophysical properties, what is the
average convection mass transfer coefficient?
 (m2/s)
Gas X
21  106
3.75  107
Liquid Y
4.25  105
Vapor Y
Mixture of gas X–vapor Y:

k (W/m • K)

 (m2/s)

0.030
0.665
0.023
Sc  0.72

29  106
1.65  107
4.55  105

6.46 Consider conditions for which a fluid with a free stream
velocity of V  1 m/s flows over an evaporating or subliming surface with a characteristic length of L  1 m,
providing an average mass transfer convection coefficient

of hm  102 m/s. Calculate
the dimensionless parame_
ters ShL, ReL, Sc, and j m for the following combinations:
airflow over water, airflow over naphthalene, and warm
glycerol over ice. Assume a fluid temperature of 300 K
and a pressure of 1 atm.
6.47 An object of irregular shape has a characteristic length
of L  1 m and is maintained at a uniform surface temperature of Ts  325 K. It is suspended in an airstream
that is at atmospheric pressure (p  1 atm) and has a
velocity of V  100 m/s and a temperature of T  275
K. The average heat flux from the surface to the air is
12,000 W/m2. Referring to the foregoing situation as
case 1, consider the following cases and determine
whether conditions are analogous to those of case 1.
Each case involves an object of the same shape, which
is suspended in an airstream in the same manner. Where
analogous behavior does exist, determine the corresponding value of the average convection coefficient.
(a) The values of Ts, T, and p remain the same, but
L  2 m and V  50 m/s.
(b) The values of Ts and T remain the same, but
L  2 m, V  50 m/s, and p  0.2 atm.
(c) The surface is coated with a liquid film that evaporates into the air. The entire system is at 300 K, and
the diffusion coefficient for the air–vapor mixture
is DAB  1.12  104 m2/s. Also, L  2 m, V 
50 m/s, and p  1 atm.
(d) The surface is coated with another liquid film for
which DAB  1.12  104 m2/s, and the system is
at 300 K. In this case L  2 m, V  250 m/s, and
p  0.2 atm.
6.48 On a cool day in April a scantily clothed runner is
known to lose heat at a rate of 500 W because of convection to the surrounding air at T  10°C. The
runner’s skin remains dry and at a temperature of Ts 
30°C. Three months later, the runner is moving at the
same speed, but the day is warm and humid with a temperature of T  30°C and a relative humidity of  
60%. The runner is now drenched in sweat and has a uniform surface temperature of 35°C. Under both conditions
constant air properties may be assumed with   1.6 
105 m2/s, k  0.026 W/m • K, Pr  0.70, and DAB
(water vapor–air)  2.3  105 m2/s.
(a) What is the rate of water loss due to evaporation on
the summer day?
(b) What is the total convective heat loss on the summer day?
6.49 An object of irregular shape 1 m long maintained at a
constant temperature of 100°C is suspended in an
airstream having a free stream temperature of 0°C, a
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pressure of 1 atm, and a velocity of 120 m/s. The air
temperature measured at a point near the object in the
airstream is 80°C. A second object having the same
shape is 2 m long and is suspended in an airstream in
the same manner. The air free stream velocity is 60 m/s.
Both the air and the object are at 50°C, and the total
pressure is 1 atm. A plastic coating on the surface of
the object is being dried by this process. The molecular
weight of the vapor is 82 and the saturation pressure
at 50°C for the plastic material is 0.0323 atm. The
mass diffusivity for the vapor in air at 50°C is 2.60 
105 m2/s.

solid–vapor saturation pressure at 27°C and 1 atm is
pA,sat  1.33  104 bar.
6.52 Consider application of the naphthalene sublimation
technique (Problem 6.51) to a gas turbine blade that is
coated with naphthalene and has a surface area of
As  0.05 m2.

Air flow

Turbine blade with
naphthalene coating
As, Ts, psat(Ts)

V, T∞

(a) For the second object, at a location corresponding to
the point of measurement on the first object, determine the vapor concentration and partial pressure.
(b) If the average heat flux q is 2000 W/m2 for the
first object, determine the average mass flux n A
(kg/s • m2) for the second object.
6.50 An industrial process involves the evaporation of water
from a liquid film that forms on a contoured surface.
Dry air is passed over the surface, and from laboratory
measurements the convection heat transfer correlation
is of the form
NuL  0.43Re0.58
Pr0.4
L
(a) For an air temperature and velocity of 27°C and
10 m/s, respectively, what is the rate of evaporation from a surface of 1-m2 area and characteristic
length L  1 m? Approximate the density of saturated vapor as A,sat  0.0077 kg/m3.
(b) What is the steady-state temperature of the liquid
film?
6.51 The naphthalene sublimation technique involves use of
a mass transfer experiment coupled with an analysis
based on the heat and mass transfer analogy to obtain
local or average convection heat transfer coefficients for
complex surface geometries. A coating of naphthalene,
which is a volatile solid at room temperature, is applied
to the surface and is then subjected to airflow in a wind
tunnel. Alternatively, solid objects may be cast from
liquid naphthalene. Over a designated time interval, t,
there is a discernible loss of naphthalene due to sublimation, and by measuring the surface recession at locations
of interest or the mass loss of the sample, local or average mass transfer coefficients may be determined.
Consider a rectangular rod of naphthalene exposed
to air in cross flow at V  10 m/s, T  300 K, as in
Problem 6.10, except now c  10 mm and d  30 mm.
Determine the change in mass of the L  500 mm long
rod over a time period of t  30 min. Naphthalene has
a molecular weight of A  128.16 kg/kmol, and its

To determine the average convection heat transfer coefficient for a representative operating condition, an
experiment is performed in which the coated blade is
exposed for 30 min to atmospheric air at the desired
velocity and a temperature of T  27C. During the
experiment the surface temperature is Ts  27C, and at
its conclusion the mass of the blade is reduced by
m  8 g. What is the average convection heat transfer
coefficient associated with the operating condition?
6.53 A manufacturer of ski equipment wishes to develop
headgear that will offer enhanced thermal protection for
skiers on cold days at the slopes. Headgear can be made
with good thermal insulating characteristics, but it tends
to be bulky and cumbersome. Skiers prefer comfortable,
lighter gear that offers good visibility, but such gear tends
to have poor thermal insulating characteristics. The manufacturer decides to take a new approach to headgear
design by concentrating the insulation in areas about the
head that are prone to the highest heat losses from the
skier and minimizing use of insulation in other locations.
Hence, the manufacturer must determine the local heat
transfer coefficients associated with the human head
with a velocity of V  10 m/s directed normal to the face
and an air temperature of 13°C. A young engineer is
assigned the task of building the heat transfer experiment
but soon finds the experimental challenges to be daunting. She decides to make use of the heat and mass transfer analogy and the naphthalene sublimation technique
(see Problem 6.51) and casts head shapes of solid naphthalene with characteristic dimensions that are half-scale
(i.e., the models are half as large as the full-scale head).
(a) What wind tunnel velocity (T  300 K) is needed
in order to apply the experimental results to the
human head associated with V  10 m/s?
(b) A wind tunnel experiment is performed for t 
120 min, T  27°C. The engineer finds that the
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naphthalene has receded by 1  0.1 mm at the
back of the head, 2  0.32 mm in the middle of
the forehead, and 3  0.64 mm on the ear. Determine the heat transfer coefficients at these locations for the full-scale head at 13°C. The density
of solid naphthalene is A,sol  1025 kg/m3.
(c) After the new headgear is designed, the models are
fitted with the new gear (half-scale) and the experiments are repeated. Some areas of the model that
were found to have extremely small local heat
transfer coefficients are left uncovered since insulating these areas would have little overall benefit
in reducing heat losses during skiing. Would you
expect the local heat transfer coefficients for these
exposed areas to remain the same as before fitting
the model with the headgear? Explain why.
6.54 A streamlined strut supporting a bearing housing is
exposed to a hot airflow from an engine exhaust. It is
necessary to run experiments to determine the average
convection heat transfer coefficient h from the air to the
strut in order to be able to cool the strut to the desired
surface temperature Ts. It is decided to run mass transfer experiments on an object of the same shape and to
obtain the desired heat transfer results by using the heat
and mass transfer analogy.

(c) The surface area of the strut can be expressed as As 
2.2LH • l, where l is the length normal to the page. For
the conditions of part (b), what is the change in the
rate of heat transfer to the strut if the characteristic
length LH is doubled?
6.55 Consider the conditions of Problem 6.3, but with a thin
film of water on the surface. If the air is dry and the
Schmidt number Sc is 0.6, what is the evaporative mass
flux? Is there net energy transfer to or from the water?
6.56 Consider the conditions of Problem 6.7, for which a
heat transfer experiment yielded the prescribed distribution of the local convection coefficient, hx(x). The
experiment was performed for surface and free stream
temperatures of 310 and 290 K, respectively. Now consider repeating the experiment under conditions for
which the surface is coated with a thin layer of naphthalene and both the surface and air are at 300 K. What is
the corresponding value of the average convection mass
transfer coefficient, hmL?
6.57 Using the naphthalene sublimation technique, the radial
distribution of the local convection mass transfer coefficient for uniform flow normal to a circular disk has
been correlated by an expression of the form
ShD 

LH = 60 mm
Strut

p∞

Ts

Sho 
The mass transfer experiments were conducted using a
half-size model strut constructed from naphthalene
exposed to an airstream at 27°C. Mass transfer measurements yielded these results:
ReL
60,000
120,000
144,000
288,000

ShL
282
491
568
989

(a) Using the mass transfer experimental results, determine the coefficients C and m for a correlation of
the form ShL  C ReLm Sc1/3.
(b) Determine the average convection heat transfer
coefficient h for the full-sized strut, LH  60 mm,
when exposed to a free stream airflow with V  60
m/s, T  184°C, and p  1 atm when Ts  70°C.

n

The stagnation point Sherwood number (Sho) depends
on the Reynolds (ReD  VD/) and Schmidt (Sc 
/DAB) numbers, and data have been correlated by the
following expression:

V
T∞

  

hm(r)D
r
 Sho 1  a r
o
DAB

hm(r  0)D
0.36
 0.814Re1/2
D Sc
DAB

ro
V

D

Naphthalene coating

Obtain an expression for the average Nusselt number
(NuD  hD/k) corresponding to heat transfer from an
isothermal disk exposed to the foregoing flow conditions. If a  1.2 and n  5.5, what is the rate of heat
transfer from a disk of diameter D  20 mm and
surface temperature Ts  125°C to an airstream for
which ReD  5  104 and T  25°C? Typically,
boundary layer development from a stagnation point
yields a decaying convection coefficient with increasing

c06.qxd 3/6/06 10:55 AM Page 396

396

Chapter 6



Introduction to Convection

distance from the stagnation point. Provide a plausible
explanation for why the opposite trend is observed for
the disk.
6.58 To reduce the threat of predators, the sand grouse, a bird
of Kenya, will lay its eggs in locations well removed from
sources of groundwater. To bring water to its chicks, the
grouse will then fly to the nearest source and, by submerging the lower part of its body, will entrain water within its
plumage. The grouse will then return to its nest, and the
chicks will imbibe water from the plumage. Of course, if
the time of flight is too long, evaporative losses could
cause a significant reduction in the water content of the
plumage and the chicks could succumb to dehydration.
V
T∞
φ∞

As, Ts

To gain a better understanding of convective transfer
during flight, wind tunnel studies were performed using
molded models of the grouse. By heating that portion of
the model which corresponds to the water-encapsulating
plumage, an average convection heat transfer coefficient was determined. Results for different air speeds
and model sizes were then used to develop an empirical
correlation of the form
NuL 

0.034Re4/5
L

Assume that the radiative properties of the towel are
those of water, for which    0.96, and that the surroundings are at 300 K.
Radiant lamps
Irradiation on
towel, G (W/m2)

T∞ = 290 K, φ ∞ = 0
Water-soaked paper towel,

Air

Ts = 310 K,
As = 92.5 mm × 92.5 mm
Insulation

(a) Determine the rate at which water evaporates from
the towel, nA (kg/s).
(b) Perform an energy balance on the towel to determine the net rate of radiation transfer, qrad (W), to
the towel. Determine the irradiation G (W/m2).
6.60 In the spring, concrete surfaces such as sidewalks and
driveways are sometimes very wet in the morning, even
when it has not rained during the night. Typical nighttime conditions are shown in the sketch.

T∞ = 290 K,
_

∞

= 0.7

Tsky = 240 K

h = 53 W/m2•K

Breeze

Ts = 275 K,
ε =  = 0.96

1/3

Pr

The effective surface area of the water-encapsulating
portion of the plumage is designated as As, and the
characteristic length is defined as L  (As)1/2.
Consider conditions for which a grouse has entrained 0.05 kg of water within plumage of As  0.04 m2
and is returning to its nest at a constant speed of V 
30 m/s. The ambient air is stagnant and at a temperature
and relative humidity of T  37°C and   25%,
respectively. If, throughout the flight, the surface As is
covered with a liquid water film at Ts  32°C, what is the
maximum allowable distance of the nest from the water
source, if the bird must return with at least 50% of its initial water supply? Properties of the air and the air–vapor
mixture may be taken to be   16.7  106 m2/s and
DAB  26.0  106 m2/s.
6.59 A laboratory experiment involves simultaneous heat and
mass transfer from a water-soaked towel experiencing
irradiation from a bank of radiant lamps and parallel flow
of air over its surface. Using a convection correlation to
be introduced in Chapter 7, the average heat transfer convection coefficient is estimated to be h  28.7 W/m2 • K.

Thin layer of
liquid water
Concrete

(a) Determine the heat fluxes associated with convection, q conv, evaporation, q evap, and radiation exchange with the sky, q rad.
(b) Do your calculations suggest why the concrete is
wet instead of dry? Explain briefly.
(c) Is heat flowing from the liquid layer to the concrete? Or from the concrete to the liquid layer?
Determine the heat flux by conduction into or out
of the concrete.
6.61 Dry air at 32C flows over a wetted (water) plate of
0.2 m2 area. The average convection coefficient is
h  20 W/m2  K, and the heater power required to
maintain the plate at a temperature of 27C is 432 W.
Estimate the power required to maintain the wetted
plate at a temperature of 37C in dry air at 32C if the
convection coefficients remain unchanged.
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6.62 Dry air at 32°C flows over a wetted plate of length
200 mm and width 1 m (case A). An imbedded electrical
heater supplies 432 W and the surface temperature is
27°C.
T∞ = 32°C

T∞ = 32°C
Water film

Air

Ts

Ts = 27°C
x

x

L

Case A

L

Case B

the tub water, at what rate must electrical heaters supply
energy to maintain the tub water at 310 K?
6.65 It is known that on clear nights the air temperature need
not drop below 0°C before a thin layer of water on the
ground will freeze. Consider such a layer of water on a
clear night for which the effective sky temperature is
30°C and the convection heat transfer coefficient due
to wind motion is h  25 W/m2 • K. The water may be
assumed to have an emissivity of 1.0 and to be insulated
from the ground as far as conduction is concerned.
(a) Neglecting evaporation, determine the lowest temperature the air can have without the water freezing.

(a) What is the evaporation rate of water from the
plate (kg/h)?

(b) For the conditions given, estimate the mass transfer
coefficient for water evaporation hm (m/s).

(b) After a long period of operation, all the water is
evaporated from the plate and its surface is dry
(case B). For the same free stream conditions and
the same heater power as case A, estimate the temperature of the plate, Ts.

(c) Accounting now for the effect of evaporation, what
is the lowest temperature the air can have without
the water freezing? Assume the air to be dry.

Evaporative Cooling
6.63 A 20-mm diameter sphere is suspended in a dry air
stream with a temperature of 22C. The power supplied
to an embedded electrical heater within the sphere is
2.51 W when the surface temperature is 32C. How
much power is required to maintain the sphere at 32C if
its outer surface has a thin porous covering saturated
with water? Evaluate the properties of air and the diffusion coefficient of the air–water vapor mixture at 300 K.
6.64 A successful California engineer has installed a circular
hot tub in his back yard and finds that for the typical
operating conditions prescribed below, water must be
added at a rate of 0.001 kg/s in order to maintain a fixed
water level in the tub.
Air

Hot water
T = 310 K

T∞ = 290 K
φ∞ = 0.30

q

If the tub is well insulated on its sides and bottom and
the temperature of the makeup water is equal to that of

6.66 An expression for the actual water vapor partial pressure in terms of wet-bulb and dry-bulb temperatures,
referred to as the Carrier equation, is given as
( p  pgw)(Tdb  Twb)
pv  pgw  
1810  Twb
where pv, pgw, and p are the actual partial pressure, the
saturation pressure at the wet-bulb temperature, and
the total pressure (all in bars), while Tdb and Twb are the
dry- and wet-bulb temperatures in kelvins. Consider air
at 1 atm and 37.8°C flowing over a wet-bulb thermometer that indicates 21.1°C.
(a) Using Carrier’s equation, calculate the partial pressure of the water vapor in the free stream. What is
the relative humidity?
(b) Refer to a psychrometric chart and obtain the relative humidity directly for the conditions indicated.
Compare the result with part (a).
(c) Use Equation 6.65 to determine the relative humidity. Compare the result to parts (a) and (b).
6.67 A wet-bulb thermometer consists of a mercury-in-glass
thermometer covered with a wetted (water) fabric.
When suspended in a stream of air, the steady-state
thermometer reading indicates the wet-bulb temperature
Twb. Obtain an expression for determining the relative
humidity of the air from knowledge of the air temperature (T), the wet-bulb temperature, and appropriate air
and water vapor properties. If T  45°C and Twb 
25°C, what is the relative humidity of the airstream?
6.68 An industrial process involves evaporation of a thin
water film from a contoured surface by heating it from
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below and forcing air across it. Laboratory measurements for this surface have provided the following heat
transfer correlation:

200 mW is required to maintain the disk–water film at
305 K in dry air at 295 K and the observed evaporation
rate is 2.55  104 kg/h.

NuL  0.43Re L0.58 Pr 0.4

Air

The air flowing over the surface has a temperature
of 290 K, a velocity of 10 m/s, and is completely dry
(   0). The surface has a length of 1 m and a surface
area of 1 m2. Just enough energy is supplied to maintain its steady-state temperature at 310 K.
(a) Determine the heat transfer coefficient and the rate
at which the surface loses heat by convection.
(b) Determine the mass transfer coefficient and the
evaporation rate (kg/h) of the water on the surface.
(c) Determine the rate at which heat must be supplied
to the surface for these conditions.
6.69 A 2-mm-thick layer of water on an electrically heated
plate is maintained at a temperature of Tw  340 K, as
dry air at T  300 K flows over the surface of the
water (case A). The arrangement is in large surroundings that are also at 300 K.
Case A

Case B

Tsur

Tsur

T∞

T∞
n"A

Air

Water (Tw, ε w)

Heated plate, P"elec

Air

Heated plate, P"elec, Tp, ε p

(a) If the evaporative flux from the surface of the
water to the air is nA  0.030 kg/s  m2, what is the
corresponding value of the convection mass transfer coefficient? How long will it take for the water
to completely evaporate?
(b) What is the corresponding value of the convection
heat transfer coefficient and the rate at which electrical power must be supplied per unit area of the
plate to maintain the prescribed temperature of the
water? Property values of the air are   1.08
kg/m3, cp  1008 J/kg  K, and k  0.028 W/m  K.
The binary diffusion coefficient for air and water
vapor is DAB  0.29  104 m2/s, and the emissivity of water is w  0.95.
(c) If the electrical power determined in part (b) is
maintained after complete evaporation of the water
(case B), what is the resulting temperature of the
plate, whose emissivity is p  0.60?
6.70 A disk of 20-mm diameter is covered with a water film.
Under steady-state conditions, a heater power of

T∞ = 295 K

Water film, Ts = 305 K

Disk, D = 20 mm

Heater, 200 mW

(a) Calculate the average mass transfer convection
coefficient, hm, for the evaporation process.
(b) Calculate the average heat transfer convection
coefficient, h.
(c) Do the values of hm and h satisfy the heat–mass
analogy?
(d) If the relative humidity of the ambient air at 295 K
were increased from 0 (dry) to 0.50, but the power
supplied to the heater was maintained at 200 mW,
would the evaporation rate increase or decrease?
Would the disk temperature increase or decrease?
6.71 An experiment is conducted to determine the average
mass transfer convection coefficient of a small droplet
using a heater controlled to operate at a constant temperature. The power history required to completely evaporate the droplet at a temperature of 37°C is shown in the
sketch. It was observed that, as the droplet dried, its wetted diameter on the heater surface remained nearly constant at a value of 4 mm.
Dry air

T∞, h

Droplet

20

D

Ts

Heater

P (mW)

398

0

0

50
t (min)

100

(a) Calculate the average mass transfer convection
coefficient based on the wetted area during the
evaporation process when the droplet, heater, and
the dry ambient air are at 37°C.
(b) How much energy will be required to evaporate the
droplet if the dry ambient air temperature is 27°C,
while the droplet–heater temperature remains at
37°C?
6.72 It is desired to develop a simple model for predicting the
temperature–time history of a plate during the drying
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cycle in a dishwasher. Following the wash cycle the
plate is at Tp(t)  Tp(0)  65°C and the air in the dishwasher is completely saturated (   1.0) at T  55°C.
The values of the plate surface area As, mass M, and specific heat c are such that Mc/As  1600 J/m2 • K.
(a) Assuming the plate is completely covered by a thin
film of water and neglecting the thermal resis-

399
tances of the film and plate, derive a differential
equation for predicting the plate temperature as a
function of time.
(b) For the initial conditions (t  0) estimate the
change in plate temperature with time, dT/dt (°C/s),
assuming that the average heat transfer coefficient
on the plate is 3.5 W/m2 • K.
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6S.1
Derivation of the Convection Transfer
Equations
In Chapter 2 we considered a stationary substance in which heat is transferred by
conduction and developed means for determining the temperature distribution
within the substance. We did so by applying conservation of energy to a differential
control volume (Figure 2.11) and deriving a differential equation that was termed
the heat equation. For a prescribed geometry and boundary conditions, the equation
may be solved to determine the corresponding temperature distribution.
If the substance is not stationary, conditions become more complex. For example, if conservation of energy is applied to a differential control volume in a moving
fluid, the effects of fluid motion (advection) on energy transfer across the surfaces
of the control volume must be considered, along with those of conduction. The
resulting differential equation, which provides the basis for predicting the temperature distribution, now requires knowledge of the velocity field. This field must, in
turn, be determined by solving additional differential equations derived by applying
conservation of mass and Newton’s second law of motion to a differential control
volume.
In this supplemental material we consider conditions involving flow of a viscous fluid in which there is concurrent heat and mass transfer. Our objective is to
develop differential equations that may be used to predict velocity, temperature, and
species concentration fields within the fluid, and we do so by applying Newton’s
second law of motion and conservation of mass, energy, and species to a differential
control volume. To simplify this development, we restrict our attention to steady,
two-dimensional flow in the x and y directions of a Cartesian coordinate system. A
unit depth may therefore be assigned to the z direction, thereby providing a differential control volume of extent (dx  dy  1).

6S.1.1

Conservation of Mass

One conservation law that is pertinent to the flow of a viscous fluid is that matter
may neither be created nor destroyed. Stated in the context of the differential control volume of Figure 6S.1, this law requires that, for steady flow, the net rate at
which mass enters the control volume (inflow  outflow) must equal zero. Mass
enters and leaves the control volume exclusively through gross fluid motion. Transport due to such motion is often referred to as advection. If one corner of the control
volume is located at (x, y), the rate at which mass enters the control volume through
the surface perpendicular to x may be expressed as (u) dy, where  is the total mass
density (  A  B) and u is the x component of the mass average velocity. The
control volume is of unit depth in the z direction. Since  and u may vary with x, the
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FIGURE 6S.1
Differential control volume
(dx  dy  1) for mass
conservation in two-dimensional
flow of a viscous fluid.

rate at which mass leaves the surface at x + dx may be expressed by a Taylor series
expansion of the form
dx dy
(u)  (u)
x
Using a similar result for the y direction, the conservation of mass requirement
becomes



(u) dy  (v) dx  u 







(u)
(v)
dx dy  v 
dy dx  0
x
y

Canceling terms and dividing by dx dy, we obtain
(u) (v)

0
x
y

(6S.1)

Equation 6S.1, the continuity equation, is a general expression of the overall
mass conservation requirement, and it must be satisfied at every point in the fluid.
The equation applies for a single species fluid, as well as for mixtures in which
species diffusion and chemical reactions may be occurring. If the fluid is incompressible, the density  is a constant, and the continuity equation reduces to
u v
 0
x y

6S.1.2

(6S.2)

Newton’s Second Law of Motion

The second fundamental law that is pertinent to the flow of a viscous fluid is Newton’s
second law of motion. For a differential control volume in the fluid, this requirement
states that the sum of all forces acting on the control volume must equal the net rate at
which momentum leaves the control volume (outflow  inflow).
Two kinds of forces may act on the fluid: body forces, which are proportional
to the volume, and surface forces, which are proportional to area. Gravitational, centrifugal, magnetic, and/or electric fields may contribute to the total body force, and we
designate the x and y components of this force per unit volume of fluid as X and Y,
respectively. The surface forces Fs are due to the fluid static pressure as well as to
viscous stresses. At any point in the fluid, the viscous stress (a force per unit area)
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σyy + ] (σ yy)dy
]y
τyx + ] (τ yx)dy
]y
τxy + ] (τ xy)dx
]x

y
x
z

σxx

σxx + ] (σxx)dx
]x

τxy
(x, y)

dy
dx

τyx
σyy

FIGURE 6S.2
Normal and shear viscous
stresses for a differential control
volume (dx  dy  1) in twodimensional flow of a viscous
fluid.

may be resolved into two perpendicular components, which include a normal stress
ii and a shear stress ij (Figure 6S.2).
A double subscript notation is used to specify the stress components. The first
subscript indicates the surface orientation by providing the direction of its outward
normal, and the second subscript indicates the direction of the force component.
Accordingly, for the x surface of Figure 6S.2, the normal stress xx corresponds to a
force component normal to the surface, and the shear stress xy corresponds to a
force in the y direction along the surface. All the stress components shown are positive in the sense that both the surface normal and the force component are in the
same direction. That is, they are both in either the positive coordinate direction or
the negative coordinate direction. By this convention the normal viscous stresses
are tensile stresses. In contrast the static pressure originates from an external force
acting on the fluid in the control volume and is therefore a compressive stress.
Several features of the viscous stress should be noted. The associated force is
between adjoining fluid elements and is a natural consequence of the fluid motion
and viscosity. The surface forces of Figure 6S.2 are therefore presumed to act on the
fluid within the control volume and are attributed to its interaction with the surrounding fluid. These stresses would vanish if the fluid velocity, or the velocity gradient, went to zero. In this respect the normal viscous stresses (xx and yy) must not
be confused with the static pressure, which does not vanish for zero velocity.
Each of the stresses may change continuously in each of the coordinate directions. Using a Taylor series expansion for the stresses, the net surface force for each
of the two directions may be expressed as
yx

Fs,x 

x  px  y  dx dy

Fs,y 

 x  y  py dx dy

xx

xy

yy

(6S.3)

(6S.4)

To use Newton’s second law, the fluid momentum fluxes for the control volume must also be evaluated. If we focus on the x-direction, the relevant fluxes are as
shown in Figure 6S.3. A contribution to the total x-momentum flux is made by the
mass flow in each of the two directions. For example, the mass flux through the x
surface (in the y-z plane) is (u), the corresponding x-momentum flux is (u)u. Similarly, the x-momentum flux due to mass flow through the y surface (in the x-z
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( ρv)u + ] [(ρ v)u]dy
]y

y, v

dy

x, u
z

(ρ u)u + ] [(ρ u)u]dx
]x

(ρ u)u

x, y

( ρv)u

dx

FIGURE 6S.3
Momentum fluxes for a differential control volume (dx  dy  1)
in two-dimensional flow of a viscous fluid.

plane) is (v)u. These fluxes may change in each of the coordinate directions, and
the net rate at which x momentum leaves the control volume is
[(u)u]
[(v)u]
dx (dy) 
dy (dx)
x
y
Equating the rate of change in the x momentum of the fluid to the sum of the
forces in the x direction, we then obtain
[(u)u] [(v)u] xx p yx


 
X
x
y
x
x
y

(6S.5)

This expression may be put in a more convenient form by expanding the derivatives
on the left-hand side and substituting from the continuity equation, Equation 6S.1,
giving



 u

yx
u
u

v
 (xx  p) 
X
x
y
x
y



(6S.6)

A similar expression may be obtained for the y direction and is of the form



 u

xy
v
v

v

 (yy  p)  Y
x
y
x
y



(6S.7)

We should not lose sight of the physics represented by Equations 6S.6 and
6S.7. The two terms on the left-hand side of each equation represent the net rate of
momentum flow from the control volume. The terms on the right-hand side account
for the net viscous and pressure forces, as well as the body force. These equations
must be satisfied at each point in the fluid, and with Equation 6S.1 they may be
solved for the velocity field.
Before a solution to the foregoing equations can be obtained, it is necessary to
relate the viscous stresses to other flow variables. These stresses are associated with
the deformation of the fluid and are a function of the fluid viscosity and velocity gradients. From Figure 6S.4 it is evident that a normal stress must produce a linear
deformation of the fluid, whereas a shear stress produces an angular deformation.
Moreover, the magnitude of a stress is proportional to the rate at which the deformation occurs. The deformation rate is, in turn, related to the fluid viscosity and to the
velocity gradients in the flow. For a Newtonian fluid1 the stresses are proportional to

1

A Newtonian fluid is one for which the shear stress is linearly proportional to the rate of angular
deformation. All fluids of interest in the text are Newtonian.
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τ yx
τ xy
σxx

τ xy

σxx
τ yx
(a)

(b)

FIGURE 6S.4
Deformations of a fluid element due to viscous stresses.
(a) Linear deformation due to a normal stress. (b) Angular
deformation due to shear stresses.

the velocity gradients, where the proportionality constant is the fluid viscosity.
Because of its complexity, however, development of the specific relations is left to
the literature [1], and we limit ourselves to a presentation of the results. In particular,
it has been shown that
xx  2

u 2 u v
 

x 3 x y





(6S.8)

yy  2

v 2 u v
 

y 3 x y





(6S.9)

xy  yx  

uy  vx

(6S.10)

Substituting Equations 6S.8 through 6S.10 into Equations 6S.6 and 6S.7, the
x- and y-momentum equations become



 u







 u





p
u
u
u
u v

v
 
 2 2

x
y
x x
x 3 x y



u v



y
y x





  X

(6S.11)



p
v
v
v
u v

v
 
 2 2

x
y
y y
y 3 x y




u v



x
y x



  Y


(6S.12)

Equations 6S.1, 6S.11, and 6S.12 provide a complete representation of conditions in
a two-dimensional viscous flow, and the corresponding velocity field may be determined by solving the equations. Once the velocity field is known, it is a simple matter to obtain the wall shear stress s from Equation 6.2.
Equations 6S.11 and 6S.12 may be simplified for an incompressible fluid of
constant viscosity. Rearranging the right-hand side of each expression and substituting from Equation 6S.2, the x- and y-momentum equations become



 u







p
u
u
2u 2u
v
 

X
x
y
x
x2 y2

(6S.13)
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 u

6S.1.3







p
v
v
2v 2v
v
 

Y
x
y
y
x2 y2

(6S.14)

Conservation of Energy

To apply the energy conservation requirement (Equation 1.11c) to a differential
control volume in a viscous fluid with heat transfer (Figure 6S.5), it is necessary to
first delineate the relevant physical processes. If potential energy effects are treated
as work done by the body forces, the energy per unit mass of the fluid includes the
thermal internal energy e and the kinetic energy V2/2, where V 2  u2  v2. Accordingly, thermal and kinetic energy are advected with the bulk fluid motion across the
control surfaces, and for the x-direction, the net rate at which this energy enters the
control volume is



   
V

 u e  dx dy
x
2
V

  u e   dx dy
x
2

Ėadv,x  Ėadv,x  dx  u e 

V2
V2
dy  u e 
2
2
2

2

(6S.15)

Energy is also transferred across the control surface by molecular processes. There
may be two contributions: that due to conduction and energy transfer due to the diffusion of species A and B. However, it is only in chemically reacting flows that
species diffusion strongly influences thermal conditions. Hence the effect is
neglected in this development. For the conduction process, the net transfer of
energy into the control volume is

 Tx  dy   kTx  x k Tx  dx dy
 T
 k  dx dy
x x

Ėcond,x  Ėcond,xdx   k

(6S.16)

Energy may also be transferred to and from the fluid in the control volume by
work interactions involving the body and surface forces. The net rate at which work
is done on the fluid by forces in the x-direction may be expressed as
•

•

E cond, y + dy

E adv, y + dy

•

W
y

dy
•

x
z

•

E cond, x

E cond, x + dx

•

Eg

•
E adv, x

•

E adv, x + dx

x, y

dx

•

E cond, y
•

E adv, y

FIGURE 6S.5
Differential control volume
(dx  dy  1) for energy
conservation in two-dimensional
flow of a viscous fluid with heat
transfer.
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[(xx  p) u] dx dy  (yx u) dx dy
(6S.17)
x
y
The first term on the right-hand side of Equation 6S.17 represents the work done by
the body force, and the remaining terms account for the net work done by the pressure and viscous forces.
Using Equations 6S.15 through 6S.17, as well as analogous equations for the
y-direction, the energy conservation requirement (Equation 1.11c) may be expressed as
Ẇnet,x  (Xu) dx dy 

    y ve  V2 
 T
 T


 k   k  (Xu  Yv)  (pu)  (pv)
x x
y y
x
y



V2

u e 
x
2





( u  xy v)  (yx u  yy v)  q̇  0
x xx
y

2

(6S.18)

where q is the rate at which thermal energy is generated per unit volume. This
expression provides a general form of the energy conservation requirement for flow
of a viscous fluid with heat transfer.
Because Equation 6S.18 represents conservation of kinetic and thermal internal
energy, it is rarely used in solving heat transfer problems. Instead, a more convenient
form, which is termed the thermal energy equation, is obtained by multiplying Equations 6S.6 and 6S.7 by u and v, respectively, and subtracting the results from Equation
6S.18. After considerable manipulation, it follows that [2]
u

 

  



e
e
u v

T

T
 v 
k

k
p

   q
x
y x
x
y
y
x y

(6S.19)

where the term p(u/x  v/y) represents a reversible conversion between
mechanical work and thermal energy, and , the viscous dissipation, is defined as



  

u v

y x

      
2

2

u
x

2



v
y

2

u v
2

3 x y


2

(6S.20)

The first term on the right-hand side of Equation 6S.20 originates from the viscous
shear stresses, and the remaining terms arise from the viscous normal stresses. Collectively, the terms account for the rate at which mechanical work is irreversibly
converted to thermal energy due to viscous effects in the fluid.
If the fluid is incompressible, Equations 6S.19 and 6S.20 may be simplified by
substituting Equation 6S.2. Moreover, with de  cvdT and cv  cp for an incompressible fluid, the thermal energy equation may then be expressed as



cp u



 

 

T
T
 T
 T
v

k

k
   q̇
x
y
x x
y y

(6S.21)

where
  

uy  vx  2ux  vy 
2

2

2

(6S.22)
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The thermal energy equation may also be cast in terms of the fluid enthalpy i,
instead of its internal energy e. Introducing the definition of the enthalpy,
p
ie

(6S.23)

and using Equation 6S.1 to replace the third term on the right-hand side of
Equation 6S.19 by spatial derivatives of p and (p/), the energy equation may be
expressed as [2]
u

 

  



p
p
i
i

T
 T
 v 
k

k
 u v
   q̇
x
y x
x
y y
x
y

(6S.24)

If the fluid may be approximated as a perfect gas, di = cpdT, Equation 6S.24
becomes

 Tx  vTy   x k Tx   y k Ty   u px  v py    q̇

cp u

(6S.25)

6S.1.4
Conservation of Species
If the viscous fluid consists of a binary mixture in which there are species concentration gradients (Figure 6.9), there will be relative transport of the species, and
species conservation must be satisfied at each point in the fluid. The pertinent form
of the conservation equation may be obtained by identifying the processes that
affect the transport and generation of species A for a differential control volume in
the fluid.
Consider the control volume of Figure 6S.6. Species A may be transported by
advection (with the mean velocity of the mixture) and by diffusion (relative to the
mean motion) in each of the coordinate directions. The concentration may also be
affected by chemical reactions, and we designate the rate at which the mass of
species A is generated per unit volume due to such reactions as ṅA.
The net rate at which species A enters the control volume due to advection in
the x-direction is

•

MA, adv, y + dy
•

MA, dif, y + dy
dy
•

•

MA, adv, x

MA, adv, x + dx

•

MA, g

•

MA, dif, x

•

MA, dif, x + dx

x, y

dx
•

MA, dif, y
•
MA, adv, y

FIGURE 6S.6
Differential control volume (dx  dy  1) for
species conservation in two-dimensional flow
of a viscous fluid with mass transfer.
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ṀA,adv,x  ṀA,adv,xdx  (Au) dy  (Au) 



(Au)
dx dy
x

(Au)
dx dy

(6S.26)
x
Similarly, multiplying both sides of Fick’s law (Equation 6.6) by the molecular
weight A (kg/kmol) of species A to evaluate the diffusion flux, the net rate at
which species A enters the control volume due to diffusion in the x-direction is



ṀA,dif,x  ṀA,dif,xdx  DAB




A
dy 
x





D

AB



A
x





A
A


DAB
dx dy 
D
dx dy
x
x
x AB x

(6S.27)

Expressions similar to Equations 6S.26 and 6S.27 may be formulated for the
y-direction.
Referring to Figure 6S.6, the species conservation requirement is
ṀA,adv,x  ṀA,adv,xdx  ṀA,adv,y  ṀA,adv,ydy
 ṀA,dif,x  ṀA,dif,xdx  ṀA,dif,y  ṀA,dif,ydy  ṀA,g  0

(6S.28)

Substituting from Equations 6S.26 and 6S.27, as well as from similar forms for the
y-direction, it follows that









(Au) (Av)
A
A




D

D
 ṅA
x
y
x AB x
y AB y

(6S.29)

A more useful form of this equation may be obtained by expanding the terms
on the left-hand side and substituting from the overall continuity equation for an
incompressible fluid. Equation 6S.29 then reduces to
u









(6S.30)









(6S.31)

A
A
A
A




D

D
 ṅA
x
y
x AB x
y AB y

or in molar form
u

CA
C
CA
CA


 A
D

D
 ṄA
x
y
x AB x
y AB y

EXAMPLE 6S.1
One of the few situations for which exact solutions to the convection transfer equations may be obtained involves what is termed parallel flow. In this case fluid
motion is only in one direction. Consider a special case of parallel flow involving
stationary and moving plates of infinite extent separated by a distance L, with the
intervening space filled by an incompressible fluid. This situation is referred to as
Couette flow and occurs, for example, in a journal bearing.
1. What is the appropriate form of the continuity equation (Equation D.1)?
2. Beginning with the momentum equation (Equation D.2), determine the velocity
distribution between the plates.
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3. Beginning with the energy equation (Equation D.4), determine the temperature
distribution between the plates.
4. Consider conditions for which the fluid is engine oil with L  3 mm. The speed
of the moving plate is U  10 m/s, and the temperatures of the stationary and
moving plates are T0  10°C and TL  30°C, respectively. Calculate the heat
flux to each of the plates and determine the maximum temperature in the oil.

SOLUTION
Known: Couette flow with heat transfer.
Find:
1.
2.
3.
4.

Form of the continuity equation.
Velocity distribution.
Temperature distribution.
Surface heat fluxes and maximum temperature for prescribed conditions.

Schematic:
Moving
plate

U = 10 m/s
TL = 30°C
T0 = 10°C

Engine
oil

L = 3 mm

y, v
x, u

Stationary
plate

Assumptions:
1.
2.
3.
4.
5.

Steady-state conditions.
Two-dimensional flow (no variations in z).
Incompressible fluid with constant properties.
No body forces.
No internal energy generation.

Properties: Table A.8, engine oil (20°C):   888.2 kg/m3, k  0.145 W/m  K,

  900  106 m2/s,     0.799 N  s/m2.

Analysis:
1. For an incompressible fluid (constant ) and parallel flow (v  0),
Equation D.1 reduces to
u
0
x



The important implication of this result is that, although depending on y, the x
velocity component u is independent of x. It may then be said that the velocity
field is fully developed.
2. For two-dimensional, steady-state conditions with v  0, (u/x)  0, and X 
0, Equation D.2 reduces to
0

 

p
2u

x
y2

c06_supl.qxd 3/6/06 10:42 AM Page W-31

6S.1



W-31

Derivation of the Convection Transfer Equations

However, in Couette flow, motion of the fluid is not sustained by the pressure
gradient, p/x, but by an external force that provides for motion of the top
plate relative to the bottom plate. Hence (p/x)  0. Accordingly, the
x-momentum equation reduces to
2u
0
y2
The desired velocity distribution may be obtained by solving this equation.
Integrating twice, we obtain
u(y)  C1y  C2
where C1 and C2 are the constants of integration. Applying the boundary conditions
u(0)  0

u(L)  U

it follows that C2  0 and C1  U/L. The velocity distribution is then
u(y) 

y
U
L



3. The energy equation (D.4) may be simplified for the prescribed conditions. In
particular, with v  0, (u/x)  0, and q̇  0, it follows that
cpu

 

u
T
2T
2T
 k 2  k 2 
x
y
x
y

2

However, because the top and bottom plates are at uniform temperatures, the
temperature field must also be fully developed, in which case (T/x)  0. The
appropriate form of the energy equation is then
0k

 

u
2T

y
y2

2

The desired temperature distribution may be obtained by solving this equation.
Rearranging and substituting for the velocity distribution,
k

    UL

d2T
du

2
dy
dy

2

2

Integrating twice, we obtain
T(y)  



 U 2 2
y  C3y  C4
2k L

The constants of integration may be obtained from the boundary conditions
T(0)  T0

T(L)  TL

in which case
C4  T0

and

C3 

TL  T0  U 2

L
2k L

and
T(y)  T0 

     (T  T ) Ly

y
 2 y
U

L
L
2k

2

L

0
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4. Knowing the temperature distribution, the surface heat fluxes may be obtained
by applying Fourier’s law. Hence
qy   k









 2 1 2y
TL  T0
dT
k
U
 2 
L L
L
dy
2k

At the bottom and top surfaces, respectively, it follows that
q0  

U 2 k
 (TL  T0)
L
2L

qL  

and

U 2 k
 (TL  T0)
L
2L

Hence, for the prescribed numerical values,
q0 

0.799 N  s/m2  100 m2/s2 0.145 W/m  K

(30  10)C
2  3  103m
3  103m

q0  13,315 W/m2  967 W/m2  14.3 kW/m2



qL  13,315 W/m  967 W/m  12.3 kW/m



2

2

2

The location of the maximum temperature in the oil may be found from the
requirement that





TL  T0
dT  2 1 2y
 U


0
L L2
L
dy 2k
Solving for y, it follows that
ymax 

Uk (T  T )  12L
L

2

0

or for the prescribed conditions
ymax 

W/m  K
(30  10)C  1 L 0.536L
0.799 0.145
2
N  s/m  100 m /s
2

2

2

Substituting the value of ymax into the expression for T(y),
Tmax  89.2C



Comments:
1. Given the strong effect of viscous dissipation for the prescribed conditions, the
maximum temperature occurs in the oil and there is heat transfer to the hot, as
well as to the cold, plate. The temperature distribution is a function of the velocity
of the moving plate, and the effect is shown schematically below.
y
L
U= 0

U1
U2

T0

TL

T(y)

c06_supl.qxd 3/6/06 10:42 AM Page W-33



Problems

W-33

For velocities less than U1 the maximum temperature corresponds to that of the
hot plate. For U  0 there is no viscous dissipation, and the temperature distribution is linear.
2. Recognize that the properties were evaluated at T  (TL  T0)/2  20°C,
which is not a good measure of the average oil temperature. For more precise
calculations, the properties should be evaluated at a more appropriate value of
the average temperature (e.g., T  55°C), and the calculations should be
repeated.

References
1. Schlichting, H., Boundary Layer Theory, 7th ed., McGrawHill, New York, 1979.

2. Bird, R. B., W. E. Stewart, and E. N. Lightfoot, Transport
Phenomena, Wiley, New York, 1966.

Problems
Conservation Equations and Solutions
6S.1 Consider the control volume shown for the special case
of steady-state conditions with v  0, T  T(y), and 
 const.
τ + ]τ dy
]y
y, v

p
x, u

dy
dx
τ

p+

]p
dx
]x

(a) Prove that u  u(y) if v  0 everywhere.
(b) Derive the x-momentum equation and simplify it as
much as possible.
(c) Derive the energy equation and simplify it as much
as possible.
6S.2 Consider a lightly loaded journal bearing using oil having the constant properties   102 kg/s  m and k 
0.15 W/m  K. If the journal and the bearing are each
maintained at a temperature of 40°C, what is the maximum temperature in the oil when the journal is rotating
at 10 m/s?
6S.3 Consider a lightly loaded journal bearing using oil having the constant properties   800 kg/m3,   105 m2/s,
and k  0.13 W/m  K. The journal diameter is 75 mm;
the clearance is 0.25 mm; and the bearing operates at
3600 rpm.
(a) Determine the temperature distribution in the oil
film assuming that there is no heat transfer into the
journal and that the bearing surface is maintained
at 75°C.

(b) What is the rate of heat transfer from the bearing,
and how much power is needed to rotate the
journal?
6S.4 Consider two large (infinite) parallel plates, 5 mm
apart. One plate is stationary, while the other plate is
moving at a speed of 200 m/s. Both plates are maintained at 27°C. Consider two cases, one for which the
plates are separated by water and the other for which
the plates are separated by air.
(a) For each of the two fluids, what is the force per
unit surface area required to maintain the above
condition? What is the corresponding power
requirement?
(b) What is the viscous dissipation associated with
each of the two fluids?
(c) What is the maximum temperature in each of the
two fluids?
6S.5 A judgment concerning the influence of viscous dissipation in forced convection heat transfer may be made by
calculating the quantity Pr  Ec, where the Prandtl number Pr  cp/k and the Eckert number Ec  U2/cp T are
dimensionless groups. The characteristic velocity and
temperature difference of the problem are designated as
U and T, respectively. If Pr  Ec  1, dissipation effects
may be neglected. Consider Couette flow for which one
plate moves at 10 m/s and a temperature difference of
25°C is maintained between the plates. Evaluating properties at 27°C, determine the value of Pr  Ec for air,
water, and engine oil. What is the value of Pr  Ec for air
if the plate is moving at the sonic velocity?
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6S.6 Consider Couette flow for which the moving plate is
maintained at a uniform temperature and the stationary
plate is insulated. Determine the temperature of the
insulated plate, expressing your result in terms of fluid
properties and the temperature and speed of the moving
plate. Obtain an expression for the heat flux at the moving plate.
6S.7 Consider Couette flow with heat transfer for which the
lower plate (mp) moves with a speed of U  5 m/s and is
perfectly insulated. The upper plate (sp) is stationary
and is made of a material with thermal conductivity ksp 
1.5 W/m  K and thickness Lsp  3 mm. Its outer surface
is maintained at Tsp  40°C. The plates are separated by
a distance Lo  5 mm, which is filled with an engine oil
of viscosity   0.799 N  s/m2 and thermal conductivity
ko  0.145 W/m  K.
y

Lsp

Stationary plate, ksp

0

U
Moving plate, insulated

(a) On T( y)–y coordinates, sketch the temperature distribution in the oil film and the moving plate.
(b) Obtain an expression for the temperature at the lower
surface of the oil film, T(0)  To, in terms of the plate
speed U, the stationary plate parameters (Tsp, ksp, Lsp)
and the oil parameters (, ko, Lo). Calculate this temperature for the prescribed conditions.
6S.8 A shaft with a diameter of 100 mm rotates at 9000 rpm in
a journal bearing that is 70 mm long. A uniform lubricant
gap of 1 mm separates the shaft and the bearing. The
lubricant properties are   0.03 N  s/m2 and k  0.15
W/m  K, while the bearing material has a thermal conductivity of kb  45 W/m  K.
Bearing, kb

y(mm)

Tb

1

Lubricant
0

Ts

x

Shaft
Lubricant

200
mm

(c) If the bearing housing is water-cooled, such that
the outer surface of the bearing is maintained at
30°C, determine the temperatures of the bearing
and shaft, Tb and Ts.
6S.9 Consider Couette flow with heat transfer as described in
Example 6S.1.
(a) Rearrange the temperature distribution to obtain
the dimensionless form
( )  [1  2Pr Ec(1  )]
1

where   [T(y)  T0]/[TL  T0] and  y/L. The
dimensionless groups are the Prandtl number Pr 
cp/k and the Eckert number Ec  U2/cp(TL  T0).
(b) Derive an expression that prescribes the conditions
under which there will be no heat transfer to the
upper plate.

Oil (o)
ko, µ

Shaft
100 mm
diameter

(b) Determine the rate of heat transfer (W) from the
lubricant, assuming that no heat is lost through the
shaft.

Tsp

Lo

Bearing, kb

(a) Determine the viscous dissipation,  (W/m3), in
the lubricant.

Water-cooled surface,
Twc = 30°C

(c) Derive an expression for the heat transfer rate to the
lower plate for the conditions identified in part (b).
(d) Generate a plot of  versus for 0   1 and
values of Pr Ec  0, 1, 2, 4, 10. Explain key features of the temperature distributions.
6S.10 Consider the problem of steady, incompressible laminar flow between two stationary, infinite parallel plates
maintained at different temperatures.
T1

Infinite
parallel
plates

L
y, v

dp < 0
__
dx

x, u
0

T2

Referred to as Poiseuille flow with heat transfer, this
special case of parallel flow is one for which the x
velocity component is finite, but the y and z components (v and w) are zero.
(a) What is the form of the continuity equation for
this case? In what way is the flow fully developed?
(b) What forms do the x- and y-momentum equations
take? What is the form of the velocity profile?
Note that, unlike Couette flow, fluid motion
between the plates is now sustained by a finite
pressure gradient. How is this pressure gradient
related to the maximum fluid velocity?
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Problems

(c) Assuming viscous dissipation to be significant and
recognizing that conditions must be thermally
fully developed, what is the appropriate form of
the energy equation? Solve this equation for the
temperature distribution. What is the heat flux at
the upper (y  L) surface?

Species Conservation Equation and Solution
6S.11 Consider Problem 6S.10, when the fluid is a binary
mixture with different molar concentrations CA, 1 and
CA, 2 at the top and bottom surfaces, respectively. For
the region between the plates, what is the appropriate
form of the species A continuity equation? Obtain
expressions for the species concentration distribution
and the species flux at the upper surface.

6S.13 Consider the conservation equations (6S.24) and
(6S.31).
(a) Describe the physical significance of each term.
(b) Identify the approximations and special conditions
needed to reduce these expressions to the boundary layer equations (6.29 and 6.30). Comparing
these equations, identify the conditions under
which they have the same form. Comment on the
existence of a heat and mass transfer analogy.
6S.14 The falling film is widely used in chemical processing
for the removal of gaseous species. It involves the
flow of a liquid along a surface that may be inclined at
some angle
0.

6S.12 A simple scheme for desalination involves maintaining a thin film of saltwater on the lower surface of two
large (infinite) parallel plates that are slightly inclined
and separated by a distance L.

x

δ

ρ A, o
Condensate
Air flow

y

TL

y

Gas (A)

L
x=

uid

Liq

film

(B)

φ

T0
x

Thin film
of salt water

A slow, incompressible, laminar airflow exists
between the plates, such that the x velocity component
is finite while the y and z components are zero. Evaporation occurs from the liquid film on the lower surface,
which is maintained at an elevated temperature T0,
while condensation occurs at the upper surface, which
is maintained at a reduced temperature TL. The corresponding molar concentrations of water vapor at
the lower and upper surfaces are designated as CA,0
and CA,L, respectively. The species concentration and
temperature may be assumed to be independent of x
and z.
(a) Obtain an expression for the distribution of the
water vapor molar concentration CA(y) in the air.
What is the mass rate of pure water production per
unit surface area? Express your results in terms of
CA,0, CA,L, L, and the vapor–air diffusion coefficient DAB.
(b) Obtain an expression for the rate at which heat must
be supplied per unit area to maintain the lower surface at T0. Express your result in terms of CA,0, CA,L,
T0, TL, L, DAB, hƒg (the latent heat of vaporization of
water), and the thermal conductivity k.

The flow is sustained by gravity, and the gas species A
outside the film is absorbed at the liquid–gas interface.
The film is in fully developed laminar flow over the
entire plate, such that its velocity components in the y
and z directions are zero. The mass density of A at y 
0 in the liquid is a constant A, o independent of x.
(a) Write the appropriate form of the x-momentum
equation for the film. Solve this equation for the
distribution of the x velocity component, u(y), in
the film. Express your result in terms of , g, ,
and the liquid properties  and . Write an expression for the maximum velocity umax.
(b) Obtain an appropriate form of the A species conservation equation for conditions within the film. If
it is further assumed that the transport of species A
across the gas–liquid interface does not penetrate
very far into the film, the position y  may, for
all practical purposes, be viewed as y  . This
condition implies that to a good approximation,
u  umax in the region of penetration. Subject to these
assumptions, determine an expression for A(x, y)
that applies in the film. Hint: This problem is analogous to conduction in a semi-infinite medium
with a sudden change in surface temperature.
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Derivation of the Convection Transfer Equations

(c) If a local mass transfer convection coefficient is
defined as

x
nA,
hm, x  

A, o

where n A,x is the local mass flux at the gas–liquid
interface, develop a suitable correlation for Shx as
a function of Rex and Sc.
(d) Develop an expression for the total gas absorption
rate per unit width for a film of length L (kg/s  m).

(e) A water film that is 1 mm thick runs down the
inside surface of a vertical tube that is 2 m long and
has an inside diameter of 50 mm. An airstream containing ammonia (NH3) moves through the tube,
such that the mass density of NH3 at the gas–liquid
interface (but in the liquid) is 25 kg/m3. A dilute
solution of ammonia in water is formed, and the
diffusion coefficient is 2  109 m2/s. What is the
mass rate of NH3 removal by absorption?
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I

n this chapter we focus on the problem of computing heat and mass transfer rates
to or from a surface in external flow. In such a flow boundary layers develop freely,
without constraints imposed by adjacent surfaces. Accordingly, there will always
exist a region of the flow outside the boundary layer in which velocity, temperature,
and/or concentration gradients are negligible. Examples include fluid motion over a
flat plate (inclined or parallel to the free stream velocity) and flow over curved surfaces such as a sphere, cylinder, airfoil, or turbine blade.
For the moment we confine our attention to problems of low-speed, forced convection with no phase change occurring within the fluid. In addition, we will not
consider potential micro- or nanoscale effects within the fluid, as described in Section 2.2, in this chapter. In forced convection, the relative motion between the fluid
and the surface is maintained by external means, such as a fan or a pump, and not
by buoyancy forces due to temperature gradients in the fluid (natural convection).
Internal flows, natural convection, and convection with phase change are treated in
Chapters 8, 9, and 10, respectively.
Our primary objective is to determine convection coefficients for different flow
geometries. In particular, we wish to obtain specific forms of the functions that represent these coefficients. By nondimensionalizing the boundary layer equations in
Chapter 6, we found that the local and average convection coefficients may be correlated by equations of the form
Heat Transfer:
Nux  f(x*, Rex, Pr)

(6.49)

Nux  f(Rex, Pr)

(6.50)

Shx  f(x*, Rex, Sc)

(6.53)

Shx  f(Rex, Sc)

(6.54)

Mass Transfer:

The subscript x has been added to emphasize our interest in conditions at a particular location on the surface. The overbar indicates an average from x*  0, where the
boundary layer begins to develop, to the location of interest. Recall that the problem
of convection is one of obtaining these functions. There are two approaches that we
could take, one theoretical and the other experimental.
The experimental or empirical approach involves performing heat or mass
transfer measurements under controlled laboratory conditions and correlating the
data in terms of appropriate dimensionless parameters. A general discussion of the
approach is provided in Section 7.1. It has been applied to many different geometries and flow conditions, and important results are presented in Sections 7.2
through 7.8.
The theoretical approach involves solving the boundary layer equations for a
particular geometry. For example, obtaining the temperature profile T* from such a
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solution, Equation 6.48 may be used to evaluate the local Nusselt number Nux, and
therefore the local convection coefficient hx. With knowledge of how hx varies over
the surface, Equation 6.13 may then be used to determine the average convection
coefficient hx, and therefore the Nusselt number Nux. In Section 7.2.1 this approach
is illustrated by using the similarity method to obtain an exact solution of the boundary layer equations for a flat plate in parallel, laminar flow [1–3]. An approximate
solution to the same problem is obtained in Appendix F by using the integral
method [4].

7.1
The Empirical Method
The manner in which a convection heat transfer correlation may be obtained experimentally is illustrated in Figure 7.1. If a prescribed geometry, such as the flat plate
in parallel flow, is heated electrically to maintain Ts  T, convection heat transfer
occurs from the surface to the fluid. It would be a simple matter to measure Ts and T,
as well as the electrical power, E  I, which is equal to the total heat transfer rate q.
The convection coefficient hL, which is an average associated with the entire plate,
could then be computed from Newton’s law of cooling, Equation 6.12. Moreover,
from knowledge of the characteristic length L and the fluid properties, the Nusselt,
Reynolds, and Prandtl numbers could be computed from their definitions, Equations
6.50, 6.41, and 6.42, respectively.
The foregoing procedure could be repeated for a variety of test conditions. We
could vary the velocity u and the plate length L, as well as the nature of the fluid,
using, for example, air, water, and engine oil, which have substantially different
Prandtl numbers. We would then be left with many different values of the Nusselt
number corresponding to a wide range of Reynolds and Prandtl numbers, and the
results could be plotted on a log–log scale, as shown in Figure 7.2a. Each symbol
represents a unique set of test conditions. As is often the case, the results associated
with a given fluid, and hence a fixed Prandtl number, fall close to a straight line,
indicating a power law dependence of the Nusselt number on the Reynolds number.
Considering all the fluids, the data may then be represented by an algebraic expression of the form
NuL  C RemL Prn

u∞, T∞

I • E = q = hLAs(Ts – T∞)
Ts, As
L

Insulation

I

E

FIGURE 7.1
Experiment for measuring the average
–
convection heat transfer coefficient hL.

(7.1)
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NuL = C ReLmPr n

Pr3
Pr2
Pr1

NuL
m
____
n = C ReL
Pr

( )

NuL
Log ____
n

Log NuL

Pr

Log ReL

Log ReL

(a)

(b)

FIGURE 7.2 Dimensionless representation of convection heat transfer measurements.

Since the values of C, m, and n are often independent of the nature of the fluid, the
family of straight lines corresponding to different Prandtl numbers can be collapsed
to a single line by plotting the results in terms of the ratio, NuL/Pr n, as shown in
Figure 7.2b.
Because Equation 7.1 is inferred from experimental measurements, it is termed
an empirical correlation. The specific values of the coefficient C and the exponents
m and n vary with the nature of the surface geometry and the type of flow.
We will use expressions of the form given by Equation 7.1 for many special
cases, and it is important to note that the assumption of constant fluid properties is
often implicit in the results. However, we know that the fluid properties vary with
temperature across the boundary layer and that this variation can certainly influence
the heat transfer rate. This influence may be handled in one of two ways. In one
method, Equation 7.1 is used with all properties evaluated at a mean boundary layer
temperature Tƒ, termed the film temperature.

Tf 

Ts  T
2

(7.2)

The alternate method is to evaluate all properties at T and to multiply the righthand side of Equation 7.1 by an additional parameter to account for the property
variations. The parameter is commonly of the form (Pr/Prs)r or (/s)r, where the
subscripts  and s designate evaluation of the properties at the free stream and surface temperatures, respectively. Both methods are used in the results that follow.
Finally, we note that experiments may also be performed to obtain convection
mass transfer correlations. However, under conditions for which the heat and mass
transfer analogy (Section 6.7.1) may be applied, the mass transfer correlation assumes the same form as the corresponding heat transfer correlation. Accordingly,
we anticipate correlations of the form
ShL  C RemL Scn

(7.3)

where, for a given geometry and flow condition, the values of C, m, and n are the
same as those appearing in Equation 7.1.
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7.2
The Flat Plate in Parallel Flow
Despite its simplicity, parallel flow over a flat plate (Figure 7.3) occurs in numerous
engineering applications. As discussed in Section 6.3, laminar boundary layer
development begins at the leading edge (x  0) and transition to turbulence may
occur at a downstream location (xc) for which a critical Reynolds number Rex,c is
achieved. We begin by considering conditions in the laminar boundary layer.

Laminar Flow over an Isothermal Plate:
A Similarity Solution

7.2.1

The major convection parameters may be obtained by solving the appropriate form
of the boundary layer equations. Assuming steady, incompressible, laminar flow
with constant fluid properties and negligible viscous dissipation and recognizing
that dp/dx  0, the boundary layer equations (6.27, 6.28, 6.29, and 6.30) reduce to
Continuity:
u v
 0
x y

(7.4)

u

u
u
2u
v  2
x
y
y

(7.5)

u

T
T
2T
v
 2
x
y
y

(7.6)

A
A
2A
v
 DAB 2
x
y
y

(7.7)

Momentum:

Energy:

Species:
u

Turbulent

Laminar

u∞, T∞

y

Ts

δ (x)

xc
L
x

FIGURE 7.3
The flat plate in parallel flow.
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Solution of these equations is simplified by the fact that for constant properties,
conditions in the velocity (hydrodynamic) boundary layer are independent of
temperature and species concentration. Hence we may begin by solving the
hydrodynamic problem, Equations 7.4 and 7.5, to the exclusion of Equations 7.6
and 7.7. Once the hydrodynamic problem has been solved, solutions to Equations 7.6 and 7.7, which depend on u and v, may be obtained.
The hydrodynamic solution follows the method of Blasius [1, 2]. The velocity
components are defined in terms of a stream function  (x, y),
u


y

and

v


x

(7.8)

such that Equation 7.4 is automatically satisfied and hence is no longer needed.
New dependent and independent variables, ƒ and , respectively, are then defined
such that
f() 



(7.9)

ux/u

  yu/x

(7.10)

As we will find, use of these variables simplifies matters by reducing the partial differential equation, Equation 7.5, to an ordinary differential equation.
The Blasius solution is termed a similarity solution, and  is a similarity variable. This terminology is used because, despite growth of the boundary layer with
distance x from the leading edge, the velocity profile u /u remains geometrically
similar. This similarity is of the functional form
u
u 

 y

where  is the boundary layer thickness. We will find from the Blasius solution that
 varies as (vx/u)1/2; thus, it follows that
u
(7.11)
u  ()
Hence the velocity profile is uniquely determined by the similarity variable ,
which depends on both x and y.
From Equations 7.8 through 7.10 we obtain
u

 ux d ux  u

  

 u
y  y

df







df
d

(7.12)

and
v

  ux xf  u2  ux f
df
u
v  1 x 
 f
2
d


  u
x









(7.13)

By differentiating the velocity components, it may also be shown that
d 2f
u
u
  2
x
2x d

(7.14)
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u
 u
y

u d 2f
x d2

(7.15)

3
2
2u u d f

y2 x d3

(7.16)

Substituting these expressions into Equation 7.5, we then obtain
2

d 3f
d 2f
f 20
3
d
d

(7.17)

Hence the hydrodynamic boundary layer problem is reduced to one of solving a
nonlinear, third-order ordinary differential equation. The appropriate boundary conditions are
u(x, 0)  v(x, 0)  0

and

u(x, )  u

and

df
d

or, in terms of the similarity variables,
df
d



0

 f (0)  0



 l

1

(7.18)

The solution to Equation 7.17, subject to the conditions of Equations 7.18, may
be obtained by a series expansion [2] or by numerical integration [3]. Selected
results are presented in Table 7.1, from which useful information may be extracted.
We first note that, to a good approximation, (u/u)  0.99 for   5.0. Defining the

TABLE 7.1 Flat plate laminar boundary
layer functions [3]
y
0
0.4
0.8
1.2
1.6
2.0
2.4
2.8
3.2
3.6
4.0
4.4
4.8
5.2
5.6
6.0
6.4
6.8



u
vx

ƒ

df
u

d u

d 2f
d2

0
0.027
0.106
0.238
0.420
0.650
0.922
1.231
1.569
1.930
2.306
2.692
3.085
3.482
3.880
4.280
4.679
5.079

0
0.133
0.265
0.394
0.517
0.630
0.729
0.812
0.876
0.923
0.956
0.976
0.988
0.994
0.997
0.999
1.000
1.000

0.332
0.331
0.327
0.317
0.297
0.267
0.228
0.184
0.139
0.098
0.064
0.039
0.022
0.011
0.005
0.002
0.001
0.000

c07.qxd 3/6/06 10:55 AM Page 408

408

Chapter 7



External Flow

boundary layer thickness  as that value of y for which (u/u)  0.99, it follows
from Equation 7.10 that
5.0
5x

u/x Rex



(7.19)

From Equation 7.19 it is clear that  increases with increasing x and  but decreases
with increasing u (the larger the free stream velocity, the thinner the boundary
layer). In addition, from Equation 7.15 the wall shear stress may be expressed as
s



u
y



y0

 uu/x



d 2f
d2

0

Hence from Table 7.1
s

 0.332uu/x

The local friction coefficient is then
Cf,x 

s,x

u2/2

 0.664Rex1/2

(7.20)

From knowledge of conditions in the velocity boundary layer, the energy and
species continuity equations may now be solved. To solve Equation 7.6 we introduce
the dimensionless temperature T*  [(T  Ts)/(T  Ts)] and assume a similarity
solution of the form T*  T*(). Making the necessary substitutions, Equation 7.6
reduces to
d 2T* Pr dT*
 f
0
2 d
d2

(7.21)

Note the dependence of the thermal solution on hydrodynamic conditions through
appearance of the variable ƒ in Equation 7.21. The appropriate boundary conditions are
T*(0)  0

and

T*()  1

(7.22)

Subject to the conditions of Equation 7.22, Equation 7.21 may be solved by
numerical integration for different values of the Prandtl number. One important
consequence of this solution is that, for Pr  0.6, results for the surface temperature
gradient dT*/d 0 may be correlated by the following relation:
dT*
d



0

 0.332Pr1/3

Expressing the local convection coefficient as
hx 

qs
T  Ts T*

k
Ts  T
Ts  T y

 

u
hx  k x

1/2

dT*
d





y0

0

it follows that the local Nusselt number is of the form
Nux 

hxx
1/3
 0.332 Re1/2
x Pr
k

Pr  0.6

(7.23)
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From the solution to Equation 7.21, it also follows that the ratio of the velocity to
thermal boundary layer thickness is

t

Pr1/3

(7.24)

where  is given by Equation 7.19.
The species boundary layer equation, Equation 7.7, is of the same form as the
energy boundary layer equation, Equation 7.6, with DAB replacing . Introducing a
normalized species density *
A  [(A  A,s)/(A,  A,s)] and noting that, for a
fixed surface species concentration
A*(0)  0

*
A ()  1

and

(7.25)

we also see that the species boundary conditions are of the same form as the temperature boundary conditions given in Equation 7.22. Therefore, as discussed in
Section 6.7.1, the heat and mass transfer analogy may be applied since the differential equation and boundary conditions for the species concentration are of the same
form as for temperature. Hence, with reference to Equation 7.23,
Shx 

hm,xx
1/3
 0.332Re1/2
x Sc
DAB

Sc  0.6

(7.26)

By analogy to Equation 7.24, it also follows that the ratio of boundary layer thicknesses is

c

Sc1/3

(7.27)

The foregoing results may be used to compute important laminar boundary layer
parameters for 0  x  xc, where xc is the distance from the leading edge at which
transition begins. Equations 7.20, 7.23, and 7.26 imply that s,x, hx, and hm,x are, in
principle, infinite at the leading edge and decrease as x1/2 in the flow direction. Equations 7.24 and 7.27 also imply that, for values of Pr and Sc close to unity, which is the
case for most gases, the three boundary layers experience nearly identical growth.
From the foregoing local results, average boundary layer parameters may be
determined. With the average friction coefficient defined as
Cf,x 
where
s,x

 1x

s,x
2
u/2



(7.28)

x
s,x

dx

0

the form of s,x may be substituted from Equation 7.20 and the integration performed to obtain
Cf, x  1.328Rex1/2

(7.29)

Moreover, from Equations 6.14 and 7.23, the average heat transfer coefficient for
laminar flow is
hx  1x

 h dx  0.332kxPr u   xdx
x

1/3

x

0



1/2

x

0

1/2
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Integrating and substituting from Equation 7.23, it follows that hx  2hx. Hence
N
Nux 

hx x
1/3
 0.664Re1/2
x Pr
k

Pr  0.6

(7.30)

Employing the heat and mass transfer analogy, it follows that
Shx 

hm,x x
1/3
 0.664Re1/2
x Sc
DAB

Sc  0.6

(7.31)

If the flow is laminar over the entire surface, the subscript x may be replaced by L,
and Equations 7.29 through 7.31 may be used to predict average conditions for the
entire surface.
From the foregoing expressions we see that, for laminar flow over a flat plate,
the average friction and convection coefficients from the leading edge to a point x
on the surface are twice the local coefficients at that point. We also note that, in
using these expressions, the effect of variable properties can be treated by evaluating all properties at the film temperature, Equation 7.2.
For fluids of small Prandtl number, namely, liquid metals, Equation 7.23 does
not apply. However, for this case the thermal boundary layer development is much
more rapid than that of the velocity boundary layer (t  ), and it is reasonable to
assume uniform velocity (u  u) throughout the thermal boundary layer. From a
solution to the thermal boundary layer equation based on this assumption [5], it may
then be shown that
Nux  0.565Pe1/2
x

Pr

0.05,

Pex  100

(7.32)

where Pex  Rex Pr is the Peclet number (Table 6.2). Despite the corrosive and
reactive nature of liquid metals, their unique properties (low melting point and
vapor pressure, as well as high thermal capacity and conductivity) render them
attractive as coolants in applications requiring high heat transfer rates.
A single correlating equation, which applies for all Prandtl numbers, has been
recommended by Churchill and Ozoe [6]. For laminar flow over an isothermal plate,
the local convection coefficient may be obtained from
Nux 

1/3
0.3387Re1/2
x Pr
[1  (0.0468/Pr)2/3]1/4

Pex  100

(7.33)

with Nux  2Nux.

7.2.2

Turbulent Flow over an Isothermal Plate

From experiment [2] it is known that, for turbulent flows with Reynolds numbers up
to approximately 108, the local friction coefficient is correlated to within 15% accuracy by an expression of the form
Cf, x  0.0592Re1/5
x

Rex,c

Rex

108

(7.34)
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Moreover, it is known that, to a reasonable approximation, the velocity boundary
layer thickness may be expressed as
  0.37x Rex1/5

(7.35)

Comparing these results with those for the laminar boundary layer, Equations 7.19
and 7.20, we see that turbulent boundary layer growth is much more rapid ( varies
as x4/5 in contrast to x1/2 for laminar flow) and that the decay in the friction coefficient is more gradual (x1/5 versus x1/2). For turbulent flow, boundary layer development is influenced strongly by random fluctations in the fluid and not by
molecular diffusion. Hence relative boundary layer growth does not depend on the
value of Pr or Sc, and Equation 7.35 may be used to obtain the thermal and concentration, as well as the velocity, boundary layer thicknesses. That is, for turbulent
flow,  t c.
Using Equation 7.34 with the modified Reynolds, or Chilton–Colburn, analogy,
Equations 6.70 and 6.71, the local Nusselt number for turbulent flow is
1/3
Nux  St Rex Pr  0.0296Re4/5
x Pr

0.6

Pr

60

(7.36)

3000

(7.37)

and the local Sherwood number is
1/3
Shx  Stm Rex Sc  0.0296Re4/5
x Sc

0.6

Sc

Enhanced mixing causes the turbulent boundary layer to grow more rapidly than the
laminar boundary layer and to have larger friction and convection coefficients.
Expressions for the average coefficients may now be determined. However,
since the turbulent boundary layer is generally preceded by a laminar boundary
layer, we first consider mixed boundary layer conditions.

7.2.3

Mixed Boundary Layer Conditions

For laminar flow over the entire plate, Equations 7.29 through 7.31 may be used to
compute the average coefficients. Moreover, if transition occurs toward the rear of
the plate, for example, in the range 0.95 (xc /L) 1, these equations may be used
to compute the average coefficients to a reasonable approximation. However, when
transition occurs sufficiently upstream of the trailing edge, (xc /L) 0.95, the surface average coefficients will be influenced by conditions in both the laminar and
turbulent boundary layers.
In the mixed boundary layer situation (Figure 7.3), Equation 6.14 may be used
to obtain the average convection heat transfer coefficient for the entire plate. Integrating over the laminar region (0 x xc) and then over the turbulent region
(xc  x L), this equation may be expressed as
hL  1
L

 h
xc

0

lam

dx 

 h dx
L

turb

xc

where it is assumed that transition occurs abruptly at x  xc. Substituting from
Equations 7.23 and 7.36 for hlam and hturb, respectively, we obtain
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hL 


k
L

 

u
0.332 

1/2

xc

0

   xdx

u
dx
 0.0296 
1/2
x

4/5

L

xc

1/5

Pr1/3

Integrating, we then obtain
1/3
NuL  (0.037 Re4/5
L  A) Pr

(7.38)

0.6 Pr 60
Rex,c ReL 108
where the bracketed relations indicate the range of applicability and the constant A
is determined by the value of the critical Reynolds number, Rex,c. That is,
1/2
A  0.037Re4/5
x,c  0.664Rex,c

(7.39)

Similarly, the average friction coefficient may be found using the expression
Cf, L  1
L



xc

Cf,x,lam dx 

0

C
L

xc



f,x,turb dx

Substituting expressions for Cf,x,lam and Cf,x,turb from Equations 7.20 and 7.34,
respectively, and carrying out the integration provides an expression of the form
Cf,L  0.074Re1/5
 2A
L
ReL
[Rex,c ReL 108]

(7.40)

Applying the heat and mass transfer analogy to Equation 7.38 yields
1/3
ShL  (0.037Re4/5
L  A) Sc

(7.41)

0.6 Sc 60
Rex,c ReL 108
For a completely turbulent boundary layer (Rex,c  0), A  0. Such a condition may
be realized by tripping the boundary layer at the leading edge, using a fine wire or
some other turbulence promoter. For a transition Reynolds number of Rex,c  5 105,
A  871.
All of the foregoing correlations require evaluation of the fluid properties at the
film temperature, Equation 7.2.

7.2.4

Unheated Starting Length

All the foregoing Nusselt number expressions are restricted to situations for which
the surface temperature Ts is uniform. A common exception involves existence of
an unheated starting length (Ts  T) upstream of a heated section (Ts
T). As
shown in Figure 7.4, velocity boundary layer growth begins at x  0, while thermal
boundary layer development begins at x  . Hence there is no heat transfer for
0 x
. Through use of an integral boundary layer solution [5], it is known that,
for laminar flow,
Nux 

Nux 0
[1  ( /x)3/4]1/3

(7.42)

c07.qxd 3/6/06 10:55 AM Page 413

7.2



413

The Flat Plate in Parallel Flow

δ
δt

u∞ , T ∞
q"s
Ts > T∞

Ts = T∞
ξ

x=L

x

FIGURE 7.4 Flat plate in parallel flow with unheated starting length.

where Nux  0, is given by Equation 7.23. In both Nux and Nux  0, the characteristic
length x is measured from the leading edge of the unheated starting length. It has
also been found that, for turbulent flow,
Nux 

Nux 0

(7.43)

[1  ( /x)9/10]1/9

where Nux  0 is given by Equation 7.36. Analogous mass transfer results are
obtained by replacing (Nux, Pr) with (Shx, Sc).
By using Equation 6.14 with local convection coefficients given by the foregoing relations, expressions may be obtained for the average Nusselt number of an
isothermal plate with an unheated starting length [7]. For a plate of total length L,
with laminar or turbulent flow over the entire surface, the expressions are of the form
NuL  NuL  0

L [1  ( /L)( p1)/( p2)]p/( p1)
L

(7.44)

where p  2 for laminar flow and p  8 for turbulent flow. The quantity NuL 0 is
the average Nusselt number for a plate of length L when heating starts at the leading
edge of the plate. For laminar flow, it can be obtained from Equation 7.30 (with x
replaced by L); for turbulent flow it is given by Equation 7.38 with A  0 (assuming
turbulent flow over the entire surface). Note that NuL is equal to hL/k, where h is
averaged over the heated portion of the plate only, which is of length (L  ). The
corresponding value of hL must therefore be multiplied by the area of the heated
section to determine the total heat rate from the plate.

7.2.5

Flat Plates with Constant Heat Flux Conditions

It is also possible to have a uniform surface heat flux, rather than a uniform temperature, imposed at the plate. For laminar flow, it may be shown that [5]
1/3
Nux  0.453Re1/2
x Pr

Pr  0.6

(7.45)

while for turbulent flow
1/3
Nux  0.0308Re4/5
x Pr

0.6

Pr

60

(7.46)

c07.qxd 3/6/06 10:55 AM Page 414

414

Chapter 7



External Flow

Hence the Nusselt number is 36% and 4% larger than the constant surface temperature result for laminar and turbulent flow, respectively. Correction for the effect
of an unheated starting length may be made by using Equations 7.45 and 7.46 with
Equations 7.42 and 7.43, respectively. If the heat flux is known, the convection
coefficient may be used to determine the local surface temperature
Ts(x)  T 

qs
hx

(7.47)

Since the total heat rate is readily determined from the product of the uniform
flux and the surface area, q  qs As, it is not necessary to introduce an average convection coefficient for the purpose of determining q. However, one may still wish to
determine an average surface temperature from an expression of the form
(Ts  T)  1
L

 (T  T )dx  qL k Nux dx
L

s

0

s



L

0

x

where Nux is obtained from the appropriate convection correlation. Substituting
from Equation 7.45, it follows that
(Ts  T) 

qsL
kNuL

(7.48)

where
1/3
NuL  0.680Re1/2
L Pr

(7.49)

This result is only 2% larger than that obtained by evaluating Equation 7.30 at x  L.
Differences are even smaller for turbulent flow, suggesting that any of the NuL
results obtained for a uniform surface temperature may be used with Equation 7.48
to evaluate (Ts  T). Expressions for the average temperature of a plate that is subjected to a uniform heat flux downstream of an unheated starting section have been
obtained by Ameel [7].

7.2.6

Limitations on Use of Convection Coefficients

Although the equations of this section are suitable for most engineering calculations, in practice they rarely provide exact values for the convection coefficients.
Conditions vary according to free stream turbulence and surface roughness, and
errors as large as 25% may be incurred by using the expressions. A detailed
description of free stream turbulence effects is provided by Blair [8].

7.3
Methodology for a Convection Calculation
Although we have only discussed correlations for parallel flow over a flat plate,
selection and application of a convection correlation for any flow situation are facilitated by following a few simple rules.
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1. Become immediately cognizant of the flow geometry. Does the problem involve
flow over a flat plate, a sphere, or a cylinder? The specific form of the convection correlation depends, of course, on the geometry.
2. Specify the appropriate reference temperature and evaluate the pertinent fluid
properties at that temperature. For moderate boundary layer temperature differences, the film temperature, Equation 7.2, may be used for this purpose.
However, we will consider correlations that require property evaluation at the
free stream temperature and include a property ratio to account for the nonconstant property effect.
3. In mass transfer problems the pertinent fluid properties are those of species
B. In our treatment of convection mass transfer, we are only concerned
with dilute, binary mixtures. That is, the problems involve transport of some
species A for which xA
1. To a good approximation the properties of the
mixture may then be assumed to be the properties of species B. The Schmidt
number, for example, would be Sc  B/DAB and the Reynolds number would
be ReL  (VL/B).
4. Calculate the Reynolds number. Boundary layer conditions are strongly influenced by this parameter. If the geometry is a flat plate in parallel flow, determine whether the flow is laminar or turbulent.
5. Decide whether a local or surface average coefficient is required. Recall that
for constant surface temperature or vapor density, the local coefficient is used
to determine the flux at a particular point on the surface, whereas the average
coefficient determines the transfer rate for the entire surface.
6. Select the appropriate correlation.

EXAMPLE 7.1
Air at a pressure of 6 kN/m2 and a temperature of 300°C flows with a velocity of
10 m/s over a flat plate 0.5 m long. Estimate the cooling rate per unit width of the
plate needed to maintain it at a surface temperature of 27°C.

SOLUTION
Known: Airflow over an isothermal flat plate.
Find: Cooling rate per unit width of the plate, q (W/m).
Schematic:
Air

T∞ = 300°C
u∞ = 10 m/s
p∞ = 6 kN/m2

Ts = 27°C
L = 0.5 m
x
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Assumptions:
1. Steady-state conditions.
2. Negligible radiation effects.
106 m2/s,
k  36.4 10 W/m  K, Pr  0.687. Properties such as k, Pr, and  may be
assumed to be independent of pressure to an excellent approximation. However, for
a gas, the kinematic viscosity   / will vary with pressure through its dependence on density. From the ideal gas law,   p/RT, it follows that the ratio of kinematic viscosities for a gas at the same temperature but at different pressures, p1 and
p2, is (1/2)  (p2/p1). Hence the kinematic viscosity of air at 437 K and p  6
103 N/m2 is

Properties: Table A.4, air (Tƒ  437 K, p  1 atm):   30.84
3

  30.84

1.0133 105 N/m2
 5.21
6 103 N/m2

106 m2/s

104 m2/s

Analysis: For a plate of unit width, it follows from Newton’s law of cooling that
the rate of convection heat transfer to the plate is
q  hL(T  Ts)
To determine the appropriate convection correlation for computing h, the Reynolds
number must first be determined
u L
10 m/s 0.5 m
ReL   
 9597
5.21 104 m2/s
Hence the flow is laminar over the entire plate, and the appropriate correlation is
given by Equation 7.30.
1/3
NuL  0.664Re1/2
 0.664(9597)1/2(0.687)1/3  57.4
L Pr

The average convection coefficient is then
h

NuLk 57.4

L

0.0364 W/m  K
 4.18 W/m2  K
0.5 m

and the required cooling rate per unit width of plate is
q  4.18 W/m2  K

0.5 m (300  27)C  570 W/m



Comments: The results of Table A.4 apply to gases at atmospheric pressure.
Except for the kinematic viscosity, mass density, and thermal diffusivity, they may
generally be used at other pressures without correction. The kinematic viscosity and
thermal diffusivity for pressures other than 1 atm may be obtained by dividing the
tabulated value by the pressure (atm).
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EXAMPLE 7.2
A flat plate of width w  1 m is maintained at a uniform surface temperature,
Ts  230°C, by using independently controlled, electrical strip heaters, each of which
is 50 mm long. If atmospheric air at 25°C flows over the plate at a velocity of 60 m/s,
at what heater is the electrical input a maximum? What is the value of this input?

SOLUTION
Known: Airflow over a flat plate with segmented heaters.
Find: Maximum heater power requirement.
Schematic:
Air

T∞ = 25°C
u∞ = 60 m/s

Air

T∞ = 25°C
u∞ = 60 m/s

qconv

Plate 1

Plate 1

Ts = 230°C

Ts = 230°C

qelec

Insulation

50 mm

x

Plate 5

L1 = 50 mm

Typical
heater

L5 = 250 mm
x

Assumptions:
1. Steady-state conditions.
2. Negligible radiation effects.
3. Bottom surface of plate adiabatic.

Properties: Table A.4, air (Tƒ  400 K, p  1 atm):   26.41

106 m2/s,

k  0.0338 W/m  K, Pr  0.690.

Analysis: The location of the heater requiring the maximum electrical power
may be determined by first finding the point of boundary layer transition. The
Reynolds number based on the length L1 of the first heater is
uL1
60 m/s 0.05 m
Re1   
 1.14
26.41 106 m2/s
If the transition Reynolds number is assumed to be Rex,c  5
transition will occur on the fifth heater, or more specifically at
26.41

xc  u Rex,c 


106 m2/s
5
60 m/s

105
105, it follows that

105  0.22 m

The heater requiring the maximum electrical power is that for which the average
convection coefficient is largest. Knowing how the local convection coefficient
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varies with distance from the leading edge, we conclude that there are three
possibilities:
1. Heater 1, since it corresponds to the largest local, laminar convection
coefficient.
2. Heater 5, since it corresponds to the largest local, turbulent convection
coefficient.
3. Heater 6, since turbulent conditions exist over the entire heater.
For each of these heaters, conservation of energy requires that
qelec  qconv
For the first heater,
qconv,1  h1L1w(Ts  T)
where h1 is determined from Equation 7.30,
1/3
Nu1  0.664Re1/2
 0.664(1.14
1 Pr

105)1/2(0.69)1/3  198

Hence
h1 

Nu1k 198

L1

0.0338 W/m  K
 134 W/m2  K
0.05 m

and
qconv,1  134 W/m2  K(0.05

1) m2 (230  25)C  1370 W

The power requirement for the fifth heater may be obtained by subtracting the total
heat loss associated with the first four heaters from that associated with the first five
heaters. Accordingly,
qconv,5  h15L5w(Ts  T)  h14L4w(Ts  T)
qconv,5  (h15L5  h14L4)w(Ts  T)
The value of h14 may be obtained from Equation 7.30, where
1/3
Nu4  0.664Re1/2
4 Pr

With Re4  4Re1  4.56

105,

Nu4  0.664(4.56

105)1/2(0.69)1/3  396

Hence
h14 

Nu4k 396

L4

0.0338 W/m  K
 67 W/m2  K
0.2 m

In contrast, the fifth heater is characterized by mixed boundary layer conditions, and
h1–5 must be obtained from Equation 7.38, with A  871. With Re5  5Re1 
5.70 105,
1/3
Nu5  (0.037Re4/5
5  871)Pr

Nu5  [0.037(5.70

105)4/5  871](0.69)1/3  546
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Hence
h15 

Nu5 k 546

L5

0.0338 W/m  K
 74 W/m2  K
0.25 m

The rate of heat transfer from the fifth heater is then
qconv,5  (74 W/m2  K 0.25 m  67 W/m2  K
1 m (230  25)C
qconv,5  1050 W

0.20 m)

Similarly, the power requirement for the sixth heater may be obtained by subtracting the total heat loss associated with the first five heaters from that associated with
the first six heaters. Hence
qconv,6  (h16 L6  h15L5)w(Ts  T)
where h16 may be obtained from Equation 7.38. With Re6  6Re1  6.84
Nu6  [0.037(6.84

105,

105)4/5  871](0.69)1/3  753

Hence
h16 

Nu6 k 753

L6

0.0338 W/m  K
 85 W/m2  K
0.30 m

and
qconv,6  (85 W/m2  K 0.30 m  74 W/m2  K
1 m (230  25)C
qconv,6 1440 W

0.25 m)


Hence qconv,6  qconv,1  qconv,5, and the sixth plate has the largest power requirement.

Comments:
1. An alternative, less accurate method of finding the convection heat transfer rate
from a particular plate involves estimating an average local convection coefficient for the surface. For example, Equation 7.36 could be used to evaluate the
local convection coefficient at the midpoint of the sixth plate. With x  0.275 m,
Rex  6.25 105, Nux  1130, and hx  139 W/m2  K, the convection heat
transfer rate from the sixth plate is
qconv,6  hx(L6  L5)w(Ts  T)
qconv,6  139 W/m2  K (0.30  0.25) m

1 m (230  25)C  1430 W

This procedure must be used with great caution and only when the variation of
the local convection coefficient with distance is gradual, such as in turbulent
flow. It could lead to significant error when used for a surface that experiences
transition.
2. The variation of the local convection coefficient along the flat plate may be
determined from Equations 7.23 and 7.36 for laminar and turbulent flow,
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respectively, and the results are represented by the solid curves of the following
schematic:
300
250

hx (W/m2•K)

420

200

hturb ~ x–1/5

150
100

hlam ~ x–1/2

50

xc
0
0.00

0.05

0.10

0.15

x (m)

0.20
0.25
0.22

0.30

The x1/2 decay of the laminar convection coefficient is presumed to conclude
abruptly at xc  0.22 m, where transition yields more than a fourfold increase in
the local convection coefficient. For x  xc, the decay in the convection coefficient
is more gradual (x1/5). The dashed lines represent extensions of the distributions,
which would apply if the value of xc were shifted. For example, if the free stream
turbulence were to increase and/or the surface were to be roughened, Rex,c would
decrease. The smaller value of xc would cause the laminar and turbulent distributions, respectively, to extend over smaller and larger portions of the plate. A similar effect may be achieved by increasing u. In this case larger values of hx would
be associated with the laminar and turbulent distributions (hlam  u 1/2, hturb  u 4/5).
3. This example is provided as a ready-to-solve model in IHT, which may be
accessed in Examples from the menu. This model demonstrates how to use the
Correlations and Properties tools, which can facilitate performing convection
calculations.

EXAMPLE 7.3
Drought conditions in the southwestern United States have prompted officials to
question whether the operation of residential swimming pools should be permitted.
As the chief engineer of a city that has a large number of pools, you have been
asked to estimate the daily water loss due to pool evaporation. For representative
conditions, you may assume water and ambient air temperatures of 25°C and an
ambient relative humidity of 50%. Typical pool surface dimensions are 6 m by
12 m. There is a 1.5-m-wide deck around the pool, which is raised relative to the
surrounding ground. Wind blows in the direction of the long side of the pool, with
velocity 2 m/s. You may assume the free stream turbulence of the air to be negligible,
the surface of the water to be smooth and level with the pool deck, and the deck to
be dry. What is the water loss for the pool in kilograms per day?

SOLUTION
Known: Ambient air conditions above a swimming pool, pool and deck dimensions.
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Find: Daily evaporative water loss.
Schematic:
Deck
Water, Ts = 25°C
rA,s = rA,sat(Ts)

Air

u∞ = 2 m/s
T∞ = 25°C
φ∞ = 0.50
6m
12 m

 = 1.5 m

x

x=L

Assumptions:
1.
2.
3.
4.
5.
6.

Steady-state conditions.
Smooth water surface and negligible free stream turbulence.
Deck is dry.
Heat and mass transfer analogy applicable.
Flow is tripped to turbulence by the leading edge of the deck.
Ideal gas behavior for water vapor in free stream.

106 m2/s. Table A.8, water
vapor–air (25°C): DAB  0.26 10 m /s, Sc  /DAB  0.60. Table A.6, satu3
rated water vapor (25°C): A, sat  v1
g  0.0226 kg/m .

Properties: Table A.4, air (25°C):   15.7
4

2

Analysis: The leading edge of the velocity boundary layer is at the edge of the
deck; therefore, the trailing edge of the pool is at a distance of L  13.5 m from the
leading edge. The Reynolds number at that point is
uL
2 m /s 13.5 m
ReL  v 
 1.72
15.7 106 m2/s

106

Applying the heat and mass transfer analogy to Equation 7.44 yields
ShL  ShL  0

L [1  ( /L)( p1)/( p2)]p/( p1)
L

(1)

The average Sherwood number, ShL  0, is evaluated from Equation 7.41 with
A  0 because the boundary layer is tripped to turbulent conditions by the leading
edge of the deck
1/3
ShL  0  0.037Re4/5
L Sc

ShL  0  0.037(1.72

106)4/5

(0.60)1/3  3040

With p  8 for turbulent flow, Equation 1 may be evaluated as
ShL  3040

13.5 m
[1  (1.5 m/13.5 m)(81)/(82)]8/(81)  2990
(13.5 m  1.5 m)
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It follows that
hm,L  ShL

DL   2990 0.26 13.510m m /s  5.77
4

AB

2

103 m/s

The evaporation rate for the pool is then
nA  hm A(A,s  A,)
where A is the pool area (not including the deck). With the free stream vapor
assumed to be an ideal gas,




A,
A,sat(T)

and with A,s  A,sat(Ts),
nA  hm A[A,sat(Ts) 

A,sat(T)]

Since Ts  T  25°C, it follows that
nA  hm AA,sat(25C)[1 

]

Hence
nA  5.77 103 m/s
nA  405 kg/day

72 m2

0.0226 kg/m3

0.5

86,400 s/day


Comments:
1. The water surface temperature is likely to be slightly less than the air temperature because of the evaporative cooling effect.
2. The volume loss, with a water density of 996 kg/m3, is nA/  0.4 m3/day. This
would mean a drop in the pool level of 6 mm per day. Of course the loss would
be greater in summer when the air temperature is higher.
3. The influence of the deck length on the daily evaporation rate is shown below.
As the length of the deck is increased, the overall evaporation rate is reduced
due to the extension of the leading edge of the velocity boundary layer farther
away from the pool.
440

420

nA(kg/day)

422

400

380
0

2

4

 (m)

6
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7.4
The Cylinder in Cross Flow
7.4.1

Flow Considerations

Another common external flow involves fluid motion normal to the axis of a circular cylinder. As shown in Figure 7.5, the free stream fluid is brought to rest at the
forward stagnation point, with an accompanying rise in pressure. From this point,
the pressure decreases with increasing x, the streamline coordinate, and the boundary layer develops under the influence of a favorable pressure gradient (dp/dx  0).
However, the pressure must eventually reach a minimum, and toward the rear of the
cylinder further boundary layer development occurs in the presence of an adverse
pressure gradient (dp/dx  0).
In Figure 7.5 the distinction between the upstream velocity V and the free
stream velocity u should be noted. Unlike conditions for the flat plate in parallel
flow, these velocities differ, with u now depending on the distance x from the stagnation point. From Euler’s equation for an inviscid flow [9], u(x) must exhibit
behavior opposite to that of p(x). That is, from u  0 at the stagnation point, the
fluid accelerates because of the favorable pressure gradient (du/dx  0 when
dp/dx  0), reaches a maximum velocity when dp/dx  0, and decelerates
because of the adverse pressure gradient (du/dx  0 when dp/dx  0). As the fluid
decelerates, the velocity gradient at the surface, u/yy0, eventually becomes zero
(Figure 7.6). At this location, termed the separation point, fluid near the surface
lacks sufficient momentum to overcome the pressure gradient, and continued downstream movement is impossible. Since the oncoming fluid also precludes flow back
upstream, boundary layer separation must occur. This is a condition for which the
boundary layer detaches from the surface, and a wake is formed in the downstream
region. Flow in this region is characterized by vortex formation and is highly irregular. The separation point is the location for which u/yy0  0. An excellent
review of flow conditions in the wake of a circular cylinder is provided by
Coutanceau and Defaye [10].
The occurrence of boundary layer transition, which depends on the Reynolds
number, strongly influences the position of the separation point. For the circular

u∞ (x)
x

θ
Wake

V

D

Forward
stagnation point

Separation point
Boundary layer

FIGURE 7.5 Boundary layer formation and separation on a circular cylinder in cross flow.
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Favorable pressure gradient

Adverse pressure gradient
∂__
p
>0
∂x

∂__
p
<0
∂x

u∞ (x)

Separation point

Wake

Flow reversal
Vortices

FIGURE 7.6 Velocity profile associated with separation on a circular cylinder in cross flow.

cylinder the characteristic length is the diameter, and the Reynolds number is
defined as
VD VD
ReD    
Since the momentum of fluid in a turbulent boundary layer is larger than in the laminar boundary layer, it is reasonable to expect transition to delay the occurrence of
separation. If ReD 2 105, the boundary layer remains laminar, and separation
occurs at
80° (Figure 7.7). However, if ReD  2 105, boundary layer transition occurs, and separation is delayed to
140°.
The foregoing processes strongly influence the drag force, FD, acting on the
cylinder. This force has two components, one of which is due to the boundary layer
surface shear stress ( friction drag). The other component is due to a pressure differential in the flow direction resulting from formation of the wake ( form, or pressure,
drag). A dimensionless drag coefficient CD may be defined as
CD 

FD
Af (V 2/2)

(7.50)

where Af is the cylinder frontal area (the area projected perpendicular to the free
stream velocity). The drag coefficient is a function of the Reynolds number and

Laminar
boundary
layer

Laminar
boundary
layer

θsep

V

Transition

θsep

V

< 2 × 10
ReD ~

5

> 2 × 105
ReD ~

Separation

FIGURE 7.7 The effect of turbulence on separation.

Separation

Turbulent
boundary
layer
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400
200

No separation

sep

80°

100
60
40

sep

140°

20

CD

10
6
4
Smooth cylinder

2
1
0.6
0.4

Sphere

0.2
0.1
0.06
10–1

100

101

102

103

104

105

106

__
ReD = VD
v

FIGURE 7.8 Drag coefficients for a smooth circular cylinder in cross flow and for a sphere [2].
Boundary layer separation angles are for a cylinder. Adapted with permission.

results are presented in Figure 7.8. For ReD 2 separation effects are negligible,
and conditions are dominated by friction drag. However, with increasing Reynolds
number, the effect of separation, and therefore form drag, becomes more important.
The large reduction in CD that occurs for ReD  2 105 is due to boundary layer
transition, which delays separation, thereby reducing the extent of the wake region
and the magnitude of the form drag.

7.4.2

Convection Heat and Mass Transfer

Experimental results for the variation of the local Nusselt number with are shown in
Figure 7.9 for the cylinder in a cross flow of air. Not unexpectedly, the results are
strongly influenced by the nature of boundary layer development on the surface. Consider conditions for ReD 105. Starting at the stagnation point, Nu decreases with
increasing as a result of laminar boundary layer development. However, a minimum
is reached at
80°, where separation occurs and Nu increases with due to mixing
associated with vortex formation in the wake. In contrast, for ReD  105 the variation
of Nu with is characterized by two minima. The decline in Nu from the value at the
stagnation point is again due to laminar boundary layer development, but the sharp
increase that occurs between 80° and 100° is now due to boundary layer transition to
turbulence. With further development of the turbulent boundary layer, Nu again
begins to decline. Eventually separation occurs (
140°), and Nu increases as a
result of mixing in the wake region. The increase in Nu with increasing ReD is due to
a corresponding reduction in the boundary layer thickness.
Correlations may be obtained for the local Nusselt number, and at the forward
stagnation point for Pr  0.6, boundary layer analysis [5] yields an expression of
the following form, which is most accurate at low Reynolds number:
1/3
NuD(  0)  1.15Re1/2
D Pr

(7.51)
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ReD = 2 × 106
2.0
2 × 105

1.0

104

500
0
0

30

60
90
120
Angular coordinate, θ

150

180

FIGURE 7.9 Local Nusselt number for airflow normal to a circular cylinder. Adapted with
permission from Zukauskas, A., “Convective Heat Transfer in Cross Flow,” in S. Kakac,
R. K. Shah, and W. Aung, Eds., Handbook of Single-Phase Convective Heat Transfer,
Wiley, New York, 1987.

However, from the standpoint of engineering calculations, we are more interested in
overall average conditions. The empirical correlation due to Hilpert [11]
NuD 

hD
 C RemD Pr1/3
k

(7.52)

is widely used for Pr  0.7, where the constants C and m are listed in Table 7.2.
Equation 7.52 may also be used for flow over cylinders of noncircular cross section,
with the characteristic length D and the constants obtained from Table 7.3. In
working with Equations 7.51 and 7.52 all properties are evaluated at the film
temperature.
Other correlations have been suggested for the circular cylinder in cross flow
[14, 15, 16]. The correlation due to Zukauskas [15] is of the form

TABLE 7.2 Constants of Equation
7.52 for the circular cylinder in
cross flow [11, 12]
ReD
0.4–4
4 –40
40 –4000
4000 –40,000
40,000 –400,000

C

m

0.989
0.911
0.683
0.193
0.027

0.330
0.385
0.466
0.618
0.805
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TABLE 7.3 Constants of Equation 7.52 for noncircular
cylinders in cross flow of a gas [13]
Geometry

ReD

C

m

Square

V
V

D
D

5

103–105

0.246

0.588

5

103–105

0.102

0.675

0.160
0.0385

0.638
0.782

0.153

0.638

0.228

0.731

Hexagon

103–1.95
104–105

V

D

5
1.95

V

D

5

103–105

D

4

103–1.5

104

Vertical plate

V

104

 

NuD  C RemD Prn Pr
Prs

1/4

(7.53)

0.7 Pr 500
1 ReD 106
where all properties are evaluated at T, except Prs, which is evaluated at Ts. Values
of C and m are listed in Table 7.4. If Pr 10, n  0.37; if Pr  10, n  0.36.
Churchill and Bernstein [16] have proposed a single comprehensive equation that
covers the entire range of ReD for which data are available, as well as a wide range
of Pr. The equation is recommended for all ReD Pr  0.2 and has the form
NuD  0.3 



1/3
0.62Re1/2
ReD
D Pr
1
2/3 1/4
282,000
[1  (0.4/Pr) ]



5/8 4/5

(7.54)

where all properties are evaluated at the film temperature.
Again we caution the reader not to view any of the foregoing correlations as
sacrosanct. Each correlation is reasonable over a certain range of conditions, but for
most engineering calculations one should not expect accuracy to much better than
20%. Because they are based on more recent results encompassing a wide range of
conditions, Equations 7.53 and 7.54 are used for the calculations of this text. A
detailed review of the many correlations that have been developed for the circular
cylinder is provided by Morgan [17].
Finally, we note that by invoking the heat and mass transfer analogy, Equations
7.51 through 7.54 may be applied to problems involving convection mass transfer from
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TABLE 7.4 Constants of
Equation 7.53 for the circular
cylinder in cross flow [16]
ReD

2

1–40
40–1000
103–2 105
105–106

C

m

0.75
0.51
0.26
0.076

0.4
0.5
0.6
0.7

a cylinder in cross flow. It is simply a matter of replacing NuD by ShD and Pr by Sc. In
mass transfer problems, boundary layer property variations are typically small. Hence,
when using the mass transfer analog of Equation 7.53, the property ratio, which
accounts for nonconstant property effects, may be neglected.

EXAMPLE 7.4
Experiments have been conducted on a metallic cylinder 12.7 mm in diameter and
94 mm long. The cylinder is heated internally by an electrical heater and is
subjected to a cross flow of air in a low-speed wind tunnel. Under a specific set of
operating conditions for which the upstream air velocity and temperature were
maintained at V  10 m/s and 26.2°C, respectively, the heater power dissipation
was measured to be P  46 W, while the average cylinder surface temperature was
determined to be Ts  128.4°C. It is estimated that 15% of the power dissipation is
lost through the cumulative effect of surface radiation and conduction through the
endpieces.
Thermocouple for measuring
airstream temperature

Heated
cylinder

Pitot tube for
determining velocity

Insulated
endpiece
Thermocouple
leads

Wind
tunnel
Power leads
to electrical heater

1. Determine the convection heat transfer coefficient from the experimental
observations.
2. Compare the experimental result with the convection coefficient computed
from an appropriate correlation.
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SOLUTION
Known: Operating conditions for a heated cylinder.
Find:
1. Convection coefficient associated with the operating conditions.
2. Convection coefficient from an appropriate correlation.

Schematic:
Ts = 128.4°C

T∞ = 26.2°C
V = 10 m/s
Air

q = 39.1 W
L = 94 mm

P = 46.0 W
D = 12.7 mm

Assumptions:
1. Steady-state conditions.
2. Uniform cylinder surface temperature.
300 K):   15.89 106 m2/s,
k  26.3 10 W/m  K, Pr  0.707. Table A.4, air (Tƒ 350 K):   20.92
106 m2/s, k  30 103 W/m  K, Pr  0.700. Table A.4, air (Ts  128.4°C 
401 K): Pr  0.690.

Properties: Table A.4, air (T  26.2°C
3

Analysis:
1. The convection heat transfer coefficient may be determined from the data by
using Newton’s law of cooling. That is,
h

q
A(Ts  T)

With q  0.85P and A  DL, it follows that
h

0.0127 m

0.85 46 W
 102 W/m2  K
0.094 m (128.4  26.2)C

2. Working with the Zukauskas relation, Equation 7.53,

 

NuD  C RemD Pr n Pr
Prs

1/4
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all properties, except Prs, are evaluated at T. Accordingly,
VD 10 m/s 0.0127 m
ReD   
 7992
15.89 106 m2/s
Hence, from Table 7.4, C  0.26 and m  0.6. Also, since Pr  10, n  0.37.
It follows that
NuD  0.26(7992)0.6(0.707)0.37
h  NuD

 0.707
0.690

0.25

 50.5

0.0263 W/m  K
k
 50.5
 105 W/m2  K
D
0.0127 m



Comments:
1. Using the Churchill relation, Equation 7.54,
NuD  0.3 



1/3
0.62Re1/2
ReD
D Pr
1
2/3 1/4
282,000
[1  (0.4/Pr) ]



5/8 4/5

With all properties evaluated at Tf, Pr  0.70 and
VD 10 m/s 0.0127 m
ReD   
 6071
20.92 106 m2/s
Hence the Nusselt number and the convection coefficient are
NuD  0.3 



0.62(6071)1/2(0.70)1/3
6071
1
282,000
[1  (0.4/0.70)2/3]1/4

h  NuD



5/8 4/5

 40.6

0.030 W/m  K
k
 40.6
 96.0 W/m2  K
D
0.0127 m

Alternatively, from the Hilpert correlation, Equation 7.52,
NuD  C RemD Pr1/3
With all properties evaluated at the film temperature, ReD  6071 and Pr 
0.70. Hence, from Table 7.2, C  0.193 and m  0.618. The Nusselt number
and the convection coefficient are then
NuD  0.193(6071)0.618(0.700)0.333  37.3
h  NuD

0.030 W/m  K
k
 37.3
 88 W/m2  K
D
0.0127 m

2. Uncertainties associated with measuring the air velocity, estimating the heat
loss from cylinder ends, and averaging the cylinder surface temperature,
which varies axially and circumferentially, render the experimental result
accurate to no better than 15%. Accordingly, calculations based on each of the
three correlations are within the experimental uncertainty of the measured
result.
3. Recognize the importance of using the proper temperature when evaluating
fluid properties.
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EXAMPLE 7.5
Because the molecular weight of hydrogen is very small, storing significant
amounts in its gaseous form requires very large, high-pressure containers. In situations where use of such high-pressure storage is not feasible, such as in automotive
applications, the H2 is typically stored by adsorbing it into a metal hydride powder.
The hydrogen is subsequently desorbed as needed, by heating the metal hydride
throughout its volume.
Gaseous, desorbed hydrogen is present within the interstitial regions of the
powder at a pressure that depends on the metal hydride temperature as
pH2  exp(3550/T12.9)
where pH2 is the hydrogen pressure in atmospheres and T is the metal hydride temperature in kelvins. The desorption process is an endothermic chemical reaction
corresponding to a thermal generation rate expressed as
Ėg  ṁH2

(29.5

103 kJ/kg)

where ṁH2 is the hydrogen desorption rate (kg/s). Thermal energy must be supplied
to the metal hydride in order to maintain a sufficiently high operating temperature.
The operating temperature is determined by the requirement that the hydrogen pressure remain above 1 atm so that hydrogen can be delivered to the fuel cell, which
operates at pfc  1 atm.
At a steady-state cruising speed of V  25 m/s, a fuel cell–powered automobile
consumes ṁH2  1.35 104 kg/s of hydrogen, which is supplied from a cylindrical,
stainless steel canister with inside diameter Di  0.1 m, length L  0.8 m, and wall
thickness t  0.5 mm. The canister, which is loaded with metal hydride powder, is
installed in the vehicle so that it is subject to air in cross flow at V  25 m/s, T  23°C.
Determine how much additional heating, beyond that supplied by convection from the
warm air, should be supplied to the canister so that pH2  pfc.
Flow regulator
Metal hydride
storage tank

H2
Air

V, T∞

Fuel cell
stack

SOLUTION
Known: Size of a hydrogen storage canister, hydrogen desorption rate, required
hydrogen operating pressure, velocity and temperature of air in cross flow.

Find: The convective heat transfer to the canister and the additional heating
needed to sustain pH2  pfc.
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Schematic:
T∞ = 23°C
V = 25 m/s

Ti
t = 0.05 mm

Air

Stainless steel wall

L = 0.8 m
•

Metal hydride, E g

Di = 0.1 m

Assumptions:
1.
2.
3.
4.
5.

Steady-state conditions.
Uniform cylinder surface temperature.
Negligible heat gain through the ends of the cylinder.
Uniform metal hydride temperature.
Negligible contact resistance between the canister wall and the metal hydride.

285 K): v  14.56
106 m2/s, k  25.2
10 W/m  K, Pr  0.712. Table A.1, AISI 316 stainless steel (Tss 300 K): kss 
13.4 W/m  K.

Properties: Table A.4, air (Tf
3

Analysis: We begin by finding the minimum allowable operating temperature of
the metal hydride, Tmin, corresponding to pH2,min  1 atm. The relationship between
the operating temperature and pressure may be rearranged to yield
Tmin 

3550
3550

 275.2 K
ln( pH2,min)  12.9 ln(1)  12.9

The thermal energy generation rate associated with the desorption of hydrogen from
the metal hydride at the required flow rate is
Ėg  (1.35

104 kg/s)

(29.5

106 J/kg)  3982 W

To determine the convective heat transfer rate, we begin by calculating the
Reynolds number:
ReD 

V(Di  2t) 23 m/s (0.1 m  2 0.005 m)

 173,760
v
14.56 106 m2/s

Use of Equation 7.54



1/3
0.62Re1/2
ReD
D Pr
NuD  0.3 
1
2/3 1/4
282,000
[1  (0.4/Pr) ]



5/8

4/5

yields
NuD  0.3 



0.62(173,760)1/2(0.712)1/3
173,760
1
282,000
[1  (0.4/0.712)2/3]1/4

5/8 4/5



 315.8
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Therefore, the average convective heat transfer coefficient is
h  NuD

k
 315.8
(Di  2t)

25.3 103 W/m  K
 72.6 W/m2  K
(0.1 m  2 0.005 m)

Simplifying Equation 3.29, we find
qconv 

T  Ti
ln[(Di  2t) /Di]
1

2 kssL
L(Di  2t)h

or, substituting values,
qconv 
(0.8 m)(0.1 m  2

296 K  275.2 K
ln[(0.1 m  2 0.005 m)/0.1 m]
1

2
2 (13.4 W/m  K)(0.8 m)
0.005 m)(72.6 W/m  K)

 406 W

The additional thermal energy, qadd, that must be supplied to the canister to maintain
the steady-state operating temperature may be found from an energy balance,
qadd  qconv  E˙g  0. Therefore,
qadd  qconv  Ėg  406W  3982 W  3576 W



Comments:
1. Additional heating will occur due to radiation, conduction from the canister
mounting hardware and fuel lines, and possibly condensation of water vapor on
the cool canister. Waste heat from the fuel cell (see Example 3.11) might also
be used as a source of thermal energy for the hydrogen storage canister.
2. The thermal resistances associated with conduction in the canister wall and convection are 0.0014 K/W and 0.053 K/W, respectively. The convection resistance
dominates and can be reduced by adding fins to the exterior of the canister.
3. The amount of additional heating that is required will increase if the automobile
is operated at a higher speed, since the hydrogen consumption scales as V 3,
while the convective heat transfer coefficient increases as V 0.7 to V 0.8. Additional
heating is also needed when the automobile is operated in a cooler climate.

7.5
The Sphere
Boundary layer effects associated with flow over a sphere are much like those for
the circular cylinder, with transition and separation playing prominent roles. Results
for the drag coefficient, which is defined by Equation 7.50, are presented in Figure 7.8.
In the limit of very small Reynolds numbers (creeping flow), the coefficient is
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inversely proportional to the Reynolds number and the specific relation is termed
Stokes’ law
CD  24
ReD

ReD

0.5

(7.55)

Numerous heat transfer correlations have been proposed, and Whitaker [14]
recommends an expression of the form

 

2/3
0.4 
NuD  2  (0.4Re1/2
D  0.06ReD )Pr
s

1/4

(7.56)

0.71 Pr 380
3.5 ReD 7.6 104
1.0 (/s) 3.2
All properties except s are evaluated at T, and the result may be applied to mass
transfer problems simply by replacing NuD and Pr with ShD and Sc, respectively. A
special case of convection heat and mass transfer from spheres relates to transport
from freely falling liquid drops, and the correlation of Ranz and Marshall [18] is
often used
1/3
NuD  2  0.6Re1/2
D Pr

(7.57)

In the limit ReD l 0, Equations 7.56 and 7.57 reduce to NuD  2, which corresponds to heat transfer by conduction from a spherical surface to a stationary, infinite medium around the surface, as may be derived from Case 1 of Table 4.1.

EXAMPLE 7.6
The decorative plastic film on a copper sphere of 10-mm diameter is cured in an
oven at 75°C. Upon removal from the oven, the sphere is subjected to an airstream
at 1 atm and 23°C having a velocity of 10 m/s. Estimate how long it will take to
cool the sphere to 35°C.

SOLUTION
Known: Sphere cooling in an airstream.
Find: Time t required to cool from Ti  75°C to T(t)  35°C.
Schematic:
Air

Copper sphere
D = 10 mm

p∞ = 1 atm
V = 10 m/s
T∞ = 23°C
Ti = 75°C, T(t) = 35°C
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Assumptions:
1. Negligible thermal resistance and capacitance for the plastic film.
2. Spatially isothermal sphere.
3. Negligible radiation effects.
328 K):   8933 kg/m3, k  399 W/m  K,
cp  388 J/kg  K. Table A.4, air (T  296 K):   182.6 107 N  s/m2,
  15.53 106 m2/s, k  0.0251 W/m  K, Pr  0.708. Table A.4, air (Ts 328 K):
  197.8 107 N  s/m2.

Properties: Table A.1, copper (T

Analysis: The time required to complete the cooling process may be obtained
from results for a lumped capacitance. In particular, from Equations 5.4 and 5.5
t

Vcp
hAs

ln

Ti  T
T  T

ln

Ti  T
T  T

or, with V  D /6 and As  D ,
3

2

t

cpD
6h

From Equation 7.56

 

2/3
0.4 
NuD  2  (0.4Re1/2
D  0.06ReD )Pr
s

1/4

where
VD
10 m/s 0.01 m
ReD   
 6440
15.53 10 6 m2/s
Hence the Nusselt number and the convection coefficient are
NuD  2  [0.4(6440)1/2  0.06(6440)2/3](0.708)0.4



182.6
197.8

h  NuD

10 7 N  s/m2
10 7 N  s/m2



1/4

 47.1

0.0251 W/m  K
k
 47.1
 118 W/m2  K
D
0.01 m

The time required for cooling is then
t





8933 kg/m3 387 J/kg  K 0.01 m
75  23
ln
 71.8 s
35  23
6 118 W/m2  K



Comments:
1. The validity of the lumped capacitance method may be determined by calculating the Biot number. From Equation 5.10
Bi 

hLc h(ro/3) 118 W/m2  K 0.005 m/3


 4.9
399 W/m  K
ks
ks

and the criterion is satisfied.

10 4
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2. Although their definitions are similar, the Nusselt number is defined in terms of
the thermal conductivity of the fluid, whereas the Biot number is defined in
terms of the thermal conductivity of the solid.
3. Options for enhancing production rates include accelerating the cooling process
by increasing the fluid velocity and/or using a different fluid. Applying the
foregoing procedures, the cooling time is computed and plotted for air and
helium over the range of velocities, 5 V 25 m/s.
125

100
Air

t (s)

75

50
Helium
25

0

5

10

15

20

25

V (m/s)

Although Reynolds numbers for He are much smaller than those for air, the
thermal conductivity is much larger and, as shown below, convection heat
transfer is enhanced.
400

Helium

h (W/m2•K)

300

200
Air
100

0

5

10

15

20

25

V (m/s)

Hence production rates could be increased by substituting helium for air, albeit
with a significant increase in cost.

7.6
Flow across Banks of Tubes
Heat transfer to or from a bank (or bundle) of tubes in cross flow is relevant to
numerous industrial applications, such as steam generation in a boiler or air cooling
in the coil of an air conditioner. The geometric arrangement is shown schematically
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Fluid in cross flow
over tube bank

V

Internal flow of fluid
through tube

FIGURE 7.10 Schematic of a tube bank in cross flow.

in Figure 7.10. Typically, one fluid moves over the tubes, while a second fluid at a
different temperature passes through the tubes. In this section we are specifically
interested in the convection heat transfer associated with cross flow over the tubes.
The tube rows of a bank are either staggered or aligned in the direction of the
fluid velocity V (Figure 7.11). The configuration is characterized by the tube diameter D and by the transverse pitch ST and longitudinal pitch SL measured between
tube centers. Flow conditions within the bank are dominated by boundary layer separation effects and by wake interactions, which in turn influence convection heat
transfer.

SD
SL
SL

D
D
A1

ST
V, T∞

ST
V, T∞

(a)

A2

A1

A2

A1

(b)

FIGURE 7.11 Tube arrangements in a bank. (a) Aligned. (b) Staggered.
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The heat transfer coefficient associated with a tube is determined by its position
in the bank. The coefficient for a tube in the first row is approximately equal to
that for a single tube in cross flow, whereas larger heat transfer coefficients are
associated with tubes of the inner rows. The tubes of the first few rows act as a
turbulence-generating grid, which increases the heat transfer coefficient for tubes in
the following rows. In most configurations, however, heat transfer conditions stabilize, such that little change occurs in the convection coefficient for a tube beyond
the fourth or fifth row.
Generally, we wish to know the average heat transfer coefficient for the entire
tube bundle. For airflow across tube bundles composed of 10 or more rows (NL 
10), Grimison [19] has obtained a correlation of the form
NuD  C1 RemD,max

NL  10
2000 ReD,max
Pr  0.7

40,000

(7.58)

where C1 and m are listed in Table 7.5 and
ReD,max 

VmaxD


(7.59)

It has become common practice to extend this result to other fluids through insertion
of the factor 1.13Pr1/3, in which case

TABLE 7.5 Constants of Equations 7.58 and 7.60 for airflow over a
tube bank of 10 or more rows [19]
ST /D
1.25
SL/D
Aligned
1.25
1.50
2.00
3.00
Staggered
0.600
0.900
1.000
1.125
1.250
1.500
2.000
3.000

1.5

2.0

3.0

C1

m

C1

m

C1

m

C1

m

0.348
0.367
0.418
0.290

0.592
0.586
0.570
0.601

0.275
0.250
0.299
0.357

0.608
0.620
0.602
0.584

0.100
0.101
0.229
0.374

0.704
0.702
0.632
0.581

0.0633
0.0678
0.198
0.286

0.752
0.744
0.648
0.608

—
—
—
—
0.518
0.451
0.404
0.310

—
—
—
—
0.556
0.568
0.572
0.592

—
—
0.497
—
0.505
0.460
0.416
0.356

—
—
0.558
—
0.554
0.562
0.568
0.580

—
0.446
—
0.478
0.519
0.452
0.482
0.440

—
0.571
—
0.565
0.556
0.568
0.556
0.562

0.213
0.401
—
0.518
0.522
0.488
0.449
0.428

0.636
0.581
—
0.560
0.562
0.568
0.570
0.574
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NuD  1.13C1 RemD,max Pr1/3
NL  10
2000 ReD,max
Pr  0.7

(7.60)

40,000

All properties appearing in the above equations are evaluated at the film temperature. If NL  10, a correction factor may be applied such that
NuD(NL10)  C2NuD(NL10)

(7.61)

where C2 is given in Table 7.6.
The Reynolds number ReD,max for the foregoing correlations is based on the
maximum fluid velocity occurring within the tube bank. For the aligned arrangement, Vmax occurs at the transverse plane A1 of Figure 7.11a, and from the mass conservation requirement for an incompressible fluid
Vmax 

ST
V
ST  D

(7.62)

For the staggered configuration, the maximum velocity may occur at either the
transverse plane A1 or the diagonal plane A2 of Figure 7.11b. It will occur at A2 if the
rows are spaced such that
2(SD  D)  (ST  D)
The factor of 2 results from the bifurcation experienced by the fluid moving from
the A1 to the A2 planes. Hence Vmax occurs at A2 if
SD  S2L 

 S2 
T

2 1/2



ST  D
2

in which case it is given by
Vmax 

ST
V
2(SD  D)

(7.63)

If Vmax occurs at A1 for the staggered configuration, it may again be computed from
Equation 7.62.

TABLE 7.6 Correction factor C2 of Equation 7.61 for NL  10 [20]
NL
Aligned
Staggered

1

2

3

4

5

6

7

8

9

0.64
0.68

0.80
0.75

0.87
0.83

0.90
0.89

0.92
0.92

0.94
0.95

0.96
0.97

0.98
0.98

0.99
0.99
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TABLE 7.7 Constants of Equation 7.64 for the tube bank
in cross flow [15]
Configuration

ReD,max

Aligned
Staggered
Aligned
Staggered
Aligned
(ST /SL  0.7)a
Staggered
(ST /SL  2)
Staggered
(ST /SL  2)
Aligned
Staggered

C

m

10–102
10–102
102–103
102–103
103–2 105



0.80
0.40
0.90
0.40
Approximate as a single
(isolated) cylinder
0.27
0.63

103–2

105

0.35(ST /SL)1/5

0.60

103–2

105

0.40

0.60

0.021
0.022

0.84
0.84

2
2

105–2
105–2

106
106

For ST /SL  0.7, heat transfer is inefficient and aligned tubes should not be used.

a

More recent results have been obtained and Zukauskas [15] has proposed a correlation of the form

 

NuD  C RemD,max Pr0.36 Pr
Prs
NL  20
0.7 Pr 500
1000 ReD,max

2

1/4

(7.64)

106

where all properties except Prs are evaluated at the arithmetic mean of the fluid inlet
and outlet temperatures and the constants C and m are listed in Table 7.7. The need
to evaluate fluid properties at the arithmetic mean of the inlet (Ti  T) and outlet
(To) temperatures is dictated by the fact that the fluid temperature will decrease or
increase, respectively, due to heat transfer to or from the tubes. If the fluid temperature change, Ti  To, is large, significant error could result from evaluation of the
properties at the inlet temperature. If NL  20, a correction factor may be applied
such that
NuD(NL20)  C2 NuD(NL20)

(7.65)

where C2 is given in Table 7.8.

TABLE 7.8 Correction factor C2 of Equation 7.65
for NL  20 (ReD,max  103) [15]
NL
Aligned
Staggered

1

2

3

4

5

7

10

13

16

0.70
0.64

0.80
0.76

0.86
0.84

0.90
0.89

0.92
0.92

0.95
0.95

0.97
0.97

0.98
0.98

0.99
0.99
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Preferred
flow lanes

(a)

( b)

FIGURE 7.12 Flow conditions for (a) aligned and (b) staggered tubes.

Flow around tubes in the first row of a tube bank corresponds to that for a single (isolated) cylinder in cross flow. However, for subsequent rows, flow depends
strongly on the tube bank arrangement (Figure 7.12). Aligned tubes beyond the first
row are in the turbulent wakes of upstream tubes, and for moderate values of SL
convection coefficients associated with downstream rows are enhanced by turbulation of the flow. Typically, the convection coefficient of a row increases with
increasing row number until approximately the fifth row, after which there is little
change in the turbulence and hence in the convection coefficient. However, for
small values of ST /SL, upstream rows, in effect, shield downstream rows from much
of the flow, and heat transfer is adversely affected. That is, the preferred flow path is
in lanes between the tubes and much of the tube surface is not exposed to the main
flow. For this reason, operation of aligned tube banks with ST /SL  0.7 (Table 7.7)
is undesirable. For the staggered array, however, the path of the main flow is more
tortuous and a greater portion of the surface area of downstream tubes remains in
this path. In general, heat transfer enhancement is favored by the more tortuous flow
of a staggered arrangement, particularly for small Reynolds number (ReD 100).
Since the fluid may experience a large change in temperature as it moves
through the tube bank, the heat transfer rate could be significantly overpredicted by
using T  Ts  T as the temperature difference in Newton’s law of cooling. As
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the fluid moves through the bank, its temperature approaches Ts and T  decreases.
In Chapter 11 the appropriate form of T is shown to be a log-mean temperature
difference,
Tlm 

(Ts  Ti)  (Ts  To)



Ts  Ti
ln
Ts  To

(7.66)



where Ti and To are temperatures of the fluid as it enters and leaves the bank, respectively. The outlet temperature, which is needed to determine Tlm, may be estimated
from



Ts  To
DNh
 exp 
Ts  Ti
VNTSTcp



(7.67)

where N is the total number of tubes in the bank and NT is the number of tubes in the
transverse plane. Once Tlm is known, the heat transfer rate per unit length of the
tubes may be computed from
q  N(h DTlm)

(7.68)

The foregoing results may be used to determine mass transfer rates associated
with evaporation or sublimation from the surfaces of a bank of cylinders in cross flow.
Once again it is only necessary to replace NuD and Pr by ShD and Sc, respectively.
We close by recognizing that there is generally as much interest in the pressure
drop associated with flow across a tube bank as in the overall heat transfer rate. The
power required to move the fluid across the bank is often a major operating expense
and is directly proportional to the pressure drop, which may be expressed as [15]

40

10

103

20

SL

f

10

PL = SL/D

6
4

PT = ST/D

104

ST
χ

442

ReD, max
105
106

1

PT = PL
0.1

2
1

0.1

1
(PT – 1)/(PL – 1)

10

PL = 1.25

0.6
0.4

1.50
2.0

0.2

2.5
0.1
0.06
101

102

103

104

105

106

ReD, max

FIGURE 7.13 Friction factor ƒ and correction factor  for Equation 7.69. In-line tube bundle
arrangement [15]. Used with permission.
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4
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1.0
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0.4

3
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χ

1.2

f

≥105

1.4

Re
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SD

1
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1.6

0.6 0.8 1

2

PT /PL

PT = 1.25
100
1.5
2.0

2.5
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101
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103
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ReD, max

FIGURE 7.14 Friction factor ƒ and correction factor  for Equation 7.69. Staggered tube
bundle arrangement [15]. Used with permission.



p  NL 



V2max
f
2

(7.69)

The friction factor ƒ and the correction factor  are plotted in Figures 7.13 and 7.14.
Figure 7.13 pertains to a square, in-line tube arrangement for which the dimensionless longitudinal and transverse pitches, PL  SL/D and PT  ST /D, respectively, are
equal. The correction factor , plotted in the inset, is used to apply the results to
other in-line arrangements. Similarly, Figure 7.14 applies to a staggered arrangement of tubes in the form of an equilateral triangle (ST  SD), and the correction factor enables extension of the results to other staggered arrangements. Note that the
Reynolds number appearing in Figures 7.13 and 7.14 is based on the maximum
fluid velocity Vmax.

EXAMPLE 7.7
Pressurized water is often available at elevated temperatures and may be used for
space heating or industrial process applications. In such cases it is customary to use
a tube bundle in which the water is passed through the tubes, while air is passed in
cross flow over the tubes. Consider a staggered arrangement for which the tube outside diameter is 16.4 mm and the longitudinal and transverse pitches are SL  34.3
mm and ST  31.3 mm. There are seven rows of tubes in the airflow direction and
eight tubes per row. Under typical operating conditions the cylinder surface temperature is at 70°C, while the air upstream temperature and velocity are 15°C and
6 m/s, respectively. Determine the air-side convection coefficient and the rate of
heat transfer for the tube bundle. What is the air-side pressure drop?
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SOLUTION
Known: Geometry and operating conditions of a tube bank.
Find:
1. Air-side convection coefficient and heat rate.
2. Pressure drop.

Schematic:
Water tube

SL = 34.3 mm

ST = 31.3 mm

D = 16.4 mm
Ts = 70°C

Ti = T∞ = 15°C
V = 6 m/s

Air
ROW 1

ROW 7

Assumptions:
1. Steady-state conditions.
2. Negligible radiation effects.
3. Negligible effect of change in air temperature across tube bank on air
properties.

Properties: Table A.4, air (T  15°C):   1.217 kg/m3, cp  1007 J/kg  K,

  14.82 106 m2/s, k  0.0253 W/m  K, Pr  0.710. Table A.4, air (Ts  70°C):
Pr  0.701. Table A.4, air (Tf  43°C):   17.4 106 m2/s, k  0.0274 W/m  K,
Pr  0.705.

Analysis:
1. From Equations 7.64 and 7.65, the air-side Nusselt number is

 

NuD  C2C RemD,max Pr0.36 Pr
Prs

1/4

Since SD  [S L2  (ST /2)2]1/2  37.7 mm is greater than (ST  D)/2, the maximum velocity occurs on the transverse plane, A1, of Figure 7.11. Hence from
Equation 7.62
Vmax 

ST
31.3 mm
V
6 m/s  12.6 m/s
ST  D
(31.3  16.4) mm

With
ReD,max 

VmaxD 12.6 m/s 0.0164 m
  14.82 10 6 m2/s  13,943
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and
ST 31.3 mm

 0.91  2
SL 34.3 mm
it follows from Tables 7.7 and 7.8 that

 SS 

C  0.35

1/5

T

 0.34,

m  0.60,

and

C2  0.95

L

Hence

 0.710
0.701

0.25

NuD  0.95

0.34(13,943)0.60(0.71)0.36

 87.9

and
h  NuD

0.0253 W/m  K
 135.6 W/m2  K
0.0164 m

k
 87.9
D



From Equation 7.67



Ts  To (Ts  Ti) exp 



Ts  To  (55C) exp 

DNh
VNT ST cp



(0.0164 m) 56 (135.6 W/m2  K)
1.217 kg/m3 (6 m/s) 8 (0.0313 m) 1007 J/kg  K



Ts  To  44.5C
Hence from Equations 7.66 and 7.68
Tlm 

(Ts  Ti)  (Ts  To)



Ts  Ti
ln
Ts  To





(55  44.5)C

 

 49.6C

55
ln
44.5

and
q  N(h DTlm)  56
q  19.4 kW/m

135.6 W/m2  K

0.0164 m

49.6C


2. The pressure drop may be obtained from Equation 7.69.

V2  f

p  NL 

2
max

With ReD, max  13,943, PT  (ST /D)  1.91, and (PT /PL)  0.91, it follows
from Figure 7.14 that  1.04 and ƒ 0.35. Hence with NL  7
p  7

1.04

1.217 kg/m3(12.6 m/s)2
0.35
2

p  246 N/m2  2.46

103 bars



Comments:
1. With properties evaluated at Tf, ReD, max  11,876. With ST /D 2 and SL/D 2, it
follows from Tables 7.5 and 7.6 that C1  0.482, m  0.556, and C2  0.97. From
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Equations 7.60 and 7.61, the Nusselt number is then NuD  86.7, and h  144.8
W/m2  K. Values of h obtained from Equations 7.60 and 7.64 therefore agree to
within 7%, which is well within their uncertainties.
2. Had Ti  Ts  Ti been used in lieu of Tlm in Equation 7.68, the heat rate
would have been overpredicted by 11%.
3. Since the air temperature is predicted to increase by only 10.5°C, evaluation of
the air properties at Ti  15°C is a reasonable approximation. However, if
improved accuracy is desired, the calculations could be repeated with the properties reevaluated at (Ti  To)/2  20.25°C. An exception pertains to the density  in the exponential term of Equation 7.67. As it appears in the
denominator of this term,  is matched with the inlet velocity to provide a product (V) that is linked to the mass flow rate of air entering the tube bank.
Hence, in this term,  should be evaluated at Ti.
4. The air outlet temperature and heat rate may be increased by increasing the
number of tube rows, and for a fixed number of rows, they may be varied by
adjusting the air velocity. For 5 NL 25 and V  6 m/s, parametric calculations based on Equations 7.64 through 7.68 yield the following results:
60

75

50

V = 6 m/s

55

40

45

30

35

20

25

10

15

5

10

15

20

q' (kW/m)

To (°C)

65

0
25

NL

The air outlet temperature would asymptotically approach the surface temperature with increasing NL, at which point the heat rate approaches a constant value
and there is no advantage to adding more tube rows. Note that p increases linearly with increasing NL. For NL  25 and 1 V 20 m/s, we obtain
75

70

65

60

55

50

45

40

35

30

25

20

15

0

5

10
V (m/s)

15

10
20

q' (kW/m)

NL = 25

To (°C)

446
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Although the heat rate increases with increasing V, the air outlet temperature
decreases, approaching Ti as V l .

7.7
Impinging Jets
A single gas jet or an array of such jets, impinging normally on a surface, may be
used to achieve enhanced coefficients for convective heating, cooling, or drying.
Applications include tempering of glass plate, annealing of metal sheets, drying of
textile and paper products, cooling of heated components in gas turbine engines,
and deicing of aircraft systems.

7.7.1

Hydrodynamic and Geometric Considerations

As shown in Figure 7.15, gas jets are typically discharged into a quiescent ambient
from a round nozzle of diameter D or a slot (rectangular) nozzle of width W. Typically, the jet is turbulent and, at the nozzle exit, is characterized by a uniform velocity profile. However, with increasing distance from the exit, momentum exchange
between the jet and the ambient causes the free boundary of the jet to broaden and
the potential core, within which the uniform exit velocity is retained, to contract.
Downstream of the potential core the velocity profile is nonuniform over the entire

D or W

Nozzle

Nozzle exit

CA, e, Te, Ve
Potential core
Ambient

T∞, CA, ∞

Free jet

H

Stagnation or
impingement
zone
Velocity
profiles

Wall jet

z
r or x
Impingement surface Ts, CA, s

Stagnation point

FIGURE 7.15 Surface impingement of a single round or slot gas jet.
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jet cross section and the maximum (center) velocity decreases with increasing distance from the nozzle exit. The region of the flow over which conditions are unaffected by the impingement (target) surface is termed the free jet.
Within the stagnation or impingement zone, flow is influenced by the target surface and is decelerated and accelerated in the normal (z) and transverse (r or x) directions, respectively. However, since the flow continues to entrain zero momentum fluid
from the ambient, transverse acceleration cannot continue indefinitely and accelerating flow in the stagnation zone is transformed to a decelerating wall jet. Hence, with
increasing r or x, velocity components parallel to the surface increase from a value of
zero to some maximum and subsequently decay to zero. Velocity profiles within the
wall jet are characterized by zero velocity at both the impingement and free surfaces.
If Ts Te and/or CA,s CA,e, convection heat and/or mass transfer occurs in both the
stagnation and wall jet regions.
Many impingement heat (mass) transfer schemes involve an array of jets, as, for
example, the array of slot jets shown in Figure 7.16. In addition to flow from each
nozzle exhibiting free jet, stagnation, and wall jet regions, secondary stagnation zones
result from the interaction of adjoining wall jets. In many such schemes the jets are
discharged into a restricted volume bounded by the target surface and the nozzle plate
from which the jets originate. The overall rate of heat (mass) transfer depends
strongly on the manner in which spent gas, whose temperature (species concentration)
is between values associated with the nozzle exit and the impingement surface, is
vented from the system. For the configuration of Figure 7.16, spent gas cannot flow
upward between the nozzles but must instead flow symmetrically in the y directions. As the temperature (surface cooling) or species concentration (surface evaporation) of the gas increases with increasing y, the local surface-to-gas temperature
or concentration difference decreases, causing a reduction in local convection fluxes.
A preferable situation is one for which the space between adjoining nozzles is open
to the ambient, thereby permitting continuous upflow and direct discharge of the
spent gas.
Plan (top) views of single round and slot nozzles, as well as regular arrays of
round and slot nozzles, are shown in Figure 7.17. For the isolated nozzles (Figures
7.17a, d), local and average convection coefficients are associated with any r  0
and x  0. For the arrays, with discharge of the spent gas in the vertical (z) direction, symmetry dictates equivalent local and average values for each of the unit
cells delineated by dashed lines. For a large number of square-in-line (Figure 7.17b)

Nozzle plate

S

W

H

z y
x L

Nozzle

Secondary stagnation zone

FIGURE 7.16 Surface impingement of an array of slot jets.
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S

D

D

S

D
r

S

Ar = D2/4r 2

Ar = π D2/4S2
(a )

(b)

Ar = π D2/2√3 S2

S

(c)

W

x

S
W

Ar = W/2x
(d)

Ar = W/S
(e)

FIGURE 7.17 Plan view of pertinent geometrical features for (a) single round jet,
(b) in-line array of round jets, (c) staggered array of round jets, (d) single slot jet, and
(e) array of slot jets.

or equilaterally staggered (Figure 7.17c) round jets, the unit cells correspond to a
square or hexagon, respectively. A pertinent geometric parameter is the relative
nozzle area, which is defined as the ratio of the nozzle exit cross-sectional area to
the surface area of the cell (Ar  Ac,e /Acell). In each case, S represents the pitch of
the array.

7.7.2

Convection Heat and Mass Transfer

In the results that follow, it is presumed that the gas jet exits its nozzle with a uniform velocity Ve, temperature Te, and species concentration CA,e. Thermal and compositional equilibrium with the ambient are presumed (Te  T, CA,e  CA,), while
convection heat and/or mass transfer may occur at an impingement surface of uniform temperature and/or species composition (Ts Te, CA,s CA,e). Newton’s law
of cooling and its mass transfer analog are then
q  h(Ts  Te)

(7.70)

NA  hm(CA,s  CA,e)

(7.71)

Conditions are presumed to be uninfluenced by the level of turbulence at the nozzle
exit, and the surface is presumed to be stationary. However, this requirement may
be relaxed for surface velocities which are much less than the jet impact velocity.
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H/Dh <
∼5
Nu

H/Dh >
∼5
Nu

450

r/D or x/2W
(a)

r/D or x/2W
(b)

FIGURE 7.18
Distribution of local Nusselt
number associated with a
single round or slot nozzle for
(a) large and (b) small relative
nozzle-to-plate spacings.

An extensive review of available convection coefficient data for impinging gas
jets has been performed by Martin [21], and for a single round or slot nozzle, distributions of the local Nusselt number have the characteristic forms shown in Figure 7.18.
The characteristic length is the hydraulic diameter of the nozzle, which is defined as
four times its cross-sectional area divided by its wetted perimeter (Dh  4Ac,e /P).
Hence the characteristic length is the diameter of a round nozzle, and assuming L  W,
it is twice the width of a slot nozzle. It follows that Nu  hD/k for a round nozzle and
Nu  h(2W/k) for a slot nozzle. For large nozzle-to-plate separations, Figure 7.18a, the
distribution is characterized by a bell-shaped curve for which Nu monotonically decays
from a maximum value at the stagnation point, r/D or x/2W equal to zero.
For small separations, Figure 7.18b, the distribution is characterized by a second maximum, whose value increases with increasing jet Reynolds number and
may exceed that of the first maximum. The threshold separation of H/D 5, below
which there is a second maximum, is loosely associated with the length of the
potential core (Figure 7.15). Appearance of the second maximum is attributed to a
sharp rise in the turbulence level which accompanies the transition from an accelerating stagnation region flow to a decelerating wall jet [21]. Additional maxima have
been observed and attributed to the formation of vortices in the stagnation zone, as
well as transition to a turbulent wall jet [22].
Secondary maxima in Nu are also associated with the interaction of adjoining
wall jets for an array [21, 23]. However, distributions are two-dimensional, exhibiting, for example, variations with both x and y for the slot jet array of Figure 7.16.
Variations with x could be expected to yield maxima at the jet centerline and
halfway between adjoining jets, while constraint of the exhaust flow to the y
direction would induce acceleration with increasing y and hence a monotonically
increasing Nu with y. However, variations with y decrease with increasing crosssectional area of the outflow and may be neglected if S H  W L [21].
Average Nusselt numbers may be obtained by integrating local results over the
appropriate surface area. The resulting correlations are reported in the form
Nu  f(Re, Pr, Ar, H/Dh)

(7.72)

where
hDh
k
Ve Dh
Re  
Nu 

and Dh  D (round nozzle) or Dh  2W (slot nozzle).

(7.73)
(7.74)
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Round Nozzles

Having assessed data from several sources, Martin [21] recommends the following correlation for a single round nozzle (Ar  D2/4r2)

 

Nu
 G Ar,H [2Re1/2(1  0.005Re0.55)1/2]
D
Pr0.42

(7.75)

where
G  2A1/2
r

1  2.2A1/2
r
1  0.2(H/D  6)A1/2
r

(7.76)

The ranges of validity are
2000 Re 400,000
2 H/D 12
0.004 Ar 0.04
For Ar  0.04, results for Nu are available in graphical form [21].
For an array of round nozzles (Ar  D2/4S2 or D2/23S2 (for in-line and
staggered arrays, respectively),

   

Nu
 0.5K Ar,H G Ar,H Re2/3
D
D
Pr0.42

(7.77)

where
K 1



H/D
0.6/A1/2
r

6 0.05



(7.78)

and G is the single nozzle function given by Equation 7.76. The function K accounts
for the fact that, for H/D  0.6/A1/2
r , the average Nusselt number for the array
decays more rapidly with increasing H/D than that for the single nozzle. The correlation is valid over the ranges
2000 Re 100,000
2 H/D 12
0.004 Ar 0.04

Slot Nozzles For a single slot nozzle (Ar  W/2x), the recommended correlation is
Nu
3.06
Rem

Pr0.42 0.5/Ar  H/W  2.78

(7.79)

where
m  0.695 

   
1  H
4Ar
2W

1.33

and the ranges of validity are
3000 Re 90,000
2 H/W 10
0.025 Ar 0.125

1

 3.06

(7.80)

c07.qxd 3/6/06 10:56 AM Page 452

452

Chapter 7



External Flow

As a first approximation, Equation 7.79 may be used for Ar  0.125, yielding predictions for the stagnation point (x  0, Ar l ) that are within 40% of measured values.
For an array of slot nozzles (Ar  W/S), the recommended correlation is



Nu
2Re
 2A3/4
r,o
Ar /Ar,o  Ar,o/Ar
Pr0.42 3



2/3

(7.81)

where



2 1/2



Ar,o  60  4 H  2
2W

(7.82)

The correlation pertains to conditions for which the outflow of spent gas is restricted
to the  y-directions of Figure 7.16 and the outflow area is large enough to satisfy
the requirement (S H)/(W L)  1. Additional restrictions are
1500 Re 40,000
2 H/W 80
0.008 Ar 2.5Ar,o
An optimal arrangement of nozzles would be one for which the values of H, S,
and Dh yielded the largest value of Nu for a prescribed total gas flow rate per unit
surface area of the target. For fixed H and for arrays of both round and slot nozzles,
optimal values of Dh and S have been found to be [21]
Dh,op
Sop

0.2H
1.4H

(7.83)
(7.84)

The optimum value of (Dh/H)1 5 coincides approximately with the length of the
potential core. Beyond the potential core, the midline jet velocity decays, causing an
attendant reduction in convection coefficients.
Invoking the heat and mass transfer analogy by substituting Sh/Sc0.42 for
Nu/Pr0.42, the foregoing correlations may also be applied to convection mass transfer.
N
However, for both heat and mass transfer, application of the equations should be
restricted to conditions for which they were developed. For example, in their present
form, the correlations may not be used if the jets emanate from sharp-edged orifices
instead of bell-shaped nozzles. The orifice jet is strongly affected by a flow contraction phenomenon that alters convection heat or mass transfer [21, 22]. In the case of
convection heat transfer, conditions are also influenced by differences between the jet
exit and ambient temperatures (Te T). The exit temperature is then an inappropriate temperature in Newton’s law of cooling, Equation 7.70, and should be replaced by
what is commonly termed the recovery, or adiabatic wall, temperature [24, 25].

7.8
Packed Beds
Gas flow through a packed bed of solid particles (Figure 7.19) is relevant to many
industrial processes, which include the transfer and storage of thermal energy,
heterogeneous catalytic reactions, and drying. The term packed bed refers to a
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V

FIGURE 7.19
Gas flow through a packed bed of solid particles.

condition for which the position of the particles is fixed. In contrast, a fluidized bed
is one for which the particles are in motion due to advection with the fluid.
For a packed bed a large amount of heat or mass transfer surface area can be
obtained in a small volume, and the irregular flow that exists in the voids of the bed
enhances transport through turbulent mixing. Many correlations that have been
developed for different particle shapes, sizes, and packing densities are described in
the literature [26–29]. One such correlation, which has been recommended for gas
flow in a bed of spheres, is of the form
jH  jm  2.06Re0.575
D

Pr (or Sc)
90 ReD

0.7
4000

(7.85)

where jH and jm are the Colburn j factors defined by Equations 6.70 and 6.71. The
Reynolds number ReD  VD/ is defined in terms of the sphere diameter and
the upstream velocity V that would exist in the empty channel without the packing.
The quantity  is the porosity, or void fraction, of the bed (volume of void space per
unit volume of bed), and its value typically ranges from 0.30 to 0.50. The correlation may be applied to packing materials other than spheres by multiplying the
right-hand side by an appropriate correction factor. For a bed of uniformly sized
cylinders, with length-to-diameter ratio of 1, the factor is 0.79; for a bed of cubes it
is 0.71.
In using Equation 7.85, properties should be evaluated at the arithmetic mean
of the fluid temperatures entering and leaving the bed. If the particles are at a uniform temperature Ts, the heat transfer rate for the bed may be computed from
q  hAp,t Tlm

(7.86)

where Ap, t is the total surface area of the particles and Tlm is the log-mean temperature difference defined by Equation 7.66. The outlet temperature, which is needed
to compute Tlm, may be estimated from



hAp,t
Ts  To
 exp 
Ts  Ti
VAc,bcp



(7.87)

where  and V are the inlet density and velocity, respectively, and Ac, b is the bed
(channel) cross-sectional area.
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7.9
Summary
In this chapter we have considered forced convection heat and mass transfer for an
important class of problems involving external flow at low-to-moderate speeds.
Consideration was given to several common geometries, for which convection coefficients depend on the nature of boundary layer development. You should test your
understanding of related concepts by addressing the following questions.
• What is an external flow?
• How does the velocity boundary layer thickness vary with distance from the
leading edge for laminar flow over a flat plate? For turbulent flow? What determines the relative velocity, thermal, and concentration boundary layer thicknesses for laminar flow? For turbulent flow?
• How does the local convection heat or mass transfer coefficient vary with distance from the leading edge for laminar flow over a flat plate? For turbulent
flow? For flow in which transition to turbulence occurs on the plate?
• How is local heat transfer from the surface of a flat plate affected by the existence of an unheated starting length?
• What are the manifestations of boundary layer separation from the surface of a
circular cylinder in cross flow? How is separation influenced by whether the
upstream flow is laminar or turbulent?
• How is variation of the local convection coefficient on the surface of a circular
cylinder in cross flow affected by boundary layer separation? By boundary
layer transition? Where do local maxima and minima in the convection coefficient occur on the surface?
• How does the average convection coefficient of a tube vary with its location in
a tube bank?
• For jet impingement on a surface, what are distinguishing features of the free
jet? The potential core? The impingement zone? The wall jet?
• At what location on the surface of an impinging jet will a maximum in the convection coefficient always exist? Under what conditions will there be a secondary maximum?
• For an array of impinging jets, how are flow and heat transfer affected by the
manner in which spent fluid is discharged from the system?
• What is the difference between a packed bed and a fluidized bed of solid
particles?
• What is an empirical heat or mass transfer correlation? What are the inherent
dimensionless parameters for forced convection?
• What is the film temperature?
• What temperature difference must be used when computing the total rate of
heat transfer from a bank of tubes or a packed bed?
In this chapter we have also compiled convection correlations that may be used
to estimate convection transfer rates for a variety of external flow conditions. For
simple surface geometries these results may be derived from a boundary layer analysis, but in most cases they are obtained from generalizations based on experiment.
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You should know when and how to use the various expressions, and you should be
familiar with the general methodology of a convection calculation. To facilitate their
use, the correlations are summarized in Table 7.9.

TABLE 7.9 Summary of convection heat transfer correlations for external flowa, b
Geometry

Conditionsc

(7.19)

Flat plate

Laminar, Tf

(7.20)

Flat plate

Laminar, local, Tf

(7.23)

Flat plate

Laminar, local, Tf , Pr  0.6

(7.24)

Flat plate

Laminar, Tf

(7.29)

Flat plate

Laminar, average, Tf

(7.30)

Flat plate

Laminar, average, Tf , Pr  0.6

Nux  0.565Pe1/2
x

(7.32)

Flat plate

Laminar, local, Tf , Pr

Cf,x  0.0592Re1/5
x

(7.34)

Flat plate

Turbulent, local, Tf , Rex

  0.37x Re1/5
x

(7.35)

Flat plate

Turbulent, Tf , Rex

1/3
Nux  0.0296Re4/5
x Pr

(7.36)

Flat plate

Turbulent, local, Tf , Rex
0.6 Pr 60

Cf,L  0.074Re1/5
 1742Re1
L
L

(7.40)

Flat plate

Mixed, average, Tf , Rex, c  5
ReL 108

105,

1/3
NuL  (0.037Re4/5
L  871)Pr

(7.38)

Flat plate

Mixed, average, Tf , Rex, c  5
ReL 108, 0.6 Pr 60

105,

NuD  C RemD Pr1/3
(Table 7.2)

(7.52)

Cylinder

Average, Tf , 0.4
Pr  0.7

NuD  C RemD Prn(Pr/Prs)1/4
(Table 7.4)

(7.53)

Cylinder

Average, T, 1 ReD
0.7 Pr 500

Cylinder

Average, Tf , ReD Pr  0.2

Sphere

Average, T, 3.5
0.71 Pr 380

Correlation
  5x Re1/2
x
Cf,x  0.664Re1/2
x
Nux 

0.332Re1/2
x

1/3

Pr

t  Pr1/3
Cf,x  1.328Re1/2
x
Nux 

0.664Re1/2
x

1/3

Pr

1/3
NuD  0.3  [0.62Re1/2
D Pr
2/3 1/4
[1  (0.4/Pr) ] ]
[1  (ReD/282,000)5/8]4/5

(7.56)

NuD  2 

(7.57)

Falling drop

Average, T

(7.60), (7.61)

Tube bankd

(7.64), (7.65)

Tube bankd

Average, Tf , 2000
Pr  0.7
Average, T , 1000
0.7 Pr 500

1/3

Pr

Nu D  1.13C1C2 Re mD,max Pr 1/3
(Tables 7.5, 7.6)
Nu D  CC2 Re mD,max Pr 0.36(Pr/Prs)1/4
(Tables 7.7, 7.8)

108

108
108,

ReD

105,

4
106,

(7.54)

NuD  2  (0.4Re1/2
D
0.4
 0.06Re2/3
D )Pr
1/4
(/s)
0.6Re1/2
D

0.05, Pex  100

ReD

7.6

104,

ReD, max

4

ReD

106,

2

104,
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TABLE 7.9 (Continued)
Correlation

Geometry

Conditions

Single round nozzle

(7.75)

Impinging jet

Average, Tf , 2000 Re 4
2 (H/D) 12, 2.5 (r/D)

105,
7.5

Single slot nozzle

(7.79)

Impinging jet

Average, Tf , 3000 Re 9
2 (H/W) 10, 4 (x/W)

104,
20

Array of round nozzles

(7.77)

Impinging jet

Average, Tf , 2000 Re
2 (H/D) 12, 0.004

105,
Ar 0.04

Array of slot nozzles

(7.81)

Impinging jet

Average, Tf , 1500 Re
2 (H/W) 80, 0.008

4
Ar

jH  jm  2.06Re0.575
D

(7.85)

Packed bed
of spheresd

Average, T , 90 ReD
Pr (or Sc) 0.7

104,
2.5Ar,o

4000,

a

Correlations in this table pertain to isothermal surfaces; for special cases involving an unheated starting length or a uniform surface heat flux,
see Section 7.2.4 or 7.2.5.
b
When the heat and mass transfer analogy is applicable, the corresponding mass transfer correlations may be obtained by replacing Nu and Pr
by Sh and Sc, respectively.
c
The temperature listed under “Conditions” is the temperature at which properties should be evaluated.
d
For tube banks and packed beds, properties are evaluated at the average fluid temperature, T  (Ti  To)/2, or the average film temperature,
Tf  (Ts  T )/2.

References
1. Blasius, H., Z. Math. Phys., 56, 1, 1908. English translation in National Advisory Committee for Aeronautics
Technical Memo No. 1256.
2. Schlichting, H., Boundary Layer Theory, Springer, New
York, 2000.
3. Howarth, L., Proc. R. Soc. Lond., Ser. A, 164, 547, 1938.
4. Pohlhausen, E., Z. Angew. Math. Mech., 1, 115, 1921.
5. Kays, W. M., M. E. Crawford, and B. Weigand, Convective Heat and Mass Transfer, 4th ed. McGraw-Hill
Higher Education, Boston, 2005.
6. Churchill, S. W., and H. Ozoe, J. Heat Transfer, 95, 78,
1973.
7. Ameel, T. A., Int. Comm. Heat Mass Transfer, 24, 1113,
1997.
8. Blair, M. F., J. Heat Transfer, 105, 33 and 41, 1983.
9. Fox, R. W., A. T. McDonald, and P. J. Pritchard, Introduction to Fluid Mechanics, 6th ed., Wiley, New York, 2003.
10. Coutanceau, M., and J. -R. Defaye, Appl. Mech. Rev., 44,
255, 1991.
11. Hilpert, R., Forsch. Geb. Ingenieurwes., 4, 215, 1933.
12. Knudsen, J. D., and D. L. Katz, Fluid Dynamics and
Heat Transfer, McGraw-Hill, New York, 1958.

13. Jakob, M., Heat Transfer, Vol. 1, Wiley, New York,
1949.
14. Whitaker, S., AIChE J., 18, 361, 1972.
15. Zukauskas, A., “Heat Transfer from Tubes in Cross
Flow,” in J. P. Hartnett and T. F. Irvine, Jr., Eds., Advances
in Heat Transfer, Vol. 8, Academic Press, New York,
1972.
16. Churchill, S. W., and M. Bernstein, J. Heat Transfer, 99,
300, 1977.
17. Morgan, V. T., “The Overall Convective Heat Transfer
from Smooth Circular Cylinders,” in T. F. Irvine, Jr. and
J. P. Hartnett, Eds., Advances in Heat Transfer, Vol. 11,
Academic Press, New York, 1975.
18. Ranz, W., and W. Marshall, Chem. Eng. Prog., 48, 141,
1952.
19. Grimison, E. D., Trans. ASME, 59, 583, 1937.
20. Kays, W. M., and R. K. Lo, Stanford University Technical Report No. 15, 1952.
21. Martin, H., “Heat and Mass Transfer between Impinging
Gas Jets and Solid Surfaces,” in J. P. Hartnett and T. F.
Irvine, Jr., Eds., Advances in Heat Transfer, Vol. 13,
Academic Press, New York, 1977.

c07.qxd 3/6/06 10:56 AM Page 457



457

Problems

22. Popiel, Cz. O., and L. Bogusiawski, “Mass or Heat Transfer in Impinging Single Round Jets Emitted by a BellShaped Nozzle and Sharp-Ended Orifice,” in C. L. Tien,
V. P. Carey, and J. K. Ferrell, Eds., Heat Transfer 1986,
Vol. 3, Hemisphere Publishing, New York, 1986.
23. Goldstein, R. J., and J. F. Timmers, Int. J. Heat Mass
Transfer, 25, 1857, 1982.
24. Hollworth, B. R., and L. R. Gero, J. Heat Transfer, 107,
910, 1985.

25. Goldstein, R. J., A. I. Behbahani, and K. K. Heppelman,
Int. J. Heat Mass Transfer, 29, 1227, 1986.
26. Bird, R. B., W. E. Stewart, and E. N. Lightfoot, Transport Phenomena, 2nd ed. Wiley, New York, 2002.
27. Jakob, M., Heat Transfer, Vol. 2, Wiley, New York, 1957.
28. Geankopplis, C. J., Mass Transport Phenomena, Holt,
Rinehart & Winston, New York, 1972.
29. Sherwood, T. K., R. L. Pigford, and C. R. Wilkie, Mass
Transfer, McGraw-Hill, New York, 1975.

Problems
Flat Plate in Parallel Flow
7.1 Consider the following fluids at a film temperature of
300 K in parallel flow over a flat plate with velocity of
1 m/s: atmospheric air, water, engine oil, and mercury.
(a) For each fluid, determine the velocity and thermal
boundary layer thicknesses at a distance of 40 mm
from the leading edge.
(b) For each of the prescribed fluids and on the same
coordinates, plot the boundary layer thicknesses as a
function of distance from the leading edge to a plate
length of 40 mm.
7.2 Engine oil at 100°C and a velocity of 0.1 m/s flows over
both surfaces of a 1-m-long flat plate maintained at 20°C.
Determine:
(a) The velocity and thermal boundary layer thicknesses
at the trailing edge.
(b) The local heat flux and surface shear stress at the
trailing edge.
(c) The total drag force and heat transfer per unit width
of the plate.
(d) Plot the boundary layer thicknesses and local values of
the surface shear stress, convection coefficient, and
heat flux as a function of x for 0 x 1 m.
7.3 Consider steady, parallel flow of atmospheric air over a
flat plate. The air has a temperature and free stream
velocity of 300 K and 25 m/s.
(a) Evaluate the boundary layer thickness at distances
of x  1, 10, and 100 mm from the leading edge. If
a second plate were installed parallel to and at a
distance of 3 mm from the first plate, what is the
distance from the leading edge at which boundary
layer merger would occur?
(b) Evaluate the surface shear stress and the y-velocity
component at the outer edge of the boundary layer for
the single plate at x  1, 10, and 100 mm.
(c) Comment on the validity of the boundary layer
approximations.

7.4 Consider a liquid metal (Pr 1), with free stream conditions u and T, in parallel flow over an isothermal flat
plate at Ts. Assuming that u  u throughout the thermal
boundary layer, write the corresponding form of the
boundary layer energy equation. Applying appropriate
initial (x  0) and boundary conditions, solve this equation for the boundary layer temperature field, T(x, y). Use
the result to obtain an expression for the local Nusselt
number Nux. Hint: This problem is analogous to onedimensional heat transfer in a semi-infinite medium with
a sudden change in surface temperature.
7.5 Consider the velocity boundary layer profile for flow
over a flat plate to be of the form u  C1  C2y. Applying appropriate boundary conditions, obtain an expression for the velocity profile in terms of the boundary
layer thickness  and the free stream velocity u. Using
the integral form of the boundary layer momentum equation (Appendix F), obtain expressions for the boundary
layer thickness and the local friction coefficient, expressing your result in terms of the local Reynolds number.
Compare your results with those obtained from the exact
solution (Section 7.2.1) and the integral solution with a
cubic profile (Appendix F).
7.6 Consider a steady, turbulent boundary layer on an
isothermal flat plate of temperature Ts. The boundary
layer is “tripped” at the leading edge x  0 by a fine
wire. Assume constant physical properties and velocity
and temperature profiles of the form



y
u
u  

1/7

and



y
T  T
1
Ts  T
t

1/7

(a) From experiment it is known that the surface shear
stress is related to the boundary layer thickness by an
expression of the form
s

 0.0228u2

 u 


 1/4
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Beginning with the momentum integral equation
(Appendix F), show that
/x  0.376Re1/5
x .
Determine the average friction coefficient Cf,x.
(b) Beginning with the energy integral equation, obtain
an expression for the local Nusselt number Nux and
use this result to evaluate the average Nusselt number Nux.
7.7 Consider flow over a flat plate for which it is desired to
determine the average heat transfer coefficient over the
short span x1 to x2, h12, where (x2  x1) L.
T∞, u∞
Ts

x1 x2

x

L

the strips. Each strip is 0.2 m wide, and 25 strips are
arranged side by side, forming a continuous and smooth
surface over which the air flows at 2 m/s. During operation, each strip is maintained at 500°C and the air is
at 25°C.
(a) What is the rate of convection heat transfer from the
first strip? The fifth strip? The tenth strip? All the
strips?
(b) For air velocities of 2, 5, and 10 m/s, determine the
convection heat rates for all the locations of part (a).
Represent your results in tabular or bar graph form.
(c) Repeat part (b), but under conditions for which the
flow is fully turbulent over the entire array of
strips.
7.10 Consider atmospheric air at 25°C and a velocity of
25 m/s flowing over both surfaces of a 1-m-long flat
plate that is maintained at 125°C. Determine the rate of
heat transfer per unit width from the plate for values of
the critical Reynolds number corresponding to 105,
5 105, and 106.

Provide three different expressions that can be used to
evaluate h12 in terms of (a) the local coefficient at x 
(x1  x2)/2, (b) the local coefficients at x1 and x2, and (c)
the average coefficients at x1 and x2. Indicate which of
the expressions is approximate. Considering whether the
flow is laminar, turbulent, or mixed, indicate when it is
appropriate or inappropriate to use each of the equations.

7.11 Consider a flat plate subject to parallel flow (top and
bottom) characterized by u  5 m/s, T  20°C.

7.8 A flat plate of width 1 m is maintained at a uniform surface
temperature of Ts  150°C by using independently controlled, heat-generating rectangular modules of thickness
a  10 mm and length b  50 mm. Each module is insulated from its neighbors, as well as on its back side. Atmospheric air at 25°C flows over the plate at a velocity of
30 m/s. The thermophysical properties of the module are
k  5.2 W/m  K, cp  320 J/kg  K, and   2300 kg/m3.

(b) Determine the average convective heat transfer
coefficient, convective heat transfer rate, and drag
force associated with a L  0.1 m long, w  0.1 m
wide flat plate for water flow and surface temperatures of Ts  50°C and 80°C.

T∞ = 25°C
u∞ = 30 m/s

Insulation

Module, q•

Ts = 150°C
a = 10 mm
L = 700 mm

x

b=
50 mm

(a) Find the required power generation, q̇ (W/m3), in a
module positioned at a distance 700 mm from the
leading edge.
(b) Find the maximum temperature Tmax in the heatgenerating module.
7.9 An electric air heater consists of a horizontal array of
thin metal strips that are each 10 mm long in the direction of an airstream that is in parallel flow over the top of

(a) Determine the average convective heat transfer
coefficient, convective heat transfer rate, and drag
force associated with a L  2 m long, w  2 m
wide flat plate for air flow and surface temperatures
of Ts  50°C and 80°C.

7.12 Consider water at 27°C in parallel flow over an isothermal, 1-m-long flat plate with a velocity of 2 m/s.
(a) Plot the variation of the local heat transfer coefficient, hx(x), with distance along the plate for three
flow conditions corresponding to transition Reynolds
numbers of (i) 5 105, (ii) 3 105, and (iii) 0 (the
flow is fully turbulent).
(b) Plot the variation of the average heat transfer coefficient, hx(x), with distance for the three flow conditions of part (a).
(c) What are the average heat transfer coefficients for
the entire plate, hL, for the three flow conditions of
part (a)?
7.13 Explain under what conditions the total rate of heat
transfer from an isothermal flat plate of dimensions
L by 2L would be the same, independent of whether
parallel flow over the plate is directed along the side of
length L or 2L. With a critical Reynolds number of
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5 105, for what values of ReL would the total heat
transfer be independent of orientation?
7.14 In fuel cell stacks, it is desirable to operate under conditions that promote uniform surface temperatures for the
electrolytic membranes. This is especially true in hightemperature fuel cells where the membrane is constructed of a brittle ceramic material. Electrochemical
reactions in the electrolytic membranes generate thermal energy, while gases flowing above and below the
membranes cool it. The stack designer may specify top
and bottom flows that are in the same, opposite, or
orthogonal directions. A preliminary study of the effect
of the relative flow directions is conducted whereby a
150 mm 150 mm thin sheet of material, producing a
uniform heat flux of 100 W/m2, is cooled (top and bottom) by air with a free stream temperature and velocity
of 25°C and 2 m/s, respectively.
(a) Determine the minimum and maximum local membrane temperatures for top and bottom flows that are
in the same, opposite, and orthogonal directions.
Which flow configuration minimizes the membrane
temperature? Hint: For the opposite and orthogonal
flow cases, the boundary layers are subject to boundary conditions that are neither uniform temperature
nor uniform heat flux. It is, however, reasonable to
expect that the resulting temperatures would be
bracketed by your answers based on the constant heat
flux and constant temperature boundary conditions.
(b) Plot the surface temperature distribution T(x) for the
cases involving flow in the opposite and same directions. Thermal stresses are undesirable and are
related to the spatial temperature gradient along the
membrane. Which configuration minimizes spatial
temperature gradients?
7.15 Air at a pressure of 1 atm and a temperature of 50°C is
in parallel flow over the top surface of a flat plate that is
heated to a uniform temperature of 100°C. The plate
has a length of 0.20 m (in the flow direction) and a
width of 0.10 m. The Reynolds number based on the
plate length is 40,000. What is the rate of heat transfer
from the plate to the air? If the free stream velocity of
the air is doubled and the pressure is increased to
10 atm, what is the rate of heat transfer?
7.16 Consider a rectangular fin that is used to cool a motorcycle engine. The fin is 0.15 m long and at a temperature of 250°C, while the motorcycle is moving at
80 km/h in air at 27°C. The air is in parallel flow over
both surfaces of the fin, and turbulent flow conditions
may be assumed to exist throughout.
(a) What is the rate of heat removal per unit width of
the fin?

(b) Generate a plot of the heat removal rate per unit
width of the fin for motorcycle speeds ranging
from 10 to 100 km/h.
7.17 The Weather channel reports that it is a hot, muggy day
with an air temperature of 90F, a 10 mph breeze out of
the southwest, and bright sunshine with a solar insolation of 400 W/m2. Consider the wall of a metal building
over which the prevailing wind blows. The length of the
wall in the wind direction is 10 m, and the emissivity is
0.93. Assume that all the solar irradiation is absorbed,
that irradiation from the sky is negligible, and that flow
is fully turbulent over the wall. Estimate the average
wall temperature.
7.18 A photovoltaic solar panel consists of a sandwich of
(top to bottom) a 3-mm-thick ceria-doped glass (kg 
1.4 W/m  K), a 0.1-mm-thick optical grade adhesive
(ka  145 W/m  K), a very thin silicon semiconducting
material, a 0.1-mm-thick solder layer (ks  50 W/m  K)
and a 2-mm-thick aluminum nitride substrate (kan  120
W/m  K). The solar-to-electrical conversion efficiency
within the semiconductor depends on the silicon temperature, Tsi, and is described by the expression  
0.28  0.001Tsi, where Tsi is in °C, for 25°C
Tsi
250°C. Ten percent of the solar irradiation is absorbed
at the top surface of the glass, while 83% of the solar
irradiation is transmitted to and absorbed by the silicon
(the remaining 7% is reflected away from the cell). The
glass has an emissivity of 0.90.
Air

um, T∞

Solar irradiation, G

0.1 G
Glass
Adhesive
Silicon
Solder
Aluminum
nitride
0.83 G
L

(a) Consider an L  1 m long, w  0.1 m wide solar cell
that is placed on an insulated surface. Determine the
silicon temperature and the electric power produced
by the solar cell for an air velocity of 4 m/s parallel
to the long direction, with air and surroundings temperatures of 25°C. The solar irradiation is 700 W/m2.
The boundary layer is tripped to a turbulent condition at the leading edge of the panel.
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urethane insulation (t2  50 mm, ki  0.026 W/m  K)
sandwiched between aluminum alloy panels (t1  5 mm,
kp  180 W/m  K). The length and width of the roof are
L  10 m and W  3.5 m, respectively, and the temperature of the inner surface is Ts,i  10C. Consider conditions for which the truck is moving at a speed of V 
105 km/h, the air temperature is T  32C, and the
solar irradiation is GS  750 W/m2. Turbulent flow may
be assumed over the entire length of the roof.

(b) Repeat part (a), except now the panel is oriented
with its short side parallel to the air flow, that is,
L  0.1 m and w  1 m.
(c) Plot the electric power output and the silicon temperature versus air velocity over the range 0 um
10 m/s for the L  0.1 m and w  1 m case.
7.19 Concentration of sunlight onto photovoltaic cells is
desired since the concentrating mirrors and lenses are
less expensive than the photovoltaic material. Consider
the solar photovoltaic cell of Problem 7.18. A 100 mm
100 mm photovoltaic cell is irradiated with concentrated
solar energy. Since the concentrating lens is glass, it
absorbs 10% of the irradiation instead of the top surface
of the solar cell, as in Problem 7.18. The remaining irradiation is reflected from the system (7%) or is absorbed
in the silicon semiconductor material of the photovoltaic
cell (83%). The photovoltaic cell is cooled by air
directed parallel to its top and bottom surfaces. The air
temperature and velocity are 25°C and 5 m/s, respectively, and the bottom surface is coated with a highemissivity paint, b  0.95.

t2

ε, αs

L

Frank & Dave's
V, T∞

Frozen Desserts for Those Who
Don't Count Calories

(a) For equivalent values of the solar absorptivity and the
emissivity of the outer surface (S    0.5), estimate the average temperature Ts,o of the outer surface.
What is the corresponding heat load imposed on the
refrigeration system?

Llens

Air

(b) A special finish (S  0.15,   0.8) may be
applied to the outer surface. What effect would
such an application have on the surface temperature and the heat load?

Focusing
lens

Tsur = 25°C

Ts, i

Gs

Solar irradiation, G

u∞ = 5 m/s
T∞ = 25°C

t1

Ts , o

Concentrated
irradiation, Gc

(c) If, with S    0.5, the roof is not insulated
(t2  0), what are the corresponding values of the
surface temperature and the heat load?

Photovoltaic cell
L = 100 mm
See Problem 7.18

Tsur = 25°C

(a) Determine the electric power produced by the photovoltaic cell and the silicon temperature for a square
concentrating lens with Llens  400 mm, which
focuses the irradiation falling on the lens to the
smaller area of the photovoltaic cell. Assume the
concentrating lens temperature is 25°C and does not
interfere with boundary layer development over the
photovoltaic cell’s top surface. The top and bottom
boundary layers are both tripped to turbulent conditions at the leading edge of the photovoltaic material.
(b) Determine the electric power output of the photovoltaic cell and the silicon temperature over the
range 100 mm Llens 600 mm.
7.20 The roof of a refrigerated truck compartment is of
composite construction, consisting of a layer of foamed

7.21 The top surface of a heated compartment consists of
very smooth (A) and highly roughened (B) portions, and
the surface is placed in an atmospheric airstream. In the
interest of minimizing total convection heat transfer
from the surface, which orientation, (1) or (2), is preferred? If Ts  100°C, T  20°C, and u  20 m/s,
what is the convection heat transfer from the entire surface for this orientation?
u∞, T∞

1m
0.5 m

0.5 m

A
or
B

B

A
B
or
A

(1)

B

Ts

A

u∞, T∞
(2)

t1
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7.22 Consider weather conditions for which the prevailing
wind blows past the penthouse tower on a tall building.
The tower length in the wind direction is 10 m and there
are 10 window panels.

(a) Determine the relationship between the electrical
power dissipation per unit width of the strip in the
transverse direction, P (mW/mm), and the airstream
velocity. Show this relationship graphically for the
specified range of u.
(b) If the accuracy with which the temperature of the
operating strip can be measured and maintained
constant is 0.2°C, what is the uncertainty in the
airstream velocity?

Ambient
air

(a) Calculate the average convection coefficient for the
first, third, and tenth window panels when the wind
speed is 5 m/s. Use a film temperature of 300 K to
evaluate the thermophysical properties required of
the correlation. Would this be a suitable value of the
film temperature for ambient air temperatures in the
range 15 T 38°C?
(b) For the first, third, and tenth windows, on one
graph, plot the variation of the average convection
coefficient with wind speed for the range 5 u
100 km/h. Explain the major features of each curve
and their relative magnitudes.

(c) The proposed design operates in a strip constanttemperature mode for which the airstream velocity
is related to the measured power. Consider now an
alternative mode wherein the strip is provided
with a constant power, say, 30 mW/mm, and the
airstream velocity is related to the measured strip
temperature Ts. For this mode of operation, show
the graphical relationship between the strip temperature and airstream velocity. If the temperature can
be measured with an uncertainty of 0.2°C, what
is the uncertainty in the airstream velocity?
(d) Compare the features associated with each of the
anemometer operating modes.
7.31 Steel (AISI 1010) plates of thickness   6 mm and
length L  1 m on a side are conveyed from a heat
treatment process and are concurrently cooled by
atmospheric air of velocity u  10 m/s and T  20C
in parallel flow over the plates.
Conveyor

7.23 The proposed design for an anemometer to determine
the velocity of an airstream in a wind tunnel is comprised of a thin metallic strip whose ends are supported
by stiff rods serving as electrodes for passage of current
used to heat the strip. A fine-wire thermocouple is
attached to the trailing edge of the strip and serves as
the sensor for a system that controls the power to maintain the strip at a constant operating temperature for
variable airstream velocities. Design conditions pertain to an airstream at T  25°C and 1
u
50 m/s, with a strip temperature of Ts  35°C.

L

δ

Air

Air stream

T∞, u∞

Ts
L = 20 mm
Strip
Support rod and
current lead

L

Ti

u∞, T∞

For an initial plate temperature of Ti  300C, what is the
rate of heat transfer from the plate? What is the corresponding rate of change of the plate temperature? The
velocity of the air is much larger than that of the plate.
7.25 In the production of sheet metals or plastics, it is customary to cool the material before it leaves the production process for storage or shipment to the customer.
Typically, the process is continuous, with a sheet of
thickness  and width W cooled as it transits the
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distance L between two rollers at a velocity V. In this
problem, we consider cooling of an aluminum alloy
(2024-T6) by an air stream moving at a velocity u in
counter flow over the top surface of the sheet. A turbulence promoter is used to provide turbulent boundary
layer development over the entire surface.
L

x

Surroundings, Tsur

L

x

To

Ti
W

To

Ti

T∞
W

u∞

Air

δ
Turbulence
promoter

δ

Plain carbon steel

Aluminum alloy
2024-T6

Turbulence
promoter

V

(a) By applying conservation of energy to a differential
control surface of length dx, which either moves
with the sheet or is stationary and through which
the sheet passes, derive a differential equation that
governs the temperature distribution along the
sheet. Because of the low emissivity of the aluminum, radiation effects may be neglected. Express
your result in terms of the velocity, thickness, and
properties of the sheet (V, , , cp), the local convection coefficient hx associated with the counter
flow, and the air temperature. For a known temperature of the sheet (Ti) at the onset of cooling and a
negligible effect of the sheet velocity on boundary
layer development, solve the equation to obtain an
expression for the outlet temperature To.
(b) For   2 mm, V  0.10 m/s, L  5 m, W  1 m,
u  20 m/s, T  20C, and Ti  300C, what is
the outlet temperature To?
7.26 In the production of sheet metals or plastics, it is customary to cool the material before it leaves the production process for storage or shipment to the customer.
Typically, the process is continuous, with a sheet of
thickness  and width W cooled as it transits the distance
L between two rollers at a velocity V. In this problem,
we consider cooling of plain carbon steel by an air
stream moving at a velocity u in cross flow over the top
and bottom surfaces of the sheet. A turbulence promoter
is used to provide turbulent boundary layer development
over the entire surface.
(a) By applying conservation of energy to a differential
control surface of length dx, which either moves
with the sheet or is stationary and through which
the sheet passes, and assuming a uniform sheet
temperature in the direction of air flow, derive a
differential equation that governs the temperature

Air

V

u∞

T∞

distribution, T(x), along the sheet. Consider the
effects of radiation, as well as convection, and
express your result in terms of the velocity, thickness, and properties of the sheet (V, , , cp, ), the
average convection coefficient hW associated with
the cross flow, and the environmental temperatures
(T, Tsur).
(b) Neglecting radiation, obtain a closed form solution
to the foregoing equation. For   3 mm, V  0.10
m/s, L  10 m, W  1 m, u  20 m/s, T  20C,
and a sheet temperature of Ti  500C at the onset
of cooling, what is the outlet temperature To?
Assume a negligible effect of the sheet velocity on
boundary layer development in the direction of air
flow. The density and specific heat of the steel are
  7850 kg/m3 and cp  620 J/kg  K, while properties of the air may be taken to be k  0.044 W/m  K,
  4.5 105 m2/s, Pr  0.68.
(c) Accounting for the effects of radiation, with  
0.70 and sur  20C, numerically integrate the differential equation derived in part (a) to determine
the temperature of the sheet at L  10 m. Explore
the effect of V on the temperature distribution
along the sheet.
7.27 A steel strip emerges from the hot roll section of a steel
mill at a speed of 20 m/s and a temperature of 1200 K. Its
length and thickness are L  100 m and   0.003 m,
respectively, and its density and specific heat are 7900
kg/m3 and 640 J/kg  K, respectively.
Atmospheric air,
T∞ = 300 K
Steel strip (1200 K)

V = 20 m/s

δ

L
Atmospheric air,
T∞ = 300 K
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Accounting for heat transfer from the top and bottom
surfaces and neglecting radiation and strip conduction
effects, determine the time rate of change of the strip
temperature at a distance of 1 m from the leading edge
and at the trailing edge. Determine the distance from
the leading edge at which the minimum cooling rate is
achieved.
7.28 In Problem 7.23, an anemometer design was explored,
and the assumption was made that the strip temperature
was uniform. This is a good assumption when the heat
transfer coefficient is low or the strip thermal conductivity high, because then conduction within the strip
redistributes the generated heat and makes the strip
temperature uniform. However, as the heat transfer
coefficient increases or strip thermal conductivity
decreases, heat generated at a point in the strip leaves
the surface close to that point, and the thermal condition
is closer to one of uniform surface heat flux.
(a) Develop the calibration equations for both the constant surface temperature and constant heat flux
conditions, that is, find the equations that predict
the velocity as a function of the power per unit strip
width, P (mW/mm), and the temperature measured
at the trailing edge (as in Problem 7.23). Assume
laminar flow conditions.
(b) If the true condition is uniform surface heat flux,
but the uniform surface temperature calibration is
used, what percentage error will be incurred in the
velocity determination?
(c) Where could the thermocouple be placed so that the
calibration is insensitive to whether the thermal
condition is uniform surface temperature or uniform surface heat flux?
7.29 An array of electronic chips is mounted within a sealed
rectangular enclosure, and cooling is implemented by
attaching an aluminum heat sink (k  180 W/m  K).
The base of the heat sink has dimensions of w1  w2 
100 mm, while the 6 fins are of thickness t  10 mm
and pitch S  18 mm. The fin length is Lf  50 mm,
and the base of the heat sink has a thickness of Lb 
10 mm.
If cooling is implemented by water flow through
the heat sink, with u  3 m/s and T  17C, what is
the base temperature Tb of the heat sink when power
dissipation by the chips is Pelec  1800 W? The average
convection coefficient for surfaces of the fins and the
exposed base may be estimated by assuming parallel
flow over a flat plate. Properties of the water may be
approximated as k  0.62 W/m  K, v  7.73 107
m2/s, and Pr  5.2.

t

S

Tb

Chips

Lf
Lb

Electronic
package,

Pelec

Water

u∞, T∞
w2
w1

7.30 The heat sink of Problem 7.29 is considered for an
application in which the power dissipation is only
70 W, and the engineer proposes to use air at T  20°C
for cooling. If the base temperature, Tb, must remain
below 70°C, what air velocity is required? Properties of
the air may be approximated as k  0.027 W/m  K, v 
16.4
106 m2/s, and Pr  0.706. Hint: An iterative
solution is required. One approach is to assume the fin
efficiency is unity to initiate the iterations.
7.31 Consider the concentrating photovoltaic apparatus of
Problem 7.19. The apparatus is to be installed in a desert
environment, so the space between the concentrating
lens and top of the photovoltaic cell is enclosed to protect the cell from sand abrasion in windy conditions.
Since convection cooling from the top of the cell is
reduced by the enclosure, an engineer proposes to cool
the photovoltaic cell by attaching an aluminum heat
sink to its bottom surface. The heat sink dimensions and
material are the same as those of Problem 7.29. A contact resistance of 0.5
104 m2  K/W exists at the
photovoltaic cell/heat sink interface and a dielectric liquid (k  0.064 W/m  K, v  106 m2/s, Pr  25) flows
between the heat sink fins at u  3 m/s, T  25°C.
(a) Determine the electric power produced by the photovoltaic cell and the silicon temperature for a
square concentrating lens with Llens  400 mm.
(b) Compare the electric power produced by the photovoltaic cell with the heat sink in place and with the
bottom surface cooled directly by the dielectric
fluid (i.e., no heat sink) for Llens  1.5 m.
(c) Determine the electric power output and the silicon
temperature over the range 100 mm Llens  3000
mm with the aluminum heat sink in place.
7.32 One hundred electrical components, each dissipating
25 W, are attached to one surface of a square (0.2 m
0.2 m) copper plate, and all the dissipated energy is transferred to water in parallel flow over the opposite surface.

c07.qxd 3/6/06 10:56 AM Page 464

464

Chapter 7



External Flow

A protuberance at the leading edge of the plate acts to
trip the boundary layer, and the plate itself may be
assumed to be isothermal. The water velocity and temperature are u  2 m/s and T  17°C, and the water’s
thermophysical properties may be approximated as  
0.96 106 m2/s, k  0.620 W/m  K, and Pr  5.2.
Copper plate, Ts

Water

u∞, T∞

Contact area, Ac
and
resistance, R"t ,c

Boundary
layer
trip

Component, Tc

L = 0.2 m

(a) What is the temperature of the copper plate?
(b) If each component has a plate contact surface area
of 1 cm2 and the corresponding contact resistance is
2 104 m2  K/W, what is the component temperature? Neglect the temperature variation across the
thickness of the copper plate.
7.33

Air at 27°C with a free stream velocity of 10 m/s is
used to cool electronic devices mounted on a printed
circuit board. Each device, 4 mm by 4 mm, dissipates
40 mW, which is removed from the top surface. A turbulator is located at the leading edge of the board,
causing the boundary layer to be turbulent.

Air

Fourth device

Turbulator

Air
4 mm

Ts

Chip

Board

x = 120 mm

Estimate the surface temperature of the chip, Ts, if its
heat dissipation rate is 30 mW.
7.35 Air at atmospheric pressure and a temperature of 25C
is in parallel flow at a velocity of 5 m/s over a 1-m-long
flat plate that is heated with a uniform heat flux of
1250 W/m2. Assume the flow is fully turbulent over the
length of the plate.
(a) Calculate the plate surface temperature, Ts(L), and
the local convection coefficient, hx(L), at the trailing edge, x  L.
(b) Calculate the average temperature of the plate
surface, Ts.
(c) Plot the variation of the surface temperature, Ts(x),
and the convection coefficient, hx(x), with distance
on the same graph. Explain the key features of
these distributions.
7.36 Consider atmospheric air at u  2 m/s and T  300 K
in parallel flow over an isothermal flat plate of length
L  1 m and temperature Ts  350 K.
(a) Compute the local convection coefficient at the
leading and trailing edges of the heated plate with
and without an unheated starting length of  1 m.
(b) Compute the average convection coefficient for the
plate for the same conditions as part (a).

Printed
circuit
board

(c) Plot the variation of the local convection coefficient over the plate with and without an unheated
starting length.

(a) Estimate the surface temperature of the fourth
device located 15 mm from the leading edge of the
board.

7.37 The cover plate of a flat-plate solar collector is at 15°C,
while ambient air at 10°C is in parallel flow over the
plate, with u  2 m/s.

x = 15 mm
x

(b) Generate a plot of the surface temperature of the
first four devices as a function of the free stream
velocity for 5 u 15 m/s.
(c) What is the minimum free stream velocity if the
surface temperature of the hottest device is not to
exceed 80°C?
7.34 Forced air at 25°C and 10 m/s is used to cool electronic
elements mounted on a circuit board. Consider a chip of
length 4 mm and width 4 mm located 120 mm from the
leading edge. Because the board surface is irregular,
the flow is disturbed and the appropriate convection
correlation is of the form Nux  0.04Re0.85
Pr0.33.
x

Cover plate

u∞, T∞

Roof

Cover plate

u∞, T∞
2m

1m
(a)

2m

1m
(b)

(a) What is the rate of convective heat loss from the
plate?
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(b) If the plate is installed 2 m from the leading edge of
a roof and flush with the roof surface, what is the
rate of convective heat loss?

Air box
Slot nozzle

7.38 An array of 10 silicon chips, each of length L  10 mm
on a side, is insulated on one surface and cooled on the
opposite surface by atmospheric air in parallel flow
with T  24°C and u  40 m/s. When in use, the
same electrical power is dissipated in each chip,
maintaining a uniform heat flux over the entire cooled
surface.

Air stream

u∞, T∞

Test-plate
Insulation pad

u∞, T∞
10 mm

T(t)  a  bt  ct2  dt3  et4

If the temperature of each chip may not exceed 80°C,
what is the maximum allowable power per chip? What is
the maximum allowable power if a turbulence promoter
is used to trip the boundary layer at the leading edge?
Would it be preferable to orient the array normal, instead
of parallel, to the airflow?
7.39 A square (10 mm 10 mm) silicon chip is insulated on
one side and cooled on the opposite side by atmospheric
air in parallel flow at u  20 m/s and T  24°C.
When in use, electrical power dissipation within the
chip maintains a uniform heat flux at the cooled surface.
If the chip temperature may not exceed 80°C at any
point on its surface, what is the maximum allowable
power? What is the maximum allowable power if the
chip is flush mounted in a substrate that provides for an
unheated starting length of 20 mm?
7.40 Working in groups of two, our students design and perform experiments on forced convection phenomena
using the general arrangement shown schematically.
The air box consists of two muffin fans, a plenum
chamber, and flow straighteners discharging a nearly
uniform airstream over the flat test-plate. The objectives of one experiment were to measure the heat transfer coefficient and to compare the results with standard
convection correlations. The velocity of the airstream
was measured using a thermistor-based anemometer,
and thermocouples were used to determine the temperatures of the airstream and the test-plate.
With the airstream from the box fully stabilized at
T  20°C, an aluminum plate was preheated in a convection oven and quickly mounted in the test-plate
holder. The subsequent temperature history of the plate
was determined from thermocouple measurements, and
histories obtained for airstream velocities of 3 and 9
m/s were fitted by the following polynomial:

The temperature T and time t have units of °C and s,
respectively, and values of the coefficients appropriate
for the time interval of the experiments are tabulated as
follows:
Velocity (m/s)
Elapsed Time (s)
a (°C)
b (°C/s)
c (°C/s2)
d (°C/s3)
e (°C/s4)

3

9

300
56.87
0.1472
3 104
4 107
2 1010

160
57.00
0.2641
9 104
2 106
1 109

The plate is square, 133 mm to a side, with a thickness
of 3.2 mm, and is made from a highly polished aluminum alloy (  2770 kg/m3, c  875 J/kg  K,
k  177 W/m  K).
(a) Determine the heat transfer coefficients for the two
cases, assuming the plate behaves as a spacewise
isothermal object.
(b) Evaluate the coefficients C and m for a correlation
of the form
NuL  C Rem Pr 1/3
Compare this result with a standard flat-plate correlation. Comment on the goodness of the comparison and explain any differences.

Cylinder in Cross Flow
7.41 Consider the following fluids, each with a velocity of
V  5 m/s and a temperature of T  20°C, in cross
flow over a 10-mm diameter cylinder maintained at
50°C: atmospheric air, saturated water, and engine oil.
(a) Calculate the rate of heat transfer per unit length,
q, using the Churchill–Bernstein correlation.
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D

(b) Generate a plot of q as a function of fluid velocity
for 0.5 V 10 m/s.
7.42 A circular pipe of 25-mm outside diameter is placed in
an airstream at 25°C and 1-atm pressure. The air moves
in cross flow over the pipe at 15 m/s, while the outer
surface of the pipe is maintained at 100°C. What is the
drag force exerted on the pipe per unit length? What is
the rate of heat transfer from the pipe per unit length?
7.43 A long, cylindrical, electrical heating element of diameter D  10 mm, thermal conductivity k  240 W/m  K,
density   2700 kg/m3, and specific heat cp  900
J/kg  K is installed in a duct for which air moves in
cross flow over the heater at a temperature and velocity
of 27°C and 10 m/s, respectively.
(a) Neglecting radiation, estimate the steady-state surface temperature when, per unit length of the
heater, electrical energy is being dissipated at a rate
of 1000 W/m.
(b) If the heater is activated from an initial temperature
of 27°C, estimate the time required for the surface
temperature to come within 10°C of its steady-state
value.
7.44 Consider the conditions of Problem 7.43, but now
allow for radiation exchange between the surface of the
heating element (  0.8) and the walls of the duct,
which form a large enclosure at 27°C.

Air

L

As, Ts
As, Ts

(a) Determine the maximum possible heat removal rate
through the fin.
(b) What fin length would provide a close approximation to the heat rate found in part (a)? Hint: Refer to
Example 3.9.
(c) Determine the fin effectiveness, f.
(d) What is the percentage increase in the heat rate
from As due to installation of the fin?
7.47 To enhance heat transfer from a silicon chip of width
W  4 mm on a side, a copper pin fin is brazed to the surface of the chip. The pin length and diameter are L  12
mm and D  2 mm, respectively, and atmospheric air at
V  10 m/s and T  300 K is in cross flow over the pin.
The surface of the chip, and hence the base of the pin, are
maintained at a temperature of Tb  350 K.

(a) Evaluate the steady-state surface temperature.
(b) If the heater is activated from an initial temperature
of 27°C, estimate the time required for the surface
temperature to come within 10°C of the steadystate value.
(c) To guard against overheating due to unanticipated
excursions in the blower output, the heater controller is designed to maintain a fixed surface temperature of 275°C. Determine the power dissipation
required to maintain this temperature for air velocities in the range 5 V 10 m/s.
7.45 A pin fin of 10-mm diameter dissipates 30 W by forced
convection to air in cross flow with a Reynolds number
of 4000. If the diameter of the fin is doubled and all
other conditions remain the same, estimate the fin heat
rate. Assume the pin to be infinitely long.
7.46 Air at 27°C and a velocity of 5 m/s passes over the
small region As (20 mm 20 mm) on a large surface,
which is maintained at Ts  127°C. For these conditions, 0.5 W is removed from the surface As. In order to
increase the heat removal rate, a stainless steel (AISI
304) pin fin of diameter 5 mm is affixed to As, which is
assumed to remain at Ts  127°C.

D
Air

Pin
fin

V
T∞

L
Chip, Tb

W

(a) Assuming the chip to have a negligible effect on
flow over the pin, what is the average convection
coefficient for the surface of the pin?
(b) Neglecting radiation and assuming the convection
coefficient at the pin tip to equal that calculated in
part (a), determine the pin heat transfer rate.
(c) Neglecting radiation and assuming the convection
coefficient at the exposed chip surface to equal that
calculated in part (a), determine the total rate of
heat transfer from the chip.
(d) Independently determine and plot the effect of
increasing velocity (10 V 40 m/s) and pin
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diameter (2 D 4 mm) on the total rate of heat
transfer from the chip. What is the heat rate for
V  40 m/s and D  4 mm?
7.48 Consider the Nichrome wire (D  1 mm, e  106
  m, k  25 W/m  K,   0.20) used to fabricate the
air heater of Problem 3.86, but now under conditions
for which the convection heat transfer coefficient must
be determined.
(a) For atmospheric air at 50C and a cross-flow velocity of 5 m/s, what are the surface and centerline
temperatures of the wire when it carries a current of
25 A and the housing of the heater is also at 50C?
(b) Explore the effect of variations in the flow velocity
and electrical current on the surface and centerline
temperatures of the wire.
7.49 A fine wire of diameter D is positioned across a passage
to determine flow velocity from heat transfer characteristics. Current is passed through the wire to heat it, and
the heat is dissipated to the flowing fluid by convection.
The resistance of the wire is determined from electrical
measurements, and the temperature is known from the
resistance.
(a) For a fluid of arbitrary Prandtl number, develop an
expression for its velocity in terms of the difference
between the temperature of the wire and the free
stream temperature of the fluid.
(b) What is the velocity of an airstream at 1 atm and
25°C, if a wire of 0.5-mm diameter achieves a temperature of 40°C while dissipating 35 W/m?
7.50 To determine air velocity changes, it is proposed to
measure the electric current required to maintain a platinum wire of 0.5-mm diameter at a constant temperature of 77°C in a stream of air at 27°C.
(a) Assuming Reynolds numbers in the range 40 
ReD  1000, develop a relationship between the
wire current and the velocity of the air that is in
cross flow over the wire. Use this result to establish
a relation between fractional changes in the current,
I/I, and the air velocity, V/V.

range 40  ReD  1000 and assume that the Prandtl
number of water has a linear temperature dependence.
7.52 A 25-mm-diameter, high-tension line has an electrical
resistance of 104 /m and is transmitting a current of
1000 A.
(a) If ambient air at 10°C and 5 m/s is in cross flow
over the line, what is its surface temperature?
(b) If the line may be approximated as a solid copper
rod, what is its centerline temperature?
(c) Generate a plot that depicts the variation of the
surface temperature with air velocity for 1 V
10 m/s.
7.53 An aluminum transmission line with a diameter of 20 mm
has an electrical resistance of Relec  2.636 104 /m
and carries a current of 700 A. The line is subjected to frequent and severe cross winds, increasing the probability of
contact between adjacent lines, thereby causing sparks
and creating a potential fire hazard for nearby vegetation.
The remedy is to insulate the line, but with the adverse
effect of increasing the conductor operating temperature.
(a) Calculate the conductor temperature when the air
temperature is 20C and the line is subjected to
cross flow with a velocity of 10 m/s.
(b) Calculate the conductor temperature for the same
conditions, but with a 2-mm-thick insulation having
a thermal conductivity of 0.15 W/m  K.
(c) Calculate and plot the temperatures of the bare and
insulated conductors for wind velocities in the
range from 2 to 20 m/s. Comment on features of
the curves and the effect of the wind velocity on
the conductor temperatures.
7.54 To augment heat transfer between two flowing fluids, it
is proposed to insert a 100-mm-long, 5-mm-diameter
T∞ = 10°C, V = 10 m/s
Air

d

(b) Calculate the current required when the air velocity
is 10 m/s and the electrical resistivity of the platinum wire is 17.1 105   m.
7.51 A computer code is being developed to analyze a temperature sensor of 12.5-mm diameter experiencing
cross flow of water with a free stream temperature of
80°C and variable velocity. Derive an expression for
the convection heat transfer coefficient as a function
of the sensor surface temperature Ts for the range 20 
Ts  80°C and for velocities V in the range 0.005 
V  0.20 m/s. Use the Zukauskas correlation for the

D = 5 mm

L = 100 mm
Air

T∞ = 40°C, V = 3 m/s
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2024 aluminum pin fin through the wall separating the
two fluids. The pin is inserted to a depth of d into
fluid 1. Fluid 1 is air with a mean temperature of 10°C
and nearly uniform velocity of 10 m/s. Fluid 2 is air
with a mean temperature of 40°C and mean velocity of
3 m/s.
(a) Determine the rate of heat transfer from the warm
air to the cool air through the pin fin for d  50 mm.
(b) Plot the variation of the heat transfer rate with the
insertion distance, d. Does an optimal insertion distance exist?
7.55 Repeat Problem 7.54, except now fluid 1 is ethylene
glycol with a mean temperature of 10°C and nearly uniform velocity of 10 m/s. Fluid 2 is water with a mean
temperature of 40°C and mean velocity of 3 m/s.
7.56 Hot water at 50C is routed from one building in which it
is generated to an adjoining building in which it is used
for space heating. Transfer between the buildings occurs
in a steel pipe (k  60 W/m  K) of 100-mm outside
diameter and 8-mm wall thickness. During the winter,
representative environmental conditions involve air at
T  5C and V  3 m/s in cross flow over the pipe.
(a) If the cost of producing the hot water is $0.05 per
kW  h, what is the representative daily cost of heat
loss from an uninsulated pipe to the air per meter of
pipe length? The convection resistance associated
with water flow in the pipe may be neglected.
(b) Determine the savings associated with application
of a 10-mm-thick coating of urethane insulation
(k  0.026 W/m  K) to the outer surface of the pipe.
7.57 An uninsulated steam pipe is used to transport high-temperature steam from one building to another. The pipe is
of 0.5-m diameter, has a surface temperature of 150°C,
and is exposed to ambient air at 10°C. The air moves
in cross flow over the pipe with a velocity of 5 m/s.
(a) What is the heat loss per unit length of pipe?
(b) Consider the effect of insulating the pipe with a
rigid urethane foam (k  0.026 W/m  K). Evaluate
and plot the heat loss as a function of the thickness
 of the insulation layer for 0  50 mm.
7.58 A thermocouple is inserted into a hot air duct to measure
the air temperature. The thermocouple (T1) is soldered to
the tip of a steel thermocouple well of length L  0.15 m
and inner and outer diameters of Di  5 mm and Do 
10 mm. A second thermocouple (T2) is used to measure
the duct wall temperature.
Consider conditions for which the air velocity in the
duct is V  3 m/s and the two thermocouples register
temperatures of T1  450 K and T2  375 K. Neglecting
radiation, determine the air temperature T. Assume that,

T2

Air

L

V, T∞

Steel
thermocouple
well

T1
Do
Di

for steel, k  35 W/m  K, and, for air,   0.774 kg/m3,
  251 107 N  s/m2, k  0.0373 W/m  K, and
Pr  0.686.
7.59 Consider conditions for which a mercury-in-glass thermometer of 4-mm diameter is inserted to a length L
through the wall of a duct in which air at 77°C is flowing. If the stem of the thermometer at the duct wall is at
the wall temperature Tw  15°C, conduction heat transfer through the glass causes the bulb temperature to be
lower than that of the airstream.
(a) Develop a relationship for the immersion error, Ti 
T(L)  T, as a function of air velocity, thermometer
diameter, and insertion length L.
(b) To what length L must the thermometer be inserted
if the immersion error is not to exceed 0.25°C
when the air velocity is 10 m/s?
(c) Using the insertion length determined in part (b),
calculate and plot the immersion error as a function
of air velocity for the range 2 to 20 m/s.
(d) For a given insertion length, will the immersion
error increase or decrease if the diameter of the
thermometer is increased? Is the immersion error
more sensitive to the diameter or air velocity?
7.60 Fluid velocities can be measured using hot-film sensors, and a common design is one for which the sensing
element forms a thin film about the circumference of a
quartz rod. The film is typically comprised of a thin
(100 nm) layer of platinum, whose electrical resistance is proportional to its temperature. Hence, when
submerged in a fluid stream, an electric current may be
passed through the film to maintain its temperature
above that of the fluid. The temperature of the film is
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controlled by monitoring its electric resistance, and
with concurrent measurement of the electric current,
the power dissipated in the film may be determined.

sponding error in the velocity measurement? Note:
conduction across the deposit may be approximated as that across a plane wall.

Quartz rod, D = 1.5 mm
k = 1.4 W/m•K

7.62 In a manufacturing process, a long coated plastic rod
(  2200 kg/m3, c  800 J/kg  K, k  1 W/m  K) of
diameter D  20 mm is initially at a uniform temperature of 25°C and is suddenly exposed to a cross flow of
air at T  350°C and V  50 m/s.

Fluid

V, T∞ = 20°C

Power leads, thick
films, no power
dissipation
Hot-film sensor, Ts = 50°C

w = 0.3 mm

Proper operation is assured only if the heat generated in
the film is transferred to the fluid, rather than conducted
from the film into the quartz rod. Thermally, the film
should therefore be strongly coupled to the fluid and
weakly coupled to the quartz rod. This condition is satisfied if the Biot number is very large, Bi  hD/2k  1,
where h is the convection coefficient between the
fluid and the film and k is the thermal conductivity of
the rod.

(a) How long will it take for the surface of the rod to
reach 175°C, the temperature above which the special coating will cure?
(b) Generate a plot of the time-to-reach 175°C as a
function of air velocity for 5 V 50 m/s.
7.63 In an extrusion process, copper wire emerges from the
extruder at a velocity Ve and is cooled by convection
heat transfer to air in cross flow over the wire, as well
as by radiation to the surroundings.

Tsur

(b) Comment on the suitability of using this hot-film
sensor for the foregoing conditions.
7.61 Consider use of the hot-film sensor described in Problem 7.60 to determine the velocity of water entering the
cooling system of an electric power plant from an
adjoining lake. The sensor is mounted within an intake
pipe, and its controls are set to maintain an average hotfilm temperature that is 5C larger than the fluid temperature (Ts,hf  T  5C).

L

x

(a) For the following fluids and velocities, calculate
and plot the convection coefficient as a function
of velocity: (i) water, 0.5 V 5 m/s; (ii) air, 1
V 20 m/s.

Wire, ε

Ti

To

D
Ve

Extruder
Air

V , T∞

(a) If an independent measurement of the water temperature yields a value of T  17C, use the Churchill–
Bernstein correlation to estimate the velocity of the
water under conditions for which the power input
 4
to the sensor maintains a heat flux of qhf
104 W/m2 from the film to the water.

(a) By applying conservation of energy to a differential
control surface of length dx, which either moves
with the wire or is stationary and through which the
wire passes, derive a differential equation that governs the temperature distribution, T(x), along the
wire. In your derivation, the effect of axial conduction along the wire may be neglected. Express your
result in terms of the velocity, diameter, and properties of the wire (Ve, D, , cp, ), the convection
coefficient associated with the cross flow (h), and
the environmental temperatures (T, Tsur).

(b) If the sensor is exposed to the water for an
extended period, its surface will be fouled by an
accumulation of deposits from the water. Consider
conditions for which the deposits form a 0.l-mmthick shell around the sensor and have a thermal
conductivity of kd  2 W/m  K. For T  17C
and the flow velocity determined in part (a), what
heat flux must be supplied to the sensor to maintain
its temperature at Ts,hf  22C? What is the corre-

(b) Neglecting radiation, obtain a closed form solution
to the foregoing equation. For Ve  0.2 m/s, D  5
mm, V  5 m/s, T  25C, and an initial wire temperature of Ti  600C, compute the temperature To
of the wire at x  L  5 m. The density and specific
heat of the copper are   8900 kg/m3 and cp  400
J/kg  K, while properties of the air may be taken
to be k  0.037 W/m  K,   3 105 m2/s, and
Pr  0.69.

c07.qxd 3/6/06 10:56 AM Page 470

470

Chapter 7



External Flow

(c) Accounting for the effects of radiation, with  
0.55 and Tsur  25C, numerically integrate the differential equation derived in part (a) to determine
the temperature of the wire at L  5 m. Explore the
effects of Ve and  on the temperature distribution
along the wire.
7.64 The objective of an experiment performed by our students is to determine the effect of pin fins on the thermal resistance between a flat plate and an airstream. A
25.9-mm-square polished aluminum plate is subjected
to an airstream in parallel flow at T  20°C and u 
6 m/s. An electrical heating patch is attached to the
backside of the plate and dissipates 15.5 W under all
conditions. Pin fins of diameter D  4.8 mm and length
L  25.4 mm are fabricated from brass and can be
firmly attached to the plate at various locations over its
surface. Thermocouples are attached to the plate surface and the tip of one of the fins.

L
Threaded location for
pin fin

D

u∞, T∞

Aluminum plate
Electrical heater
Polystyrene insulation

Measured temperatures for five pin-fin configurations
are tabulated.
Temperature (°C)

0
1
2
5
8

(c) Use your model to predict the thermal resistances
when the airstream velocity is doubled.
7.65 Consider the enclosure and heat sink of Problem 7.30.
The heat sink is rotated 90° so that the air is no longer
directed between the fins, but normal to one of the
(Lb  Lf) w2 surfaces. Estimate the required air velocity if the height of the enclosure is Le  10 mm. Neglect
heat transfer from the enclosure surfaces and assume
isothermal fins, no heat transfer in the gaps between the
fins, and negligible heat transfer from the downstream
(Lb  Lf)
w2 surface. Include heat transfer from the
(Lb  Lf) w1 sides and the fin tips.

Spheres
7.66 Air at 25°C flows over a 10-mm-diameter sphere with a
velocity of 25 m/s, while the surface of the sphere is
maintained at 75°C.
(a) What is the drag force on the sphere?
(b) What is the rate of heat transfer from the sphere?

Air

Number
of Pin Fins

Compare your predictions with the observations
and explain any differences.

Fin Tip

Plate Base

—
40.6
39.5
36.4
34.2

70.2
67.4
64.7
57.4
52.1

(a) Using the experimental observations and neglecting the effect of flow interactions between pins,
determine the thermal resistance between the plate
and the airstream for the five configurations.
(b) Develop a model of the plate–pin fin system and
using appropriate convection correlations, predict
the thermal resistances for the five configurations.

(c) Generate a plot of the heat transfer from the sphere
as a function of the air velocity for the range 1 to
25 m/s.
7.67 Consider a sphere with a diameter of 20 mm and a surface temperature of 60C that is immersed in a fluid at a
temperature of 30C and a velocity of 2.5 m/s. Calculate the drag force and the heat rate when the fluid is
(a) water and (b) air at atmospheric pressure. Explain
why the results for the two fluids are so different.
7.68 Atmospheric air at 25°C and a velocity of 0.5 m/s flows
over a 50-W incandescent bulb whose surface temperature is at 140°C. The bulb may be approximated as a
sphere of 50-mm diameter. What is the rate of heat loss
by convection to the air?
7.69 Consider the material processing experiment of Problem 5.24, with atmospheric nitrogen used to implement
cooling by convection. However, instead of using a prescribed value of the convection coefficient, compute the
coefficient from an appropriate correlation.
(a) Neglecting radiation, determine the time required
to cool the sphere from 900C to 300C if the velocity and temperature of the nitrogen are V  5 m/s
and T  25C.
(b) Accounting for the effects of both convection and
radiation, with   0.6 and Tsur  25C, determine
the time required to cool the sphere. Explore the
effects of the flow velocity on your result.
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7.70 A spherical, underwater instrument pod used to make
soundings and to measure conditions in the water has a
diameter of 85 mm and dissipates 300 W.
(a) Estimate the surface temperature of the pod when
suspended in a bay where the current is 1 m/s and
the water temperature is 15C.
(b) Inadvertently, the pod is hauled out of the water and
suspended in ambient air without deactivating the
power. Estimate the surface temperature of the pod
if the air temperature is 15C and the wind speed is
3 m/s.
7.71 Worldwide, over a billion solder balls must be manufactured daily for assembling electronics packages. The
uniform droplet spray method uses a piezoelectric
device to vibrate a shaft in a pot of molten solder that,
in turn, ejects small droplets of solder through a
precision-machined nozzle. As they traverse a collection chamber, the droplets cool and solidify. The collection chamber is flooded with an inert gas such as
nitrogen to prevent oxidation of the solder ball surfaces.
(a) Molten solder droplets of diameter 130 m are
ejected at a velocity of 2 m/s at an initial temperature
of 225°C into gaseous nitrogen that is at 30°C and
slightly above atmospheric pressure. Determine the
terminal velocity of the particles and the distance the
particles have traveled when they become completely
solidified. The solder properties are   8230 kg/m3,
c  240 J/kg  K, k  38 W/m  K, hsf  42 kJ/kg.
The solder’s melting temperature is 183°C.
(b) The piezoelectric device oscillates at 1.8 kHz, producing 1800 particles per second. Determine the
separation distance between the particles as they
traverse the nitrogen gas and the pot volume needed
in order to produce the solder balls continuously for
one week.
Piezoelectric
oscillator

Pot
volume

Dp = 130 m
Molten
solder
Nozzle

Nitrogen
Collection
chamber

V, T∞ = 30°C
Nitrogen

7.72 A spherical workpiece of pure copper with a diameter of
15 mm and an emissivity of 0.5 is suspended in a large
furnace with walls at a uniform temperature of 600C.
Air flows over the workpiece at a temperature of 900C
and a velocity of 7.5 m/s.
(a) Determine the steady-state temperature of the
workpiece.
(b) Estimate the time required for the workpiece to
come within 5C of the steady-state temperature if
it is at an initial, uniform temperature of 25C.
(c) In order to decrease the time to heat the workpiece,
the air velocity is doubled, with all other conditions
remaining the same. Determine the steady-state
temperature of the workpiece and the time required
for it to come within 5C of this value. Plot on the
same graph the workpiece temperature histories for
the two velocities.
7.73 Copper spheres of 20-mm diameter are quenched by
being dropped into a tank of water that is maintained at
280 K. The spheres may be assumed to reach the terminal velocity on impact and to drop freely through the
water. Estimate the terminal velocity by equating the
drag and gravitational forces acting on the sphere. What
is the approximate height of the water tank needed to
cool the spheres from an initial temperature of 360 K to
a center temperature of 320 K?
7.74 For the conditions of Problem 7.73, what are the terminal velocity and the tank height if engine oil at 300 K,
rather than water, is used as the coolant?
7.75 Consider the plasma spray coating process of Problem
5.25. In addition to the prescribed conditions, the argon
plasma jet is known to have a mean velocity of V  400
m/s, while the initial velocity of the injected alumina particles may be approximated as zero. The nozzle exit and
the substrate are separated by a distance of L  100 mm,
and pertinent properties of the argon plasma may be
approximated as k  0.671 W/m  K, cp  1480 J/kg  K,
  2.70 104 kg/s  m, and   5.6 103 m2/s.
(a) Assuming the motion of particles entrained by the
plasma jet to be governed by Stokes’ law, derive
expressions for the particle velocity, Vp(t), and its
distance of travel from the nozzle exit, xp(t), as a
function of time, t, where t  0 corresponds to particle injection. Evaluate the time-in-flight required
for a particle to traverse the separation distance,
xp  L, and the velocity Vp at this time.
(b) Assuming an average relative velocity of (V  Vp) 
315 m/s during the time-of-flight, estimate the convection coefficient associated with heat transfer from
the plasma to the particle. Using this coefficient and
assuming an initial particle temperature of Ti  300
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K, estimate the time-in-flight required to heat a particle to its melting point, Tmp, and, once at Tmp, for the
particle to experience complete melting. Is the prescribed value of L sufficient to ensure complete particle melting before surface impact?

at a time. A device similar to that of Problem 7.71 is
used to generate uniform, 75-m-diameter drops at an
initial temperature of Ti  150°C. The particles are sent
through quiescent air at T  25°C. The droplet properties are   2200 kg/m3, c  700 J/kg  K.

7.76 Highly reflective aluminum coatings may be formed
on the surface of a substrate by impacting the surface with
molten drops of aluminum. The droplets are discharged
from an injector, proceed through an inert gas (helium),
and must still be in a molten state at the time of impact.

(a) It is desirable for the droplets to exit the nozzle at
their terminal velocity. Determine the terminal
velocity of the drops.

Droplet injector

Ti
L
Tf ≥ Tmp

(b) It is desirable for the droplets to impact the structure at a temperature of T2  120°C. What is the
required distance between the exit nozzle and the
structure, L?
Droplet generator

Helium, T∞
Molten aluminum, V, D

D = 75 m
Ti = 150°C

Aluminum coating
Cold substrate

Consider conditions for which droplets with a diameter,
velocity, and initial temperature of D  500 m, V 
3 m/s, and Ti  1100 K, respectively, traverse a stagnant layer of atmospheric helium that is at a temperature of T  300 K. What is the maximum allowable
thickness of the helium layer needed to ensure that the
temperature of droplets impacting the substrate is
greater than or equal to the melting point of aluminum
(Tf  Tmp  933 K)? Properties of the molten aluminum
may be approximated as   2500 kg/m3, c  1200
J/kg  K, and k  200 W/m  K.
7.77 Tissue engineering involves the development of biological substitutes that restore or improve tissue function.
Once manufactured, engineered organs can be implanted
and grow within the patient, obviating chronic shortages of natural organs that arise when traditional organ
transplant procedures are used. Artificial organ manufacture involves two major steps. First, a porous scaffold is fabricated with a specific pore size and pore
distribution, as well as overall shape and size. Second,
the top surface of the scaffold is seeded with human
cells that grow into the pores of the scaffold. The
scaffold material is biodegradable and is eventually
replaced with healthy tissue. The artificial organ is then
ready to be implanted in the patient.
The complex pore shapes, small pore sizes, and
unusual organ shapes preclude use of traditional manufacturing methods to fabricate the scaffolds. A method
that has been used with success is a solid freeform fabrication technique whereby small spherical drops are
directed to a substrate. The drops are initially molten
and solidify when they impact the room-temperature
substrate. By controlling the location of the droplet
deposition, complex scaffolds can be built up, one drop

Exit nozzle

L
Air

T∞ = 25°C, V

Tissue scaffold

7.78 A spherical thermocouple junction 1.0 mm in diameter
is inserted in a combustion chamber to measure the
temperature T of the products of combustion. The hot
gases have a velocity of V  5 m/s.
Combustor
wall, Tc
Combustion
gases, V, T∞

Thermocouple
junction, D, T

(a) If the thermocouple is at room temperature, Ti, when
it is inserted in the chamber, estimate the time
required for the temperature difference, T  T, to
reach 2% of the initial temperature difference, T 
Ti. Neglect radiation and conduction through the
leads. Properties of the thermocouple junction are
approximated as k  100 W/m  K, c  385 J/kg  K,
and   8920 kg/m3, while those of the combustion
gases may be approximated as k  0.05 W/m  K,
  50 106 m2/s, and Pr  0.69.
(b) If the thermocouple junction has an emissivity of
0.5 and the cooled walls of the combustor are at
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Tc  400 K, what is the steady-state temperature of
the thermocouple junction if the combustion gases
are at 1000 K? Conduction through the lead wires
may be neglected.
(c) To determine the influence of the gas velocity on
the thermocouple measurement error, compute the
steady-state temperature of the thermocouple junction for velocities in the range 1 V
25 m/s. The
emissivity of the junction can be controlled through
application of a thin coating. To reduce the measurement error, should the emissivity be increased or
decreased? For V  5 m/s, compute the steady-state
junction temperature for emissivities in the range
0.1  1.0.
7.79 A thermocouple junction is inserted in a large duct to
measure the temperature of hot gases flowing through
the duct.
Duct
Hot gases

Tg

473

Problems

Ts
Thermocouple
junction

(a) If the duct surface temperature Ts is less than the
gas temperature Tg, will the thermocouple sense a
temperature that is less than, equal to, or greater
than Tg? Justify your answer on the basis of a simple analysis.
(b) A thermocouple junction in the shape of a 2-mmdiameter sphere with a surface emissivity of 0.60 is
placed in a gas stream moving at 3 m/s. If the thermocouple senses a temperature of 320°C when the
duct surface temperature is 175°C, what is the
actual gas temperature? The gas may be assumed to
have the properties of air at atmospheric pressure.
(c) How would changes in velocity and emissivity
affect the temperature measurement error? Determine the measurement error for velocities in the
range 1 V 25 m/s (  0.6) and for emissivities in the range 0.1  1.0 (V  3 m/s).
7.80 Consider temperature measurement in a gas stream
using the thermocouple junction described in Problem 7.79
(D  2 mm,   0.60). If the gas velocity and temperature are 3 m/s and 500°C, respectively, what temperature
will be indicated by the thermocouple if the duct surface
temperature is 200°C? The gas may be assumed to have
the properties of atmospheric air. What temperature will
be indicated by the thermocouple if the gas pressure is
doubled and all other conditions remain the same?
7.81 A high-temperature gas reactor (HTGR) consists of
spherical, uranium oxide fuel elements in which there

is uniform volumetric heating (q̇). Each fuel element is
embedded in a graphite spherical shell, which is cooled
by a helium gas flow at 1 atm.
Helium
V, T∞

Uranium oxide
kp, q•

T s,i
T s, o

Graphite

Di
Do

Consider steady-state conditions for which radiation
effects may be neglected, the gas velocity and temperature are V  20 m/s and T  500 K, the pellet and
shell diameters are Di  10 mm and Do  12 mm,
and the shell surface temperature is Ts,o  1300 K.
The uranium oxide and graphite each have a thermal
conductivity of kp  kg  2 W/m  K.
(a) What is the rate of heat transfer from a single pellet to the gas stream?
(b) What is the volumetric rate of heat generation in
the pellet and what is the temperature at the
pellet–graphite interface (Ts,i)?
(c) Obtain an expression for the radial temperature
distribution, T(r), in the pellet, expressing your
result in terms of the temperature at the center of
the pellet, T(0). Evaluate T(0) for the prescribed
conditions.
(d) Determine Ts,o, Ts,i and T(0) as a function of the
gas velocity for 5 V 20 m/s and q̇  1.50
108 W/m3.
7.82 A silicon chip (k  150 W/m  K,   2300 kg/m3, cp 
700 J/kg  K), 10 mm on a side and 1 mm thick, is connected to a substrate by solder balls (k  40 W/m  K,
  10,000 kg/m3, cp  150 J/kg  K) of 1 mm diameter,
and during an accelerated thermal stress test, the system
is exposed to the flow of a dielectric liquid (k  0.064
W/m  K,   106 m2/s, Pr  25). As first approximations, treat the top and bottom surfaces of the chip as flat
plates in turbulent, parallel flow and assume the substrate and lower chip surfaces to have a negligible effect
on flow over the solder balls. Also assume point contact
between the chip and the solder, thereby neglecting heat
transfer by conduction between the components.
t = 1 mm

Silicon chip, Ti

L = 10 mm

Solder ball
D = 1 mm
Substrate

V
T∞

Dielectric
fluid
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12 mm, a length of 250 mm, and are maintained at a sur(a) The stress test begins with the components at ambiface temperature of 350C.
ent temperature (Ti  20C) and proceeds with
heating by the fluid at T  80C. If the fluid velocity is V  0.2 m/s, estimate the ratio of the time Heating elements, Ts = 350°C
constant of the chip to that of a solder ball. Which D = 12 mm
250 mm
N =3
component responds more rapidly to the heating NL = 4
T
process?
(b) The thermal stress acting on the solder joint is proportional to the chip-to-solder temperature difference. What is this temperature difference 0.25 s
after the start of heating?

Air duct

Terminal
panel

Air

Tube Banks
7.83 Repeat Example 7.7 for a more compact tube bank in
which the longitudinal and transverse pitches are SL 
ST  20.5 mm. All other conditions remain the same.
7.84 A preheater involves the use of condensing steam at
100°C on the inside of a bank of tubes to heat air that
enters at 1 atm and 25°C. The air moves at 5 m/s in
cross flow over the tubes. Each tube is 1 m long and has
an outside diameter of 10 mm. The bank consists of
196 tubes in a square, aligned array for which ST  SL 
15 mm. What is the total rate of heat transfer to the air?
What is the pressure drop associated with the airflow?
7.85 Consider the in-line tube bank of Problem 7.84 (D  10
mm, L  1 m, and ST  SL  15 mm), with condensing
steam used to heat atmospheric air entering the tube
bank at Ti  25C and V  5 m/s. In this case, however,
the desired outlet temperature, not the number of tube
rows, is known. What is the minimum value of NL
needed to achieve an outlet temperature of To  75C?
What is the corresponding pressure drop across the tube
bank?
7.86 A tube bank uses an aligned arrangement of 10-mmdiameter tubes with ST  SL  20 mm. There are 10
rows of tubes with 50 tubes in each row. Consider an
application for which cold water flows through the
tubes, maintaining the outer surface temperature at
27°C, while flue gases at 427°C and a velocity of 5 m/s
are in cross flow over the tubes. The properties of the
flue gas may be approximated as those of atmospheric
air at 427°C. What is the total rate of heat transfer per
unit length of the tubes in the bank?
7.87 An air duct heater consists of an aligned array of electrical heating elements in which the longitudinal and transverse pitches are SL  ST  24 mm. There are 3 rows of
elements in the flow direction (NL  3) and 4 elements
per row (NT  4). Atmospheric air with an upstream
velocity of 12 m/s and a temperature of 25C moves in
cross flow over the elements, which have a diameter of

Ti = 25°C
V = 12 m/s

SL = 24 mm
ST = 24 mm

(a) Determine the total heat transfer to the air and the
temperature of the air leaving the duct heater.
(b) Determine the pressure drop across the element
bank and the fan power requirement.
(c) Compare the average convection coefficient obtained
in your analysis with the value for an isolated (single)
element. Explain the difference between the results.
(d) What effect would increasing the longitudinal and
transverse pitches to 30 mm have on the exit temperature of the air, the total heat rate, and the pressure drop?
7.88 A tube bank uses an aligned arrangement of 30-mmdiameter tubes with ST  SL  60 mm and a tube length
of 1 m. There are 10 tube rows in the flow direction
(NL  10) and 7 tubes per row (NT  7). Air with
upstream conditions of T  27°C and V  15 m/s is in
cross flow over the tubes, while a tube wall temperature
of 100°C is maintained by steam condensation inside
the tubes. Determine the temperature of air leaving the
tube bank, the pressure drop across the bank, and the
fan power requirement.
7.89 Electrical components mounted to each of two isothermal plates are cooled by passing atmospheric air
between the plates, and an in-line array of aluminum
pin fins is used to enhance heat transfer to the air.
The pins are of diameter D  2 mm, length L 
100 mm, and thermal conductivity k  240 W/m  K.
The longitudinal and transverse pitches are SL  ST  4
mm, with a square array of 625 pins (NT  NL  25)
mounted to square plates that are each of width W 
100 mm on a side. Air enters the pin array with a velocity of 10 m/s and a temperature of 300 K.
(a) Evaluating air properties at 300 K, estimate the average convection coefficient for the array of pin fins.
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be assumed to be maintained as condensation occurs
within the tubes.

Components
Section A-A
Plate
Air

A

•••

A
•••
•••

•••

W

•••

Pin fins

D, L

•••

•••

•••

V, Ti

•••

W

W

(b) Assuming a uniform convection coefficient over
all heat transfer surfaces (plates and pins), use the
result of part (a) to determine the air outlet temperature and total heat rate when the plates are maintained at 350 K. Hint: The air outlet temperature is
governed by an exponential relation of the form
[(Ts  To)/(Ts  Ti)]  exp [(hAto)/ṁcp], where
ṁ  VLNTST is the mass flow rate of air passing
through the array, At is the total heat transfer surface area (plates and fins), and o is the overall
surface efficiency defined by Equation 3.102.
7.90 Consider the chip cooling scheme of Problem 3.134,
but with an insulated top wall placed at the pin tips to
force airflow across the pin array. Air enters the array at
20°C and with a velocity V that may be varied but cannot exceed 10 m/s due to pressure drop considerations.
The pin fin geometry, which includes the number of
pins in the N N square array, as well as the pin diameter Dp and length Lp, may also be varied, subject to the
constraint that the product NDp not exceed 9 mm.
Neglecting heat transfer through the board, assess the
effect of changes in air velocity, and hence ho, as
well as pin fin geometry, on the air outlet temperature
and the chip heat rate, if the remaining conditions
of Problems 3.134 and 3.27, including a maximum
allowable chip temperature of 75°C, remain in effect.
Recommend design and operating conditions for
which chip cooling is enhanced. Hint: The air outlet
temperature is governed by a relation of the form
.
[(Ts  To)/(Ts  Ti)]  exp [(h Ato)/ṁcp], where m is
the mass flow rate of air passing through the array, At is
the total heat transfer surface area (chip and pins), and
o is the overall surface efficiency defined by Equation
3.102.
7.91 An air-cooled steam condenser is operated with air in
cross flow over a square, in-line array of 400 tubes
(NL  NT  20), with an outside tube diameter of 20
mm and longitudinal and transverse pitches of SL 
60 mm and ST  30 mm, respectively. Saturated steam
at a pressure of 2.455 bars enters the tubes, and a uniform tube outer surface temperature of Ts  390 K may

(a) If the temperature and velocity of the air upstream
of the array are Ti  300 K and V  4 m/s, what is
the temperature To of the air that leaves the array?
As a first approximation, evaluate the properties of
air at 300 K.
(b) If the tubes are 2 m long, what is the total heat
transfer rate for the array? What is the rate at which
steam is condensed in kg/s?
(c) Assess the effect of increasing NL by a factor of 2,
while reducing SL to 30 mm. For this configuration,
explore the effect of changes in the air velocity.

Impinging Jets
7.92 A circular transistor of 10-mm diameter is cooled by
impingement of an air jet exiting a 2-mm-diameter round
nozzle with a velocity of 20 m/s and a temperature of
15°C. The jet exit and the exposed surface of the transistor are separated by a distance of 10 mm.

Air jet

Transistor

If the transistor is well insulated at all but its exposed
surface and the surface temperature is not to exceed
85°C, what is the transistor’s maximum allowable
operating power?
7.93 A long rectangular plate of AISI 304 stainless steel is
initially at 1200 K and is cooled by an array of slot jets
(see Figure 7.16). The nozzle width and pitch are W 
10 mm and S  100 mm, respectively, and the nozzleto-plate separation is H  200 mm. The plate thickness
and width are t  8 mm and L  1 m, respectively. If
air exits the nozzles at a temperature of 400 K and a
velocity of 30 m/s, what is the initial cooling rate of
the plate?
7.94 Air at 10 m/s and 15°C is used to cool a square hot
molded plastic plate 0.5 m to a side having a surface
temperature of 140°C. To increase the throughput of the
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production process, it is proposed to cool the plate
using an array of slotted nozzles with width and pitch of
4 mm and 56 mm, respectively, and a nozzle-to-plate
separation of 40 mm. The air exits the nozzle at a temperature of 15°C and a velocity of 10 m/s.
(a) Determine the improvement in cooling rate that can
be achieved using the slotted nozzle arrangement in
lieu of turbulated air at 10 m/s and 15°C in parallel
flow over the plate.
(b) Would the heat rates for both arrangements change
significantly if the air velocities were increased by
a factor of 2?
(c) What is the air mass rate requirement for the slotted
nozzle arrangement?
7.95 Consider Problem 7.94 in which the improvement in
performance of slot-jet cooling over parallel-flow cooling was demonstrated. Design an optimal round nozzle
array, using the same air jet velocity and temperature,
10 m/s and 15°C, respectively, and compare the cooling
rates and supply air requirements. Discuss the features
associated with each of the three methods relevant
to selecting one for this application of cooling the
plastic part.
7.96 Consider the plasma spraying process of Problems 5.25
and 7.75. For a nozzle exit diameter of D  10 mm and
a substrate radius of r  25 mm, estimate the rate of
heat transfer by convection, qconv, from the argon
plasma to the substrate, if the substrate temperature is
maintained at 300 K. Energy transfer to the substrate
is also associated with the release of latent heat, qlat,
which occurs during solidification of the impacted
molten droplets. If the mass rate of droplet impingement is ṁp  0.02 kg/s  m2, estimate the rate of latent
heat release.
7.97 Consider the plasma jet of Problem 7.96. When new
ceramic coating materials are developed, spray trials are
performed using small, circular substrates called coupons
that can be coated easily and subsequently tested for the
new coating material’s wear or corrosion resistance. Consider a 50-mm-diameter, 3-mm-thick 304 stainless steel
coupon to be used in a spray trial with the goal of building up a 100-m-thick ceramic coating.
(a) For a coupon that is insulated on its backside,
determine how long the plasma torch can be in
place before the coupon melts. How thick would
the sprayed ceramic layer be when the coupon
melts? The plasma heat transfer coefficient is 609
W/m2  K, and the heat transfer rate due to the
impinging droplets is 140 W. The initial temperature of the coupon is 300 K.

(b) It is proposed to cool the backside of the coupon
with an air jet at an exit temperature and velocity of
Te,a  300 K and Ve,a  30 m/s, respectively. The
air jet nozzle diameter is Da  10 mm. The nozzle
and the coupon’s backside surface are separated
by La  50 mm. Will this scheme significantly
increase the thickness of the sprayed ceramic layer
that can be deposited?
7.98 You have been asked to determine the feasibility of
using an impinging jet in a soldering operation for electronic assemblies. The schematic illustrates the use of a
single, round nozzle to direct high velocity, hot air to a
location where a surface mount joint is to be formed.

1 mm

Te, Ve

2 mm

Surface-mount region (solder joint)
2.5 mm

Printed-circuit
board (PCB)

For your study, consider a round nozzle with a diameter
of 1 mm located a distance of 2 mm from the region of
the surface mount, which has a diameter of 2.5 mm.
(a) For an air jet velocity of 70 m/s and a temperature
of 500°C, estimate the average convection coefficient over the area of the surface mount.
(b) Assume that the surface mount region on the
printed circuit board (PCB) can be modeled as a
semi-infinite medium, which is initially at a uniform temperature of 25°C and suddenly experiences convective heating by the jet. Estimate the
time required for the surface to reach 183°C. The
thermophysical properties of a typical solder are
  8333 kg/m3, cp  188 J/kg  K, and k  51
W/m  K.
(c) For three air jet temperatures of 500, 600, and
700°C, calculate and plot the surface temperature
as a function of time for 0 t 150 s. On this
plot, identify important temperature limits for the
soldering process: the lower limit corresponding to
the solder’s eutectic temperature, Tsol  183°C,
and the upper limit corresponding to the glass transition temperature, Tgl  250°C, at which the PCB
becomes plastic. Comment on the outcome of
your study, the appropriateness of the assumptions,
and the feasibility of using the jet for a soldering
application.

c07.qxd 3/6/06 10:56 AM Page 477



477

Problems

(b) The amount of energy generated by the fuel
decreases if a maximum operating temperature of
approximately 2100°C is exceeded. Determine the
maximum internal temperature of the hottest pellet
in the packed bed. For Reynolds numbers in the
range 4000
ReD
10,000, Equation 7.85 may
be replaced by J̄H  2.876 ReD1 + 0.3023 ReD0.35.

Packed Beds
7.99

Consider the packed bed of aluminum spheres
described in Problem 5.12 under conditions for which
the bed is charged by hot air with an inlet velocity of
V  1 m/s and temperature of Tg,i  300°C, but for
which the convection coefficient is not prescribed. If the
porosity of the bed is   0.40 and the initial temperature of the spheres is Ti  25°C, how long does it take a
sphere near the inlet of the bed to accumulate 90% of its
maximum possible energy?

7.100 The use of rock pile thermal energy storage systems has
been considered for solar energy and industrial process
heat applications. A particular system involves a cylindrical container, 2 m long by 1 m in diameter, in which
nearly spherical rocks of 0.03-m diameter are packed.
The bed has a void space of 0.42, and the density and
specific heat of the rock are   2300 kg/m3 and cp 
879 J/kg  K, respectively. Consider conditions for
which atmospheric air is supplied to the rock pile at a
steady flow rate of 1 kg/s and a temperature of 90°C.
The air flows in the axial direction through the container. If the rock is at a temperature of 25°C, what is
the total rate of heat transfer from the air to the rock
pile?
7.101 The cylindrical chamber of a pebble bed nuclear reactor is of length L  10 m and diameter D  3 m. The
chamber is filled with spherical uranium oxide pellets of
core diameter Dp  50 mm. Each pellet generates thermal energy in its core at a rate of Ėg and is coated with
a layer of non-heat–generating graphite, which is of
uniform thickness   5 mm, to form a pebble. The uranium oxide and graphite each have a thermal conductivity of 2 W/m  K. The packed bed has a porosity of
  0.4. Pressurized helium at 40 bars is used to absorb
the thermal energy from the pebbles. The helium enters
the packed bed at Ti  450°C with a velocity of 3.2 m/s.
The properties of the helium may be assumed to be
cp  5193 J/kg  K, k  0.3355 W/m  K,   2.1676
kg/m3,   4.214 105 kg/s  m, Pr  0.654.
Gas,

L

V , Ti
D

Dp
To

δ

q•

(a) For a desired overall thermal energy transfer rate
of q  125 MW, determine the mean outlet temperature of the helium leaving the bed, To, and the
amount of thermal energy generated by each
pellet, Ėg.

7.102 Latent heat capsules consist of a thin-walled spherical
shell within which a solid-liquid, phase-change material (PCM) of melting point Tmp and latent heat of
fusion hsf is enclosed. As shown schematically, the
capsules may be packed in a cylindrical vessel through
which there is fluid flow. If the PCM is in its solid
state and Tmp  Ti, heat is transferred from the fluid to
the capsules and latent energy is stored in the PCM as
it melts. Conversely, if the PCM is a liquid and
Tmp  Ti, energy is released from the PCM as it
freezes and heat is transferred to the fluid. In either situation, all of the capsules within the packed bed would
remain at Tmp through much of the phase change
process, in which case the fluid outlet temperature
would remain at a fixed value To.
To
Containment
mesh

Capsule

Phase-change
material
ρ , Tmp, hsf
Shell, Dc

Lv
Containment
vessel, Dv

Air

V, Ti

Consider an application for which air is chilled by passing it through a packed bed (  0.5) of capsules (Dc 
50 mm) containing an organic compound with a melting
point of Tmp  4°C. The air enters a cylindrical vessel
(Lv  Dv  0.40 m) at Ti  25°C and V  1.0 m/s.
(a) If the PCM in each capsule is in the solid state at
Tmp as melting occurs within the capsule, what is
the outlet temperature of the air? If the density
and latent heat of fusion of the PCM are   1200
kg/m3 and hsf  165 kJ/kg, what is the mass rate
(kg/s) at which the PCM is converted from solid
to liquid in the vessel?
(b) Explore the effect of the inlet air velocity and
capsule diameter on the outlet temperature.
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(c) At what location in the vessel will complete melting of the PCM in a capsule first occur? Once
complete melting begins to occur, how will the
outlet temperature vary with time and what is its
asymptotic value?
7.103 Consider the packed bed (  0.5) of latent heat capsules (Dc  50 mm) described in Problem 7.102, but
now for an application in which ambient air is to be
heated by passing it through the bed. In this case the capsules contain an organic compound with a melting point
of Tmp  50°C, and the air enters the vessel (Lv  Dv 
0.40 m) at Ti  20°C and V  1.0 m/s.
(a) If the PCM in each capsule is in the liquid state at
Tmp as solidification occurs within the capsule
what is the outlet temperature of the air? If the
density and latent heat of fusion of the PCM are
  900 kg/m3 and hsf  200 kJ/kg, what is the
mass rate (kg/s) at which the PCM is converted
from liquid to solid in the vessel?
(b) Explore the effect of the inlet air velocity and
capsule diameter on the outlet temperature.
(c) At what location in the vessel will complete freezing of the PCM in a capsule first occur? Once
complete freezing begins to occur, how will the
outlet temperature vary with time and what is its
asymptotic value?

Heat and Mass Transfer
7.104 Consider mass loss from a smooth wet flat plate due to
forced convection at atmospheric pressure. The plate
is 0.5 m long and 3 m wide. Dry air at 300 K and a
free stream velocity of 35 m/s flows over the surface,
which is also at a temperature of 300 K. Estimate the
average mass transfer coefficient hm and determine the
water vapor mass loss rate (kg/s) from the plate.
7.105 Consider dry, atmospheric air in parallel flow over a
0.5-m-long plate whose surface is wetted. The air
velocity is 35 m/s, and the air and water are each at a
temperature of 300 K.
(a) Estimate the heat loss and evaporation rate per
unit width of the plate, q and nA, respectively.
(b) Assuming the air temperature remains at 300 K,
generate plots of q and nA for a range of water
temperatures from 300 to 350 K, with air velocities of 10, 20, and 35 m/s.
(c) For the air velocities and air temperature of part
(b), determine the water temperatures for which
the heat loss will be zero.
7.106 A flat plate coated with a volatile substance (species A)
is exposed to dry, atmospheric air in parallel flow with

T  20°C and u  8 m/s. The plate is maintained at a
constant temperature of 134°C by an electrical heating
element, and the substance evaporates from the surface.
The plate has a width of 0.25 m (normal to the plane of
the sketch) and is well insulated on the bottom.
Air

u∞, T∞
Coating

ρA,s, Ts

Heater

L= 4 m

The molecular weight and the latent heat of vaporization of species A are A  150 kg/kmol and hfg 
5.44 106 J/kg, respectively, and the mass diffusivity
is DAB  7.75 107 m2/s. If the saturated vapor
pressure of the substance is 0.12 atm at 134°C, what is
the electrical power required to maintain steady-state
conditions?
7.107 Dry air at atmospheric pressure and 350 K, with a free
stream velocity of 25 m/s, flows over a smooth, porous
plate 1 m long.
(a) Assuming the plate to be saturated with liquid
water at 350 K, estimate the mass rate of evaporation per unit width of the plate, nA (kg/s  m).
(b) For air and liquid water temperatures of 300, 325,
and 350 K, generate plots of nA as a function of
velocity for the range from 1 to 25 m/s.
7.108 A scheme for dissipating heat from an array of N  100
integrated circuits involves joining the circuits to the bottom of a plate and exposing the top of the plate to a water
bath. The water container is of length L  100 mm on a
side and is exposed to airflow at its top surface. The flow
is turbulated by the protruding lip of the side wall.
Air

u∞ = 10 m/s
T∞ = 300 K
φ ∞ = 0.5
Water bath, Tb

Plate

Integrated
circuits

L

If the sides and bottom of the container are well insulated from the surroundings and heat is uniformly
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dissipated in each circuit, at what rate may heat be
dissipated from each circuit when the water temperature is maintained at Tb  350 K?
7.109 A series of water-filled trays, each 222 mm long,
experiences an evaporative drying process. Dry air at
T  300 K flows over the trays with a velocity of
15 m/s, while radiant heaters maintain the surface
temperature at Ts  330 K.

Dry air

Radiant heaters

u∞, T∞

Ts

Water-filled tray

x

479
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1m

(a) What is the evaporative flux (kg/s  m2) at a distance 1 m from the leading edge?

(a) Convection heat transfer coefficient. Using the
data provided in Problem 7.40, determine the heat
transfer coefficients for the two velocities, assuming the plate to behave as a spacewise isothermal
object. Evaluate the coefficients C and m for a
correlation of the form NuL  C Rem Pr1/3. Compare this result with a standard flat-plate correlation. Comment on the goodness of the comparison
and provide reasons for any differences.
(b) Convection mass transfer coefficient. A sheet of
water-saturated paper, 133 mm to a side, was used
as the test surface and its mass measured at two
different times, m(t) and m(t  t). Thermocouples were used to monitor the paper temperature as
a function of time, from which the average temperature, T s, was determined. The wet and dry bulb
temperatures were Twb  13°C and Tdb  27°C,
and data recorded for two airstream velocities are
as follows:

(b) What is the irradiation (W/m2) that should be supplied to the tray surface at this location to maintain the water temperature at 330 K?
(c) Assuming the water temperature is uniform over
the tray at this location, what is the evaporation rate
(kg/s  m) from the tray per unit width of the tray?
(d) What irradiation should be applied to each of
the first four trays such that the corresponding
evaporation rates are identical to that found in
part (c)?
7.110 Consider the physical system of Problem 7.109 (a
series of water-filled trays heated radiatively), but
under operating conditions for which each tray is
0.25 m long by 1 m wide and is uniformly irradiated,
with G  104 W/m2. Dry air at T  300 K continues
to flow over the trays at a velocity of 15 m/s.
(a) What is the rate of water loss (kg/s) from the first,
third, and fourth trays?
(b) Estimate the temperature of the water in each of
the designated trays.
7.111 The apparatus described in Problem 7.40 is used by
our students to experimentally determine convection
heat and mass transfer coefficients, to confirm the
heat–mass analogy, and to compare measured results
with predictions based on standard correlations. The
velocity, V, of the airstream is measured using a
thermistor-based anemometer, and its relative
humidity is determined from measurements of the
wet and dry bulb temperatures, Twb and Tdb, respectively. Thermocouples are attached to the test-plate,
which is covered with a sheet of wet paper in the
mass transfer experiments.

Water Mass
Loss Observations
V
(m/s)
3
9

Ts(°C)

m(t)
(g)

m(t  t)
(g)

t
(s)

15.3
16.0

55.62
55.60

54.45
54.50

475
240

Determine the convection mass transfer coefficients for the two flow conditions. Evaluate the
coefficients C and m for a correlation of the form
ShL  C Rem Sc1/3.
(c) Using the heat–mass analogy, compare the experimental results with each other and against standard
correlations. Comment on the goodness of the comparison and provide reasons for any differences.
7.112 Dry air at 35°C and a velocity of 20 m/s flows over a
wetted plate of length 500 mm and width 150 mm. An
imbedded electrical heater supplies power to maintain
the plate surface temperature at 20°C.
(a) What is the evaporation rate (kg/h) of water from
the plate? What electrical power is required to
maintain steady-state conditions?
(b) After a long period of operation, all the water is
evaporated from the plate and its surface is dry. For
the same free stream conditions and heater power
of part (a), estimate the temperature of the plate.
7.113 A minivan traveling 90 km/h has just passed through a
thunderstorm that left a film of water 0.1 mm thick on
the top of the van. The top of the van can be assumed
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to be a flat plate 6 m long. Assume isothermal conditions at 27°C, an ambient air relative humidity of 80%,
and turbulent flow over the entire surface. What location on the van top will be the last to dry? What is the
water evaporation rate per unit area (kg/s  m2) at the
trailing edge of the van top?
7.114 Benzene, a known carcinogen, has been spilled on the
laboratory floor and has spread to a length of 2 m. If a
film 1 mm deep is formed, how long will it take for
the benzene to completely evaporate? Ventilation in
the laboratory provides for airflow parallel to the surface at 1 m/s, and the benzene and air are both at
25°C. The mass densities of benzene in the saturated
vapor and liquid states are known to be 0.417 and 900
kg/m3, respectively.
7.115 Atmospheric air of 40% relative humidity and temperature T  300 K is in parallel flow over a series of
water-filled trays, with u  12 m/s.
Air

u∞
T∞
φ∞

Tray 1

Tray 2

0.5 m

x

Tray 3

1.5 m

1.0 m

What is the rate at which energy must be supplied to
each of the first three trays to maintain the water at
300 K?
7.116 A stream of atmospheric air is used to dry a series of
biological samples on plates that are each of length
Li  0.25 m in the direction of the airflow. The air is
dry and at a temperature equal to that of the plates
(T  Ts  50°C). The air speed is u  9.1 m/s.
Air

(c) At what rate would heat have to be supplied to the
fastest drying plate to maintain it at Ts  50°C
during the drying process?
7.117 Condenser cooling water for a power plant is stored in
a cooling pond that is 1000 m long by 500 m wide.
However, because of evaporative losses, it is necessary to periodically add “makeup” water to the pond
in order to maintain a suitable water level. Assuming
isothermal conditions at 27°C for the water and the air,
that the free stream air is dry and moving at a velocity
of 2 m/s in the direction of the 1000-m pond length,
and that the boundary layer on the water surface is
everywhere turbulent, determine the amount of makeup
water that should be added to the pond daily.
7.118 Consider the plate conveyor system of Problem 7.24,
but now under conditions for which the plates are being
transported from a liquid bath used for surface cleaning.
The initial plate temperature is Ti  40°C, and the surfaces are covered with a thin liquid film. If the air velocity and temperature are u  1 m/s and T  20°C,
respectively, what is the initial rate of heat transfer from
the plate? What is the corresponding rate of change of
the plate temperature? The latent heat of vaporization
of the solvent, the diffusion coefficient associated with
transport of its vapor in air, and its saturated vapor
density at 40°C are hfg  900 kJ/kg, DAB  105 m2/s,
and A,sat  0.75 kg/m3, respectively. The velocity of
the conveyor can be neglected relative to that of the air.
7.119 In a paper drying process, the paper moves on a conveyor belt at 0.2 m/s, while dry air from an in-line
array of round jets (Figure 7.17b) impinges normal to
its surface. The nozzle diameter and pitch are D  20
mm and S  100 mm, respectively, and the nozzle-topaper separation is H  200 mm. Air exits the nozzle
at a velocity and temperature of 20 m/s and 300 K,
while the wet paper is maintained at 300 K. In kg/s 
m2, what is the average drying rate of the paper?

(a) Sketch the variation of the local convection mass
transfer coefficient hm, x with distance x from the
leading edge. Indicate the specific nature of the
x dependence.

7.120 In a paper mill drying process, a sheet of paper slurry
(water–fiber mixture) has a linear velocity of 5 m/s as
it is rolled. Radiant heaters maintain a sheet temperature of Ts  330 K, as evaporation occurs to dry,
ambient air at 300 K above and below the sheet.
(a) What is the evaporative flux at a distance of x 
1 m from the leading edge of the roll? What is the
corresponding value of the radiant flux (irradiation, G) that must be supplied to the sheet to maintain its temperature at 330 K? The sheet has an
absorptivity of   1.

(b) Which of the plates will dry the fastest? Calculate
the drying rate per meter of width for this plate
(kg/s  m).

(b) To accelerate the drying and paper production
processes, the velocity and temperature of the strip
are increased to 10 m/s and 340 K, respectively.

u∞
T∞

Li
1

x

2

3

4

5

6

Ts = T∞
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Ts

cylinder of diameter D  40 mm, which is saturated
with water.
(a) Assuming the water and air to be at 300 K, calculate the mass rate of water evaporated under steadystate conditions from the cylindrical medium per
unit length.

To maintain a uniform strip temperature, the irradiation G must be varied with x along the strip.
For 0 x 1 m, compute and plot the variations
hm,x(x), NA(x), and G(x).
7.121 A channel of triangular cross section, which is 25 m
long and 1 m deep, is used for the storage of water.

π /2

z=1m

The water and the surrounding air are each at a temperature of 25°C, and the relative humidity of the air
is 50%.
(a) If the air moves at a velocity of 5 m/s along the
length of the channel, what is the rate of water
loss due to evaporation from the surface?
(b) Obtain an expression for the rate at which the water
depth would decrease with time due to evaporation.
For the above conditions, how long would it take
for all the water to evaporate?
7.122 Mass transfer experiments have been conducted on a
naphthalene cylinder of 18.4-mm diameter and 88.9mm length subjected to a cross flow of air in a lowspeed wind tunnel. After exposure for 39 min to the
airstream at a temperature of 26°C and a velocity of
12 m/s, it was determined that the cylinder mass
decreased by 0.35 g. The barometric pressure was
recorded at 750.6 mm Hg. The saturation pressure psat
of naphthalene vapor in equilibrium with solid naphthalene is given by the relation psat  p 10E, where
E  8.67  (3766/T), with T (K) and p (bar) being the
temperature and pressure of air. Naphthalene has a
molecular weight of 128.16 kg/kmol.
(a) Determine the convection mass transfer coefficient from the experimental observations.
(b) Compare this result with an estimate from an
appropriate correlation for the prescribed flow
conditions.
7.123 Dry air at 1-atm pressure and a velocity of 15 m/s is to
be humidified by passing it in cross flow over a porous

(b) How will the evaporation rate change if the air
and water are maintained at a higher temperature?
Generate a plot for the temperature range 300 to
350 K to illustrate the effect of temperature on the
evaporation rate.
7.124 Dry air at 35°C and a velocity of 15 m/s flows over a
long cylinder of 20-mm diameter. The cylinder is covered with a thin porous coating saturated with water,
and an imbedded electrical heater supplies power to
maintain the coating surface temperature at 20°C.
(a) What is the evaporation rate of water from the
cylinder per unit length (kg/h  m)? What electrical
power per unit length of the cylinder (W/m) is
required to maintain steady-state conditions?
(b) After a long period of operation, all the water is
evaporated from the coating and its surface is dry.
For the same free stream conditions and heater
power of part (a), estimate the temperature of the
surface.
7.125 Dry air at 20°C and a velocity of 15 m/s flows over a
20-mm-diameter rod covered with a thin porous coating that is saturated with water. The rod (k  175
W/m  K) is 250 mm long and its ends are attached to
heat sinks maintained at 35°C.
Rod with porous coating,
D = 20 mm

L = 250 mm
Tb = 35°C

Dry air

Heat sink
Tb = 35°C

V = 15 m/s
T∞ = 20°C

Perform a steady-state, finite-difference analysis of the
rod–porous coating system, considering conduction in
the rod as well as energy transfer from the surface by
convection heat and mass transfer. Use the analysis to
estimate the temperature at the midspan of the rod and
the evaporation rate from the surface. (Suggestions:
Use 10 nodes to represent the half-length of the system.
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Estimate the overall average convection heat transfer
coefficient based on an average film temperature for the
system, and use the heat–mass transfer analogy to
determine the average convection mass transfer coefficient. Validate your code by using it to predict a temperature distribution that agrees with the analytical
solution for a fin without evaporation.)
7.126 Approximate the human form as an unclothed vertical
cylinder of 0.3-m diameter and 1.75-m length with a
surface temperature of 30°C.
(a) Calculate the heat loss in a 10-m/s wind at 20°C.
(b) What is the heat loss if the skin is covered with a
thin layer of water at 30°C and the relative humidity of the air is 60%?
7.127 It has been suggested that heat transfer from a surface
can be augmented by wetting it with water. As a specific example, consider a horizontal tube that is
exposed to a transverse stream of dry air. You may
assume that the tube, which is maintained at a temperature Ts  T, is completely wetted on the outside
with a thin film of water. Derive an equation to determine the extent of heat transfer enhancement due to
wetting. Evaluate the enhancement for V  10 m/s,
D  10 mm, Ts  320 K, and T  300 K.
7.128 In the first stage of a paper drying process, a cylinder
of diameter 0.15 m is covered by moisture-soaked
paper. The temperature of the paper is maintained at
70°C by imbedded electrical heaters. Dry air at a
velocity of 10 m/s and temperature of 20°C flows over
the cylinder.

when Tdb  45°C, Twb  25°C, Ts  35°C, p  1 atm,
V  5 m/s, Ddb  3 mm, Dwb  4 mm, and g  w 
0.95. As a first approximation, evaluate the dry- and
wet-bulb air properties at 45 and 25°C, respectively.
7.130 The thermal pollution problem is associated with discharging warm water from an electrical power plant or
from an industrial source to a natural body of water.
Methods for alleviating this problem involve cooling
the warm water before allowing the discharge to
occur. Two such methods, involving wet cooling towers or spray ponds, rely on heat transfer from the warm
water in droplet form to the surrounding atmosphere.
To develop an understanding of the mechanisms that
contribute to this cooling, consider a spherical droplet
of diameter D and temperature T, which is moving at a
velocity V relative to air at a temperature T and relative humidity . The surroundings are characterized
by the temperature Tsur. Develop expressions for the
droplet evaporation and cooling rates. Calculate the
evaporation rate (kg/s) and cooling rate (K/s) when
D  3 mm, V  7 m/s, T  40°C, T  25°C, Tsur 
15°C, and   0.60. The emissivity of water is
w  0.96.
7.131 Cranberries are harvested by flooding the bogs in
which they are grown and raking them into troughs for
transport. At the processing plant, the surface moisture
on the berries is removed as they roll over a fine
screen through which warm air is blown. The berries
have an average diameter of 15 mm, and the thickness
of the water layer is 0.2 mm.
Berry, 15 mm diameter
Water film, 0.2 mm thick

(a) Calculate the required electrical power and the
evaporation rate per unit length of the cylinder, q
and nA, respectively.
(b) Generate plots of q and nA as a function of the
dry air velocity for 5 V 20 m/s and for paper
temperatures of 65, 70, and 75°C.
7.129 Cylindrical dry-bulb and wet-bulb thermometers are
installed in a large-diameter duct to obtain the temperature T and the relative humidity  of moist air
flowing through the duct at a velocity V. The dry-bulb
thermometer has a bare glass surface of diameter Ddb
and emissivity g. The wet-bulb thermometer is covered with a thin wick that is saturated with water flowing continuously by capillary action from a bottom
reservoir. Its diameter and emissivity are designated as
Dwb and w. The duct inside surface is at a known temperature Ts, which is less than T. Develop expressions
that may be used to obtain T and  from knowledge
of the dry-bulb and wet-bulb temperatures Tdb and Twb
and the foregoing parameters. Determine T and 

Air

Fine
screen

T∞ = 30°C
V = 2 m/s

If the velocity and temperature of the heated air are
2 m/s and 30°C, respectively, estimate the time
required to dry the berries. Assume that the water film
on the berries is also at 30°C.
7.132 A spherical drop of water, 0.5 mm in diameter, is
falling at a velocity of 2.15 m/s through dry still air at
1-atm pressure. Estimate the instantaneous rate of
evaporation from the drop if the drop surface is at
60°C and the air is at 100°C.
7.133 A spherical droplet of alcohol, 0.5 mm in diameter, is
falling freely through quiescent air at a velocity of 1.8
m/s. The concentration of alcohol vapor at the surface
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which, in turn, propel the bacteria through a host liquid. Consider a nominally spherical Escherichia coli
bacterium that is of diameter D  2 m. The bacterium is in a water-based solution at 37°C containing
a nutrient which is characterized by a binary diffusion
coefficient of DAB  0.7
109 m2/s and a food
energy value of   16,000 kJ/kg. There is a nutrient
density difference between the fluid and the shell of
the bacterium of A  860 1012 kg/m3. Assuming
a propulsion efficiency of   0.5, determine the maximum speed of the E. coli. Report your answer in body
diameters per second.

of the droplet is 0.0573 kg/m3, and the diffusion coefficient for alcohol in air is 105 m2/s. Neglecting radiation and assuming steady-state conditions, calculate
the surface temperature of the droplet if the ambient
air temperature is 300 K. The latent heat of vaporization is 8.42 105 J/kg.
7.134 As described in Problem 7.77, the second step in tissue
engineering is to seed the top surface of the scaffold with
human cells that subsequently grow into the pores of the
scaffold. A seeding method that has been proposed is to
use a droplet generator similar to that of Problem 7.77 to
generate Dp  50 m diameter drops. The material in
the droplet generator is a slurry consisting of a mixture
of a host liquid and human liver cells. The host liquid has
properties similar to water, and the liver cells are spherical with a diameter of Dlc  20 m and density lc 
2400 kg/m3. Droplets are injected into atmospheric air
with a relative humidity and temperature of  0.50
and T  25°C, respectively. The particles are injected
with an initial temperature of Ti  25°C.
(a) It is desirable for each drop to contain one liver
cell. Determine the volume fraction, f, of liver
cells in the slurry and the terminal velocity for a
drop containing one liver cell.
(b) The droplet containing one liver cell is injected at
its terminal velocity. Determine the time of flight
for a distance between the ejector nozzle and the
scaffold of L  4 mm.
(c) Determine the initial evaporation rate from the
droplet.
(d) The tissue engineer is concerned that evaporation
will change the mass of the droplet and, in turn,
will affect its time of flight and the precision with
which the seeds can be placed on the scaffold.
Estimate the maximum change in mass due to
evaporation during the time of flight. Compare the
variation of mass due to evaporation to the variation associated with there being one to three liver
cells per droplet. Does evaporation or the liver
cell population per droplet influence the variability of the droplet mass most significantly?
7.135 Motile bacteria are equipped with flagella that are
rotated by tiny, biological electrochemical engines

7.136 In a home furnace humidification system, water droplets
of diameter D are discharged in a direction opposing the
motion of warm air emerging from the heater. The air is
humidified by evaporation from the droplets, and the
excess water is collected on a splash plate, from which
it is routed to a drain.
Injector
Heated air

Droplets

Ti
φi

Heater

To,φo
Splash
plate
To drain

Consider conditions for which air enters the heater at a
temperature and relative humidity of 17°C and 70%,
respectively, and leaves the heater at a temperature of
47°C. The droplet diameter is 1 mm, and the relative
velocity between the droplets and the heated air is
15 m/s. During the time-of-flight, the change in
droplet diameter may be neglected and the droplet
temperature may be assumed to remain at 47°C. What
is the rate of evaporation from a single droplet?
7.137 Evaporation of liquid fuel droplets is often studied in
the laboratory by using a porous sphere technique in
which the fuel is supplied at a rate just sufficient to
maintain a completely wetted surface on the sphere.
Liquid kerosene
(300 K)
Air

D = 2 m
Water
and
nutrient

V, T∞
Ts = 300 K

Flagellum

T∞ = 37°C
Electrochemical
engine

V

Escherichia coli

Wetted sphere, D
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Consider the use of kerosene at 300 K with a porous
sphere of 1-mm diameter. At this temperature the
kerosene has a saturated vapor density of 0.015 kg/m3
and a latent heat of vaporization of 300 kJ/kg. The
mass diffusivity for the vapor–air mixture is 105
m2/s. If dry, atmospheric air at V  15 m/s and T 
300 K flows over the sphere, what is the minimum
mass rate at which kerosene must be supplied to maintain a wetted surface? For this condition, by how
much must T actually exceed Ts to maintain the wetted surface at 300 K?
7.138 Consider an air conditioning system composed of a
bank of tubes arranged normal to air flowing in a duct
at a mass rate of ṁa (kg/s). A coolant flowing through
the tubes is able to maintain the surface temperature
of the tubes at a constant value of Ts  Ta,i, where Ta,i
is the inlet air temperature (upstream of the tube
bank). It has been suggested that air cooling may be
enhanced if a thin, uniform film of water is maintained
on the outer surface of each of the tubes.
(a) Assuming the water film to be at the temperature
Ts, develop an expression for the ratio of the
amount of cooling that occurs with the water film
to the amount of cooling that occurs without the
film. The amount of cooling may be defined as
Ta,i  Ta,o, where Ta,o is the outlet air temperature

(downstream of the tube bank). The upstream air
may be assumed to be dry, and the driving potentials for convection heat and mass transfer may be
approximated as (Ta,i  Ts) and A,sat(Ts), respectively. Note: The total rate of heat loss from the
air may be expressed as q  ṁacp,a(Ta,i  Ta,o).
Estimate the value of this ratio under conditions
for which Ta,i  35°C and Ts  10°C.
(b) Consider a tube bank that is 5 rows deep, with 12
tubes in a row. Each tube is 0.5 m long, with an
outside diameter of 8 mm, and a staggered
arrangement is used for which ST  SL  24 mm.
Under conditions for which ṁa  0.5 kg/s, V  3
m/s, Ta,i  35°C, and Ts  10°C, what is the value
of Ta,o if the tubes are wetted? What is the specific
humidity of the air leaving the tube bank?
7.139 In a paper-drying process, the paper moves on a conveyor belt at 0.2 m/s, while dry air from an array of
slot jets (Figure 7.16) impinges normal to its surface.
The nozzle width and pitch are W  10 mm and S 
100 mm, respectively, and the nozzle-to-plate separation is H  200 mm. The wet paper is of width
L  1 m and is maintained at 300 K, while the air
exits the nozzles at a temperature of 300 K and a
velocity of 20 m/s. In kg/s  m2, what is the average
drying rate per unit surface area of the paper?
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H

aving acquired the means to compute convection transfer rates for external
flow, we now consider the convection transfer problem for internal flow. Recall that
an external flow is one for which boundary layer development on a surface is
allowed to continue without external constraints, as for the flat plate of Figure 6.6.
In contrast, an internal flow, such as flow in a pipe, is one for which the fluid is confined by a surface. Hence the boundary layer is unable to develop without eventually being constrained. The internal flow configuration represents a convenient
geometry for heating and cooling fluids used in chemical processing, environmental
control, and energy conversion technologies.
Our objectives are to develop an appreciation for the physical phenomena associated with internal flow and to obtain convection coefficients for flow conditions of
practical importance. We begin by considering velocity (hydrodynamic) effects pertinent to internal flows, focusing on certain unique features of boundary layer development. Thermal boundary layer effects are considered next, and an overall energy
balance is applied to determine fluid temperature variations in the flow direction.
Finally, correlations for estimating the convection heat transfer coefficient are presented for a variety of internal flow conditions.

8.1
Hydrodynamic Considerations
When considering external flow, it is necessary to ask only whether the flow is laminar or turbulent. However, for an internal flow we must also be concerned with the
existence of entrance and fully developed regions.

8.1.1

Flow Conditions

Consider laminar flow in a circular tube of radius ro (Figure 8.1), where fluid enters
the tube with a uniform velocity. We know that when the fluid makes contact with
the surface, viscous effects become important, and a boundary layer develops with
increasing x. This development occurs at the expense of a shrinking inviscid flow
Inviscid flow region

Boundary layer region

u(r, x)
u

δ

ro

δ
Hydrodynamic entrance region

x

Fully developed region

x fd, h

FIGURE 8.1 Laminar, hydrodynamic boundary layer development in a circular tube.

r
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region and concludes with boundary layer merger at the centerline. Following this
merger, viscous effects extend over the entire cross section and the velocity profile
no longer changes with increasing x. The flow is then said to be fully developed, and
the distance from the entrance at which this condition is achieved is termed the
hydrodynamic entry length, xfd,h. As shown in Figure 8.1, the fully developed velocity profile is parabolic for laminar flow in a circular tube. For turbulent flow, the
profile is flatter due to turbulent mixing in the radial direction.
When dealing with internal flows, it is important to be cognizant of the extent
of the entry region, which depends on whether the flow is laminar or turbulent. The
Reynolds number for flow in a circular tube is defined as
umD umD
ReD    

(8.1)

where um is the mean fluid velocity over the tube cross section and D is the tube
diameter. In a fully developed flow, the critical Reynolds number corresponding to
the onset of turbulence is
ReD,c  2300

(8.2)

although much larger Reynolds numbers (ReD  10,000) are needed to achieve
fully turbulent conditions. The transition to turbulence is likely to begin in the
developing boundary layer of the entrance region.
For laminar flow (ReD  2300), the hydrodynamic entry length may be
obtained from an expression of the form [1]

D
xfd,h

lam

 0.05 ReD

(8.3)

This expression is based on the presumption that fluid enters the tube from a rounded
converging nozzle and is hence characterized by a nearly uniform velocity profile at
the entrance (Figure 8.1). Although there is no satisfactory general expression for the
entry length in turbulent flow, we know that it is approximately independent of
Reynolds number and that, as a first approximation [2],
10 

D
xfd,h

 60

(8.4)

turb

For the purposes of this text, we shall assume fully developed turbulent flow for
(x/D)  10.

8.1.2

The Mean Velocity

Because the velocity varies over the cross section and there is no well-defined free
stream, it is necessary to work with a mean velocity um when dealing with internal
flows. This velocity is defined such that, when multiplied by the fluid density  and
the cross-sectional area of the tube Ac, it provides the rate of mass flow through the
tube. Hence
ṁ  um Ac

(8.5)
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For steady, incompressible flow in a tube of uniform cross-sectional area, ṁ and um
are constants independent of x. From Equations 8.1 and 8.5 it is evident that, for
flow in a circular tube (Ac  D2/4), the Reynolds number reduces to
ReD 

4ṁ
D

(8.6)

Since the mass flow rate may also be expressed as the integral of the mass flux
(u) over the cross section
ṁ 

 u(r, x) dA

(8.7)

c

Ac

it follows that, for incompressible flow in a circular tube,
um 

Ac u(r, x) dAc 2

Ac
ro2



ro

0

u(r, x)r dr  22
ro



ro

u(r, x)r dr

(8.8)

0

The foregoing expression may be used to determine um at any axial location x from
knowledge of the velocity profile u(r) at that location.

8.1.3

Velocity Profile in the Fully Developed Region

The form of the velocity profile may readily be determined for the laminar flow of
an incompressible, constant property fluid in the fully developed region of a circular tube. An important feature of hydrodynamic conditions in the fully developed
region is that both the radial velocity component v and the gradient of the axial
velocity component (u/x) are everywhere zero.
v0

and

ux  0

(8.9)

Hence the axial velocity component depends only on r, u(x, r)  u(r).
The radial dependence of the axial velocity may be obtained by solving the
appropriate form of the x-momentum equation. This form is determined by first recognizing that, for the conditions of Equation 8.9, the net momentum flux is everywhere zero in the fully developed region. Hence the momentum conservation
requirement reduces to a simple balance between shear and pressure forces in the
flow. For the annular differential element of Figure 8.2, this force balance may be
expressed as



r(2r dx)  r (2r dx) 



d
[ (2r dx)] dx
dr r



 p(2r dr)  p(2r dr) 



d
[p(2r dr)] dx  0
dx

which reduces to


dp
d
(r )  r
dr r
dx

(8.10)
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τr + dr
u(r)
r

dp
p + __ dx
dx

dr

p
x

τr
r

dx

x

FIGURE 8.2 Force balance on a differential element for laminar, fully
developed flow in a circular tube.

With y  ro  r, Newton’s law of viscosity, Equation 6S.10, assumes the form
r  

du
dr

(8.11)

and Equation 8.10 becomes

 

 d
dp
du
r dr r dr  dx

(8.12)

Since the axial pressure gradient is independent of r, Equation 8.12 may be
solved by integrating twice to obtain
r

du 1

dr 

 dpdx r2  C
2

1

and

 

1 dp r2  C ln r  C
u(r)  
1
2
dx 4
The integration constants may be determined by invoking the boundary conditions
u(ro)  0

u
r

and

0
r0

which, respectively, impose the requirements of zero slip at the tube surface and
radial symmetry about the centerline. It is a simple matter to evaluate the constants,
and it follows that

 



dp 2
u(r)   1
r 1  rr
o
4 dx o

2

(8.13)

Hence the fully developed velocity profile is parabolic. Note that the pressure gradient must always be negative.
The foregoing result may be used to determine the mean velocity of the flow.
Substituting Equation 8.13 into Equation 8.8 and integrating, we obtain
um  

r 2o dp
8 dx

(8.14)

c08.qxd 3/6/06 10:57 AM Page 490

490

Chapter 8



Internal Flow

Substituting this result into Equation 8.13, the velocity profile is then



u(r)
r
um  2 1  ro

2

(8.15)

Since um can be computed from knowledge of the mass flow rate, Equation 8.14 can
be used to determine the pressure gradient.

Pressure Gradient and Friction Factor
in Fully Developed Flow

8.1.4

The engineer is frequently interested in the pressure drop needed to sustain an
internal flow because this parameter determines pump or fan power requirements. To determine the pressure drop, it is convenient to work with the Moody
(or Darcy) friction factor, which is a dimensionless parameter defined as
f

(dp/dx)D
u2m /2

(8.16)

This quantity is not to be confused with the friction coefficient, sometimes called
the Fanning friction factor, which is defined as
Cf 

s
u2m /2

(8.17)

Since s  (du/dr)rro, it follows from Equation 8.13 that
Cf 

f
4

(8.18)

Substituting Equations 8.1 and 8.14 into 8.16, it follows that, for fully developed laminar flow,
f

64
ReD

(8.19)

For fully developed turbulent flow, the analysis is much more complicated, and
we must ultimately rely on experimental results. Friction factors for a wide
Reynolds number range are presented in the Moody diagram of Figure 8.3. In addition to depending on the Reynolds number, the friction factor is a function of the
tube surface condition. It is a minimum for smooth surfaces and increases with
increasing surface roughness, e. Correlations that reasonably approximate the
smooth surface condition are of the form
f  0.316Re1/4
D
f

0.184Re1/5
D

ReD  2  104

(8.20a)

ReD  2  10

(8.20b)

4

Alternatively, a single correlation that encompasses a large Reynolds number range
has been developed by Petukhov [4] and is of the form
f  (0.790 ln ReD  1.64)2

3000  ReD  5  106

(8.21)
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FIGURE 8.3 Friction factor for fully developed flow in a circular tube [3]. Used with permission.

Note that ƒ, hence dp/dx, is a constant in the fully developed region. From
Equation 8.16 the pressure drop p  p1  p2 associated with fully developed flow
from the axial position x1 to x2 may then be expressed as
p



p2

p1

dp  f

u2m
2D



x2

x1

dx  f

u2m
(x  x1)
2D 2

(8.22a)

where ƒ is obtained from Figure 8.3 or from Equation 8.19 for laminar flow and
from Equation 8.20 or 8.21 for turbulent flow in smooth tubes. The pump or fan
power required to overcome the resistance to flow associated with this pressure
drop may be expressed as
.
P  ( p)
(8.22b)
.
.
where the volumetric flow rate may, in turn, be expressed as  ṁ/ for an
incompressible fluid.

8.2
Thermal Considerations
Having reviewed the fluid mechanics of internal flow, we now consider thermal
effects. If fluid enters the tube of Figure 8.4 at a uniform temperature T(r, 0) that is
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Surface condition

Ts > T (r,0)

q"s
y = ro – r

δt

ro

r

δt

T (r,0)

T (r,0)

Ts

T (r,0)

Thermal entrance region

x

Ts

T (r,0)

T(r)

Fully developed region

x fd, t

FIGURE 8.4 Thermal boundary layer development in a heated circular tube.

less than the surface temperature, convection heat transfer occurs and a thermal
boundary layer begins to develop. Moreover, if the tube surface condition is fixed
by imposing either a uniform temperature (Ts is constant) or a uniform heat flux (qs
is constant), a thermally fully developed condition is eventually reached. The shape
of the fully developed temperature profile T(r, x) differs according to whether a uniform surface temperature or heat flux is maintained. For both surface conditions,
however, the amount by which fluid temperatures exceed the entrance temperature
increases with increasing x.
For laminar flow the thermal entry length may be expressed as [2]

D
xfd,t

 0.05ReD Pr

(8.23)

lam

Comparing Equations 8.3 and 8.23, it is evident that, if Pr  1, the hydrodynamic
boundary layer develops more rapidly than the thermal boundary layer (xfd,h xfd,t),
while the inverse is true for Pr 1. For extremely large Prandtl number fluids, such
as oils (Pr  100), xfd,h is very much smaller than xfd,t and it is reasonable to assume
a fully developed velocity profile throughout the thermal entry region. In contrast,
for turbulent flow, conditions are nearly independent of Prandtl number, and to a
first approximation, we shall assume (xfd,t /D)  10.
Thermal conditions in the fully developed region are characterized by several
interesting and useful features. Before we can consider these features (Section
8.2.3), however, it is necessary to introduce the concept of a mean temperature and
the appropriate form of Newton’s law of cooling.

8.2.1

The Mean Temperature

Just as the absence of a free stream velocity requires use of a mean velocity to
describe an internal flow, the absence of a fixed free stream temperature necessitates
using a mean (or bulk) temperature. To provide a definition of the mean temperature, we begin by returning to Equation 1.11e:
q  ṁcp(Tout  Tin)

(1.11e)
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Recall that the terms on the right-hand side represent the thermal energy for an
incompressible liquid or the enthalpy (thermal energy plus flow work) for an ideal
gas, which is carried by the fluid. In developing this equation, it was implicitly
assumed that the temperature was uniform across the inlet and outlet cross-sectional
areas. In reality, this is not true if convection heat transfer occurs, and we define the
mean temperature so that the term ṁcpTm is equal to the true rate of thermal energy
(or enthalpy) advection integrated over the cross section. This true advection rate
may be obtained by integrating the product of mass flux (u) and the thermal energy
(or enthalpy) per unit mass, cpT, over the cross section. Therefore, we define Tm from
ṁcpTm 

 uc TdA
p

c

(8.24)

Ac

or

 uc TdA
p

Tm 

c

Ac

ṁcp

(8.25)

For flow in a circular tube with constant  and cp, it follows from Equations 8.5 and
8.25 that
Tm  2 2
umro

 uTrdr
ro

(8.26)

0

It is important to note that, when multiplied by the mass flow rate and the specific
heat, Tm provides the rate at which thermal energy (or enthalpy) is advected with the
fluid as it moves along the tube.

8.2.2

Newton’s Law of Cooling

The mean temperature Tm is a convenient reference temperature for internal flows,
playing much the same role as the free stream temperature T for external flows.
Accordingly, Newton’s law of cooling may be expressed as
qs  h(Ts  Tm)

(8.27)

where h is the local convection heat transfer coefficient. However, there is an essential
difference between Tm and T . Whereas T is constant in the flow direction, Tm must
vary in this direction. That is, dTm /dx is never zero if heat transfer is occurring. The
value of Tm increases with x if heat transfer is from the surface to the fluid (Ts  Tm); it
decreases with x if the opposite is true (Ts Tm).

8.2.3

Fully Developed Conditions

Since the existence of convection heat transfer between the surface and the fluid
dictates that the fluid temperature must continue to change with x, one might legitimately question whether fully developed thermal conditions can ever be reached.
The situation is certainly different from the hydrodynamic case, for which (u/x)  0
in the fully developed region. In contrast, if there is heat transfer, (dTm /dx), as well
as (T/x) at any radius r, is not zero. Accordingly, the temperature profile T(r) is

c08.qxd 3/6/06 10:57 AM Page 494

494

Chapter 8



Internal Flow

continuously changing with x, and it would seem that a fully developed condition
could never be reached. This apparent contradiction may be reconciled by working
with a dimensionless form of the temperature.
Analyses may be simplified by working with dimensionless temperature differences, as for transient conduction (Chapter 5) and the energy conservation equation
(Chapter 6). Introducing a dimensionless temperature difference of the form (Ts  T)/
(Ts  Tm), conditions for which this ratio becomes independent of x are known to
exist [2]. That is, although the temperature profile T(r) continues to change with x,
the relative shape of the profile no longer changes and the flow is said to be thermally fully developed. The requirement for such a condition is formally stated as
 Ts(x)  T(r, x)
x Ts(x)  Tm(x)

0

(8.28)

fd,t

where Ts is the tube surface temperature, T is the local fluid temperature, and Tm is
the mean temperature of the fluid over the cross section of the tube.
The condition given by Equation 8.28 is eventually reached in a tube for which
there is either a uniform surface heat flux (qs is constant) or a uniform surface temperature (Ts is constant). These surface conditions arise in many engineering applications. For example, a constant surface heat flux would exist if the tube wall were
heated electrically or if the outer surface were uniformly irradiated. In contrast, a
constant surface temperature would exist if a phase change (due to boiling or condensation) were occurring at the outer surface. Note that it is impossible to simultaneously impose the conditions of constant surface heat flux and constant surface
temperature. If qs is constant, Ts must vary with x; conversely, if Ts is constant, qs
must vary with x.
Several important features of thermally developed flow may be inferred from
Equation 8.28. Since the temperature ratio is independent of x, the derivative of this
ratio with respect to r must also be independent of x. Evaluating this derivative at
the tube surface (note that Ts and Tm are constants insofar as differentiation with
respect to r is concerned), we then obtain



 Ts  T
r Ts  Tm




rro

T/r rro
 f(x)
Ts  Tm

Substituting for T/r from Fourier’s law, which, from Figure 8.4, is of the form
qs  k

T
y

k
y0

T
r

rro

and for qs from Newton’s law of cooling, Equation 8.27, we obtain
h
 f(x)
k

(8.29)

Hence in the thermally fully developed flow of a fluid with constant properties, the
local convection coefficient is a constant, independent of x.
Equation 8.28 is not satisfied in the entrance region, where h varies with x, as
shown in Figure 8.5. Because the thermal boundary layer thickness is zero at the
tube entrance, the convection coefficient is extremely large at x  0. However, h
decays rapidly as the thermal boundary layer develops, until the constant value
associated with fully developed conditions is reached.
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h

h fd

0

x

x fd, t

0

FIGURE 8.5
Axial variation of the convection heat transfer
coefficient for flow in a tube.

Additional simplifications are associated with the special case of uniform surface heat flux. Since both h and qs are constant in the fully developed region, it follows from Equation 8.27 that
dTs
dx


fd,t

dTm
dx

qs  constant

(8.30)

fd,t

If we expand Equation 8.28 and solve for T/x, it also follows that
T
x


fd,t

dTs
dx


fd,t

(Ts  T) dTs
(Ts  Tm) dx


fd,t

(Ts  T) dTm
(Ts  Tm) dx

(8.31)
fd,t

Substituting from Equation 8.30, we then obtain
T
x


fd,t

dTm
dx

qs  constant

(8.32)

fd,t

Hence the axial temperature gradient is independent of the radial location. For the
case of constant surface temperature (dTs /dx  0), it also follows from Equation
8.31 that
T
x


fd,t

(Ts  T) dTm
(Ts  Tm) dx

Ts  constant

(8.33)

fd,t

in which case the value of T/x depends on the radial coordinate.
From the foregoing results, it is evident that the mean temperature is a very
important variable for internal flows. To describe such flows, its variation with x
must be known. This variation may be obtained by applying an overall energy balance to the flow, as will be shown in the next section.

EXAMPLE 8.1
For flow of a liquid metal through a circular tube, the velocity and temperature profiles at a particular axial location may be approximated as being uniform and parabolic, respectively. That is, u(r)  C1 and T(r)  Ts  C2[1  (r/ro)2], where C1 and
C2 are constants. What is the value of the Nusselt number NuD at this location?
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SOLUTION
Known: Form of the velocity and temperature profiles at a particular axial location for flow in a circular tube.

Find: Nusselt number at the prescribed location.
Schematic:
u(r) = C1

r
ro

Velocity
profile

Ts
ro

Flow

r
ro

Temperature
profile

r )2]
T(r) – Ts = C2[1 – (__
ro

Assumptions: Incompressible, constant property flow.
Analysis: The Nusselt number may be obtained by first determining the convection coefficient, which, from Equation 8.27, is given as
h

qs
Ts  Tm

From Equation 8.26, the mean temperature is
Tm  2 2
umr o



ro

uTr dr 

0

2C1
umr 2o

 T  C

  r dr

ro

s

1  rr
o

2

0

2

or, since um  C1 from Equation 8.8,
Tm  22
ro

 T  C
ro

s

0
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  r dr

1  rr
o

2

ro

2
2
C 4
Tm  22 Tsr  C2r  2 r 2
2
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C
C
Tm  22 Ts  2 ro2  2 ro2  Ts  2
2
2
4
2
ro
The heat flux may be obtained from Fourier’s law, in which case
qs  k

T
r

rro

 kC22 r2
ro

rro

k
 2C2 r

Hence
h

qs
2C2(k/ro) 4k

r
o
Ts  Tm
C2/2

o
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8.3
The Energy Balance
8.3.1

General Considerations

Because the flow in a tube is completely enclosed, an energy balance may be
applied to determine how the mean temperature Tm(x) varies with position along the
tube and how the total convection heat transfer qconv is related to the difference in
temperatures at the tube inlet and outlet. Consider the tube flow of Figure 8.6. Fluid
moves at a constant flow rate ṁ, and convection heat transfer occurs at the inner
surface. Typically, it will be reasonable to make one of the four assumptions in Section 1.3 that leads to the simplified steady-flow thermal energy equation, Equation
1.11e. For example, it is often the case that viscous dissipation is negligible (see
Problem 8.10) and that the fluid can be modeled as either an incompressible liquid
or an ideal gas with negligible pressure variation. In addition, it is usually reasonable to neglect heat transfer by conduction in the axial direction, so the heat transfer
term in Equation 1.11e includes only qconv. Therefore, Equation 1.11e may be written in the form
qconv  ṁcp(Tm,o  Tm,i)

(8.34)

for a tube of finite length. This simple overall energy balance relates three important
thermal variables (qconv, Tm,o, Tm,i). It is a general expression that applies irrespective of the nature of the surface thermal or tube flow conditions.
Applying Equation 1.11e to the differential control volume of Figure 8.6 and
recalling that the mean temperature is defined such that ṁcpTm represents the true
rate of thermal energy (or enthalpy) advection integrated over the cross-section, we
obtain
dqconv  ṁcp[(Tm  dTm)  Tm]
dqconv = q"s P dx

m•

x
0
Inlet, i

Tm

Tm + dTm

dx
L
Outlet, o

FIGURE 8.6 Control volume for internal flow in a tube.

(8.35)
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or
dqconv  ṁcpdTm

(8.36)

Equation 8.36 may be cast in a convenient form by expressing the rate of convection heat transfer to the differential element as dqconv  qs P dx, where P is the
surface perimeter (P  D for a circular tube). Substituting from Equation 8.27, it
follows that
dTm qsP

 P h(Ts  Tm)
dx
ṁcp ṁcp

(8.37)

This expression is an extremely useful result, from which the axial variation of Tm
may be determined. If Ts  Tm, heat is transferred to the fluid and Tm increases with x;
if Ts Tm, the opposite is true.
The manner in which quantities on the right-hand side of Equation 8.37 vary
with x should be noted. Although P may vary with x, most commonly it is a constant (a tube of constant cross-sectional area). Hence the quantity (P/ṁcp) is a constant. In the fully developed region, the convection coefficient h is also constant,
although it varies with x in the entrance region (Figure 8.5). Finally, although Ts
may be constant, Tm must always vary with x (except for the trivial case of no heat
transfer, Ts  Tm).
The solution to Equation 8.37 for Tm(x) depends on the surface thermal condition. Recall that the two special cases of interest are constant surface heat flux and
constant surface temperature. It is common to find one of these conditions existing
to a reasonable approximation.

8.3.2

Constant Surface Heat Flux

For constant surface heat flux we first note that it is a simple matter to determine the
total heat transfer rate qconv. Since qs is independent of x, it follows that
qconv  q s(P  L)

(8.38)

This expression could be used with Equation 8.34 to determine the fluid temperature change, Tm,o  Tm,i.
For constant qs it also follows that the middle expression in Equation 8.37 is a
constant independent of x. Hence
dTm qs P

 f(x)
dx
ṁcp

(8.39)

Integrating from x  0, it follows that
Tm(x)  Tm,i 

qs P
x
ṁcp

qs  constant

(8.40)

Accordingly, the mean temperature varies linearly with x along the tube (Figure
8.7a). Moreover, from Equation 8.27 and Figure 8.5 we also expect the temperature
difference (Ts  Tm) to vary with x, as shown in Figure 8.7a. This difference is initially
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T

T
Entrance region

Fully developed region

Ts

Ts (x)

∆ To
(Ts – Tm)

∆ Ti
(Ts – Tm)

Tm(x)

Tm(x)

q"s = constant

Ts = constant
x

( a)

0

L
(b)

FIGURE 8.7 Axial temperature variations for heat transfer in a tube. (a) Constant surface
heat flux. (b) Constant surface temperature.

small (due to the large value of h near the entrance) but increases with increasing x
due to the decrease in h that occurs as the boundary layer develops. However, in the
fully developed region we know that h is independent of x. Hence from Equation
8.27 it follows that (Ts  Tm) must also be independent of x in this region.
It should be noted that, if the heat flux is not constant but is, instead, a known
function of x, Equation 8.37 may still be integrated to obtain the variation of the
mean temperature with x. Similarly, the total heat rate may be obtained from the
requirement that qconv  L0 qs(x)P dx .

EXAMPLE 8.2
A system for heating water from an inlet temperature of Tm,i  20°C to an outlet
temperature of Tm,o  60°C involves passing the water through a thick-walled tube
having inner and outer diameters of 20 and 40 mm. The outer surface of the tube is
well insulated, and electrical heating within the wall provides for a uniform generation rate of q̇  106 W/m3.
1. For a water mass flow rate of ṁ  0.1 kg/s, how long must the tube be to
achieve the desired outlet temperature?
2. If the inner surface temperature of the tube is Ts  70°C at the outlet, what is
the local convection heat transfer coefficient at the outlet?

SOLUTION
Known: Internal flow through thick-walled tube having uniform heat generation.
Find:
1. Length of tube needed to achieve the desired outlet temperature.
2. Local convection coefficient at the outlet.
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Schematic:
q• = 106 W/m3
•

Eg
Water

Do = 40 mm

Ts,o = 70°C

qconv

Di = 20 mm

m• = 0.1 kg/s

Tm,o = 60°C
Insulation

Tm, i = 20°C

L
Outlet, o

x
Inlet, i

Assumptions:
1.
2.
3.
4.
5.

Steady-state conditions.
Uniform heat flux.
Incompressible liquid and negligible viscous dissipation.
Constant properties.
Adiabatic outer tube surface.

Properties: Table A.6, water (Tm  313 K): cp  4179 J/kg  K.
Analysis:
1. Since the outer surface of the tube is adiabatic, the rate at which energy is generated within the tube wall must equal the rate at which it is convected to the
water.
Ėg  qconv
With
Ėg  q̇

 2
(D  D2i )L
4 o

it follows from Equation 8.34 that

q˙ (D2o  D2i )L  ṁcp(Tm,o  Tm,i)
4
or
L
L

4ṁcp
(D2o  D2i )q̇

(Tm,o  Tm,i)

4  0.1 kg/s  4179 J/kg  K
(60  20)C  17.7 m
(0.042  0.022) m2  106 W/m3



2. From Newton’s law of cooling, Equation 8.27, the local convection coefficient
at the tube exit is
ho 

qs
Ts,o  Tm,o
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Assuming that uniform heat generation in the wall provides a constant surface
heat flux, with
qs 

Ėg
q̇ D2o  D2i

Di L 4 Di

2
2
2
106 W/m3 (0.04  0.02 ) m
qs 
 1.5  104 W/m2
4
0.02 m

it follows that
ho 

1.5  104 W/m2
 1500 W/m2  K
(70  60)C



Comments:
1. If conditions are fully developed over the entire tube, the local convection coefficient and the temperature difference (Ts  Tm) are independent of x. Hence
h  1500 W/m2  K and (Ts  Tm)  10°C over the entire tube. The inner surface temperature at the tube inlet is then Ts,i  30°C.
2. The required tube length L could have been computed by applying the expression for Tm(x), Equation 8.40, at x  L.

8.3.3

Constant Surface Temperature

Results for the total heat transfer rate and the axial distribution of the mean temperature are entirely different for the constant surface temperature condition. Defining
T as Ts  Tm, Equation 8.37 may be expressed as
dTm
d( T )

 P h T
dx
dx
ṁcp
Separating variables and integrating from the tube inlet to the outlet,



To
Ti

d( T)
 P
T
ṁcp

 h dx
L

0

or
ln

  h dx

To
  PL 1
Ti
ṁcp L

L

0

From the definition of the average convection heat transfer coefficient, Equation
6.13, it follows that
ln

To
  PL hL
Ti
ṁcp

Ts  constant

(8.41a)
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where hL , or simply h, is the average value of h for the entire tube. Rearranging,
To Ts  Tm,o

 exp  PL h
Ti Ts  Tm,i
ṁcp





Ts  constant

(8.41b)

Had we integrated from the tube inlet to some axial position x within the tube, we
would have obtained the similar, but more general, result that





Ts  Tm(x)
Px
 exp 
h
Ts  Tm,i
ṁcp

Ts  constant

(8.42)

where h is now the average value of h from the tube inlet to x. This result tells us
that the temperature difference (Ts  Tm) decays exponentially with distance along
the tube axis. The axial surface and mean temperature distributions are therefore as
shown in Figure 8.7b.
Determination of an expression for the total heat transfer rate qconv is complicated by the exponential nature of the temperature decay. Expressing Equation 8.34
in the form
qconv  ṁcp[(Ts  Tm,i)  (Ts  Tm,o)]  ṁcp( Ti  To)
and substituting for ṁcp from Equation 8.41a, we obtain
qconv  hAs Tlm

Ts  constant

(8.43)

where As is the tube surface area (As  P  L) and Tlm is the log mean temperature
difference,
Tlm 

To  Ti
ln ( To / Ti)

(8.44)

Equation 8.43 is a form of Newton’s law of cooling for the entire tube, and Tlm is
the appropriate average of the temperature difference over the tube length. The logarithmic nature of this average temperature difference [in contrast, e.g., to an arithmetic mean temperature difference of the form Tam  ( Ti  To)/2] is due to the
exponential nature of the temperature decay.
Before concluding this section, it is important to note that, in many applications, it is the temperature of an external fluid, rather than the tube surface temperature, that is fixed (Figure 8.8). In such cases, it is readily shown that the results of
this section may still be used if Ts is replaced by T (the free stream temperature of
the external fluid) and h is replaced by U (the average overall heat transfer coefficient). For such cases, it follows that
UAs
To T  Tm,o

 exp 
Ti T  Tm,i
ṁcp





(8.45a)

and
q UAs Tlm

(8.46a)
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Outer flow
_
T∞, ho

Tm, o

Tm, i
L

Inner _flow
m• , hi

x

FIGURE 8.8 Heat transfer between fluid flowing over a tube
and fluid passing through the tube.

The overall heat transfer coefficient is defined in Section 3.3.1, and for this application it would include contributions due to convection at the tube inner and outer surfaces. For a thick-walled tube of small thermal conductivity, it would also include
the effect of conduction across the tube wall. Note that the product UAs yields
the same result, irrespective of whether it is defined in terms of the inner (Ui As,i)
or outer (Uo As,o) surface areas of the tube (see Equation 3.32). Also note that
(UAs)1 is equivalent to the total thermal resistance between the two fluids, in
which case Equations 8.45a and 8.46a may be expressed as
To T  Tm,o

 exp  1
Ti T  Tm,i
ṁcpRtot





(8.45b)

and
q

Tlm
Rtot

(8.46b)

A common variation of the foregoing conditions is one for which the uniform
temperature of an outer surface, Ts,o, rather than the free stream temperature of an
external fluid, T , is known. In the foregoing equations, T is then replaced by Ts,o,
and the total resistance embodies the convection resistance associated with the
internal flow, as well as the total resistance due to conduction between the inner surface of the tube and the surface corresponding to Ts,o.

EXAMPLE 8.3
Steam condensing on the outer surface of a thin-walled circular tube of diameter
D  50 mm and length L  6 m maintains a uniform outer surface temperature of
100°C. Water flows through the tube at a rate of ṁ  0.25 kg/s, and its inlet and
outlet temperatures are Tm,i  15°C and Tm,o  57°C. What is the average convection coefficient associated with the water flow?
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SOLUTION
Known: Flow rate and inlet and outlet temperatures of water flowing through a
tube of prescribed dimensions and surface temperature.

Find: Average convection heat transfer coefficient.
Schematic:
Ts = 100°C

D = 50 mm

Tm,o = 57°C

Water
m = 0.25 kg/s
•

Tm,i = 15°C

L=6m
x

Assumptions:
1. Negligible tube wall conduction resistance.
2. Incompressible liquid and negligible viscous dissipation.
3. Constant properties.

Properties: Table A.6, water (36°C): cp  4178 J/kg  K.
Analysis: Combining the energy balance, Equation 8.34, with the rate equation,
Equation 8.43, the average convection coefficient is given by
h

ṁcp (Tm,o  Tm,i)
DL
Tlm

From Equation 8.44
Tlm 

(Ts  Tm,o)  (Ts  Tm,i)
ln [(Ts  Tm,o)/(Ts  Tm,i)]

Tlm 

(100  57)  (100  15)
 61.6C
ln[(100  57)/(100  15)]

Hence
h

0.25 kg/s  4178 J/kg  K (57 15)C
  0.05 m  6 m
61.6C

or
h  755 W/m2  K



Comments: If conditions were fully developed over the entire tube, the local
convection coefficient would be everywhere equal to 755 W/m2  K.
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8.4
Laminar Flow in Circular Tubes: Thermal
Analysis and Convection Correlations
To use many of the foregoing results, the convection coefficients must be known. In
this section we outline the manner in which such coefficients may be obtained theoretically for laminar flow in a circular tube. In subsequent sections we consider
empirical correlations pertinent to turbulent flow in a circular tube, as well as to
flows in tubes of noncircular cross section.

8.4.1

The Fully Developed Region

Here, the problem of heat transfer in laminar flow of an incompressible, constant
property fluid in the fully developed region of a circular tube is treated theoretically. The resulting temperature distribution is used to determine the convection
coefficient.
A differential equation governing the temperature distribution is determined
by applying the simplified, steady-flow, thermal energy equation, Equation 1.11e
[q  ṁcp (Tout  Tin)], to the annular differential element of Figure 8.9. If we neglect
the effects of net axial conduction, the heat input, q, is due only to conduction through
the radial surfaces. Since the radial velocity is zero in the fully developed region, there
is no advection of thermal energy through the radial control surfaces, and the only
advection is in the axial direction. Thus, Equation 1.11e leads to Equation 8.47, which
expresses a balance between radial conduction and axial advection:
qr  qrdr  (dṁ)cp

T  Tx dx  T

(8.47a)



(8.47b)

or
(dṁ)cp



qr
qr
T
dx  qr  qr 
dr   dr
x
r
r

qr+dr
dm•
r
x

T+

T

]T
dx
]x

dr

qr
dx

r
x

FIGURE 8.9 Thermal energy balance on a differential element for
laminar, fully developed flow in a circular tube.
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The differential mass flow rate in the axial direction is dṁ  u2rdr, and the
radial heat transfer rate is qr  k(T/r)2rdx. If we assume constant properties,
Equation 8.47b becomes
u

 

T
 T

r
x r r r

(8.48)

We will now proceed to solve for the temperature distribution for the case of
constant surface heat flux. In this case, the assumption of negligible net axial conduction is exactly satisfied, that is, ( 2T/x 2)  0. Substituting for the axial temperature gradient from Equation 8.32 and for the axial velocity component, u, from
Equation 8.15, the energy equation, Equation 8.48, reduces to

 

 

1  r T  2um dTm
r r r
dx



2

1  rr
o

qs  constant

(8.49)

where Tm(x) varies linearly with x and (2um / )(dTm /dx) is a constant. Separating
variables and integrating twice, we obtain an expression for the radial temperature
distribution:
T(r, x) 

  r4  16rr

2um dTm
dx

2

4

2
o

 C1 ln r  C2

The constants of integration may be evaluated by applying appropriate boundary
conditions. From the requirement that the temperature remain finite at r  0, it follows that C1  0. From the requirement that T(ro)  Ts, where Ts varies with x, it
also follows that
C2  Ts(x) 

  3r16 
2
o

2um dTm
dx

Accordingly, for the fully developed region with constant surface heat flux, the temperature profile is of the form
T(r, x)  Ts(x) 

 

   14 rr 

2umr 2o dTm
dx

3
 1 r
16 16 ro

4

2

o

(8.50)

From knowledge of the temperature profile, all other thermal parameters may
be determined. For example, if the velocity and temperature profiles, Equations
8.15 and 8.50, respectively, are substituted into Equation 8.26 and the integration
over r is performed, the mean temperature is found to be
Tm(x)  Ts(x)  11
48

u r dTdx 
2
m o

m

(8.51)

From Equation 8.39, where P  D and ṁ  um(D2/4), we then obtain
qsD
Tm(x)  Ts(x)   11
48 k

(8.52)

Combining Newton’s law of cooling, Equation 8.27, and Equation 8.52, it follows that
h



48 k
11 D
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or
NuD 

hD
 4.36
k

qs  constant

(8.53)

Hence in a circular tube characterized by uniform surface heat flux and laminar,
fully developed conditions, the Nusselt number is a constant, independent of ReD,
Pr, and axial location.
For laminar, fully developed conditions with a constant surface temperature,
the assumption of negligible axial conduction is often reasonable. Substituting for
the velocity profile from Equation 8.15 and for the axial temperature gradient from
Equation 8.33, the energy equation becomes

 

 

1  r T  2um dTm
r r r
dx



1  rr
o

2

Ts  T
Ts  Tm

Ts  constant

(8.54)

A solution to this equation may be obtained by an iterative procedure, which
involves making successive approximations to the temperature profile. The resulting profile is not described by a simple algebraic expression, but the resulting
Nusselt number may be shown to be [2]
NuD  3.66

Ts  constant

(8.55)

Note that in using Equation 8.53 or 8.55 to determine h, the thermal conductivity
should be evaluated at Tm.

EXAMPLE 8.4
One concept used for solar energy collection involves placing a tube at the focal
point of a parabolic reflector and passing a fluid through the tube.
Insulation
Absorber tube

Concentrator

The net effect of this arrangement may be approximated as one of creating a condition of uniform heating at the surface of the tube. That is, the resulting heat flux to
the fluid qs may be assumed to be a constant along the circumference and axis of the
tube. Consider operation with a tube of diameter D  60 mm on a sunny day for
which qs  2000 W/m2.
1. If pressurized water enters the tube at ṁ  0.01 kg/s and Tm,i  20°C, what
tube length L is required to obtain an exit temperature of 80°C?
2. What is the surface temperature at the outlet of the tube, where fully developed
conditions may be assumed to exist?
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SOLUTION
Known: Internal flow with uniform surface heat flux.
Find:
1. Length of tube L to achieve required heating.
2. Surface temperature Ts(L) at the outlet section, x  L.

Schematic:
q"s = 2000 W/m2
Ts,o

Water

D = 60 mm
m• = 0.01 kg/s

Tm,o = 80°C

Tm,i = 20°C

L
x

Assumptions:
1. Steady-state conditions.
2. Incompressible liquid and negligible viscous dissipation.
3. Constant properties.
4. Fully developed conditions at tube outlet.

Properties: Table A.6, water (Tm  323 K): cp  4181 J/kg  K. Table A.6, water
(Tm,o  353 K): k  0.670 W/m  K,   352  106 N  s/m2, Pr  2.2.

Analysis:
1. For constant surface heat flux, Equation 8.38 may be used with the energy balance, Equation 8.34, to obtain
As  DL 
L

ṁcp
Dqs

ṁcp(Tm,o  Tm,i)
qs

(Tm,o  Tm,i)

Hence
L

0.01 kg/s  4181 J/kg  K
(80  20)C  6.65 m
  0.060 m  2000 W/m2



2. The surface temperature at the outlet may be obtained from Newton’s law of
cooling, Equation 8.27, where
Ts,o 

qs
 Tm,o
h
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To find the local convection coefficient at the tube outlet, the nature of the flow
condition must first be established. From Equation 8.6,
ReD 

4  0.01 kg/s
4ṁ

 603
D   0.060 m  352  106 N  s/m2

Hence the flow is laminar. With the assumption of fully developed conditions,
the appropriate heat transfer correlation is then
NuD 

hD
 4.36
k

and
h  4.36

0.670 W/m  K
k
 4.36
 48.7 W/m2  K
D
0.06 m

The surface temperature at the tube outlet is then
Ts,o 

2000 W/m2
 80C  121C
48.7 W/m2  K



Comments: For the conditions given, (xfd /D)  0.05ReD Pr  66.3, while
L/D  110. Hence the assumption of fully developed conditions is justified. Note,
however, that with Ts,o  100°C, boiling may occur at the tube surface.

EXAMPLE 8.5
In the human body, blood flows from the heart in a series of branching blood vessels having successively smaller diameters. The capillaries are the smallest blood
vessels. In developing the bioheat equation (Section 3.7), Pennes assumed that
blood enters the capillaries at the arterial temperature and exits at the temperature of
the surrounding tissue. This problem tests that assumption [5,6]. The diameters and
average blood velocities for three different types of blood vessels are given in the
table below. For each of these blood vessels, estimate the length required for the
mean blood temperature to closely approach the tissue temperature, specifically, to
satisfy (Tt  Tm,o)/(Tt  Tm,i)  0.05. The heat transfer between the vessel wall
and surrounding tissue can be approximated by an effective heat transfer coefficient,
ht  kt /D, where kt  0.5 W/m  K.
Vessel
Large artery
Arteriole
Capillary

Diameter, D (mm)

Blood Velocity, um (mm/s)

3
0.02
0.008

130
3
0.7

SOLUTION
Known: Blood vessel diameter and average blood velocity. Tissue thermal conductivity and effective heat transfer coefficient.
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Find: Length of blood vessel needed to satisfy (Tt  Tm,o)/(Tt  Tm,i)  0.05.
Schematic:
Blood

um
D
Tm,o

Tm,i
Tissue

ht , Tt

Assumptions:
1.
2.
3.
4.
5.
6.
7.

Steady-state conditions.
Constant properties.
Negligible blood vessel wall thermal resistance.
Thermal properties of blood can be approximated by those of water.
Blood is incompressible liquid with negligible viscous dissipation.
Tissue temperature is fixed.
Effects of pulsation of flow are negligible.

Properties: Table A.6, water (T m  310 K)  
6

J/kg  K,   695  10

1

 993 kg/m3, cp  4178
N  s/m , k  0.628 W/m  K, Pr  4.62.
f

2

Analysis: Since the tissue temperature is fixed and heat transfer between the
blood vessel wall and the tissue can be represented by an effective heat transfer
coefficient, Equation 8.45a is applicable, with the “free stream” temperature equal
to the tissue temperature, Tt. This equation can be used to find the required length L,
since As  DL. However, we must first find U , which requires knowledge of the
heat transfer coefficient for the blood flow, hb. Taking the large artery as an example, the Reynolds number is given by
umD 993 kg/m3  130  103 m/s  3  103 m
ReD   
 557
695  106 N  s/m2
so the flow is laminar. Since the other blood vessels have smaller diameters and
velocities, their flows will also be laminar. Because we don’t yet know the length of
the vessel, we don’t know whether the flow becomes fully developed. However, we
will begin by assuming fully developed conditions. Moreover, because the situation
is neither one of constant surface temperature nor constant surface heat flux, we will
estimate the required length by approximating the Nusselt number as Nu  4, in
which case hb  4kb /D. Neglecting the thermal resistance of the vessel wall, for the
large artery
3  103 m
3  103 m
1
 1  1  D D

U hb ht 4kb kt 4  0.628 W/m  K 0.5 W/m  K
 7.2  103 m2  K / W
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or
U  140 W/m2  K
The length can then be found by solving Equation 8.45a, with ṁ  umD2/4:
L

um Dcp
4U

Tt  Tm,o

T  T 

ln

t

m,i

993 kg/m  130  103 m/s  3  103 m  4178 J/kg  K
ln(0.05)
4  140 W/m2  K
3



 8.7 m
We can now test the assumption that the flow is hydrodynamically and thermally
fully developed, using Equations 8.3 and 8.23:
xfd,h  0.05ReD D  0.05  557  3  103 m  0.08 m
xfd,t  xfd,hPr  0.08 m  4.62  0.4 m
The flow would indeed be fully developed well within the length of 8.7 m. The calculations can be repeated for the other two cases and are tabulated below.
Vessel

ReD

U (W/m2 · K)

L (m)

xfd, h (m)

xfd,t (m)

Large artery
Arteriole
Capillary

557
0.086
0.0080

140
21,000
52,000

8.7
8.9  106
3.3  107

0.08
9  108
3  109

0.4
4  107
1  108

Comments:
1. The blood temperature in the large artery approaches the tissue temperature
very slowly. This is due to its relatively large diameter, which leads to a small
overall heat transfer coefficient. Thus, the temperature in large arteries remains
close to the inlet arterial blood temperature.
2. In arterioles, the blood temperature comes close to the tissue temperature within a
length on the order of 10 m. Since arterioles are on the order of millimeters in
length, the blood temperature exiting them would be essentially the same as the
tissue temperature. There would then be no further temperature drop in the capillaries, which are the next smallest vessel. Thus, it is in the arterioles and slightly
larger vessels in which the blood temperature equilibrates to the tissue temperature, not in the capillaries as Pennes described. Despite this flaw, the bioheat
equation has proved a useful tool in analyzing heat transfer in the human body.
3. The properties of blood are moderately close to those of water. The property
which differs most is the viscosity, as blood is more viscous than water. However, that change would have no effect on the foregoing calculations. Since the
Reynolds number would be even smaller, the flow would still be laminar and
the heat transfer would be unaffected.
4. Individual blood cells have dimensions on the order of the capillary diameter.
Thus, for the capillaries, an accurate model of blood flow would account for the
individual cells surrounded by plasma.
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The Entry Region

The energy equation for the entry region is more complicated than Equation 8.48
because there would be a radial advection term (since v  0 in the entry region).
In addition, both velocity and temperature now depend on x, as well as r, and the
axial temperature gradient T/x may no longer be simplified through Equation
8.32 or 8.33. However, two different entry length solutions have been obtained.
The simplest solution is for the thermal entry length problem, and it is based on
assuming that thermal conditions develop in the presence of a fully developed
velocity profile. Such a situation would exist if the location at which heat transfer
begins were preceded by an unheated starting length. It could also be assumed to
a reasonable approximation for large Prandtl number fluids, such as oils. Even
in the absence of an unheated starting length, velocity boundary layer development would occur far more rapidly than thermal boundary layer development for
large Prandtl number fluids, and a thermal entry length approximation could be
made. In contrast, the combined (thermal and velocity) entry length problem corresponds to the case for which the temperature and velocity profiles develop
simultaneously.
Solutions have been obtained for both entry length conditions [2], and selected
results are shown in Figure 8.10. As evident in Figure 8.10a, local Nusselt numbers,
NuD, are, in principle, infinite at x  0 and decay to their asymptotic (fully developed) values with increasing x. When plotted against the dimensionless parameter

20

100

Thermal entry length
60

Combined entry length
(Pr = 0.7)

Combined entry length [2]
Pr = 0.7
Pr = 2
Pr = 5

10

Constant surface
heat flux

20

4.36

4

NuD

NuD

8

Equation 8.57

10

3.66

Constant surface
temperature

4

Equation 8.56

3.66

2
Entrance
region

1
0.001

0.01
0.005

Entrance
region

Fully developed
region

0.1

0.5

1

1
0.01

0.1

0.05

x/D = Gz–1
______
ReDD Pr
Pr
(a)

Fully
developed
region

√0.05

x/D

√ReD Pr
(b)

FIGURE 8.10 Results obtained from entry length solutions for laminar flow in a circular
tube: (a) local Nusselt numbers and (b) average Nusselt numbers [2].

1
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x /(umD2)  x/(DReD Pr), which is the reciprocal of the Graetz number, GzD 
(D/x)ReD Pr, the manner in which NuD varies with GzD1 is independent of Pr for
the thermal entry problem, since the fully developed velocity profile, given by
Equation 8.13, is independent of the fluid viscosity. In contrast, for the combined
entry length problem, results depend on the manner in which the velocity distribution develops, which is highly sensitive to the fluid viscosity. Hence, heat transfer
results depend on the Prandtl number for the combined entry length case and are
presented in Figure 8.10a for Pr  0.7, which is representative of most gases. At
any location within the entry region, NuD decreases with increasing Pr and
approaches the thermal entry length condition as Pr l . Note that fully developed
conditions are reached for [(x/D)/ReD Pr]  0.05.
For the constant surface temperature condition, it is desirable to know the
average convection coefficient for use with Equation 8.43. Kays [7] presents a correlation attributed to Hausen [8], which is of the form
NuD  3.66 

0.0668(D/L)ReD Pr
1  0.04[(D/L)ReD Pr]2/3

(8.56)

thermal entrance length
or
combined entrance length with Pr  5
where NuD  hD/k . Because this result is for the thermal entry length problem, it is
applicable to all situations where the velocity profile is already fully developed.
For the combined entry length, a suitable correlation for use at moderate Prandtl
numbers, due to Sieder and Tate [9], is of the form

NuD  1.86

ReL /DPr  
D

1/3

0.14

s

(8.57)

0.60  Pr  5

 


0.0044    9.75
s
Equation 8.57 is recommended for use when 0.60  Pr  5, provided NuD  3.66
[2, 10]. If NuD falls below this value, it is reasonable to use NuD  3.66, since fully
developed conditions then encompass much of the tube. For larger Prandtl numbers
(Pr  5), hydrodynamic conditions develop much faster than thermal conditions, and
Equation 8.56 is recommended instead of Equation 8.57 [2]. Equations 8.56 and 8.57,
along with numerical predictions of NuD versus x/(D ReD Pr) and Pr, are shown in
Figure 8.10b. All properties appearing in Equations 8.56 and 8.57, except s, should
be evaluated at the average value of the mean temperature, T m  (Tm,i Tm,o)/2.
The subject of laminar flow in ducts has been studied extensively, and numerous results are available for a variety of duct cross sections and surface conditions.
These results have been compiled in a monograph by Shah and London [11] and in
an updated review by Shah and Bhatti [12].
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8.5
Convection Correlations: Turbulent Flow
in Circular Tubes
Since the analysis of turbulent flow conditions is a good deal more involved, greater
emphasis is placed on determining empirical correlations. A classical expression for
computing the local Nusselt number for fully developed (hydrodynamically and
thermally) turbulent flow in a smooth circular tube is due to Colburn [13] and may
be obtained from the Chilton–Colburn analogy. Substituting Equation 6.70 into
Equation 8.18, the analogy is of the form
Cf f
NuD
  St Pr 2/3 
Pr 2/3
ReD Pr
2 8

(8.58)

Substituting for the friction factor from Equation 8.21, the Colburn equation is then
1/3
NuD  0.023Re4/5
D Pr

(8.59)

The Dittus–Boelter equation [14] is a slightly different and preferred version of the
above result and is of the form1
n
NuD  0.023Re4/5
D Pr

(8.60)

where n  0.4 for heating (Ts  Tm) and 0.3 for cooling (Ts Tm). These equations
have been confirmed experimentally for the range of conditions
0.7  Pr  160
ReD  10,000
L  10
D
The equations may be used for small to moderate temperature differences, Ts  Tm,
with all properties evaluated at Tm. For flows characterized by large property variations, the following equation, due to Sieder and Tate [9], is recommended:

 

1/3 
NuD  0.027Re4/5
D Pr
s

0.14

(8.61)

0.7  Pr  16,700
ReD  10,000
L  10
D

1

Although it has become common practice to refer to Equation 8.60 as the Dittus–Boelter
equation, the original Dittus–Boelter equations are actually of the form
0.4
NuD  0.0243 Re4/5
(Heating)
D Pr
0.3
Pr
NuD  0.0265 Re4/5
(Cooling)
D
The historical origins of Equation 8.60 are discussed by Winterton [14].
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where all properties except s are evaluated at Tm. To a good approximation, the
foregoing correlations may be applied for both the uniform surface temperature and
heat flux conditions.
Although Equations 8.60 and 8.61 are easily applied and are certainly satisfactory for the purposes of this text, errors as large as 25% may result from their
use. Such errors may be reduced to less than 10% through the use of more recent,
but generally more complex, correlations [4, 15]. One correlation, valid over a
large Reynolds number range including the transition region, is provided by
Gnielinski [16]:
NuD 

( f /8)(ReD  1000)Pr
1  12.7( f /8)1/2(Pr 2/3  1)

(8.62)

where the friction factor may be obtained from the Moody diagram, or, for smooth
tubes, from Equation 8.21. The correlation is valid for 0.5  Pr  2000 and 3000 
ReD  5  106. In using Equation 8.62, which applies for both uniform surface heat
flux and temperature, properties should be evaluated at Tm. If temperature differences are large, additional consideration must be given to variable-property effects
and available options are reviewed by Kakac [17].
We note that, unless specifically developed for the transition region (2300
ReD 104), caution should be exercised when applying a turbulent flow correlation
for ReD 104. If the correlation was developed for fully turbulent conditions
(ReD  104), it may be used as a first approximation at smaller Reynolds numbers,
with the understanding that the convection coefficient will be overpredicted. If a
higher level of accuracy is desired, the Gnielinski correlation, Equation 8.62, may
be used. A comprehensive discussion of heat transfer in the transition region is provided by Ghajar and Tam [18].
We also note that Equations 8.59 through 8.62 pertain to smooth tubes. For
turbulent flow, the heat transfer coefficient increases with wall roughness, and, as
a first approximation, it may be computed by using Equation 8.62 with friction
factors obtained from the Moody diagram, Figure 8.3. However, although the
general trend is one of increasing h with increasing ƒ, the increase in ƒ is proportionately larger, and when ƒ is approximately four times larger than the corresponding value for a smooth surface, h no longer changes with additional
increases in ƒ [19]. Procedures for estimating the effect of wall roughness on convection heat transfer in fully developed turbulent flow are discussed by Bhatti and
Shah [15].
Since entry lengths for turbulent flow are typically short, 10  (x fd /D)  60, it
is often reasonable to assume that the average Nusselt number for the entire tube is
equal to the value associated with the fully developed region, NuD  NuD,fd. However,
for short tubes NuD will exceed NuD,fd and may be calculated from an expression of
the form
NuD
C
1
NuD,fd
(x/D)m

(8.63)

where C and m depend on the nature of the inlet (e.g., sharp-edged or nozzle) and
entry region (thermal or combined), as well as on the Prandtl and Reynolds numbers [2, 15, 20]. Typically, errors of less than 15% are associated with assuming
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NuD  NuD,fd for (L /D)  60. When determining NuD , all fluid properties should be
evaluated at the arithmetic average of the mean temperature, Tm  (Tm,i  Tm,o)/2.
Finally, we note that the foregoing correlations do not apply to liquid metals
(3  103  Pr  5  102). For fully developed turbulent flow in smooth circular
tubes with constant surface heat flux, Skupinski et al. [21] recommend a correlation
of the form
qs  constant

NuD  4.82  0.0185Pe0.827
D

(8.64)

3.6  103  ReD  9.05  105
102  PeD  104
Similarly, for constant surface temperature Seban and Shimazaki [22] recommend
the following correlation for PeD  100:
NuD  5.0  0.025 Pe0.8
D

Ts  constant

(8.65)

Extensive data and additional correlations are available in the literature [23].

EXAMPLE 8.6
Hot air flows with a mass rate of ṁ  0.050 kg/s through an uninsulated sheet
metal duct of diameter D  0.15 m, which is in the crawlspace of a house. The hot
air enters at 103°C and, after a distance of L  5 m, cools to 77°C. The heat transfer
coefficient between the duct outer surface and the ambient air at T  0°C is known
to be ho  6 W/m2  K.
1. Calculate the heat loss (W) from the duct over the length L.
2. Determine the heat flux and the duct surface temperature at x  L.

SOLUTION
Known: Hot air flowing in a duct.
Find:
1. Heat loss from the duct over the length L, q (W).
2. Heat flux and surface temperature at x  L.

Schematic:
Hot
air

Cold
ambient air

T∞ = 0°C
ho = 6 W/m2•K

Duct, D = 0.15 m

Tm,L = 77°C

m• = 0.05 kg/s
Tm,0 = 103°C

Assumptions:
1. Steady-state conditions.
2. Constant properties.

L=5m
x

Ts (L)
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3. Ideal gas behavior.
4. Negligible viscous dissipation and negligible pressure variations.
5. Negligible duct wall thermal resistance.
6. Uniform convection coefficient at outer surface of duct.

Properties: Table A.4, air (Tm  363 K): cp  1010 J/kg  K. Table A.4, air
(Tm,L  350 K): k  0.030 W/m  K,   208.2  107 N  s/m2, Pr  0.70.

Analysis:
1. From the energy balance for the entire tube, Equation 8.34,
q  ṁcp (Tm,L  Tm,0)
q  0.05 kg/s  1010 J/kg  K (77 103)C  1313 W

2. An expression for the heat flux at x  L may be inferred from the resistance
network
Tm,L

Ts (L)

T∞

q"s (L)
1
_____
hx (L)

1
__
ho

where hx(L) is the inside convection heat transfer coefficient at x  L. Hence
qs (L) 

Tm,L  T
[1/hx(L)]  (1/ho)

The inside convection coefficient may be obtained from knowledge of the
Reynolds number. From Equation 8.6
ReD 

4  0.05 kg/s
4ṁ

 20,384
D   0.15 m  208.2  107 N  s/m2

Hence the flow is turbulent. Moreover, with (L /D)  (5/0.15)  33.3, it is reasonable to assume fully developed conditions at x  L. Hence from Equation
8.60, with n  0.3,
hx(L)D
0.3
 0.023 Re4/5
 0.023(20,384)4/5 (0.70)0.3  57.9
D Pr
k
0.030 W/m  K
k
hx(L)  NuD  57.9
 11.6 W/m2  K
D
0.15 m
NuD 

Hence
qs (L) 

(77  0) C
 304.5 W/m2
[(1/11.6)  (1/6.0)] m2  K/W

Referring back to the network, it also follows that
qs(L) 

Tm,L  Ts,L
1/hx(L)

in which case
Ts,L  Tm,L 

qs (L)
304.5 W/m2
 77C 
 50.7C
hx(L)
11.6 W/m2  K
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Comments:
1. In using the energy balance of part 1 for the entire tube, properties (in this case,
only cp) are evaluated at Tm  (Tm,0  Tm,L)/2. However, in using the correlation for a local heat transfer coefficient, Equation 8.60, properties are evaluated
at the local mean temperature, Tm,L  77°C.
2. This problem is characterized neither by constant surface temperature nor by
constant surface heat flux. It would therefore be erroneous to presume that the
total heat loss from the tube is given by qs (L)DL  717 W. This result is
substantially less than the actual heat loss of 1313 W because qs (x) decreases
with increasing x. This decrease in qs (x) is due to reductions in both hx(x) and
[Tm(x)  T ] with increasing x.

8.6
Convection Correlations: Noncircular Tubes
and the Concentric Tube Annulus
Although we have thus far restricted our consideration to internal flows of circular cross section, many engineering applications involve convection transport in
noncircular tubes. At least to a first approximation, however, many of the circular
tube results may be applied by using an effective diameter as the characteristic
length. It is termed the hydraulic diameter and is defined as
4Ac
Dh 
(8.66)
P
where Ac and P are the flow cross-sectional area and the wetted perimeter, respectively. It is this diameter that should be used in calculating parameters such as ReD
and NuD.
For turbulent flow, which still occurs if ReD  2300, it is reasonable to use the
correlations of Section 8.5 for Pr  0.7. However, in a noncircular tube the convection coefficients vary around the periphery, approaching zero in the corners. Hence
in using a circular tube correlation, the coefficient is presumed to be an average
over the perimeter.
For laminar flow, the use of circular tube correlations is less accurate, particularly
with cross sections characterized by sharp corners. For such cases the Nusselt number
corresponding to fully developed conditions may be obtained from Table 8.1, which
is based on solutions of the differential momentum and energy equations for flow
through the different duct cross sections. As for the circular tube, results differ according to the surface thermal condition. Nusselt numbers tabulated for a uniform surface
heat flux presume a constant flux in the axial (flow) direction, but a constant temperature around the perimeter at any cross section. This condition is typical of highly conductive tube wall materials. Results tabulated for a uniform surface temperature apply
when the temperature is constant in both the axial and peripheral directions.
Although the foregoing procedures are generally satisfactory, exceptions do
exist. Detailed discussions of heat transfer in noncircular tubes are provided in several sources [11, 12, 24].
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TABLE 8.1 Nusselt numbers and friction factors for fully developed
laminar flow in tubes of differing cross section
NuD 
Cross Section

a

hDh
k

b

a

(Uniform q s )

(Uniform Ts)

ƒ ReDh

—

4.36

3.66

64

1.0

3.61

2.98

57

1.43

3.73

3.08

59

2.0

4.12

3.39

62

3.0

4.79

3.96

69

4.0

5.33

4.44

73

8.0

6.49

5.60

82

8.23

7.54

96

5.39

4.86

96

3.11

2.49

53

b
a
b
a
b
a
b
a
b
b
Heated
Insulated

—

Used with permission from W. M. Kays and M. E. Crawford, Convection Heat and Mass Transfer,
3rd ed. McGraw-Hill, New York, 1993.

Many internal flow problems involve heat transfer in a concentric tube annulus
(Figure 8.11). Fluid passes through the space (annulus) formed by the concentric
tubes, and convection heat transfer may occur to or from both the inner and outer
tube surfaces. It is possible to independently specify the heat flux or temperature,

Ts,i

q"o

q"i
Di

Tm, um
Do

Ts,o

FIGURE 8.11
The concentric tube annulus.
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that is, the thermal condition, at each of these surfaces. In any case the heat flux
from each surface may be computed with expressions of the form
qi  hi (Ts,i  Tm)

(8.67)

qo  ho (Ts,o  Tm)

(8.68)

Note that separate convection coefficients are associated with the inner and outer
surfaces. The corresponding Nusselt numbers are of the form
hi Dh
k
ho Dh
Nuo 
k
Nui 

(8.69)
(8.70)

where, from Equation 8.66, the hydraulic diameter Dh is
Dh 

4(/4)(D2o  D2i )
 Do  Di
Do  Di

(8.71)

For the case of fully developed laminar flow with one surface insulated and the
other surface at a constant temperature, Nui or Nuo may be obtained from Table 8.2.
Note that in such cases we would be interested only in the convection coefficient
associated with the isothermal (nonadiabatic) surface.
If uniform heat flux conditions exist at both surfaces, the Nusselt numbers may
be computed from expressions of the form
Nui 

Nuii
1  (qo /qi) *
i

(8.72)

Nuo 

Nuoo
1  (qi/qo) o*

(8.73)

The influence coefficients (Nuii, Nuoo, i*, and *
o ) appearing in these equations may
be obtained from Table 8.3. Note that qi and qo may be positive or negative,
depending on whether heat transfer is to or from the fluid, respectively. Moreover,
situations may arise for which the values of hi and ho are negative. Such results,

TABLE 8.2 Nusselt number for fully developed laminar
flow in a circular tube annulus with one surface insulated
and the other at constant temperature
Di /Do
0
0.05
0.10
0.25
0.50
1.00

Nui

Nuo

Comments

—
17.46
11.56
7.37
5.74
4.86

3.66
4.06
4.11
4.23
4.43
4.86

See Equation 8.55

See Table 8.1, b/a l

Used with permission from W. M. Kays and H. C. Perkins, in W. M. Rohsenow and J. P. Hartnett, Eds.,
Handbook of Heat Transfer, Chap. 7, McGraw-Hill, New York, 1972.
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TABLE 8.3 Influence coefficients for fully developed
laminar flow in a circular tube annulus with
uniform heat flux maintained at both surfaces
Di /Do
0
0.05
0.10
0.20
0.40
0.60
0.80
1.00

Nuii

Nuoo

 *i

 *o

—
17.81
11.91
8.499
6.583
5.912
5.58
5.385

4.364
4.792
4.834
4.833
4.979
5.099
5.24
5.385

2.18
1.383
0.905
0.603
0.473
0.401
0.346

0
0.0294
0.0562
0.1041
0.1823
0.2455
0.299
0.346

Used with permission from W. M. Kays and H. C. Perkins, in W. M. Rohsenow and
J. P. Hartnett, Eds., Handbook of Heat Transfer, Chap. 7, McGraw-Hill, New York, 1972.

when used with the sign convention implicit in Equations 8.67 and 8.68, reveal the
relative magnitudes of Ts and Tm.
For fully developed turbulent flow, the influence coefficients are a function of
the Reynolds and Prandtl numbers [24]. However, to a first approximation the inner
and outer convection coefficients may be assumed to be equal, and they may be
evaluated by using the hydraulic diameter, Equation 8.71, with the Dittus–Boelter
equation, Equation 8.60.

8.7
Heat Transfer Enhancement
Several options are available for enhancing heat transfer associated with internal flows.
Enhancement may be achieved by increasing the convection coefficient and/or by
increasing the convection surface area. For example, h may be increased by introducing surface roughness to enhance turbulence, as, for example, through machining or
insertion of a coil-spring wire. The wire insert (Figure 8.12a) provides a helical roughness element in contact with the tube inner surface. Alternatively, the convection coefficient may be increased by inducing swirl through insertion of a twisted tape (Figure
8.12b). The insert consists of a thin strip that is periodically twisted through 360°.
Introduction of a tangential velocity component increases the speed of the flow, particularly near the tube wall. The heat transfer area may be increased by manufacturing a
tube with a grooved inner surface (Figure 8.12c), while both the convection coefficient
and area may be increased by using spiral fins or ribs (Figure 8.12d). In evaluating any
heat transfer enhancement scheme, attention must also be given to the attendant
increase in pressure drop and hence fan or pump power requirements. Comprehensive
assessments of enhancement options have been published [25–28], and the Journal of
Enhanced Heat Transfer provides access to recent developments in the field.
By coiling a tube (Figure 8.13), heat transfer may be enhanced without turbulence or additional heat transfer surface area. In this case, centrifugal forces within
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Coil
spring

Twisted
tape

A

A
( a)

Section A–A

( b)

Longitudinal
fins

Helical
ribs

( c)

(d)

FIGURE 8.12 Internal flow heat transfer enhancement schemes: (a) longitudinal section and
end view of coil-spring wire insert, (b) longitudinal section and cross-sectional view of twisted
tape insert, (c) cut-away section and end view of longitudinal fins, and (d ) longitudinal section
and end view of helical ribs.

the fluid induce a secondary flow consisting of a pair of longitudinal vortices that, in
contrast to conditions in a straight tube, can result in highly nonuniform local heat
transfer coefficients around the periphery of the tube. Hence, local heat transfer
coefficients vary with as well as x. If constant heat flux conditions are applied, the
mean fluid temperature, Tm(x), may be calculated using the conservation of energy
principle, Equation 8.40. For situations where the fluid is heated, maximum fluid
temperatures occur at the tube wall, but calculation of the maximum local temperature is not straightforward because of the -dependence of the heat transfer coefficient. Therefore, correlations for the peripherally averaged Nusselt number are of
little use if constant heat flux conditions are applied. In contrast, correlations for the
peripherally averaged Nusselt number for constant wall temperature boundary conditions are useful, and the relationships recommended by Shah and Joshi [29] are
provided in the next paragraphs.
C
A

A

S

Helical
coil
Secondary
flow

x
Main flow

D

FIGURE 8.13 Schematic of helically coiled tube and secondary
flow in enlarged cross-sectional view.
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The secondary flow increases friction losses and heat transfer rates. In addition,
the secondary flow decreases entrance lengths and reduces the difference between
laminar and turbulent heat transfer rates, relative to the straight tube cases considered previously in this chapter. Pressure drops and heat transfer rates exhibit little
dependence on the coil pitch, S. The critical Reynolds number corresponding to the
onset of turbulence for the helical tube, ReD,c,h, is
ReD,c,h  ReD,c [1  12(D/C)0.5]

(8.74)

where ReD,c is given in Equation 8.2 and C is defined in Figure 8.13. Strong secondary flow associated with tightly wound helically coiled tubes delays the transition to turbulence.
For fully developed laminar flow with C/D  3, the friction factor is
f

f

64
ReD

ReD(D/C)1/2  30

27
(D/C)0.1375
Re0.725
D

f

7.2
(D/C)0.25
Re0.5
D

(8.19)

30  ReD (D/C)1/2  300

(8.75a)

300  ReD(D/C)1/2

(8.75b)

For cases where C/D  3, recommendations provided in [29] should be followed.
The heat transfer coefficient for use in Equation 8.27 may be evaluated from a correlation of the form
NuD 



3.66 

4.343
a



3

 1.158



ReD(D/C)1/2
b

  

(8.76)

0.477
Pr

(8.77a,b)

3/2 1/3


s

0.14

where



a 1

927(C/D)
Re2DPr



and

b1

0.005  Pr  1600
1  ReD(D/C)1/2  1000
Friction factor correlations for turbulent flow are based on limited data. Furthermore, heat transfer augmentation due to the secondary flow is minor when the
flow is turbulent and is less than 10% for C/D  20. As such, augmentation by
using helically coiled tubes is typically employed only for laminar flow situations.
In laminar flow, the entrance length is 20% to 50% shorter than that of a straight
tube, while the flow becomes fully developed within the first half-turn of the helically coiled tube under turbulent conditions. Therefore, the entrance region may be
neglected in most engineering calculations.
When a gas or liquid is heated in a straight tube, a fluid parcel that enters near the
centerline of the tube will exit the tube faster, and always be cooler than, a fluid parcel
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that enters near the tube wall. Hence, the time-temperature histories of individual
fluid parcels, processed in the same heating tube, can be dramatically different. In
addition to augmenting heat transfer, the secondary flow associated with the helically
coiled tube serves to mix the fluid relative to laminar flow in a straight tube, resulting
in similar time-temperature histories for all the fluid parcels. It is for this reason that
coiled tubes are routinely used to process and manufacture highly viscous, high valueadded fluids, such as pharmaceuticals, cosmetics, and personal care products.

8.8
Microscale Internal Flow
The tubes and channels considered so far have been characterized by hydraulic
diameters of conventional size. Many new technologies involve microscale internal
flows where the hydraulic diameters are in the range Dh  100 m. An important
motivation for developing various microfluidic devices is readily evident by inspecting the correlations for the Nusselt numbers associated with laminar, fully developed flow. Specifically, heat transfer coefficients are inversely proportional to the
hydraulic diameter. Therefore, as the size of the flow channel is decreased significantly, a dramatic increase in heat transfer coefficients will occur [30].

8.8.1

Flow Conditions in Microscale Internal Flow

In Section 2.2.1, we saw that heat transfer in gases can be affected significantly as
the characteristic length scale of the material volume, L, is reduced to the same
order of magnitude as the mean free path of the gas, mfp. At very small values of
the hydraulic diameter Dh, therefore, the gas will no longer behave as a continuum.
Because the continuum assumption has been made throughout our discussion of
convection so far, the results of Chapters 6 through 8 are not expected to apply for
gases when Dh / mfp  10, and recourse must be made to advanced methods to estimate the velocity distribution and pressure drops associated with internal flow [31].
For liquids, experiments have shown that, for laminar flow in circular tubes
with diameters as small as 50 m, Equations 8.19 and 8.22a successfully predict the
pressure drop over the tube length [32]. These equations are expected to be valid for
most liquids for hydraulic diameters as small as 1 m [32, 33].
From the discussion in Section 6.3.1 one might anticipate that, since turbulence
is characterized by the motion of relatively large parcels of fluid in conventionalsized devices, Equations 8.20 and 8.21 will not be applicable for flow in microfluidic devices because the volume of the fluid parcel is restricted by the hydraulic
diameter of the channel. One may similarly anticipate that the criterion for the onset
of turbulence, Equation 8.2, will be different for microscale internal flows. Careful
measurements using various liquids have shown that the critical Reynolds number
corresponding to the onset of turbulence is, in fact, well described by Equation 8.2
for liquid flow in tubes with diameters as small as 50 m [32]. Since extremely high
mean velocities are necessary to achieve ReD  2300, one is seldom concerned
about turbulent microscale convection.
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8.8.2 Thermal Considerations in Microscale
Internal Flow
Convective heat transfer in microscale internal flows continues to be the subject of
ongoing research. The analytical results and convection correlations of Chapters 6
and 8 should not be used for gases when Dh / mfp  10 and should be used with caution for liquids when Dh  1 m.

EXAMPLE 8.7
Combinatorial chemistry and biology are used in the pharmaceutical and biotechnology industries to reduce the time and cost associated with producing new drugs.
Scientists desire to create large populations of molecules, or libraries, that can be subsequently screened en masse. Producing vast libraries increases the probability that
novel compounds of significant therapeutic value will be discovered. A crucial variable
in producing new compounds is the temperature at which the reactants are processed.
A microreactor chip is fabricated by first coating a 1-mm-thick glass microscope
slide with a photoresist material. Lines are subsequently etched into the photoresist
and a second glass plate is attached to the top of the structure, resulting in multiple
parallel channels of rectangular cross section that are a  40 m deep, b  160 m
wide, and L  20 mm long. The spacing between channels is s  40 m, so that
N  L/(w  s)  100 channels are present within the 20 mm  20 mm microreactor. A mixture of two reactants, both initially at Tm,i  5C, is introduced into each
channel, and the edges of the chip are maintained at temperatures T1  125C and
T2  25C so that the reactants in each channel are subject to a unique processing
temperature. Flow is induced through the structure by applying an overall pressure
difference of P  500 kPa. The reactants and the product of reaction have thermophysical properties similar to ethylene glycol. Estimate the time that elapses for the
entering reactants to come within 1C of the desired processing temperature.

SOLUTION
Known: Dimensions and operating conditions for flow of reactants and product
of reaction in a microreactor.

Find: Time needed to bring the reactants to within 1C of the processing
temperature.
Schematic:
Glass
b = 160 m

a = 40 m
Microchannel array

T1 = 125°C

L
Reactants
A and B
Tm,i = 5°C

s = 40 m

L = 20 mm

Photoresist
material
Glass

T2 = 25°C
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Assumptions:
1.
2.
3.
4.
5.

Laminar flow.
Linear temperature distribution across the width of the microreactor.
Steady-state conditions.
Incompressible liquid with constant properties.
Negligible viscous dissipation.

Properties: Table A.5, ethylene glycol (T m  288 K):   1120.2 kg/m3, cp 
2359 J/kg  K,   2.82  102 N  s/m2, k  247  103 W/m  K, Pr  269.
(T m  338 K):   1085 kg/m3, cp  2583 J/kg  K,   0.427  102, N  s/m2,
k  261  103 W/m  K, Pr  45.2.

Analysis: We will bracket the heat transfer and fluid flow behavior by evaluating
the performance at the extreme processing temperatures.
The flow of reactants is induced by the applied pressure difference between the
inlet and outlet of the microreactor. Because of the large variation of the viscosity
with temperature, we expect the flow rate that is associated with the highest processing temperature to be the largest.
The perimeter of each microchannel is
P  2a  2b  2  40  106 m  2  160  106 m  0.4  103 m
and the hydraulic diameter of each microchannel is found from Equation 8.66 as
Dh 

4Ac 4ab 4  40  106 m  160  106 m


 64  106 m
P
P
0.4  103 m

We begin by assuming a relatively short entrance length, to be verified later, so
the flow rate may be estimated by using the friction factor for fully developed conditions. From Table 8.1 for b/a  4, f  73/ReDh. Substituting this expression into
Equation 8.22a, rearranging terms, and using properties at T  125C (in this equation and those following) results in
um 

2
(64  106 m)2  500  103 N/m2
2 Dh p
2
 
 0.657 m/s
73 L
73 0.427  102 N  s/m2  20  103 m

Hence, the Reynolds number is
ReDh 

umDh  0.657 m/s  64  106 m  1085 kg/m3
 10.7
 
0.427  102 N  s/m2

and the flow is deep in the laminar regime. Equation 8.3 may be used to determine
the hydrodynamic entrance length, which is
xfd,h  0.05DhReD  0.05  64  106 m  10.7  34.2  106 m
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and the thermal entrance length may be obtained from Equation 8.23, yielding
xfd,t  xfd,hPr  34.2  106 m  45.2  1.55  103 m
Both entrance lengths occupy less than 10% of the total microchannel length, L 
20 mm. Therefore, use of fully developed values of f are justified, and the mass flow
rate for the T  125C microchannel is
ṁ  Acum  abum  1085 kg/m3  40  106 m  160  106 m  0.657 m/s
 4.56  106 kg/s
Equation 8.42 may now be used to determine the distance from the entrance of
the microchannel to the location, xc, where Tm,c  124C, that is, within 1C of the
surface temperature. The average heat transfer coefficient, h, is replaced by the fully
developed value of the heat transfer coefficient, h, because of the relatively short
thermal entrance length. From Table 8.1, we see that for b/a  4, NuD  hDh / k 
4.44. Therefore,
h  h  NuD

0.261 W/m  K
k
 4.44 
 1.81  104 W/m2  K
Dh
64  106 m

As expected from our discussion of microscale flows, the convection coefficient is
extremely large.
Rearranging Equation 8.42 yields
xc 

ṁcp
Ts  Tm,i
4.56  106 kg/s  2583 J/kg  K
(125  5)C
ln

ln
3
4
2
Ts  Tm,c
Ph
(125
 124)C
0.4  10 m  1.81  10 W/m  K

 7.79  103 m
Therefore, the time needed for the reactant to reach a mean temperature that is
within 1C of the processing temperature is
tc  xc /um  7.79  103 m/0.657 m/s  0.012 s



Repeating the calculations for the microchannel associated with the smallest processing temperature of 25C yields um  0.0995 m/s, ReD  0.253, xfd,h  8.09 
107 m, xfd,t  0.218  103 m, h  1.71  104 W/m2  K, xc  0.73  103 m, and
tc  0.007 s.

Comments:
1. The total thickness of the glass (2 mm) is 50 times greater than the depth of
each microchannel, while the thermal conductivity of the glass, kglass  1.4
W/m  K (Table A.3), is 5 times greater than that of the fluid. The presence of
such a small amount of fluid is expected to have a negligible effect on the linear
temperature distribution that is established across the chip. The temperature difference across the bottom or top surface of each channel is approximately T 
(T1  T2)b/L  (125  25)C  (160  106 m)/(20  103 m)  0.8C.
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2. Solving Equation 8.42 over the range 0  x  L yields the axial variation of the
mean temperature for the two extreme processing temperature channels, as
shown below.
150

Ts = 125°C

Tm (°C)

100

50

Ts = 25°C

0

0

5

10

15

20

x (mm)

8.9
Convection Mass Transfer
Mass transfer by convection may also occur for internal flows. For example, a gas
may flow through a tube whose surface has been wetted or is sublimable. Evaporation or sublimation will then occur, and a concentration boundary layer will
develop. Just as the mean temperature is the appropriate reference temperature for
heat transfer, the mean species concentration A,m plays an analogous role for mass
transfer. Defining the mass flow rate of species A in a duct of arbitrary cross section
Ac as ṁA  A,mum Ac  Ac (Au)dAc , the mean species density is, accordingly,
A,m 

Ac (Au)dAc
umAc

(8.78a)

or for a circular tube,
A,m  2 2
umr o



ro

(Aur) dr

(8.78b)

0

The concentration boundary layer development is characterized by entrance and
fully developed regions, and Equation 8.23 may be used (with Pr replaced by Sc) to
determine the concentration entry length xfd,c for laminar flow. Equation 8.4 may again
be used as a first approximation for turbulent flow. Moreover, by analogy to Equation
8.28, for both laminar and turbulent flows, fully developed conditions exist when

x

A,s  A(r, x)
A,s  A,m(x)

0
fd,c

where a uniform species concentration A,s is presumed to exist at the surface.

(8.79)
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The local mass flux of species A from the surface may be computed from an
expression of the form
nA  hm(A,s  A,m)

(8.80)

while the total rate of species transfer for a duct of surface area As may be expressed as
nA  hm As A,lm

(8.81)

where the log mean concentration difference
A,lm 

A,o  A,i
ln( A,o / A,i)

(8.82)

is analogous to the log mean temperature difference of Equation 8.44 and the concentration difference is defined as A  A,s  A,m. From application of conservation of species A to a control volume about the duct, the total rate of species transfer
may also be expressed as
(8.83)

ṁ
nA   (A,o  A,i )

where  and ṁ are the total mass density and flow rate, respectively, and ṁ/  um Ac.
Equations 8.81 and 8.83 are the mass transfer equivalents of Equations 8.43 and
8.34, respectively, for heat transfer. In addition, the analog to Equation 8.42 that
characterizes the variation of the mean vapor density with distance x from the duct
entrance may be expressed as
A,s  A,m(x)
hm P
A,s  A,m,i  exp  ṁ x





(8.84)

where P is the duct perimeter.
The convection mass transfer coefficients, hm and hm , may be obtained from
appropriate correlations for the corresponding Sherwood numbers, which are defined
as ShD  hmD/DAB and ShD  hm D/DAB . The specific form of a correlation may be
inferred from the foregoing heat transfer results by invoking the heat and mass
transfer analogy, with ShD and Sc substituted for NuD and Pr, respectively. For
example, with a uniform vapor density at the surface of a circular duct and fully
developed laminar flow through the duct,
ShD  3.66

(8.85)

For fully developed turbulent flow, the mass transfer analog to the Dittus–
Boelter equation is
0.4
ShD  0.023 Re4/5
D Sc

(8.86)

Microscale conditions for mass transfer are similar to those discussed for heat transfer in Section 8.8.

EXAMPLE 8.8
A thin liquid film of ammonia (NH3), which has formed on the inner surface of a
tube of diameter D  10 mm and length L  1 m, is removed by passing dry air
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through the tube at a flow rate of 3  104 kg/s. The tube and the air are at 25°C.
What is the average mass transfer convection coefficient?

SOLUTION
Known: Liquid ammonia on the inner surface of a tube is removed by evaporation into an airstream.

Find: Average mass transfer convection coefficient for the tube.
Schematic:
Ammonia film, (A)

Air, (B)

T = 25°C

Tube

D = 10 mm

m• = 3 x 10–4 kg/s
T = 25°C
L=1m
x

Assumptions:
1. Thin ammonia film with smooth surface.
2. Heat and mass transfer analogy is applicable.

Properties: Table A.4, air (25°C):   15.7  106 m2/s,   183.6  107

N  s/m2. Table A.8, ammonia–air (25°C): DAB  0.28  104 m2/s, Sc 
(/DAB)  0.56.

Analysis: From Equation 8.6
ReD 

4  3  104 kg/s
 2080
  0.01 m  183.6  107 N  s/m2

in which case the flow is laminar. Hence, since a constant ammonia vapor concentration is maintained at the surface of the film, which is analogous to a constant surface temperature, it follows from Equation 8.57 that
ShD  1.86

ReL/DSc
D

1/3

 1.86  2.27  4.22

Since ShD  4.22  3.66, use of Equation 8.57 is valid. Finally,
hm  ShD

DAB 4.22  0.28  104 m2/s

 0.012 m/s
D
0.01 m



Comments: From Equation 8.23, xfd,c  (0.05ReD Sc)D  0.58 m, and fully developed conditions exist over approximately 40% of the tube length. An assumption of
fully developed conditions over the entire tube would provide a value of ShD 
3.66, which is 13% less than the above result.
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8.10
Summary
In this chapter we have considered forced convection heat and mass transfer for an
important class of problems involving internal flow. Such flows are encountered in
numerous applications, and you should be able to perform engineering calculations
that involve an energy balance and appropriate convection correlations. The
methodology involves determining whether the flow is laminar or turbulent and
establishing the length of the entry region. After deciding whether you are interested in local conditions (at a particular axial location) or in average conditions (for
the entire tube), the convection correlation may be selected and used with the appropriate form of the energy balance to solve the problem. A summary of the correlations is provided in Table 8.4.
You should test your understanding of related concepts by addressing the following questions.
• What are the salient features of a hydrodynamic entry region? A thermal entry
region? Are hydrodynamic and thermal entry lengths equivalent? If not, on
what do the relative lengths depend?
• What are the salient hydrodynamic features of fully developed flow? How is the
friction factor for fully developed flow affected by wall roughness?
• To what important characteristic of an internal flow is the mean or bulk temperature linked?
• What are the salient thermal features of fully developed flow?
• If fluid enters a tube at a uniform temperature and there is heat transfer to or
from the surface of the tube, how does the convection coefficient vary with
distance along the tube?
• For fluid flow through a tube with a uniform surface heat flux, how does the
mean temperature of the fluid vary with distance from the tube entrance in (a) the
entrance region and (b) the fully developed region? How does the surface temperature vary with distance in the entrance and fully developed regions?
• For heat transfer to or from a fluid flowing through a tube with a uniform surface temperature, how does the mean temperature of the fluid vary with distance from the entrance? How does the surface heat flux vary with distance
from the entrance?
• Why is a log mean temperature difference, rather than an arithmetic mean temperature difference, used to calculate the total rate of heat transfer to or from a
fluid flowing through a tube with a constant surface temperature?
• What two equations may be used to calculate the total heat rate to a fluid flowing through a tube with a uniform surface heat flux? What two equations may
be used to calculate the total heat rate to or from a fluid flowing through a tube
with a uniform surface temperature?
• Under what conditions is the Nusselt number associated with internal flow equal
to a constant value, independent of Reynolds number and Prandtl number?
• Is the average Nusselt number associated with flow through a tube larger than,
equal to, or less than the Nusselt number for fully developed conditions? Why?
• How is the characteristic length defined for a noncircular tube?
• What are the salient features of a concentration entry region?
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TABLE 8.4 Summary of convection correlations for flow in a circular tubea,b,e
Correlation

Conditions

ƒ  64/ReD

(8.19)

Laminar, fully developed

NuD  4.36

(8.53)

Laminar, fully developed, uniform q s

NuD  3.66

(8.55)

Laminar, fully developed, uniform Ts

(8.56)

Laminar, thermal entry (or combined entry with Pr  5),
uniform Ts

(8.57)

Laminar, combined entry, 0.6  Pr  5, 0.0044  (/s) 
9.75, uniform Ts

Nu D 3.66 

0.0668(D/L)ReD Pr
1  0.04[(D/L)ReD Pr]2/3

or
Nu D  1.86

ReL/DPr  
D

1/3

0.14

s

ƒ  0.316 Re 1/4
D
ƒ  0.184 Re 1/5
D
or
ƒ  (0.790 ln ReD  1.64)2

(8.20a)c
(8.20b)c

Turbulent, fully developed, ReD  2  104
Turbulent, fully developed, ReD  2  104

(8.21)c

Turbulent, fully developed, 3000  ReD  5  106

NuD  0.023Re D4/5 Pr n

(8.60)d

Turbulent, fully developed, 0.6  Pr  160,
ReD  10,000, (L /D)  10, n  0.4 for Ts  Tm
and n  0.3 for Ts Tm

(8.61)d

Turbulent, fully developed, 0.7  Pr  16,700,
ReD  10,000, L/D  10

(8.62)d

Turbulent, fully developed, 0.5  Pr  2000,
3000  ReD  5  106, (L /D)  10

NuD  4.82  0.0185(ReD Pr)0.827

(8.64)

Liquid metals, turbulent, fully developed, uniform q s,
3.6  103  ReD  9.05  105, 102  PeD  104

NuD  5.0  0.025(ReD Pr)0.8

(8.65)

Liquid metals, turbulent, fully developed,
uniform Ts, PeD  100

or

 


NuD  0.027Re D4/5 Pr1/3 
s

0.14

or
NuD 

a

( f /8)(ReD  1000)Pr
1  12.7( f /8)1/2(Pr 2/3  1)

The mass transfer correlations may be obtained by replacing NuD and Pr by ShD and Sc, respectively.
Properties in Equations 8.53, 8.55, 8.60, 8.61, 8.62, 8.64, and 8.65 are based on Tm; properties in Equations 8.19, 8.20, and 8.21 are based on
Tƒ  (Ts  Tm)/2; properties in Equations 8.56 and 8.57 are based on T m  (Tm,i  Tm,o)/2.
c
Equations 8.20 and 8.21 pertain to smooth tubes. For rough tubes, Equation 8.62 should be used with the results of Figure 8.3.
d
As a first approximation, Equations 8.60, 8.61, or 8.62 may be used to evaluate the average Nusselt number Nu D over the entire tube length,
if (L/D)  10. The properties should then be evaluated at the average of the mean temperature, T m  (Tm,i  Tm,o)/2.
e
For tubes of noncircular cross section, ReD  Dhum /, Dh  4Ac /P, and um  ṁ/Ac. Results for fully developed laminar flow are provided in
Table 8.1. For turbulent flow, Equation 8.60 may be used as a first approximation.
b
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• What are the salient features of fully developed flow for mass transfer?
• How may convection mass transfer correlations be inferred?
Several features that complicate internal flows have not been considered in this
chapter. For example, a situation may exist for which there is a prescribed axial variation in Ts or qs , rather than uniform surface conditions. Among other things, such a
variation would preclude the existence of a fully developed region. There may also
exist surface roughness effects, circumferential heat flux or temperature variations,
widely varying fluid properties, or transition flow conditions. For a complete discussion of these effects, the literature should be consulted [11, 12, 15, 17, 24].
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Problems
where um is the mean velocity

Hydrodynamic Considerations
8.1 Fully developed conditions are known to exist for water
flowing through a 25-mm-diameter tube at 0.01 kg/s and
27°C. What is the maximum velocity of the water in the
tube? What is the pressure gradient associated with the
flow?
8.2 What is the pressure drop associated with water at 27°C
flowing with a mean velocity of 0.2 m/s through a 600-mlong cast iron pipe of 0.15-m inside diameter?
8.3 Water at 27°C flows with a mean velocity of 1 m/s
through a 1-km-long pipe of 0.25-m inside diameter.
(a) Determine the pressure drop over the pipe length and
the corresponding pump power requirement, if the
pipe surface is smooth.
(b) If the pipe is made of cast iron and its surface is
clean, determine the pressure drop and pump power
requirement.
(c) For the smooth pipe condition, generate a plot of
pressure drop and pump power requirement for
mean velocities in the range from 0.05 to 1.5 m/s.
8.4 An engine oil cooler consists of a bundle of 25 smooth
tubes, each of length L  2.5 m and diameter D  10 mm.
(a) If oil at 300 K and a total flow rate of 24 kg/s is in
fully developed flow through the tubes, what is the
pressure drop and the pump power requirement?
(b) Compute and plot the pressure drop and pump power
requirement as a function of flow rate for 10  ṁ 
30 kg/s.
8.5 For fully developed laminar flow through a parallel-plate
channel, the x-momentum equation has the form

ddyu  dpdx  constant



2

2

The purpose of this problem is to develop expressions
for the velocity distribution and pressure gradient analogous to those for the circular tube in Section 8.1.
(a) Show that the velocity profile, u(y), is parabolic and
of the form
y2
3
u( y)  um 1 
2
(a/2)2

um  

 

a2 dp
12 dx

and dp/dx  p/L, where p is the pressure drop
across the channel of length L.
Fluid

∆p
um

a

y

L

a/2
um

0
–a/2

x

(b) Write an expression defining the friction factor, f,
using the hydraulic diameter Dh as the characteristic
length. What is the hydraulic diameter for the
parallel-plate channel?
(c) The friction factor is estimated from the expression
f  C/ReDh, where C depends upon the flow cross
section, as shown in Table 8.1. What is the coefficient C for the parallel-plate channel?
(d) Air flow in a parallel-plate channel with a separation
of 5 mm and a length of 200 mm experiences a pressure drop of p  3.75 N/m2. Calculate the mean
velocity and the Reynolds number for air at atmospheric pressure and 300 K. Is the assumption of fully
developed flow reasonable for this application? If
not, what is the effect on the estimate for um ?

Thermal Entry Length and Energy Balance
Considerations
8.6 Consider pressurized water, engine oil (unused), and
NaK (22%/78%) flowing in a 20-mm-diameter tube.
(a) Determine the mean velocity, the hydrodynamic
entry length, and the thermal entry length for each of
the fluids when the fluid temperature is 366 K and
the flow rate is 0.01 kg/s.

L
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(b) Determine the mass flow rate, the hydrodynamic
entry length, and the thermal entry length for water
and engine oil at 300 and 400 K and a mean velocity
of 0.02 m/s.
8.7 Velocity and temperature profiles for laminar flow in a
tube of radius ro  10 mm have the form
u(r)  0.1[1  (r/ro) ]
T(r)  344.8  75.0(r/ro)2  18.8(r/ro)4
2

with units of m/s and K, respectively. Determine the corresponding value of the mean (or bulk) temperature, Tm,
at this axial position.
8.8 At a particular axial station, velocity and temperature
profiles for laminar flow in a parallel plate channel have
the form
u( y)  0.75[1  ( y/yo)2]
T( y)  5.0  95.66( y/yo)2  47.83( y/yo)4
with units of m/s and °C, respectively.
y
yo
x

Fluid

Determine corresponding values of the mean velocity,
um, and mean (or bulk) temperature, Tm. Plot the velocity and temperature distributions. Do your values of um
and Tm appear reasonable?
8.9 In Chapter 1, it was stated that for incompressible liquids, flow work could usually be neglected in the
steady-flow energy equation (Equation 1.11d). In the
trans-Alaska pipeline, the high viscosity of the oil and
long distances cause significant pressure drops, and it is
reasonable to question whether flow work would be significant. Consider a L  100 km length of pipe of diameter D  1.2 m, with oil flow rate ṁ  500 kg/s. The oil
properties are   900 kg/m3, cp  2000 J/kg  K,  
0.765 N  s/m2. Calculate the pressure drop, the flow
work, and the temperature rise caused by the flow work.
8.10 When viscous dissipation is included, Equation 8.48
(multiplied by cp) becomes
cp u

   

du
T k  T

r

x r r r
dr

2

This problem explores the importance of viscous dissipation. The conditions under consideration are laminar,
fully developed flow in a circular pipe, with u given by
Equation 8.15.

(a) By integrating the left-hand side over a section of a
pipe of length L and radius ro, show that this term
yields the right-hand side of Equation 8.34.
(b) Integrate the viscous dissipation term over the
same volume.
(c) Find the temperature rise caused by viscous dissipation by equating the two terms calculated above.
Use the same conditions as in Problem 8.9.
8.11 Water enters a tube at 27°C with a flow rate of
450 kg/h. The heat transfer from the tube wall to the
fluid is given as qs (W/m)  ax, where the coefficient a
is 20 W/m2 and x (m) is the axial distance from the tube
entrance.
(a) Beginning with a properly defined differential control volume in the tube, derive an expression for the
temperature distribution Tm(x) of the water.
(b) What is the outlet temperature of the water for a
heated section 30 m long?
(c) Sketch the mean fluid temperature, Tm(x), and the
tube wall temperature, Ts(x), as a function of distance along the tube for fully developed and developing flow conditions.
(d) What value of a uniform wall heat flux, qs (instead
of qs  ax), would provide the same fluid outlet
temperature as that determined in part (b)? For this
type of heating, sketch the temperature distributions requested in part (c).
8.12 Consider flow in a circular tube. Within the test section
length (between 1 and 2) a constant heat flux qs is
maintained.
q"s = constant
Flow

x
1

2

(a) For the following two cases, sketch the surface
temperature Ts(x) and the fluid mean temperature
Tm(x) as a function of distance along the test section x. In case A, flow is hydrodynamically and
thermally fully developed. In case B, flow is not
developed.
(b) Assuming that the surface flux qs and the inlet
mean temperature Tm,1 are identical for both cases,
will the exit mean temperature Tm,2 for case A be
greater than, equal to, or less than Tm,2 for case B?
Briefly explain why.
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8.13 Consider a cylindrical nuclear fuel rod of length L and
diameter D that is encased in a concentric tube. Pressurized water flows through the annular region between the
rod and the tube at a rate ṁ, and the outer surface of
the tube is well insulated. Heat generation occurs within
the fuel rod, and the volumetric generation rate is known
to vary sinusoidally with distance along the rod. That is,
q̇(x)  q̇o sin (x/L), where q̇o (W/m3) is a constant. A
uniform convection coefficient h may be assumed to
exist between the surface of the rod and the water.

Transparent
cover plate

q"o
w

Absorber
plate

Tm,o

Rectangular
channel
Air

L

Tm,i, m•
x

L
x
Coolant

Tm,i, m• , cp
Fuel rod, D
q• = q• o sin (π x/L)

(a) Obtain expressions for the local heat flux q (x) and
the total heat transfer q from the fuel rod to the water.
(b) Obtain an expression for the variation of the mean
temperature Tm(x) of the water with distance x
along the tube.
(c) Obtain an expression for the variation of the rod surface temperature Ts(x) with distance x along the tube.
Develop an expression for the x location at which
this temperature is maximized.
8.14 In a particular application involving fluid flow at a rate
ṁ through a circular tube of length L and diameter D,
the surface heat flux is known to have a sinusoidal vari sin
ation with x, which is of the form qs (x)  qs,m
(x/L). The maximum flux, qs,m , is a known constant,
and the fluid enters the tube at a known temperature,
Tm,i. Assuming the convection coefficient to be constant, how do the mean temperature of the fluid and the
surface temperature vary with x?
8.15 A flat-plate solar collector is used to heat atmospheric
air flowing through a rectangular channel. The bottom
surface of the channel is well insulated, while the top
surface is subjected to a uniform heat flux qo , which is
due to the net effect of solar radiation absorption and
heat exchange between the absorber and cover plates.
(a) Beginning with an appropriate differential control
volume, obtain an equation that could be used to
determine the mean air temperature Tm(x) as a function of distance along the channel. Solve this equation
to obtain an expression for the mean temperature of
the air leaving the collector.

(b) With air inlet conditions of ṁ  0.1 kg/s and
Tm,i  40°C, what is the air outlet temperature if
L  3 m, w  1 m, and qo  700 W/m2? The specific heat of air is cp  1008 J/kg  K.
8.16 Atmospheric air enters the heated section of a circular
tube at a flow rate of 0.005 kg/s and a temperature of
20°C. The tube is of diameter D  50 mm, and fully
developed conditions with h  25 W/m2  K exist over
the entire length of L  3 m.
(a) For the case of uniform surface heat flux at qs 
1000 W/m2, determine the total heat transfer rate q
and the mean temperature of the air leaving the
tube Tm,o. What is the value of the surface temperature at the tube inlet Ts,i and outlet Ts,o? Sketch the
axial variation of Ts and Tm. On the same figure,
also sketch (qualitatively) the axial variation of Ts
and Tm for the more realistic case in which the local
convection coefficient varies with x.
(b) If the surface heat flux varies linearly with x, such
that qs (W/m2)  500x (m), what are the values of
q, Tm,o, Ts,i, and Ts,o? Sketch the axial variation of Ts
and Tm. On the same figure, also sketch (qualitatively) the axial variation of Ts and Tm for the more
realistic case in which the local convection coefficient varies with x.
(c) For the two heating conditions of parts (a) and (b),
plot the mean fluid and surface temperatures, Tm(x)
and Ts(x), respectively, as functions of distance
along the tube. What effect will a fourfold increase
in the convection coefficient have on the temperature distributions?
(d) For each type of heating process, what heat fluxes
are required to achieve an air outlet temperature
of 125°C? Plot the temperature distributions.
8.17 Water at 300 K and a flow rate of 5 kg/s enters a black,
thin-walled tube, which passes through a large furnace
whose walls and air are at a temperature of 700 K. The
diameter and length of the tube are 0.25 m and 8 m,
respectively. Convection coefficients associated with
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water flow through the tube and air flow over the tube
are 300 W/m2  K and 50 W/m2  K, respectively.
Tube, D = 0.25 m
L = 8 m, ε = 1
Water

Air

T∞ = 700 K

m• = 5 kg/s
Tm,i = 300 K

Tm,o
Furnace, Tfur = 700 K

(a) Write an expression for the linearized radiation
coefficient corresponding to radiation exchange
between the outer surface of the pipe and the furnace walls. Explain how to calculate this coefficient if the surface temperature of the tube is
represented by the arithmetic mean of its inlet and
outlet values.
(b) Determine the outlet temperature of the water, Tm,o.
8.18 Slug flow is an idealized tube flow condition for which
the velocity is assumed to be uniform over the entire
tube cross section. For the case of laminar slug flow
with a uniform surface heat flux, determine the form of
the fully developed temperature distribution T(r) and
the Nusselt number NuD.
8.19 Superimposing a control volume that is differential in x
on the tube flow conditions of Figure 8.8, derive Equation 8.45a.
8.20 An experimental nuclear core simulation apparatus consists of a long thin-walled metallic tube of diameter D
and length L, which is electrically heated to produce the
sinusoidal heat flux distribution
qs(x)  qo sin

xL

where x is the distance measured from the tube inlet.
Fluid at an inlet temperature Tm,i flows through the tube
at a rate of ṁ. Assuming the flow is turbulent and fully
developed over the entire length of the tube, develop
expressions for:
(a) the total rate of heat transfer, q, from the tube to the
fluid;
(b) the fluid outlet temperature, Tm,o;
(c) the axial distribution of the wall temperature, Ts(x);
and
(d) the magnitude and position of the highest wall
temperature.
(e) Consider a 40-mm-diameter tube of 4-m length
with a sinusoidal heat flux distribution for which
qo  10,000 W/m2. Fluid passing through the tube

has a flow rate of 0.025 kg/s, a specific heat of
4180 J/kg  K, an entrance temperature of 25°C,
and a convection coefficient of 1000 W/m2  K.
Plot the mean fluid and surface temperatures as a
function of distance along the tube. Identify important features of the distributions. Explore the effect
of 25% changes in the convection coefficient and
the heat flux on the distributions.
8.21 Water at 20C and a flow rate of 0.1 kg/s enters a
heated, thin-walled tube with a diameter of 15 mm and
length of 2 m. The wall heat flux provided by the heating elements depends on the wall temperature according to the relation
qs (x)  qs,o [1  (Ts  Tref)]
where qs,o  104 W/m2,  0.2 K1, Tref  20°C, and
Ts is the wall temperature in C. Assume fully developed flow and thermal conditions with a convection
coefficient of 3000 W/m2  K.
(a) Beginning with a properly defined differential control
volume in the tube, derive expressions for the variation of the water, Tm(x), and the wall, Ts(x), temperatures as a function of distance from the tube inlet.
(b) Using a numerical integration scheme, calculate
and plot the temperature distributions, Tm(x) and
Ts(x), on the same graph. Identify and comment on
the main features of the distributions. Hint: The
IHT integral function DER(Tm,x) can be used to
perform the integration along the length of the tube.
(c) Calculate the total rate of heat transfer to the water.

Heat Transfer Correlations: Circular Tubes
8.22 Engine oil is heated by flowing through a circular tube
of diameter D  50 mm and length L  25 m and
whose surface is maintained at 150°C.
(a) If the flow rate and inlet temperature of the oil are
0.5 kg/s and 20°C, what is the outlet temperature
Tm,o? What is the total heat transfer rate q for the
tube?
(b) For flow rates in the range 0.5  ṁ  2.0 kg/s,
compute and plot the variations of Tm,o and q with
ṁ. For what flow rate(s) are q and Tm,o maximized?
Explain your results.
8.23 Engine oil flows through a 25-mm-diameter tube at a
rate of 0.5 kg/s. The oil enters the tube at a temperature
of 25°C, while the tube surface temperature is maintained at 100°C.
(a) Determine the oil outlet temperature for a 5-m and
for a 100-m long tube. For each case, compare the
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log mean temperature difference to the arithmetic
mean temperature difference.
(b) For 5  L  100 m, compute and plot the average
Nusselt number NuD and the oil outlet temperature
as a function of L.
8.24 An oil preheater consists of a single tube of 10 mm
diameter and 5 m length, with its surface maintained at
175C by swirling combustion gases. The engine oil
(new) enters at 75C. What flow rate must be supplied to
maintain an oil outlet temperature of 100C ? What is
the corresponding heat transfer rate ?

mean inlet temperature, Th,i, and specific heat, cp,h, of
the hot fluid are known, as are the initial temperature,
Tc,i  Th,i, the volume, Vc, mass density, c, and specific
heat, cv,c, of the pharmaceutical. Heat transfer from the
hot fluid to the pharmaceutical is governed by an overall heat transfer coefficient U.
Hot fluid
•

mh, Th,i

Th,o (t)

Coiled tubing

8.25 Engine oil flows at a rate of 1 kg/s through a 5-mmdiameter straight tube. The oil has an inlet temperature
of 45C and it is desired to heat the oil to a mean temperature of 80C at the exit of the tube. The surface of
the tube is maintained at 150C. Determine the required
length of the tube. Hint: Calculate the Reynolds numbers at the entrance and exit of the tube before proceeding with your analysis.
8.26 Ethylene glycol flows at 0.01 kg/s through a 3-mmdiameter, thin-walled tube. The tube is coiled and submerged in a well-stirred water bath maintained at 25°C.
If the fluid enters the tube at 85°C, what heat rate and
tube length are required for the fluid to leave at 35°C?
Neglect heat transfer enhancement associated with the
coiling.
8.27 In the final stages of production, a pharmaceutical is
sterilized by heating it from 25 to 75°C as it moves at
0.2 m/s through a straight thin-walled stainless steel tube
of 12.7-mm diameter. A uniform heat flux is maintained
by an electric resistance heater wrapped around the outer
surface of the tube. If the tube is 10 m long, what is the
required heat flux? If fluid enters the tube with a fully
developed velocity profile and a uniform temperature
profile, what is the surface temperature at the tube exit
and at a distance of 0.5 m from the entrance? Fluid properties may be approximated as   1000 kg/m3, cp 
4000 J/kg  K,   2  103 kg/s  m, k  0.8 W/m  K,
and Pr  10.
8.28 Batch processes are often used in chemical and pharmaceutical operations to achieve a desired chemical composition for the final product. Related heat transfer
processes are typically transient, involving a liquid of
fixed volume that may be heated from room temperature to a desired process temperature, or cooled from
the process temperature to room temperature. Consider
a batch process for which a pharmaceutical (the cold
fluid, c) is poured into an insulated, highly agitated vessel (a stirred reactor) and heated by passing a hot fluid
(h) through a submerged heat exchanger coil of thinwalled tubing and surface area As. The flow rate, ṁh ,

Pharmaceutical
Tc(t)
Containment vessel
Insulation

(a) Starting from basic principles, derive expressions
that can be used to determine the variation of Tc
and Th,o with time during the heating process. Hint:
Two equations may be written for the rate of heat
transfer, q(t), to the pharmaceutical, one based on
the log-mean temperature difference and the other
on an energy balance for flow of the hot fluid
through the tube. Equate these expressions to
determine Th,o(t) as a function of Tc(t) and prescribed parameters. Use the expression for Th,o(t)
and the energy balance for flow through the tube
with an energy balance for a control volume containing the pharmaceutical to obtain an expression
for Tc(t).
(b) Consider a pharmaceutical of volume Vc  1 m3,
density c  1100 kg/m3, specific heat cv,c 
2000 J/kg  K, and an initial temperature of
Tc,i  25C. A coiled tube of length L  40 m, diameter D  50 mm, and coil diameter C  500 mm is
submerged in the vessel, and hot fluid enters the
tubing at Th,i  200°C and ṁh  2.4 kg/s. The convection coefficient at the outer surface of the tubing
may be approximated as ho  1000 W/m2  K , and
the fluid properties are cp,h  2500 J/kg  K, h 
0.002 N  s/m2, kh  0.260 W/m  K , and Prh  20.
For the foregoing conditions, compute and plot the
pharmaceutical temperature Tc and the outlet temperature Th,o as a function of time over the range
0  t  3600 s. How long does it take to reach a
batch temperature of Tc  160C? The process
operator may control the heating time by varying
ṁh . For 1  ṁh  5 kg/s, explore the effect of the
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flow rate on the time tc required to reach a value of
Tc  160C.
8.29 The mold that is used in an injection molding process is
constructed of metal (  7800 kg/m3, c  450 J/kg  K).
The mold, to be heated to 190C prior to injection of the
thermoplastic material, must be subsequently cooled
before ejection of the finished part. Pressurized water at
30C is available for cooling. The mold has dimensions
50 mm  100 mm  40 mm and the mold designer
must specify inclusion of N cooling passages, of diameter 5 mm, to be machined into the mold. If one passage
can be placed every 10 mm along the length or width of
the mold, the designer can therefore specify either five
100-mm-long passages or ten 50-mm-long passages.
The total mass flow rate of water, divided equally
among the channels, is 0.02 kg/s. Which configuration
(N  5 long passages or N  10 short passages) should
the mold designer specify in order to cool the mold
faster and, in turn, increase the number of parts that can
be manufactured daily? What is the initial rate of cooling of the mold (C/s)? The velocity profile in each
channel is fully developed prior to entering the hot
mold. Neglect the mass of the thermoplastic part.
8.30 The evaporator section of a heat pump is installed in a
large tank of water, which is used as a heat source during the winter. As energy is extracted from the water, it
begins to freeze, creating an ice/water bath at 0°C,
which may be used for air conditioning during the summer. Consider summer cooling conditions for which air
is passed through an array of copper tubes, each of
inside diameter D  50 mm, submerged in the bath.
(a) If air enters each tube at a mean temperature of
Tm,i  24°C and a flow rate of ṁ  0.01 kg/s, what
tube length L is needed to provide an exit temperature of Tm,o  14°C? With 10 tubes passing through
a tank of total volume V  10 m3, which initially
contains 80% ice by volume, how long would it take
to completely melt the ice? The density and latent
heat of fusion of ice are 920 kg/m3 and 3.34 
105 J/kg, respectively.
(b) The air outlet temperature may be regulated by
adjusting the tube mass flow rate. For the tube
length determined in part (a), compute and plot Tm,o
as a function of ṁ for 0.005  ṁ  0.05 kg/s. If
the dwelling cooled by this system requires approximately 0.05 kg/s of air at 16°C, what design and
operating conditions should be prescribed for the
system?
8.31 To cool a summer home without using a vaporcompression refrigeration cycle, air is routed through
a plastic pipe (k  0.15 W/m  K, Di  0.15 m, Do 

0.17 m) that is submerged in an adjoining body of water.
The water temperature is nominally at T  17C, and a
convection coefficient of ho  1500 W/m2  K is maintained at the outer surface of the pipe.

Air
•

Tm,i, ∀i

Tm,o
Plastic pipe
k, Di, Do

Water, T∞

ho

L

If air from the home enters the pipe at a temperature of
Tm,i  29°C and a volumetric flow rate of Vi 
0.025 m3 /s, what pipe length L is needed to provide a
discharge temperature of Tm,o  21°C? What is the fan
power required to move the air through this length of
pipe if its inner surface is smooth?
8.32 Water flowing at 2 kg/s through a 40-mm-diameter tube
is to be heated from 25 to 75°C by maintaining the tube
surface temperature at 100°C.
(a) What is the required tube length for these conditions?
(b) In order to design a water heating system, we wish
to consider using tube diameters in the range from
30 to 50 mm. What are the required tube lengths
for water flow rates of 1, 2, and 3 kg/s? Represent
this design information graphically.
(c) Plot the pressure gradient as a function of tube
diameter for the three flow rates. Assume the tube
wall is smooth.
8.33 Consider the conditions associated with the hot water
pipe of Problem 7.56, but now account for the convection resistance associated with water flow at a mean
velocity of um  0.5 m/s in the pipe. What is the corresponding daily cost of heat loss per meter of the uninsulated pipe?
8.34 A thick-walled, stainless steel (AISI 316) pipe of inside
and outside diameters Di  20 mm and Do  40 mm is
heated electrically to provide a uniform heat generation
rate of q̇  106 W/m3. The outer surface of the pipe is
insulated, while water flows through the pipe at a rate of
ṁ  0.1 kg/s.
(a) If the water inlet temperature is Tm,i  20°C and the
desired outlet temperature is Tm,o  40°C, what is
the required pipe length?
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(b) What are the location and value of the maximum
pipe temperature?

Insulation

8.35 Consider the encased pipe of Problem 4.29, but now
allow for the difference between the mean temperature
of the fluid, which changes along the pipe length, and
that of the pipe.
(a) For the prescribed values of k, D, w, h, and T  and a
pipe of length L  100 m, what is the outlet temperature Tm,o of water that enters the pipe at a temperature
of Tm,i  90C and a flow rate of ṁ  2 kg/s?
(b) What is the pressure drop of the water and the corresponding pump power requirement?
(c) Subject to the constraint that the width of the duct is
fixed at w  0.30 m, explore the effects of the flow
rate and the pipe diameter on the outlet temperature.
8.36 Water flows through a thick-walled tube with an inner
diameter of 12 mm and a length of 8 m. The tube is
immersed in a well-stirred, hot reaction tank maintained
at 85C, and the conduction resistance of the tube wall
(based on the inner surface area) is Rcd  0.002 m2 
K/W. The inlet temperature of the process fluid is
Tm,i  20C, and the flow rate is 33 kg/h.
(a) Estimate the outlet temperature of the process fluid,
Tm,o. Assume, and then justify, fully developed flow
and thermal conditions within the tube.
(b) Do you expect Tm,o to increase or decrease if combined thermal and hydrodynamic entry conditions
exist within the tube? Estimate the outlet temperature of the water for this condition.
8.37 Atmospheric air enters a 10-m-long, 150-mm-diameter
uninsulated heating duct at 60°C and 0.04 kg/s. The
duct surface temperature is approximately constant at
Ts  15°C.
(a) What are the outlet air temperature, the heat rate q,
and pressure drop p for these conditions?
(b) To illustrate the tradeoff between heat transfer rate
and pressure drop considerations, calculate q and
p for diameters in the range from 0.1 to 0.2 m. In
your analysis, maintain the total surface area, As 
DL, at the value computed for part (a). Plot q, p,
and L as a function of the duct diameter.
8.38 An air heater for an industrial application consists of an
insulated, concentric tube annulus, for which air flows
through a thin-walled inner tube. Saturated steam flows
through the outer annulus, and condensation of the
steam maintains a uniform temperature Ts on the tube
surface.

Tm,o, po

Do
Di
Ts

L

Air
•

m, Tm,i, pi
Saturated
steam, psat

Consider conditions for which air enters a 50-mmdiameter tube at a pressure of 5 atm, a temperature of
Tm,i  17C, and a flow rate of ṁ  0.03 kg/s, while saturated steam at 2.455 bars condenses on the outer surface of the tube. If the length of the annulus is L  5 m,
what are the outlet temperature Tm,o and pressure po of
the air? What is the mass rate at which condensate
leaves the annulus?
8.39 The products of combustion from a burner are routed to
an industrial application through a thin-walled metallic
duct of diameter Di  1 m and length L  100 m. The gas
enters the duct at atmospheric pressure and a mean temperature and velocity of Tm,i  1600 K and um,i  10 m/s,
respectively. It must exit the duct at a temperature that is
no less than Tm,o  1400 K. What is the minimum thickness of an alumina-silica insulation (kins  0.125 W/m 
K) needed to meet the outlet requirement under worst case
conditions for which the duct is exposed to ambient air at
T  250 K and a cross-flow velocity of V  15 m/s? The
properties of the gas may be approximated as those of air,
and as a first estimate, the effect of the insulation thickness on the convection coefficient and thermal resistance
associated with the cross flow may be neglected.
8.40 Liquid mercury at 0.5 kg/s is to be heated from 300 to
400 K by passing it through a 50-mm-diameter tube
whose surface is maintained at 450 K. Calculate the
required tube length by using an appropriate liquid metal
convection heat transfer correlation. Compare your result
with that which would have been obtained by using a
correlation appropriate for Pr  0.7.
8.41 The surface of a 50-mm-diameter, thin-walled tube is
maintained at 100°C. In one case air is in cross flow
over the tube with a temperature of 25°C and a velocity
of 30 m/s. In another case air is in fully developed flow
through the tube with a temperature of 25°C and a mean
velocity of 30 m/s. Compare the heat flux from the tube
to the air for the two cases.
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8.42 Cooling water flows through the 25.4-mm-diameter
thin-walled tubes of a steam condenser at 1 m/s, and a
surface temperature of 350 K is maintained by the condensing steam. The water inlet temperature is 290 K,
and the tubes are 5 m long.
(a) What is the water outlet temperature? Evaluate water
properties at an assumed average mean temperature,
T m  300 K.
(b) Was the assumed value for T m reasonable? If not,
repeat the calculation using properties evaluated at
a more appropriate temperature.
(c) A range of tube lengths from 4 to 7 m is available
to the engineer designing this condenser. Generate
a plot to show what coolant mean velocities are
possible if the water outlet temperature is to remain
at the value found for part (b). All other conditions
remain the same.
8.43 The air passage for cooling a gas turbine vane can be
approximated as a tube of 3-mm diameter and 75-mm
length. The operating temperature of the vane is 650°C,
and air enters the tube at 427°C.
(a) For an air flow rate of 0.18 kg/h, calculate the air
outlet temperature and the heat removed from the
vane.
(b) Generate a plot of the air outlet temperature as a
function of flow rate for 0.1  ṁ  0.6 kg/h.
Compare this result with those for vanes having
2- and 4-mm-diameter tubes, with all other conditions remaining the same.
8.44 The core of a high-temperature, gas-cooled nuclear
reactor has coolant tubes of 20-mm diameter and 780mm length. Helium enters at 600 K and exits at 1000 K
when the flow rate is 8  103 kg/s per tube.
(a) Determine the uniform tube wall surface temperature for these conditions.
(b) If the coolant gas is air, determine the required flow
rate if the heat removal rate and tube wall surface
temperature remain the same. What is the outlet
temperature of the air?
8.45 Air at 200 kPa enters a 2-m-long, thin-walled tube of
25-mm diameter at 150°C and 6 m/s. Steam at 20 bars
condenses on the outer surface.
(a) Determine the outlet temperature and pressure drop
of the air, as well as the rate of heat transfer to the air.
(b) Calculate the parameters of part (a) if the pressure
of the air is doubled.
8.46 Heated air required for a food-drying process is generated by passing ambient air at 20°C through long, circular tubes (D  50 mm, L  5 m) housed in a steam

condenser. Saturated steam at atmospheric pressure condenses on the outer surface of the tubes, maintaining a
uniform surface temperature of 100°C.
(a) If an air flow rate of 0.01 kg/s is maintained in each
tube, determine the air outlet temperature Tm,o and
the total heat rate q for the tube.
(b) The air outlet temperature may be controlled by
adjusting the tube mass flow rate. Compute and plot
Tm,o as a function of ṁ for 0.005  ṁ  0.050 kg/s.
If a particular drying process requires approximately
1 kg/s of air at 75°C, what design and operating conditions should be prescribed for the air heater, subject to the constraint that the tube diameter and
length be fixed at 50 mm and 5 m, respectively?
8.47 Consider a horizontal, thin-walled circular tube of
diameter D  0.025 m submerged in a container of
n-octadecane (paraffin), which is used to store thermal
energy. As hot water flows through the tube, heat is transferred to the paraffin, converting it from the solid to liquid state at the phase change temperature of T 
27.4°C. The latent heat of fusion and density of paraffin
are hsƒ  244 kJ/kg and   770 kg/m3, respectively, and
thermophysical properties of the water may be taken as
cp  4.185 kJ/kg  K, k  0.653 W/m  K,   467 
106 kg/s  m, and Pr  2.99.

H

D
Paraffin

L=3m

Water

W

(a) Assuming the tube surface to have a uniform temperature corresponding to that of the phase change,
determine the water outlet temperature and total
heat transfer rate for a water flow rate of 0.1 kg/s
and an inlet temperature of 60°C. If H  W 
0.25 m, how long would it take to completely liquefy
the paraffin, from an initial state for which all the
paraffin is solid and at 27.4°C?
(b) The liquefaction process can be accelerated by
increasing the flow rate of the water. Compute and
plot the heat rate and outlet temperature as a function of flow rate for 0.1  ṁ  0.5 kg/s. How long
would it take to melt the paraffin for ṁ  0.5 kg/s?
8.48 A common procedure for cooling a high-performance
computer chip involves joining the chip to a heat sink
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within which circular microchannels are machined.
During operation, the chip produces a uniform heat flux
q c at its interface with the heat sink, while a liquid
coolant (water) is routed through the channels. Consider
a square chip and heat sink, each L  L on a side, with
microchannels of diameter D and pitch S  C1D, where
the constant C1 is greater than unity. Water is supplied
at an inlet temperature Tm, i and a total mass flow rate ṁ
(for the entire heat sink).

then dissipated by transfer to water flowing through
passages drilled in the plates. Because the plates are
made from a metal of large thermal conductivity (typically aluminium or copper), they may be assumed to be
at a temperature, Ts,cp.
Water

Coolant passages

D = 10 mm, N = 10

Tm,i = 7°C
•
m1 = 0.2 kg/s

W = 350 mm

Chip

L

Cold plate
Ts,cp = 32°C

L

H = 750 mm

Solder
joint

Air

L = 600 mm
Water

m•, Tm, i

x

Microchannel
heat sink

p = 1 atm, T∞ = 7°C
u∞ = 10 m/s

q"c

q"s

D

S = C1 D

(a) Assuming that qc is dispersed in the heat sink such
that a uniform heat flux qs is maintained at the surface of each channel, obtain expressions for the
longitudinal distributions of the mean fluid, Tm(x),
and surface, Ts(x), temperatures in each channel.
Assume laminar, fully developed flow throughout
each channel, and express your results in terms of
ṁ, qc , C1, D, and/or L, as well as appropriate thermophysical properties.
(b) For L  12 mm, D  1 mm, C1  2, qc  20
W/cm2, ṁ  0.010 kg/s, and Tm,i  290 K, compute
and plot the temperature distributions Tm(x) and Ts(x).
(c) A common objective in designing such heat sinks
is to maximize qc while maintaining the heat sink
at an acceptable temperature. Subject to prescribed
values of L  12 mm and Tm,i  290 K and the
constraint that Ts,max  50°C, explore the effect on
qc of variations in heat sink design and operating
conditions.
8.49 One way to cool chips mounted on the circuit boards
of a computer is to encapsulate the boards in metal
frames that provide efficient pathways for conduction to
supporting cold plates. Heat generated by the chips is

Circuit board frames
Ts,cb = 47°C, Ncb = 10

(a) Consider circuit boards attached to cold plates of
height H  750 mm and width L  600 mm, each
with N  10 holes of diameter D  10 mm. If operating conditions maintain plate temperatures of
Ts,cp  32C with water flow at ṁ 1  0.2 kg/s per
passage and Tm,i  7C, how much heat may be dissipated by the circuit boards?
(b) To enhance cooling, thereby allowing increased
power generation without an attendant increase in
system temperatures, a hybrid cooling scheme may
be used. The scheme involves forced air flow over
the encapsulated circuit boards, as well as water
flow through the cold plates. Consider conditions
for which Ncb  10 circuit boards of width
W  350 mm are attached to the cold plates and
their average surface temperature is Ts,cb  47C
when Ts,cp  32C. If air is in parallel flow over the
plates with u  10 m/s and T  7°C, how much
of the heat generated by the circuit boards is transferred to the air?
8.50 Refrigerant-134a is being transported at 0.1 kg/s
through a Teflon tube of inside diameter Di  25 mm
and outside diameter Do  28 mm, while atmospheric
air at V  25 m/s and 300 K is in cross flow over the
tube. What is the heat transfer per unit length of tube to
Refrigerant-134a at 240 K?
8.51 Oil at 150°C flows slowly through a long, thin-walled
pipe of 30-mm inner diameter. The pipe is suspended
in a room for which the air temperature is 20°C and
the convection coefficient at the outer tube surface is 11
W/m2  K. Estimate the heat loss per unit length of tube.
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8.52 Exhaust gases from a wire processing oven are discharged into a tall stack, and the gas and stack surface
temperatures at the outlet of the stack must be estimated. Knowledge of the outlet gas temperature Tm,o is
useful for predicting the dispersion of effluents in the
thermal plume, while knowledge of the outlet stack surface temperature Ts,o indicates whether condensation of
the gas products will occur. The thin-walled, cylindrical
stack is 0.5 m in diameter and 6.0 m high. The exhaust
gas flow rate is 0.5 kg/s, and the inlet temperature is
600°C.

  1079 kg/m3, cp  2637 J/kg  K,   0.0034 N 
s/m2, and k  0.261 W/m  K.
Tube, D = 10 mm,
L=1m
Coolant

T∞ = 25°C

Hot fluid

Tm,o = 78°C

Tm,i = 85°C
m• = 18 kg/h

Thermal plume
Outlet
Diameter,
0.5 m
Stack

Height, 6 m
Building

Stack base
Inlet

Oven

Oven exhaust gases

8.54 Consider a thin-walled tube of 10-mm diameter and
2-m length. Water enters the tube from a large reservoir
at ṁ  0.2 kg/s and Tm,i  47°C.
(a) If the tube surface is maintained at a uniform temperature of 27°C, what is the outlet temperature of the
water, Tm,o? To obtain the properties of water, assume
an average mean temperature of T m  300 K.
(b) What is the exit temperature of the water if it is
heated by passing air at T  100°C and V 
10 m/s in cross flow over the tube? The properties
of air may be evaluated at an assumed film temperature of Tƒ  350 K.
(c) In the foregoing calculations, were the assumed values of T m and Tƒ appropriate? If not, use properly
evaluated properties and recompute Tm,o for the conditions of part (b).

(a) Consider conditions for which the ambient air temperature and wind velocity are 4°C and 5 m/s,
respectively. Approximating the thermophysical
properties of the gas as those of atmospheric air, estimate the outlet gas and stack surface temperatures
for the given conditions.

8.55 Water at a flow rate of ṁ  0.215 kg/s is cooled from
70°C to 30°C by passing it through a thin-walled tube
of diameter D  50 mm and maintaining a coolant at
T  15°C in cross flow over the tube.

(b) The gas outlet temperature is sensitive to variations
in the ambient air temperature and wind velocity.
For T  25°C, 5°C, and 35°C, compute and plot
the gas outlet temperature as a function of wind
velocity for 2  V  10 m/s.

(b) What is the tube length if the coolant is water and
V  2 m/s?

8.53 A hot fluid passes through a thin-walled tube of 10-mm
diameter and 1-m length, and a coolant at T  25°C
is in cross flow over the tube. When the flow rate is
ṁ  18 kg/h and the inlet temperature is Tm,i  85°C,
the outlet temperature is Tm,o  78°C.
Assuming fully developed flow and thermal conditions in the tube, determine the outlet temperature,
Tm,o, if the flow rate is increased by a factor of 2. That
is, ṁ  36 kg/h, with all other conditions the same.
The thermophysical properties of the hot fluid are

(a) What is the required tube length if the coolant is air
and its velocity is V  20 m/s?

8.56 Consider a thin-walled, metallic tube of length L  1 m
and inside diameter Di  3 mm. Water enters the tube
at ṁ  0.015 kg/s and Tm,i  97°C.
(a) What is the outlet temperature of the water if the
tube surface temperature is maintained at 27°C?
(b) If a 0.5-mm-thick layer of insulation of k  0.05
W/m  K is applied to the tube and its outer surface
is maintained at 27°C, what is the outlet temperature of the water?
(c) If the outer surface of the insulation is no longer
maintained at 27°C but is allowed to exchange heat
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by free convection with ambient air at 27°C, what
is the outlet temperature of the water? The free
convection heat transfer coefficient is 5 W/m2  K.
8.57 A thick-walled steel pipe (k  60 W/m  K) carrying
hot water is cooled externally by a cross-flow airstream
at a velocity of 20 m/s and a temperature of 25°C. The
inner and outer diameters of the pipe are Di  20 mm
and Do  25 mm, respectively. At a certain location
along the pipe, the mean temperature of the water is
80°C. Assuming the flow inside the tube is fully developed with a Reynolds number of 20,000, find the heat
transfer rate to the airstream per unit pipe length.
8.58 Heat is to be removed from a reaction vessel operating at
75°C by supplying water at 27°C and 0.12 kg/s through a
thin-walled tube of 15-mm diameter. The convection
coefficient between the tube outer surface and the fluid in
the vessel is 3000 W/m2  K.
(a) If the outlet water temperature cannot exceed 47°C,
what is the maximum rate of heat transfer from the
vessel?
(b) What tube length is required to accomplish the heat
transfer rate of part (a)?
8.59 A heating contractor must heat 0.2 kg/s of water from
15°C to 35°C using hot gases in cross flow over a thinwalled tube.
Hot gases

D = 20, 30, or 40 mm

T∞ = 250 to 500°C
Tm,o = 35°C

L = 3, 4, or 6 m
Water

m• = 0.2 kg/s
Tm,i = 15°C

Your assignment is to develop a series of design
graphs that can be used to demonstrate acceptable
combinations of tube dimensions (D and L) and of hot
gas conditions (T and V) that satisfy this requirement. In your analysis, consider the following parameter ranges: D  20, 30, or 40 mm; L  3, 4, or 6 m;
T  250, 375, or 500°C; and 20  V  40 m/s.
8.60 A thin-walled tube with a diameter of 6 mm and length
of 20 m is used to carry exhaust gas from a smoke stack
to the laboratory in a nearby building for analysis. The
gas enters the tube at 200°C and with a mass flow rate

of 0.003 kg/s. Autumn winds at a temperature of 15°C
blow directly across the tube at a velocity of 5 m/s.
Assume the thermophysical properties of the exhaust
gas are those of air.
(a) Estimate the average heat transfer coefficient for
the exhaust gas flowing inside the tube.
(b) Estimate the heat transfer coefficient for the air
flowing across the outside of the tube.
(c) Estimate the overall heat transfer coefficient U and
the temperature of the exhaust gas when it reaches
the laboratory.
8.61 A 50-mm-diameter, thin-walled metal pipe covered with
a 25-mm-thick layer of insulation (0.085 W/m  K) and
carrying superheated steam at atmospheric pressure is
suspended from the ceiling of a large room. The steam
temperature entering the pipe is 120°C, and the air temperature is 20°C. The convection heat transfer coefficient
on the outer surface of the covered pipe is 10 W/m2  K.
If the velocity of the steam is 10 m/s, at what point along
the pipe will the steam begin condensing?
8.62 A thin-walled, uninsulated 0.3-m-diameter duct is used
to route chilled air at 0.05 kg/s through the attic of a
large commercial building. The attic air is at 37°C, and
natural circulation provides a convection coefficient of
2 W/m2  K at the outer surface of the duct. If chilled air
enters a 15-m-long duct at 7°C, what is its exit temperature and the rate of heat gain? Properties of the chilled
air may be evaluated at an assumed average temperature of 300 K.
8.63 The problem of heat losses from a fluid moving through
a buried pipeline has received considerable attention.
Practical applications include the trans-Alaska pipeline,
as well as power plant steam and water distribution
lines. Consider a steel pipe of diameter D that is used to
transport oil flowing at a rate ṁo through a cold region.
The pipe is covered with a layer of insulation of thickness t and thermal conductivity ki and is buried in soil to
a depth z (distance from the soil surface to the pipe centerline). Each section of pipe is of length L and extends
between pumping stations in which the oil is heated
to ensure low viscosity and hence low pump power
requirements. The temperature of the oil entering the
pipe from a pumping station and the temperature of the
ground above the pipe are designated as Tm,i and Ts,
respectively, and are known.
Consider conditions for which the oil (o) properties
may be approximated as o  900 kg/m3, cp,o  2000
J/kg  K, o  8.5  104 m2/s, ko  0.140 W/m  K,
Pro  104; the oil flow rate is ṁo  500 kg/s; and the
pipe diameter is 1.2 m.
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(a) Expressing your results in terms of D, L, z, t, ṁo,
Tm,i, and Ts, as well as the appropriate oil (o), insulation (i), and soil (s) properties, obtain all the
expressions needed to estimate the temperature Tm,o
of the oil leaving the pipe.
(b) If Ts  40°C, Tm,i  120°C, t  0.15 m, ki 
0.05 W/m  K, ks  0.5 W/m  K, z  3 m, and
L  100 km, what is the value of Tm,o? What is the
total rate of heat transfer q from a section of the
pipeline?
(c) The operations manager wants to know the tradeoff
between the burial depth of the pipe and insulation
thickness on the heat loss from the pipe. Develop a
graphical representation of this design information.
8.64 In order to maintain pump power requirements per unit
flow rate below an acceptable level, operation of the oil
pipeline of the preceding problem is subject to the constraint that the oil exit temperature Tm,o exceed 110°C.
For the values of Tm,i, Ts, D, ti, z, L, and ki prescribed in
Problem 8.63, operating parameters that are variable
and affect Tm,o are the thermal conductivity of the soil
and the flow rate of the oil. Depending on soil composition and moisture and the demand for oil, representative variations are 0.25  ks  1.0 W/m  K and 250 
ṁo  500 kg/s. Using the properties prescribed in
Problem 8.63, determine the effect of the foregoing
variations on Tm,o and the total heat rate q. What is the
worst case operating condition? If necessary, what
adjustments could be made to ensure that Tm,o  110°C
for the worst case conditions?
8.65 You are designing an operating room heat exchange
device to cool blood (bypassed from a patient) from 40
to 30°C by passing the fluid through a coiled tube sitting
in a vat of water–ice mixture. The volumetric flow rate
( ˙ ) is 104 m3/min; the tube diameter (D) is 2.5 mm;
and Tm,i and Tm,o represent the inlet and outlet temperatures of the blood. Neglect heat transfer enhancement
associated with the coiling.
(a) At what temperature would you evaluate the fluid
properties in determining h for the entire tube length?
(b) If the properties of blood evaluated at the temperature for part (a) are   1000 kg/m3,   7  107
m2/s, k  0.5 W/m  K, and cp  4.0 kJ/kg  K, what
is the Prandtl number for the blood?
(c) Is the blood flow laminar or turbulent?
(d) Neglecting all entrance effects and assuming fully
developed conditions, calculate the value of h for
heat transfer from the blood.
(e) What is the total heat rate loss from the blood as it
passes through the tube?

545
(f) When free convection effects on the outside of the
tube are included, the average overall heat transfer
coefficient U between the blood and the ice–water
mixture can be approximated as 300 W/m2  K.
Determine the tube length L required to obtain the
outlet temperature Tm,o.
8.66 Pressurized water at Tm,i  200°C is pumped at ṁ  2
kg/s from a power plant to a nearby industrial user
through a thin-walled, round pipe of inside diameter
D  1 m. The pipe is covered with a layer of insulation
of thickness t  0.15 m and thermal conductivity k 
0.05 W/m  K. The pipe, which is of length L  500 m,
is exposed to a cross flow of air at T  10°C and
V  4 m/s. Obtain a differential equation that could be
used to solve for the variation of the mixed mean temperature of the water Tm(x) with the axial coordinate. As
a first approximation, the internal flow may be assumed
to be fully developed throughout the pipe. Express your
results in terms of ṁ, V, T , D, t, k, and appropriate
water (w) and air (a) properties. Evaluate the heat loss
per unit length of the pipe at the inlet. What is the mean
temperature of the water at the outlet?
8.67 Water at 290 K and 0.2 kg/s flows through a Teflon tube
(k  0.35 W/m  K) of inner and outer radii equal to 10
and 13 mm, respectively. A thin electrical heating tape
wrapped around the outer surface of the tube delivers a
uniform surface heat flux of 2000 W/m2, while a convection coefficient of 25 W/m2  K is maintained on the
outer surface of the tape by ambient air at 300 K. What
is the fraction of the power dissipated by the tape,
which is transferred to the water? What is the outer surface temperature of the Teflon tube?
8.68 The temperature of flue gases flowing through the large
stack of a boiler is measured by means of a thermocouple enclosed within a cylindrical tube as shown. The
tube axis is oriented normal to the gas flow, and the thermocouple senses a temperature Tt corresponding to that
of the tube surface. The gas flow rate and temperature are
designated as ṁg and Tg, respectively, and the gas flow
may be assumed to be fully developed. The stack is fabricated from sheet metal that is at a uniform temperature Ts
and is exposed to ambient air at T and large surroundings at Tsur. The convection coefficient associated with
the outer surface of the duct is designated as ho, while
those associated with the inner surface of the duct and the
tube surface are designated as hi and ht, respectively. The
tube and duct surface emissivities are designated as t
and s, respectively.
(a) Neglecting conduction losses along the thermocouple tube, develop an analysis that could be used
to predict the error (Tg  Tt) in the temperature
measurement.
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Stack
Surroundings

Ds
Dt

Thermocouple
tube

Tt, ε t
ht

Ambient
air, T∞

Tsur

Ts, εs
hi ho

8.70 Ground source heat pumps operate by using a liquid,
rather than ambient air, as the heat source (or sink) for
winter heating (or summer cooling). The liquid flows in
a closed loop through plastic tubing that is buried at a
depth for which annual variations in the temperature of
the soil are much less than those of the ambient air. For
example, at a location such as South Bend, Indiana,
deep-ground temperatures may remain at approximately 11°C, while annual excursions in the ambient
air temperature may range from 25°C to 37°C.

Flue gas

m• g, Tg

(b) Assuming the flue gas to have the properties of
atmospheric air, evaluate the error for Tt  300°C,
Ds  0.6 m, Dt  10 mm, ṁg  1 kg/s, T  Tsur 
27°C, t  s  0.8, and ho  25 W/m2  K.
8.69 In a biomedical supplies manufacturing process, a
requirement exists for a large platen that is to be maintained at 45  0.25°C. The proposed design features
the attachment of heating tubes to the platen at a relative spacing S. The thick-walled, copper tubes have an
inner diameter of Di  8 mm and are attached to the
platen with a high thermal conductivity solder, which
provides a contact width of 2Di. The heating fluid (ethylene glycol) flows through each tube at a fixed rate of
ṁ  0.06 kg/s. The platen has a thickness of w 
25 mm and is fabricated from a stainless steel with a
thermal conductivity of 15 W/m  K.
T∞, h
y

T (x, w)

Platen

w

2Di

x

Solder
Insulation
Air

Tube

T∞, h

Di

S/2

Platen

Insulation

S

Considering the two-dimensional cross section of the
platen shown in the inset, perform an analysis to determine the heating fluid temperature Tm and the tube
spacing S required to maintain the surface temperature
of the platen, T(x, w), at 45  0.25°C, when the ambient
temperature is 25°C and the convection coefficient is
100 W/m2  K.

Heat
pump

Tm,i

Tm,o

•

m

Polyethylene tubing
(k, t, Di, L)

Consider winter conditions for which the liquid is
discharged from the heat pump into high-density polyethylene tubing of thickness t  8 mm and thermal conductivity k  0.47 W/m  K. The tubing is routed through
soil that maintains a uniform temperature of approximately 10°C at the tube outer surface. The properties of
the fluid may be approximated as those of water.
(a) For a tube inner diameter and flow rate of Di 
25 mm and ṁ  0.03 kg/s and a fluid inlet temperature of Tm,i  0°C, determine the tube outlet temperature (heat pump inlet temperature), Tm,o, as a
function of the tube length L for 10  L  50 m.
(b) Recommend an appropriate length for the system.
How would your recommendation be affected by
variations in the liquid flow rate?
8.71 Compare Nusselt predictions based on the Colburn,
Dittus–Boelter, Sieder and Tate, and Gnielinski correlations for the fully developed turbulent flow of water in a
smooth circular tube at Reynolds numbers of 4000, 104,
and 105 when the average mean temperature is 295 K
and the surface temperature is 305 K.
8.72 For a sharp-edged inlet and a combined entry region,
the average Nusselt number may be computed from
Equation 8.63, with C  24Re D0.23 and m  0.815 
2.08  106ReD [20]. Determine NuD /NuD,fd at x/D 
10 and 60 for ReD  104 and 105.
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8.73 Fluid enters a thin-walled tube of 5-mm diameter and
2-m length with a flow rate of 0.04 kg/s and a temperature of Tm,i  85C. The tube surface is maintained at a
temperature of Ts  25C, and for this operating condition, the outlet temperature is Tm,o  31.1°C. What is the
outlet temperature if the flow rate is doubled? Fully
developed, turbulent flow may be assumed to exist in
both cases, and the fluid properties may be assumed to be
independent of temperature.

8.77 A device that recovers heat from high-temperature
combustion products involves passing the combustion
gas between parallel plates, each of which is maintained
at 350 K by water flow on the opposite surface. The
plate separation is 40 mm, and the gas flow is fully
developed. The gas may be assumed to have the properties of atmospheric air, and its mean temperature and
velocity are 1000 K and 60 m/s, respectively.
(a) What is the heat flux at the plate surface?
(b) If a third plate, 20 mm thick, is suspended midway
between the original plates, what is the surface heat
flux for the original plates? Assume the temperature and flow rate of the gas to be unchanged and
radiation effects to be negligible.

Noncircular Ducts
8.74 Air at 3  104 kg/s and 27°C enters a rectangular duct
that is 1 m long and 4 mm by 16 mm on a side. A uniform heat flux of 600 W/m2 is imposed on the duct surface. What is the temperature of the air and of the duct
surface at the outlet?
8.75 Air at 4  104 kg/s and 27°C enters a triangular duct
that is 20 mm on a side and 2 m long. The duct surface is
maintained at 100°C. Assuming fully developed flow
throughout the duct, determine the air outlet temperature.
6

8.76 Air at 25C flows at 30  10 kg/s within 100-mmlong channels used to cool a high thermal conductivity
metal mold. Assume the flow is hydrodynamically and
thermally fully developed.

8.78 Air at 1 atm and 285 K enters a 2-m-long rectangular
duct with cross section 75 mm by 150 mm. The duct is
maintained at a constant surface temperature of 400 K,
and the air mass flow rate is 0.10 kg/s. Determine the
heat transfer rate from the duct to the air and the air outlet temperature.
8.79 A double-wall heat exchanger is used to transfer heat
between liquids flowing through semicircular copper
tubes. Each tube has a wall thickness of t  3 mm and
an inner radius of ri  20 mm, and good contact is maintained at the plane surfaces by tightly wound straps. The
tube outer surfaces are well insulated.

(a) Determine the heat transferred to the air for a circular channel (D  10 mm) when the mold temperature is 50C (case A).
(b) Using new manufacturing methods (see Problem
8.99), channels of complex cross section can be
readily fabricated within metal objects, such as
molds. Consider air flowing under the same conditions as in case A, except now the channel is segmented into six smaller triangular sections. The
flow area of case A is equal to the total flow area of
case B. Determine the heat transferred to the air for
the segmented channel.
(c) Compare the pressure drops for cases A and B.
Air, Tm,i = 25°C

a

D

Mold, T = 50°C
Case A

Case B

Water t

m• h
ri

Straps

m• c
Water

(a) If hot and cold water at mean temperatures of Th,m 
330 K and Tc,m  290 K flow through the adjoining
tubes at ṁh  ṁc  0.2 kg/s, what is the rate of
heat transfer per unit length of tube? The wall contact resistance is 105 m2  K/W. Approximate the
properties of both the hot and cold water as  
800  106 kg/s  m, k  0.625 W/m  K, and Pr 
5.35. Hint: Heat transfer is enhanced by conduction
through the semicircular portions of the tube walls,
and each portion may be subdivided into two
straight fins with adiabatic tips.
(b) Using the thermal model developed for part (a),
determine the heat transfer rate per unit length
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when the fluids are ethylene glycol. Also, what effect
will fabricating the exchanger from an aluminum
alloy have on the heat rate? Will increasing the thickness of the tube walls have a beneficial effect?
8.80 You have been asked to perform a feasibility study on
the design of a blood warmer to be used during the
transfusion of blood to a patient. This exchanger is to
heat blood taken from the bank at 10°C to 37°C at a
flow rate of 200 ml/min. The blood passes through a
rectangular cross-section tube, 6.4 mm by 1.6 mm,
which is sandwiched between two plates held at a constant temperature of 40°C.
Tube

Plate
at 40°C

Uniform temperature plates
1.6 mm

To minimize corrosion damage to the expensive mold,
it is customary to use a heat transfer fluid such as ethylene glycol, rather than process water. Compare the convection coefficients of water and ethylene glycol for
this application. What is the trade-off between thermal
performance and minimizing corrosion?
8.82 A cold plate is an active cooling device that is attached
to a heat-generating system in order to dissipate the heat
while maintaining the system at an acceptable temperature. It is typically fabricated from a material of high
thermal conductivity, kcp, within which channels are
machined and a coolant is passed. Consider a copper
cold plate of height H and width W on a side, within
which water passes through square channels of width
w  h. The transverse spacing between channels is
twice the spacing between the sidewall of an outer
channel and the sidewall of the cold plate.

6.4 mm

W
W
Front view
(with one plate removed)

Side view

S

(a) Compute the length of the tubing required to
achieve the desired outlet conditions at the specified flow rate. Assume the flow is fully developed
and the blood has the same properties as water.
(b) Assess your assumptions and indicate whether your
analysis over- or underestimates the necessary length.
8.81 A coolant flows through a rectangular channel (gallery)
within the body of a mold used to form metal injection
parts. The gallery dimensions are a  90 mm and b 
9.5 mm, and the fluid flow rate is 1.3  103 m3/s. The
coolant temperature is 15°C, and the mold wall is at an
approximately uniform temperature of 140°C.

a

b

Gallery
coolant, m•

Alloy melt
Mold body

Ts

w
Tube

δ

δ /2

H

Water

um, Tm,i

Ts
h

Copper
cold plate, kcp

Consider conditions for which equivalent heat-generating
systems are attached to the top and bottom of the cold
plate, maintaining the corresponding surfaces at the same
temperature Ts. The mean velocity and inlet temperature
of the coolant are um and Tm,i, respectively.
(a) Assuming fully developed turbulent flow throughout each channel, obtain a system of equations that
may be used to evaluate the total rate of heat transfer to the cold plate, q, and the outlet temperature of
the water, Tm,o, in terms of the specified parameters.
(b) Consider a cold plate of width W  100 mm and
height H  10 mm, with 10 square channels of width
w  6 mm and a spacing of  4 mm between
channels. Water enters the channels at a temperature of Tm,i  300 K and a velocity of um  2 m/s.
If the top and bottom cold plate surfaces are at Ts 
360 K, what is the outlet water temperature and the
total rate of heat transfer to the cold plate? The
thermal conductivity of the copper is 400 W/m  K,
while average properties of the water may be taken
to be   984 kg/m3, cp  4184 J/kg  K,   489 
106 N  s/m2, k  0.65 W/m  K, and Pr  3.15. Is
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this a good cold plate design? How could its performance be improved?
8.83 The cold plate design of Problem 8.82 has not been optimized with respect to selection of the channel width,
and we wish to explore conditions for which the rate of
heat transfer may be enhanced. Assume that the width
and height of the copper cold plate are fixed at W 
100 mm and H  10 mm, while the channel height and
spacing between channels are fixed at h  6 mm and
 4 mm. The mean velocity and inlet temperature of
the water are maintained at um  2 m/s and Tm,i  300 K,
while equivalent heat-generating systems attached to the
top and bottom of the cold plate maintain the corresponding surfaces at 360 K. Evaluate the effect of
changing the channel width, and hence the number of
channels, on the rate of heat transfer to the cold plate.
Include consideration of the limiting case for which
w  96 mm (one channel).
8.84 An electronic circuit board dissipating 50 W is sandwiched between two ducted, forced-air-cooled heat
sinks. The sinks are 150 mm in length and have 24 rectangular passages 6 mm by 25 mm. Atmospheric air at
a volumetric flow rate of 0.060 m3/s and 27°C is drawn
through the sinks by a blower. Estimate the operating
temperature of the board and the pressure drop across
the sinks.
6 mm
Insulating plate

Circuit
board

25 mm

150 mm

Air
passages

material is a high-temperature, high electrical resistivity
alloy, and the electrical power is dissipated as heat by
internal volumetric generation. To cool the blades, a
motor-fan moves high-velocity air through the grid.
Insulated
support
ring
Motor-fan
Current flow
in blades
Resistor
grid

Insulated
support
ring

L = 70 mm

Electrical power
from drive generator
(a)
Fluid

V, T∞ = 25°C

Channel 220 mm x 4 mm
(b)

(a) Treating the space between the blades as a rectangular channel of 220-mm  4-mm cross section
and 70-mm length, estimate the heat removal rate
per blade if the air stream has an inlet temperature
and velocity of 25°C and 50 m/s, respectively,
while the blade has an operating temperature of
600°C.
(b) On a locomotive pulling a 10-car train, there may
be 2000 of these blades. Based on your result from
part (a), how long will it take to slow a train whose
total mass is 106 kg from a speed of 120 km/h to
50 km/h using dynamic electric braking?
8.86 To cool electronic components that are mounted to a
printed circuit board and hermetically sealed from their
surroundings, two boards may be joined to form an
intermediate channel through which the coolant is
passed. Termed a hollow-core PCB, all of the heat generated by the components may be assumed to be transferred to the coolant.
Tm,o

Heat
sinks

H

Air flow

q

8.85 To slow down large prime movers like locomotives, a
process termed dynamic electric braking is used to
switch the traction motor to a generator mode in which
mechanical power from the drive wheels is absorbed
and used to generate electrical current. As shown in the
schematic, the electric power is passed through a resistor grid (a), which consists of an array of metallic
blades electrically connected in series (b). The blade

Encapsulated
electronic component

L
q

Air

•

Tm,i, m
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Consider a hollow-core PCB of length L  300 mm
and equivalent width W (normal to the page). Under
normal operating conditions, 40 W of power are dissipated on each side of the PCB and a uniform distribution of the attendant heat transfer may be assumed for
each of the hollow-core surfaces. If air enters a core of
height H  4 mm at a temperature of Tm,i  20C and a
flow rate of ṁ  0.002 kg/s, what is its outlet temperature Tm,o? What are the surface temperatures at the inlet
and outlet of the core? What are the foregoing temperatures if the flow rate is increased by a factor of five?

how long must the tubes be for the water to achieve an
outlet temperature of 85°C? What is the inner tube surface temperature at the outlet, where fully developed
conditions may be assumed?
8.91 It is common practice to recover waste heat from an oilor gas-fired furnace by using the exhaust gases to preheat the combustion air. A device commonly used for
this purpose consists of a concentric pipe arrangement
for which the exhaust gases are passed through the inner
pipe, while the cooler combustion air flows through an
annular passage around the pipe.

8.87 A printed circuit board (PCB) is cooled by laminar,
fully developed air flow in adjoining, parallel-plate
channels of length L and separation distance a. The
channels may be assumed to be of infinite extent in the
transverse direction, and the upper and lower surfaces
are insulated. The temperature Ts of the PCB board is
uniform, and air flow with an inlet temperature of Tm,i is
driven by a pressure difference, p.
Printed-circuit board, Ts = 65°C
Insulation

Air

Ta,2
Ts,i,2

2

Di
Do
Inner pipe wall

L

a

qi'

Annular passage

Air

Tm,i = 20°C
∆p = 2 N/m2
1

a = 5 mm
L = 150 mm

Calculate the average heat removal rate per unit area
(W/m2) from the PCB.
8.88 Referring to Figure 8.11, consider conditions in an
annulus having an outer surface that is insulated (qo 
0) and a uniform heat flux qi at the inner surface. Fully
developed, laminar flow may be assumed to exist.
(a) Determine the velocity profile u(r) in the annular
region.
(b) Determine the temperature profile T(r) and obtain
an expression for the Nusselt number Nui associated with the inner surface.
8.89 Consider the air heater of Problem 8.38, but now with
air flow through the annulus and steam flow through the
inner tube. For the prescribed conditions and an outer
tube diameter of Do  65 mm, determine the outlet
temperature and pressure of the air, as well as the mass
rate of steam condensation.
8.90 Consider a concentric tube annulus for which the inner
and outer diameters are 25 and 50 mm. Water enters the
annular region at 0.04 kg/s and 25°C. If the inner tube
wall is heated electrically at a rate (per unit length) of
q  4000 W/m, while the outer tube wall is insulated,

Ts,i,1

Ts,o,1
Air

m• a, Ta,1

Furnace exhaust
gases

Consider conditions for which there is a uniform
heat transfer rate per unit length, qi  1.25  105 W/m,
from the exhaust gases to the pipe inner surface, while
air flows through the annular passage at a rate of ṁa  2.1
kg/s. The thin-walled inner pipe is of diameter Di  2 m,
while the outer pipe, which is well insulated from the surroundings, is of diameter Do  2.05 m. The air properties
may be taken to be cp  1030 J/kg  K,   270 
107 N  s/m2, k  0.041 W/m  K, and Pr  0.68.
(a) If air enters at Ta,1  300 K and L  7 m, what is
the air outlet temperature Ta,2?
(b) If the airflow is fully developed throughout the
annular region, what is the temperature of the inner
pipe at the inlet (Ts,i,1) and outlet (Ts,i,2) sections of
the device? What is the outer surface temperature
Ts,o,1 at the inlet?
8.92 A concentric tube arrangement, for which the inner and
outer diameters are 80 mm and 100 mm, respectively, is
used to remove heat from a biochemical reaction occurring
in a 1-m-long settling tank. Heat is generated uniformly
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within the tank at a rate of 105 W/m3, and water is supplied to the annular region at a rate of 0.2 kg/s.

coiled spring along the length of the pipe to disrupt
flow conditions near the inner surface. If such a heat
transfer enhancement scheme is adopted, what is
the attendant value of Tm,o? Use of the insert would
not come without a corresponding increase in the
fan power requirement. What is the power requirement if the friction factor is increased by 50%?

Reaction tank,
•

q = 1 × 105 W/m3,
L=1m

Water

(c) After extended exposure to the water, a thin coating of organic matter forms on the outer surface of
the pipe, and its thermal resistance (for a unit area
  0.050 m2  K/W.
of the outer surface) is Rt,o
What is the corresponding value of Tm,o without
the insert of part (b)?

•

m = 0.2 kg/s

Di = 80 mm

Insulation wrap

Do = 100 mm

(a) Determine the inlet temperature of the supply water
that will maintain an average tank surface temperature of 37°C. Assume fully developed flow and thermal conditions. Is this assumption reasonable?
(b) It is desired to have a slight, axial temperature gradient on the tank surface, since the rate of the biochemical reaction is highly temperature dependent.
Sketch the axial variation of the water and surface
temperatures along the flow direction for the following two cases: (i) the fully developed conditions of
part (a), and (ii) conditions for which entrance
effects are important. Comment on features of the
temperature distributions. What change to the system or operating conditions would you make to
reduce the surface temperature gradient?
8.93

Water at ṁ  0.02 kg/s and Tm,i  20°C enters an annular region formed by an inner tube of diameter Di 
25 mm and an outer tube of diameter Do  100 mm.
Saturated steam flows through the inner tube, maintaining its surface at a uniform temperature of Ts,i  100°C,
while the outer surface of the outer tube is well insulated. If fully developed conditions may be assumed
throughout the annulus, how long must the system be to
provide an outlet water temperature of 75°C? What is
the heat flux from the inner tube at the outlet?

8.94 For the conditions of Problem 8.93, how long must the
annulus be if the water flow rate is 0.30 kg/s instead of
0.02 kg/s?

8.96 Consider sterilization of the pharmaceutical product of
Problem 8.27. To avoid any possibility of heating the
product to an unacceptably high temperature, atmospheric steam is condensed on the exterior of the tube
instead of using the resistance heater, providing a uniform surface temperature, Ts  100C.
(a) For the conditions of Problem 8.27, determine the
required length of straight tube, Ls, that would be
needed to increase the mean temperature of the
pharmaceutical product from 25C to 75C.
(b) Consider replacing the straight tube with a coiled
tube characterized by a coil diameter C  100 mm
and a coil pitch S  25 mm. Determine the overall
length of the coiled tube, Lcl (i.e., the product of
the tube pitch and the number of coils), necessary
to increase the mean temperature of the pharmaceutical to the desired value.
(c) Calculate the pressure drop through the straight
tube and through the coiled tube.
(d) Calculate the steam condensation rate.
8.97 An electrical power transformer of diameter 230 mm
and height 500 mm dissipates 1000 W. It is desired to
maintain its surface temperature at 47C by supplying
ethylene glycol at 24C through thin-walled tubing of
20-mm diameter welded to the lateral surface of the
transformer. All the heat dissipated by the transformer
is assumed to be transferred to the ethylene glycol.
Transformer

Tubing

Heat Transfer Enhancement
8.95 Consider the air cooling system and conditions of Problem 8.31, but with a prescribed pipe length of L  15 m.
(a) What is the air outlet temperature, Tm,o? What is
the fan power requirement?
(b) The convection coefficient associated with airflow
in the pipe may be increased twofold by inserting a

500 mm

Coolant

230 mm

S
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Assuming the maximum allowable temperature rise of
the coolant to be 6C, determine the required coolant
flow rate, the total length of tubing, and the coil pitch
S between turns of the tubing.
8.98 A bayonet cooler is used to reduce the temperature of a
pharmaceutical fluid. The pharmaceutical fluid flows
through the cooler, which is fabricated of 10-mm-diameter,
thin-walled tubing with two 250-mm-long straight sections
and a coil with six and a half turns and a coil diameter of
75 mm. A coolant flows outside the cooler, with a convection coefficient at the outside surface of ho  500 W/m2  K
and a coolant temperature of 20C. Consider the situation
where the pharmaceutical fluid enters at 90C with a mass
flow rate of 0.005 kg/s. The pharmaceutical has the following properties:   1200 kg/m3,   4  103 N 
s/m2, cp  2000 J/kg  K, and k  0.5 W/m  K.
(a) Determine the outlet temperature of the pharmaceutical fluid.
(b) It is desired to further reduce the outlet temperature
of the pharmaceutical. However, because the cooling process is just one part of an intricate processing operation, flow rates cannot be changed. A
young engineer suggests that the outlet temperature
might be reduced by inserting stainless steel coiled
springs into the straight sections of the cooler with
the notion that the springs will disturb the flow
adjacent to the inner tube wall and, in turn, increase
the heat transfer coefficient at the inner tube wall.
A senior engineer asserts that insertion of the
springs should double the heat transfer coefficient
at the straight inner tube walls. Determine the outlet temperature of the pharmaceutical fluid with the
springs inserted into the tubes, assuming the senior
engineer is correct in his assertion.
With coil insert

Pharmaceutical

Tm,i = 90°C

Tm,o
D = 10 mm

L = 250 mm

Coolant

123456

ho = 500 W/m2
To = 20°C

C = 75 mm

(c) Would you expect the outlet temperature of the
pharmaceutical to depend on whether the springs
have a left-hand or right-hand spiral? Why?
8.99 The mold used in an injection molding process consists of a top half and a bottom half. Each half is
60 mm  60 mm  20 mm and is constructed of
metal (  7800 kg/m3, c  450 J/kg  K). The cold
mold (100C) is to be heated to 200C with pressurized water (available at 275C and a total flow rate of
0.02 kg/s) prior to injecting the thermoplastic material.
The injection takes only a fraction of a second, and the
hot mold (200C) is subsequently cooled with cold
water (available at 25C and a total flow rate of 0.02
kg/s) prior to ejecting the molded part. After part ejection, which also takes a fraction of a second, the process
is repeated.
(a) In conventional mold design, straight cooling
(heating) passages are bored through the mold in a
location where the passages will not interfere with
the molded part. Determine the initial heating rate
and the initial cooling rate of the mold when five
5-mm-diameter, 60-mm-long passages are bored
in each half of the mold (10 passages total). The
velocity distribution of the water is fully developed at the entrance of each passage in the hot (or
cold) mold.
(b) New additive manufacturing processes, known as
selective freeform fabrication, or SFF, are used to
construct molds that are configured with conformal cooling passages. Consider the same mold as
before, but now a 5-mm-diameter, coiled, conformal cooling passage is designed within each half
of the SFF-manufactured mold. Each of the two
coiled passages has N  2 turns. The coiled passage does not interfere with the molded part.
The conformal channels have a coil diameter C 
50 mm. The total water flow remains the same as in
part (a) (0.01 kg/s per coil). Determine the initial
heating rate and the initial cooling rate of the mold.
(c) Compare the surface areas of the conventional and
conformal cooling passages. Compare the rate at
which the mold temperature changes for molds
configured with the conventional and conformal
heating and cooling passages. Which cooling
passage, conventional or conformal, will enable
production of more parts per day? Neglect the
presence of the thermoplastic material.
8.100 Consider the pharmaceutical product of Problem
8.27. Prior to finalizing the manufacturing process,
test trials are performed to experimentally determine
the dependence of the shelf life of the drug as a
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function of the sterilization temperature. Hence, the
sterilization temperature must be carefully controlled
in the trials. To promote good mixing of the pharmaceutical and, in turn, relatively uniform outlet temperatures across the exit tube area, experiments are
performed using a device that is constructed of two
interwoven coiled tubes, each of 10-mm diameter.
The thin-walled tubing is welded to a solid high thermal conductivity rod of diameter Dr  40 mm. One
tube carries the pharmaceutical product at a mean
velocity of up  0.1 m/s and inlet temperature of
25C, while the second tube carries pressurized liquid
water at uw  0.12 m/s with an inlet temperature of
127C. The tubes do not contact each other but are
each welded to the solid metal rod, with each tube
making 20 turns around the rod. The exterior of the
apparatus is well insulated.

of width W  50 m and height H  200 m, have been
etched. Consider operating conditions for which water
enters each microchannel at a temperature of 290 K and a
flow rate of 104 kg/s, while the chip and cap are at a uniform temperature of 350 K. Assuming fully developed
flow in the channel and that all the heat dissipated by the
circuits is transferred to the water, determine the water
outlet temperature and the chip power dissipation. Water
properties may be evaluated at 300 K.
8.102 Consider the microchannel cooling arrangement of
Problem 8.101. However, instead of assuming the
entire chip and cap to be at a uniform temperature,
adopt a more conservative (and realistic) approach that
prescribes a temperature of Ts  350 K at the base of
the channels (x  0) and allows for a decrease in temperature with increasing x along the side walls of each
channel.
S

Heating fluid in

W
x

Ts
Chip, kch
Microchannel

δ

δ /2
H

Pharmaceutical in
40 mm

(a) Determine the outlet temperature of the pharmaceutical product. Evaluate the liquid water properties at 380 K.
(b) Investigate the sensitivity of the pharmaceutical’s
outlet temperature to the velocity of the pressurized water over the range 0.10 uw 0.25 m/s.

Microscale Internal Flow
8.101 An extremely effective method of cooling high-powerdensity silicon chips involves etching microchannels
in the back (noncircuit) surface of the chip. The channels are covered with a silicon cap, and cooling is
maintained by passing water through the channels.
Circuits
Chip, Ts

H

W

Microchannels
Cap, Ts

Consider a chip that is 10 mm by 10 mm on a side and in
which fifty 10-mm-long rectangular microchannels, each

Cap (Adiabatic)

(a) For the operating conditions prescribed in Problem 8.101 and a chip thermal conductivity of
kch  140 W/m  K , determine the water outlet temperature and the chip power dissipation. Heat transfer from the sides of the chip to the surroundings
and from the side walls of a channel to the cap may
be neglected. Note that the spacing between channels,  S  W , is twice the spacing between the
side wall of an outer channel and the outer surface
of the chip. The channel pitch is S  L/N , where
L  10 mm is the chip width and N  50 is the
number of channels.
(b) The channel geometry prescribed in Problem 8.101
and considered in part (a) is not optimized, and
larger heat rates may be dissipated by adjusting
related dimensions. Consider the effect of reducing
the pitch to a value of S  100 m, while retaining
a width of W  50 m and a flow rate per channel
of ṁ1  104 kg/s .
8.103 Due to its comparatively large thermal conductivity,
water is a preferred fluid for convection cooling. However, in applications involving electronic devices, water
must not come into contact with the devices, which
would therefore have to be hermetically sealed. To circumvent related design and operational complexities
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and to ensure that the devices are not rendered inoperable by contact with the coolant, a dielectric fluid is
commonly used in lieu of water. Many gases have
excellent dielectric characteristics, and despite its poor
heat transfer properties, air is the common choice for
electronic cooling. However, there is an alternative,
which involves a class of perfluorinated liquids that are
excellent dielectrics and have heat transfer properties
superior to those of gases.
Consider the microchannel chip cooling application
of Problem 8.102, but now for a perfluorinated liquid
with properties of cp  1050 J/kg  K, k  0.065 W/m 
K,   0.0012 N  s/m2 and Pr  15.
(a) For channel dimensions of H  200 m, W  50 m
and S  200 m, a chip thermal conductivity of
kch  140 W/m  K and width L  10 mm, a channel base temperature (x  0) of Ts  350 K, a channel inlet temperature of Tm,i  290 K, and a flow
rate of ṁ1  104 kg/s per channel, determine the
outlet temperature and the chip power dissipation
for the dielectric liquid.
(b) Consider the foregoing conditions, but with air at a
flow rate of ṁ1  106 kg/s used as the coolant.
Using properties of cp  1007 J/kg  K, k  0.0263
W/m  K, and   185  107 N  s/m2, determine
the air outlet temperature and the chip power
dissipation.
8.104 A novel scheme for dissipating heat from the chips of a
multichip array involves machining coolant channels in
the ceramic substrate to which the chips are attached.
The square chips (Lc  5 mm) are aligned above each
of the channels, with longitudinal and transverse pitches
of SL  ST  20 mm. Water flows through the square
cross section (W  5 mm) of each channel with a mean
velocity of um  1 m/s, and its properties may be
approximated as   1000 kg/m3, cp  4180 J/kg  K,
  855  106 kg/s  m, k  0.610 W/m  K, and
Pr  5.8. Symmetry in the transverse direction dictates
the existence of equivalent conditions for each substrate
section of length Ls and width ST.
Chips

ST

Ls
SL
Lc

Tc
R"t ,c
Ts

W

Water

um, Tm,i

Rcond
Substrate

ST

(a) Consider a substrate whose length in the flow direction is Ls  200 mm, thereby providing a total of
NL  10 chips attached in-line above each flow
channel. To a good approximation, all the heat dissipated by the chips above a channel may be
assumed to be transferred to the water flowing
through the channel. If each chip dissipates 5 W,
what is the temperature rise of the water passing
through the channel?
(b) The chip–substrate contact resistance is Rt,c 
0.5  104 m2  K/W, and the three-dimensional conduction resistance for the Ls  ST substrate section is
Rcond  0.120 K/W. If water enters the substrate at
25°C and is in fully developed flow, estimate the
temperature Tc of the chips and the temperature Ts of
the substrate channel surface.
8.105 An experiment is designed to study microscale forced
convection. Water at Tm,i  300 K is to be heated in a
straight, circular glass tube with a 50-m inner diameter and a wall thickness of 1 mm. Warm water at T 
350 K, V  2 m/s is in cross flow over the exterior
tube surface. The experiment is to be designed to cover
the operating range 1  ReD  2000, where ReD is the
Reynolds number associated with the internal flow.
(a) Determine the tube length L that meets a design
requirement that the tube be twice as long as the
thermal entrance length associated with the highest Reynolds number of interest. Evaluate water
properties at 305 K.
(b) Determine the water outlet temperature, Tm,o, that
is expected to be associated with ReD  2000.
Evaluate the heating water (water in cross flow
over the tube) properties at 330 K.
(c) Calculate the pressure drop from the entrance to
the exit of the tube for ReD  2000.
(d) Based on the calculated flow rate and pressure
drop in the tube, estimate the height of a column
of water (at 300 K) necessary to supply the necessary pressure at the tube entrance and the time
needed to collect 0.1 liter of water. Discuss how
the outlet temperature of the water flowing from
the tube, Tm,o, might be measured.
8.106 An experiment is devised to measure liquid flow and
convective heat transfer rates in microscale channels.
The mass flow rate through a channel is determined by
measuring the amount of liquid that has flowed
through the channel and dividing by the duration of
the experiment. The mean temperature of the outlet
fluid is also measured. To minimize the time needed to
perform the experiment (that is, to collect a significant
amount of liquid so that its mass and temperature can
be accurately measured), arrays of microchannels are
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typically used. Consider an array of microchannels of
circular cross section, each with a nominal diameter of
50 m, fabricated into a copper block. The channels
are 20 mm long, and the block is held at 310 K. Water
at an inlet temperature of 300 K is forced into the
channels from a pressurized plenum, so that a pressure
difference of 2.5  106 Pa exists from the entrance to
the exit of each channel.
In many microscale systems, the characteristic
dimensions are similar to the tolerances that can be
controlled during the manufacture of the experimental
apparatus. Hence, careful consideration of the effect
of machining tolerances must be made when interpreting the experimental results.
(a) Consider the case in which three microchannels
are machined in the copper block. The channel
diameters exhibit some deviation due to manufacturing constraints and are of actual diameter
45 m, 50 m, and 55 m, respectively. Calculate
the mass flow rate through each of the three channels, along with the mean outlet temperature of
each channel.
(b) If the water exiting each of the three channels is
collected and mixed in a single container, calculate the average flow rate through each of the three
channels and the average mixed temperature of the
water that is collected from all three channels.
(c) The enthusiastic experimentalist uses the average
flow rate and the average mixed outlet temperature
to analyze the performance of the average (50 m)
diameter channel and concludes that flow rates
and heat transfer coefficients are increased and
decreased, respectively, by about 5% when forced
convection occurs in microchannels. Comment on
the validity of the experimentalist’s conclusion.

Mass Transfer

D = 30 mm

Thin water film

Tw = 300 K

Ta = 300 K, m• = 3 kg/h
Air

8.109 What is the convection mass transfer coefficient associated with fully developed atmospheric airflow at
27°C and 0.04 kg/s through a 50-mm-diameter tube
whose surface has been coated with a thin layer of
naphthalene? Determine the velocity and concentration entry lengths.
8.110 Air flowing through a tube of 75-mm diameter passes
over a 150-mm-long roughened section that is constructed from naphthalene having the properties  
128.16 kg/kmol and psat(300 K)  1.31  104 bar. The
air is at 1 atm and 300 K, and the Reynolds number is
ReD  35,000. In an experiment for which flow was
maintained for 3 h, mass loss due to sublimation from
the roughened surface was determined to be 0.01 kg.
What is the associated convection mass transfer coefficient? What would be the corresponding convection heat
transfer coefficient? Contrast these results with those
predicted by conventional smooth tube correlations.
8.111 Dry air at 35°C and a velocity of 10 m/s flows over a
thin-walled tube of 20-mm diameter and 200-mm
length, having a fibrous coating that is water-saturated.

8.107 In the processing of very long plastic tubes of 2-mm
inside diameter, air flows inside the tubing with a
Reynolds number of 1000. The interior layer of the
plastic material evaporates into the air under fully
developed conditions. Both plastic and air are at
400 K, and the Schmidt number for the mixture of the
plastic vapor and air is 2.0. Determine the convection
mass transfer coefficient.
8.108 Air at 300 K and a flow rate of 3 kg/h passes upward
through a 30-mm tube, as shown in the sketch. A thin
film of water, also at 300 K, slowly falls downward on
the inner surface of the tube.
Determine the convection mass transfer coefficient for this situation.

Air

T∞ = 35°C
V = 10 m/s

Water

m• , Tm,i

Saturated surface condition
Ts = 27°C
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To maintain an approximately uniform surface temperature of 27°C, water at a prescribed flow rate and temperature passes through the tube.
(a) Considering the heat and mass transfer processes
on the external surface of the tube, determine the
heat rate from the tube.
(b) For a flow rate of 0.025 kg/s, determine the inlet
temperature, Tm,i, at which water must be supplied
to the tube.

(b) What is the rate of liquid removal from the tube
in kg/s?
8.117 Dry air is inhaled at a rate of 10 liter/min through a
trachea with a diameter of 20 mm and a length of
125 mm. The inner surface of the trachea is at a normal body temperature of 37°C and may be assumed to
be saturated with water.

8.112 Consider gas flow of mass density  and rate ṁ
through a tube whose inner surface is coated with a
liquid or a sublimable solid of uniform vapor density
A,s. Derive Equation 8.84 for variation of the mean
vapor density, A,m, with distance x from the tube
entrance and Equation 8.81 for the total rate of vapor
transfer from a tube of length L.

Trachea

8.113 Atmospheric air at 25°C and 3  104 kg/s flows
through a 10-mm-diameter, 1-m-long circular tube
whose inner surface is wetted with a water film. Determine the water vapor density at the tube outlet, assuming the inlet air to be dry. What is the rate at which
vapor is added to the air?
(a) Assuming steady, fully developed flow in the
trachea, estimate the mass transfer convection
coefficient.

8.114 Air at 25°C and 1 atm is in fully developed flow at
ṁ  103 kg/s through a 10-mm-diameter circular
tube whose inner surface is wetted with water. Determine the tube length required for the water vapor in
the air to reach 99% of saturation. The inlet air is dry.
8.115 A humidifier consists of a bundle of vertical tubes,
each of 20-mm diameter, through which dry atmospheric air is in fully developed flow at 103 kg/s and
298 K. The inner tube surface is wetted with a water
film. Determine the tube length required for the water
vapor to reach 99% of saturation. What is the rate at
which energy must be supplied to each tube to maintain its temperature at 298 K?
8.116 The final step of a manufacturing process in which a
protective coating is applied to the inner surface of a
circular tube involves passage of dry, atmosphere air
through the tube to remove a residual liquid associated
with the process. Consider a coated 5-m-long tube
with an inner diameter of 50 mm. The tube is maintained at a temperature of 300 K, and the residual liquid exists as a thin film whose corresponding vapor
pressure is 15 mm Hg. The molecular weight and diffusion coefficient of the vapor are A  70 kg/kmol
and DAB  105 m2/s, respectively. Air enters the tube
at a mean velocity of 0.5 m/s and a temperature of 300 K.
(a) Estimate the partial pressure and mass density of
vapor in the air exiting the tube.

(b) Estimate the daily water loss (liter/day) associated
with evaporation in the trachea.
8.118 A mass transfer operation is preceded by laminar flow
of a gaseous species B through a circular tube that is
sufficiently long to achieve a fully developed velocity
profile. Once the fully developed condition is reached,
the gas enters a section of the tube that is wetted with a
liquid film (A). The film maintains a uniform vapor
density A,s along the tube surface.
Liquid film, ρA,s

x

u

L
ro
r

ρA,m,o
m•

Species B

Species A & B

(a) Write the differential equation and boundary conditions that govern the species A mass density distribution, A(x, r), for x  0.
(b) What is the heat transfer analog to this problem?
From this analog, write an expression for the
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average Sherwood number associated with mass
exchange over the region 0  x  L.
(c) Beginning with application of conservation of
species to a differential control volume of extent
r o2 dx, derive an expression (Equation 8.84) that
may be used to determine the mean vapor density
A,m,o at x  L.

557
(d) Consider conditions for which species B is air at
25°C and 1 atm and the liquid film consists of
.
water, also at 25°C. The flow rate is m  2.5 
4
10 kg/s, and the tube diameter is D  10 mm.
What is the mean vapor density at the tube outlet
if L  1 m?
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I

n preceding chapters we considered convection transfer in fluid flows that originate
from an external forcing condition. For example, fluid motion may be induced by a fan
or a pump, or it may result from propulsion of a solid through the fluid. In the presence
of a temperature gradient, forced convection heat transfer will occur.
Now we consider situations for which there is no forced velocity, yet convection
currents exist within the fluid. Such situations are referred to as free or natural convection, and they originate when a body force acts on a fluid in which there are density
gradients. The net effect is a buoyancy force, which induces free convection currents.
In the most common case, the density gradient is due to a temperature gradient, and
the body force is due to the gravitational field.
Since free convection flow velocities are generally much smaller than those associated with forced convection, the corresponding convection transfer rates are also
smaller. It is perhaps tempting to therefore attach less significance to free convection
processes. This temptation should be resisted. In many systems involving multimode
heat transfer effects, free convection provides the largest resistance to heat transfer and
therefore plays an important role in the design or performance of the system. Moreover, when it is desirable to minimize heat transfer rates or to minimize operating cost,
free convection is often preferred to forced convection.
There are, of course, many applications. Free convection strongly influences
the operating temperatures of power generating and electronic devices. It plays a
major role in a vast array of thermal manufacturing applications. Free convection is
important in establishing temperature distributions within buildings and in determining heat losses or heat loads for heating, ventilating, and air conditioning systems. Free convection distributes the poisonous products of combustion during fires
and is relevant to the environmental sciences, where it drives oceanic and atmospheric motions, as well as the related heat transfer and mass transfer processes.
In this chapter our objectives are to obtain an appreciation for the physical origins and nature of buoyancy-driven flows and to acquire tools for performing
related heat transfer calculations.

9.1
Physical Considerations
In free convection fluid motion is due to buoyancy forces within the fluid, while in
forced convection it is externally imposed. Buoyancy is due to the combined presence of a fluid density gradient and a body force that is proportional to density. In
practice, the body force is usually gravitational, although it may be a centrifugal
force in rotating fluid machinery or a Coriolis force in atmospheric and oceanic
rotational motions. There are also several ways in which a mass density gradient
may arise in a fluid, but for the most common situation it is due to the presence of a
temperature gradient. We know that the density of gases and liquids depends on
temperature, generally decreasing (due to fluid expansion) with increasing temperature (/T  0).
In this text we focus on free convection problems in which the density gradient
is due to a temperature gradient and the body force is gravitational. However, the
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ρ1

T1

ρ1

ρ ( x)

Unstable
fluid
circulation

x

T1
T (x)
Stable

ρ (x)

T (x)
g

ρ2

T2

T2

dT
dρ
__ > 0, __
<0
dx
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(a)

ρ2
dT
dρ
__ < 0, __
>0
dx
dx
( b)

FIGURE 9.1 Conditions in a fluid between large horizontal plates at
different temperatures. (a) Unstable temperature gradient. (b) Stable
temperature gradient.

presence of a fluid density gradient in a gravitational field does not ensure the existence of free convection currents. Consider the conditions of Figure 9.1. A fluid is
enclosed by two large, horizontal plates of different temperature (T1  T2). In case a
the temperature of the lower plate exceeds that of the upper plate, and the density
decreases in the direction of the gravitational force. If the temperature difference
exceeds a critical value, conditions are unstable and buoyancy forces are able to
overcome the retarding influence of viscous forces. The gravitational force on the
denser fluid in the upper layers exceeds that acting on the lighter fluid in the lower
layers, and the designated circulation pattern will exist. The heavier fluid will
descend, being warmed in the process, while the lighter fluid will rise, cooling as it
moves. However, this condition does not characterize case b, for which T1  T2 and
the density no longer decreases in the direction of the gravitational force. Conditions are now stable, and there is no bulk fluid motion. In case a heat transfer occurs
from the bottom to the top surface by free convection; for case b heat transfer (from
top to bottom) occurs by conduction.
Free convection flows may be classified according to whether the flow is
bounded by a surface. In the absence of an adjoining surface, free boundary flows
may occur in the form of a plume or a buoyant jet (Figure 9.2). A plume is associated with fluid rising from a submerged heated object. Consider the heated wire of
Figure 9.2a, which is immersed in an extensive, quiescent fluid.1 Fluid that is heated
by the wire rises due to buoyancy forces, entraining fluid from the quiescent
region. Although the width of the plume increases with distance from the wire, the
plume itself will eventually dissipate as a result of viscous effects and a reduction in
the buoyancy force caused by cooling of the fluid in the plume. The distinction
between a plume and a buoyant jet is generally made on the basis of the initial
fluid velocity. This velocity is zero for the plume, but finite for the buoyant
jet. Figure 9.2b shows a heated fluid being discharged as a horizontal jet into a quiescent medium of lower temperature. The vertical motion that the jet begins to
assume is due to the buoyancy force. Such a condition occurs when warm water
1

An extensive medium is, in principle, an infinite medium. Since a quiescent fluid is one that is
otherwise at rest, the velocity of fluid far from the heated wire is zero.
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x

ρ < ρ∞
T > T∞

Plume

T∞
u∞ = 0
ρ∞

g
u

ρ < ρ∞

Buoyant
jet

T > T∞

y

T∞
u∞ = 0
ρ∞

y

Heated wire
(a)

( b)

FIGURE 9.2 Buoyancy-driven free boundary layer flows in an extensive, quiescent medium.
(a) Plume formation above a heated wire. (b) Buoyant jet associated with a heated discharge.

from the condenser of a central power station is discharged into a reservoir of cooler
water. Free boundary flows are discussed in considerable detail by Jaluria [1] and
Gebhart et al. [2].
In this text we focus on free convection flows bounded by a surface, and a
classic example relates to boundary layer development on a heated vertical plate
(Figure 9.3). The plate is immersed in an extensive, quiescent fluid, and with
Ts  T the fluid close to the plate is less dense than fluid that is further removed.
Buoyancy forces therefore induce a free convection boundary layer in which the
heated fluid rises vertically, entraining fluid from the quiescent region. The resulting velocity distribution is unlike that associated with forced convection boundary
layers. In particular, the velocity is zero as y l , as well as at y  0. A free convection boundary layer also develops if Ts  T. In this case, however, fluid motion
is downward.

Ts > T∞
u(y)
Quiescent
fluid

T∞ , ρ∞

g

x, u
y, v

FIGURE 9.3
Boundary layer development on a heated vertical
plate.
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9.2
The Governing Equations
As for forced convection, the equations that describe momentum and energy transfer
in free convection originate from the related conservation principles. Moreover, the
specific processes are much like those that dominate in forced convection. Inertia
and viscous forces remain important, as does energy transfer by advection and diffusion. The difference between the two flows is that, in free convection, a major role is
played by buoyancy forces. It is such forces that, in fact, sustain the flow.
Consider a laminar boundary layer flow (Figure 9.3) that is driven by buoyancy
forces. Assume steady, two-dimensional, constant property conditions in which the
gravity force acts in the negative x direction. Also, with one exception, assume the
fluid to be incompressible. The exception involves accounting for the effect of variable density in the buoyancy force, since it is this variation that induces fluid motion.
Finally, assume that the boundary layer approximations are valid.
With the foregoing simplifications the x-momentum equation (Equation D.2)
reduces to the boundary layer equation (Equation 6.28), except that the body force
term X is retained. If the only contribution to this force is made by gravity, the body
force per unit volume is X  g, where g is the local acceleration due to gravity.
The appropriate form of the x-momentum equation is then
u

dp
u
u
2u
 v   1
g 2
x
y
dx
y

(9.1)

where dp /dx is the free stream pressure gradient in the quiescent region outside the
boundary layer. In this region, u  0 and Equation 9.1 reduces to
dp
 g
dx

(9.2)

Substituting Equation 9.2 into 9.1, we obtain the following expression:
u

u
u
2u
 v  g ( /)  v 2
x
y
y

(9.3)

where      . This expression must apply at every point in the free convection boundary layer.
The first term on the right-hand side of Equation 9.3 is the buoyancy force, and
flow originates because the density  is a variable. If density variations are due only
to temperature variations, the term may be related to a fluid property known as the
volumetric thermal expansion coefficient

 


  1
T

(9.4)

p

This thermodynamic property of the fluid provides a measure of the amount by
which the density changes in response to a change in temperature at constant pressure. If it is expressed in the following approximate form,

  
  1
  1
T  T
T
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it follows that
(  )  (T  T)
This simplification is known as the Boussinesq approximation, and substituting into
Equation 9.3, the x-momentum equation becomes
u

u
u
2u
 v  g  (T  T)   2
x
y
y

(9.5)

where it is now apparent how the buoyancy force, which drives the flow, is related
to the temperature difference.
Since buoyancy effects are confined to the momentum equation, the mass and
energy conservation equations are unchanged from forced convection. Equations
6.27 and 6.29 may then be used to complete the problem formulation. The set of
governing equations is then
u v
 0
x y
u
u

(9.6)

u
u
2u
 v  g(T  T)   2
x
y
y

T
T
2T
v  2
x
y
y

(9.7)
(9.8)

Note that viscous dissipation has been neglected in the energy equation, (9.8), an
assumption that is certainly reasonable for the small velocities associated with free
convection. In the mathematical sense the appearance of the buoyancy term in Equation 9.7 complicates matters. No longer may the hydrodynamic problem, given by
Equations 9.6 and 9.7, be uncoupled from and solved to the exclusion of the thermal
problem, given by Equation 9.8. The solution to the momentum equation depends on
knowledge of T, and hence on the solution to the energy equation. Equations 9.6
through 9.8 are therefore strongly coupled and must be solved simultaneously.
Free convection effects obviously depend on the expansion coefficient . The
manner in which  is obtained depends on the fluid. For an ideal gas,   p/RT and

   1 RTp  T1


   1
T

2

p

(9.9)

where T is the absolute temperature. For liquids and nonideal gases,  must be
obtained from appropriate property tables (Appendix A).

9.3
Similarity Considerations
Let us now consider the dimensionless parameters that govern free convective flow
and heat transfer. As for forced convection (Chapter 6), the parameters may be
obtained by nondimensionalizing the governing equations. Introducing
x* 

x
L

y* 

y
L
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u
u*  u

0

v
v*  u

0

T* 

T  T
Ts  T

where L is a characteristic length and u0 is an arbitrary reference velocity,2 the
x-momentum and energy equations (9.7 and 9.8) reduce to

u*

u*
u* g (Ts  T)L
2u*
 v*

T*  1
2
ReL y*2
x*
y*
u0

(9.10)

u*

T*
T*
2T*
 v*
 1
x*
y* ReL Pr y*2

(9.11)

The dimensionless parameter in the first term on the right-hand side of Equation 9.10 is a direct consequence of the buoyancy force. Since the reference velocity
u0 is arbitrary, it can be chosen to simplify the form of the equation. It is convenient
to choose u02  g(Ts  T)L, so that the term multiplying T* becomes unity. Then,
ReL becomes [g(Ts  T)L3/ 2]1/2. It is customary to define the Grashof number
GrL as the square of this Reynolds number:
GrL 

g(Ts  T)L3
2

(9.12)

As a result, ReL in Equations 9.10 and 9.11 is replaced by GrL1/2, and we see that the
Grashof number (or more precisely, GrL1/2) plays the same role in free convection
that the Reynolds number plays in forced convection. Based on the resulting form
of Equations 9.10 and 9.11, we expect heat transfer correlations of the form
NuL  f (GrL,Pr) in free convection. Recall that the Reynolds number provides a
measure of the ratio of the inertial to viscous forces acting on a fluid element. In
contrast, the Grashof number is a measure of the ratio of the buoyancy forces to the
viscous forces acting on the fluid.
When forced and free convection effects are comparable, the situation is more
complex. For example, consider the boundary layer of Figure 9.3, but with a non
zero free stream velocity, u. In this case, it is more convenient to choose the
characteristic velocity as u (so that the free stream boundary condition for the
dimensionless velocity, u*, is simply u*(y* l ) l 1). Then the T* term in
Equation 9.10 will be multiplied by GrL/Re2L, and the resulting Nusselt number
expressions will be of the form NuL  f(ReL ,GrL ,Pr). Generally, the combined
effects of free and forced convection must be considered when GrL/Re2L  1. If the
inequality GrL/Re2L 1 is satisfied, free convection effects may be neglected and
NuL  f(ReL ,Pr). Conversely, if GrL/Re2L 1, forced convection effects may be
neglected and Nu  f(GrL ,Pr), as indicated in the preceding paragraph for pure
free convection.

2

Since free stream conditions are quiescent in free convection, there is no logical external reference velocity (V or u), as in forced convection.
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9.4
Laminar Free Convection
on a Vertical Surface
Numerous solutions to the laminar free convection boundary layer equations have
been obtained, and a special case that has received much attention involves free
convection from an isothermal vertical surface in an extensive quiescent medium
(Figure 9.3). For this geometry Equations 9.6 through 9.8 must be solved subject to
boundary conditions of the form3
y  0:

uv0

T  Ts

y l :

ul0

T l T

A similarity solution to the foregoing problem has been obtained by Ostrach
[3]. The solution involves transforming variables by introducing a similarity parameter of the form

 

1/4

y Grx
x
4

(9.13)

and representing the velocity components in terms of a stream function defined as

 Gr4  
1/4

x

(x,y)  f() 4

(9.14)

With the foregoing definition of the stream function, the x-velocity component may
be expressed as
u

 

  
Grx

 4
y  y
4

1/4

 

Grx
f () 1x
4

2
 x Gr1/2
x f ()

1/4

(9.15)

where primed quantities indicate differentiation with respect to . Hence ƒ () 
dƒ/d. Evaluating the y-velocity component v  /x in a similar fashion and
introducing the dimensionless temperature
T* 

T  T
Ts  T

(9.16)

the three original partial differential equations (9.6 through 9.8) may then be reduced
to two ordinary differential equations of the form

3

f   3f f   2( f )2  T*  0

(9.17)

T *  3Prf T*  0

(9.18)

The boundary layer approximations are assumed in using Equations 9.6 through 9.8. However,
the approximations are only valid for (Grx Pr) 104. Below this value (close to the leading edge),
the boundary layer thickness is too large relative to the characteristic length x to ensure the validity
of the approximations.
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FIGURE 9.4 Laminar, free convection boundary layer conditions on an isothermal, vertical
surface. (a) Velocity profiles. (b) Temperature profiles [3].

where ƒ and T* are functions of only  and the double and triple primes, respectively, refer to second and third derivatives with respect to . Note that ƒ is the key
dependent variable for the velocity boundary layer and that the continuity equation
(9.6) is automatically satisfied through introduction of the stream function.
The transformed boundary conditions required to solve the momentum and
energy equations (9.17 and 9.18) are of the form
  0:

f  f  0

T*  1

 l :

f l 0

T* l 0

A numerical solution has been obtained by Ostrach [3], and selected results are
shown in Figure 9.4. Note that the x-velocity component u may readily be obtained
from Figure 9.4a through the use of Equation 9.15. Note also that, through the definition of the similarity parameter , Figure 9.4 may be used to obtain values of u
and T for any value of x and y.
Figure 9.4b may also be used to infer the appropriate form of the heat transfer
correlation. Using Newton’s law of cooling for the local convection coefficient h,
the local Nusselt number may be expressed as
Nux 

hx [qs /(Ts  T)]x

k
k

6
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Using Fourier’s law to obtain q s and expressing the surface temperature gradient in
terms of , Equation 9.13, and T*, Equation 9.16, it follows that
T
qs   k
y



 

Grx
k
  x (Ts  T)
4
y0

1/4

dT*
d



0

Hence
Nux 

 

Grx
hx

4
k

1/4

dT *
d

  
0



Grx
4

1/4

g(Pr)

(9.19)

which acknowledges that the dimensionless temperature gradient at the surface is a
function of the Prandtl number g(Pr). This dependence is evident from Figure 9.4b
and has been determined numerically for selected values of Pr [3]. The results have
been correlated to within 0.5% by an interpolation formula of the form [4]
g(Pr) 

0.75Pr1/2
(0.609  1.221Pr1/2  1.238Pr)1/4

(9.20)

which applies for 0  Pr  .
Using Equation 9.19 for the local convection coefficient and substituting for the
local Grashof number,
Grx 

g(Ts  T)x3
2

the average convection coefficient for a surface of length L is then
h1
L

 h dx  Lk g(T4 T )
L



s

2

0

1/4

 xdx
L

g(Pr)

0

1/4

Integrating, it follows that
NuL 

 

hL 4 GrL

3 4
k

1/4

g(Pr)

(9.21)

or substituting from Equation 9.19, with x  L,
NuL  43 NuL

(9.22)

The foregoing results apply irrespective of whether Ts  T or Ts  T. If Ts 
T, conditions are inverted from those of Figure 9.3. The leading edge is at the top of
the plate, and positive x is defined in the direction of the gravity force.

9.5
The Effects of Turbulence
It is important to note that free convection boundary layers are not restricted to laminar flow. As with forced convection, hydrodynamic instabilities may arise. That is,
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FIGURE 9.5
Free convection boundary layer transition on a
vertical plate.

disturbances in the flow may be amplified, leading to transition from laminar to turbulent flow. This process is shown schematically in Figure 9.5 for a heated vertical
plate.
Transition in a free convection boundary layer depends on the relative magnitude of the buoyancy and viscous forces in the fluid. It is customary to correlate its
occurrence in terms of the Rayleigh number, which is simply the product of the
Grashof and Prandtl numbers. For vertical plates the critical Rayleigh number is
Rax,c  Grx,c Pr 

g(Ts  T)x3
 109


(9.23)

An extensive discussion of stability and transition effects is provided by Gebhart
et al. [2].
As in forced convection, transition to turbulence has a strong effect on heat
transfer. Hence the results of the foregoing section apply only if RaL  109. To
obtain appropriate correlations for turbulent flow, emphasis is placed on experimental results.

EXAMPLE 9.1
Consider a 0.25-m-long vertical plate that is at 70°C. The plate is suspended in
air that is at 25°C. Estimate the boundary layer thickness at the trailing edge of
the plate if the air is quiescent. How does this thickness compare with that
which would exist if the air were flowing over the plate at a free stream velocity of
5 m/s?

SOLUTION
Known:

Vertical plate is in quiescent air at a lower temperature.

Find: Boundary layer thickness at trailing edge. Compare with thickness corresponding to an air speed of 5 m/s.
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Schematic:
L = 0.25 m

δL
Ts = 70°C

x

Air

T∞ = 25°C
u∞ = 0 or 5 m/s

Assumptions:
1. Constant properties.
2. Buoyancy effects negligible when u  5 m/s.

Properties: Table A.4, air (Tƒ  320.5 K):   17.95  106 m2/s, Pr  0.7,
3
  T 1
K1.
ƒ  3.12  10

Analysis: For the quiescent air, Equation 9.12 gives
g(Ts  T)L3
2
9.8 m/s2  (3.12  103 K1)(70  25)C(0.25 m)3

 6.69  107
(17.95  106 m2/s)2
GrL 

Hence RaL  GrL Pr  4.68  107 and, from Equation 9.23, the free convection
boundary layer is laminar. The analysis of Section 9.4 is therefore applicable. From
the results of Figure 9.4, it follows that, for Pr  0.7, 
6.0 at the edge of the
boundary layer, that is, at y . Hence
L 

6(0.25 m)
6L

 0.024 m
1/4
(GrL/4)
(1.67  107)1/4



For airflow at u  5 m/s
(5 m/s)  0.25 m
u L
ReL   
 6.97  104
17.95  106 m2/s
and the boundary layer is laminar. Hence, from Equation 7.19,
L 

5(0.25 m)
5L

 0.0047 m
1/2
ReL
(6.97  104)1/2



Comments:
1. Boundary layer thicknesses are typically larger for free convection than for
forced convection.
2. (GrL/Re L2)  0.014 1, and the assumption of negligible buoyancy effects for
u  5 m/s is justified.
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9.6
Empirical Correlations:
External Free Convection Flows
In this section we summarize empirical correlations that have been developed for
common immersed (external flow) geometries. The correlations are suitable for
most engineering calculations and are generally of the form
NuL 

hL
 C RanL
k

(9.24)

where the Rayleigh number,
RaL  GrL Pr 

g(Ts  T)L3


(9.25)

is based on the characteristic length L of the geometry. Typically, n  14 and 13
for laminar and turbulent flows, respectively. For turbulent flow it then follows that
hL is independent of L. Note that all properties are evaluated at the film temperature,
Tƒ  (Ts  T)/2.

9.6.1

The Vertical Plate

Expressions of the form given by Equation 9.24 have been developed for the vertical plate [5–7]. For laminar flow (104  RaL  109), C  0.59 and n  1/4, and for
turbulent flow (109  RaL  1013), C  0.10 and n  1/3. A correlation that may
be applied over the entire range of RaL has been recommended by Churchill and
Chu [8] and is of the form
NuL  0.825 

0.387Ra1/6
L
[1  (0.492/Pr)9/16]8/27

2

(9.26)

Although Equation 9.26 is suitable for most engineering calculations, slightly better
accuracy may be obtained for laminar flow by using [8]
NuL  0.68 

0.670Ra1/4
L
[1  (0.492/Pr)9/16]4/9

RaL  109

(9.27)

When the Rayleigh number is moderately large, the second term on the right-hand
side of Equations 9.26 and 9.27 dominates, and the correlations are the same form
as Equation 9.24, except that the constant, C, is replaced by a function of Pr. Equation 9.27 is then in excellent quantitative agreement with the analytical solution
given by Equations 9.21 and 9.20. In contrast, when the Rayleigh number is small,
the first term on the right-hand side of Equations 9.26 and 9.27 dominates, and the
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equations yield the same behavior since 0.8252  0.68. The presence of leading
constants in Equations 9.26 and 9.27 accounts for the fact that, for small Rayleigh
number, the boundary layer assumption becomes invalid and conduction parallel to
the plate is important.
It is important to recognize that the foregoing results have been obtained for an
isothermal plate (constant Ts). If the surface condition is, instead, one of uniform
heat flux (constant qs ), the temperature difference (Ts  T) will vary with x,
increasing from a value of zero at the leading edge. An approximate procedure for
determining this variation may be based on results [8, 9] showing that NuL correlations obtained for the isothermal plate may still be used to an excellent approximation, if NuL and RaL are defined in terms of the temperature difference at the
midpoint of the plate, TL /2  Ts(L/2)  T. Hence, with h  qs/TL/2 , a correlation such as Equation 9.27 could be used to determine TL/2 (for example, using a
trial-and-error technique), and hence the midpoint surface temperature Ts(L/2). If it
is assumed that Nux  Ra1/4
x over the entire plate, it follows that
qs x
 T1/4 x3/4
k T
or
T  x1/5
Hence the temperature difference at any x is
Tx 



x1/5
x
TL/2  1.15
1/5
L
(L/2)

1/5

TL/2

(9.28)

A more detailed discussion of constant heat flux results is provided by Churchill [10].
The foregoing results may also be applied to vertical cylinders of height L, if
the boundary layer thickness  is much less than the cylinder diameter D. This condition is known to be satisfied [11] when
D
L

35
Gr1/4
L

Cebeci [12] and Minkowycz and Sparrow [13] present results for slender, vertical
cylinders not meeting this condition, where transverse curvature influences boundary layer development and enhances the rate of heat transfer.

EXAMPLE 9.2
A glass-door firescreen, used to reduce exfiltration of room air through a chimney,
has a height of 0.71 m and a width of 1.02 m and reaches a temperature of 232°C. If
the room temperature is 23°C, estimate the convection heat rate from the fireplace
to the room.

SOLUTION
Known: Glass screen situated in fireplace opening.
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Find: Heat transfer by convection between screen and room air.
Schematic:
Glass
panel

Height, L = 0.71 m
Width, w = 1.02 m

qconv
Fire

Quiescent
air

T∞ = 23°C

Ts = 232°C

Assumptions:
1. Screen is at a uniform temperature Ts.
2. Room air is quiescent.

Properties: Table A.4, air (Tƒ  400 K): k  33.8  103 W/m  K,   26.4 

106 m2/s,   38.3  106 m2/s, Pr  0.690,   (1/Tƒ)  0.0025 K1.

Analysis: The rate of heat transfer by free convection from the panel to the room
is given by Newton’s law of cooling
q  hAs (Ts  T)
where h may be obtained from knowledge of the Rayleigh number. Using Equation 9.25,
g(Ts  T)L3

9.8 m/s2  1/400 K (232  23)C  (0.71 m)3

 1.813  109
38.3  106 m2/s  26.4  106 m2/s

RaL 

and from Equation 9.23 it follows that transition to turbulence occurs on the panel.
The appropriate correlation is then given by Equation 9.26
NuL  0.825 

0.387Ra1/6
L
[1  (0.492/Pr)9/16]8/27

NuL  0.825 

0.387(1.813  109)1/6
[1  (0.492/0.690)9/16]8/27

2

2

 147

Hence
h

NuL  k 147  33.8  103 W/m  K

 7.0 W/m2  K
L
0.71 m

and
q  7.0 W/m2  K (1.02  0.71) m2 (232  23)C  1060 W
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Comments:
1. Radiation heat transfer effects are often significant relative to free convection.
Using Equation 1.7 and assuming  1.0 for the glass surface and Tsur  23°C,
the net rate of radiation heat transfer between the glass and the surroundings is
qrad  As (T4s  T4sur )
qrad  1(1.02  0.71) m2  5.67  108 W/m2  K4 (5054  2964) K4
qrad  2355 W
Hence in this case radiation heat transfer exceeds free convection heat transfer
by more than a factor of 2.
2. The effects of radiation and free convection on heat transfer from the glass
depend strongly on its temperature. With q  T s4 for radiation and q  T sn for
free convection, where 1.25  n  1.33, we expect the relative influence
of radiation to increase with increasing temperature. This behavior is revealed
by computing and plotting the heat rates as a function of temperature for
50  Ts  250°C.
3000
2500
2000

q (W)

574

1500

qrad

1000

qconv

500
0
50

100

150

200

250

Ts (°C)

For each value of Ts used to generate the foregoing free convection results, air
properties were determined at the corresponding value of Tƒ.

9.6.2

Inclined and Horizontal Plates

For a vertical plate, heated (or cooled) relative to an ambient fluid, the plate is
aligned with the gravitational vector, and the buoyancy force acts exclusively to
induce fluid motion in the upward (or downward) direction. However, if the plate is
inclined with respect to gravity, the buoyancy force has a component normal, as
well as parallel, to the plate surface. With a reduction in the buoyancy force parallel
to the surface, there is a reduction in fluid velocities along the plate, and one might
expect there to be an attendant reduction in convection heat transfer. Whether, in
fact, there is such a reduction depends on whether one is interested in heat transfer
from the top or bottom surface of the plate.
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FIGURE 9.6 Buoyancy-driven flows on an inclined plate: (a) side
view of flows at top and bottom surfaces of a cold plate (Ts  T),
(b) end view of flow at bottom surface of cold plate, (c) side view of
flows at top and bottom surfaces of a hot plate (Ts  T), and
(d ) end view of flow at top surface of hot plate.

As shown in Figure 9.6a, if the plate is cooled, the y component of the buoyancy force, which is normal to the plate, acts to maintain the descending boundary
layer flow in contact with the top surface of the plate. Since the x component of the
gravitational acceleration is reduced to g cos , fluid velocities along the plate are
reduced and there is an attendant reduction in convection heat transfer to the top
surface. However, at the bottom surface, the y component of the buoyancy force
acts to move fluid from the surface, and boundary layer development is interrupted
by the discharge of parcels of cool fluid from the surface (Figure 9.6a). The resulting flow is three-dimensional, and, as shown by the spanwise (z-direction) variations of Figure 9.6b, the cool fluid discharged from the bottom surface is
continuously replaced by the warmer ambient fluid. The displacement of cool
boundary layer fluid by the warmer ambient and the attendant reduction in the thermal boundary layer thickness act to increase convection heat transfer to the bottom
surface. In fact, heat transfer enhancement due to the three-dimensional flow typically exceeds the reduction associated with the reduced x component of g, and the
combined effect is to increase heat transfer to the bottom surface. Similar trends
characterize a heated plate (Figure 9.6c,d), and the three-dimensional flow is now
associated with the upper surface, from which parcels of warm fluid are discharged.
Such flows have been observed by several investigators [14–16].
In an early study of heat transfer from inclined plates, Rich [17] suggested that
convection coefficients could be determined from vertical plate correlations, if g is
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Fluid, T∞

Plate, Ts

Plate, Ts
Fluid, T∞
(a)

(b)

Fluid, T∞
Plate, Ts

Plate, Ts

Fluid, T∞
(c)

(d)

FIGURE 9.7
Buoyancy-driven flows on
horizontal cold (Ts  T)
and hot (Ts  T) plates:
(a) top surface of cold plate,
(b) bottom surface of cold
plate, (c) top surface of hot
plate, and (d ) bottom
surface of hot plate.

replaced by g cos in computing the plate Rayleigh number. Since then, however,
it has been determined that this approach is only satisfactory for the top and bottom
surfaces of cooled and heated plates, respectively. It is not appropriate for the top
and bottom surfaces of heated and cooled plates, respectively, where the threedimensionality of the flow has limited the ability to develop generalized correlations. At the top and bottom surfaces of cooled and heated inclined plates,
respectively, it is therefore recommended that, for 0   60°, g be replaced by
g cos and that Equation 9.26 or 9.27 be used to compute the average Nusselt number. For the opposite surfaces, no recommendations are made and the literature
should be consulted [14–16].
If the plate is horizontal, the buoyancy force is exclusively normal to the surface. As for the inclined plate, flow patterns and heat transfer depend strongly on
whether the surface is cooled or heated and on whether it is facing upward or downward. For a cold surface facing upward (Figure 9.7a) and a hot surface facing
downward (Figure 9.7d), the tendency of the fluid to descend and ascend, respectively, is impeded by the plate. The flow must move horizontally before it can
descend or ascend from the edges of the plate, and convection heat transfer is
somewhat ineffective. In contrast, for a cold surface facing downward (Figure 9.7b)
and a hot surface facing upward (Figure 9.7c), flow is driven by descending and
ascending parcels of fluid, respectively. Conservation of mass dictates that cold
(warm) fluid descending (ascending) from a surface be replaced by ascending
(descending) warmer (cooler) fluid from the ambient, and heat transfer is much
more effective.
Although correlations suggested by McAdams [5] are widely used for horizontal plates, improved accuracy may be obtained by altering the form of the
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characteristic length on which the correlations are based [18, 19]. In particular with
the characteristic length defined as
As
L
(9.29)
P
where As and P are the plate surface area and perimeter, respectively, recommended
correlations for the average Nusselt number are
Upper Surface of Hot Plate or Lower Surface of Cold Plate:
NuL  0.54Ra1/4
L

(104  RaL  107)

(9.30)

NuL  0.15Ra1/3
L

(107  RaL  1011)

(9.31)

Lower Surface of Hot Plate or Upper Surface of Cold Plate:
NuL  0.27Ra1/4
L

(105  RaL  1010)

(9.32)

EXAMPLE 9.3
Airflow through a long rectangular heating duct that is 0.75 m wide and 0.3 m high
maintains the outer duct surface at 45°C. If the duct is uninsulated and exposed to
air at 15°C in the crawlspace beneath a home, what is the heat loss from the duct per
meter of length?

SOLUTION
Known: Surface temperature of a long rectangular duct.
Find: Heat loss from duct per meter of length.
Schematic:
Quiescent air
T∞ = 15°C

Long duct

Air
flow

H = 0.3 m
w = 0.75 m

Ts = 45°C

Assumptions:
1. Ambient air is quiescent.
2. Surface radiation effects are negligible.

Properties: Table A.4, air (Tƒ  303 K):   16.2  106 m2/s,   22.9 
106 m2/s, k  0.0265 W/m  K,   0.0033 K1, Pr  0.71.
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Analysis: Surface heat loss is by free convection from the vertical sides and the
horizontal top and bottom. From Equation 9.25
RaL 

g(Ts  T)L3 (9.8 m/s2)(0.0033 K1)(30 K) L3 (m3)


(16.2  106 m2/s)(22.9  106 m2/s)

RaL  2.62  109L3
For the two sides, L  H  0.3 m. Hence RaL  7.07  107. The free convection
boundary layer is therefore laminar, and from Equation 9.27
NuL  0.68 

0.670Ra1/4
L
[1  (0.492/Pr)9/16]4/9

The convection coefficient associated with the sides is then
hs 

k
Nu
H L

hs 

0.670(7.07  107)1/4
0.0265 W/m  K
0.68 
 4.23 W/m2  K
0.3 m
[1  (0.492/0.71)9/16]4/9

For the top and bottom, L  (As /P) (w/2)  0.375 m. Hence RaL  1.38  108, and
from Equations 9.31 and 9.32, respectively,
0.0265 W/m  K
 0.15(1.38  108)1/3
0.375 m
 5.47 W/m2  K

ht  [k/(w/2)]  0.15 Ra1/3
L 

0.0265 W/m  K
 0.27(1.38  108)1/4
0.375 m
 2.07 W/m2  K

hb  [k/(w/2)]  0.27 Ra1/4
L 

The rate of heat loss per unit length of duct is then
q  2qs  qt  qb  (2hs  H  ht  w  hb  w)(Ts  T)
q (2  4.23  0.3  5.47  0.75  2.07  0.75)(45  15) W/m


q 246 W/m

Comments:
1. The heat loss may be reduced by insulating the duct. We consider this option for
a 25-mm-thick layer of blanket insulation (k  0.035 W/m  K) that is wrapped
around the duct.
Quiescent air

h, T∞ = 15°C

T∞
q''conv

R'conv

Ts, 2

Ts,2
Insulation
k = 0.035 W/m • K

R'cond

q''cond

Ts,1
Ts,1 = 45°C

t = 25 mm
q'
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The heat loss at each surface may be expressed as
q 

Ts,1  T
Rcond  Rconv

where R conv is associated with free convection from the outer surface and hence
depends on the unknown temperature Ts,2. This temperature may be determined
by applying an energy balance to the outer surface, from which it follows that
qcond  qconv
or
(Ts,1  Ts,2) (Ts,2  T)

(t/k)
(1/h)
Since different convection coefficients are associated with the sides, top, and bottom (hs, ht, and hb), a separate solution to this equation must be obtained for each
of the three surfaces. The solutions are iterative, since the properties of air and the
convection coefficients depend on Ts. Performing the calculations, we obtain
Sides

Ts,2  24C,

hs  3.18 W/m2  K

Top

Ts,2  23C,

ht  3.66 W/m2  K

Bottom

Ts,2  29C,

hb  1.71 W/m2  K

Neglecting heat loss through the corners of the insulation, the total heat rate per
unit length of duct is then
q  2qs  qt  qb
q 

2H(Ts,1  T)
(t/k)  (1/hs)



w(Ts,1  T)
(t/k)  (1/ht)



w(Ts,1  T)
(t/k)  (1/hb)

which yields
q  (17.5  22.8  17.3) W/m  57.6 W/m
The insulation therefore provides a 77% reduction in heat loss to the ambient
air by natural convection.
2. Although they have been neglected, radiation losses may still be significant. From
Equation 1.7 with assumed to be unity and Tsur  288 K, qrad  398 W/m for
the uninsulated duct. Inclusion of radiation effects in the energy balance for the
insulated duct would reduce the outer surface temperatures, thereby reducing the
convection heat rates. With radiation, however, the total heat rate (qconv  qrad)
would increase.

9.6.3

The Long Horizontal Cylinder

This important geometry has been studied extensively, and many existing correlations have been reviewed by Morgan [20]. For an isothermal cylinder, Morgan suggests an expression of the form
NuD 

hD
 C Ra Dn
k

(9.33)
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where C and n are given in Table 9.1 and RaD and NuD are based on the cylinder
diameter. In contrast, Churchill and Chu [21] have recommended a single correlation for a wide Rayleigh number range:
NuD  0.60 

0.387 Ra1/6
D
[1  (0.559/Pr)9/16]8/27

2

RaD  1012

(9.34)

TABLE 9.1 Constants of Equation 9.33 for free convection
on a horizontal circular cylinder [20]
RaD
10

2

10 –10
102–102
102–104
104–107
107–1012

C

n

0.675
1.02
0.850
0.480
0.125

0.058
0.148
0.188
0.250
0.333

Nuθ

580

Plume

0

π /2

Ts
Ambient fluid, T∞

Boundary
layer

θ

π

FIGURE 9.8
Boundary layer development
and Nusselt number
distribution on a heated
horizontal cylinder.

The foregoing correlations provide the average Nusselt number over the entire
circumference of an isothermal cylinder. As shown in Figure 9.8 for a heated cylinder, local Nusselt numbers are influenced by boundary layer development, which
begins at  0 and concludes at  with formation of a plume ascending from
the cylinder. If the flow remains laminar over the entire surface, the distribution of
the local Nusselt number with is characterized by a maximum at  0 and a
monotonic decay with increasing . This decay would be disrupted at Rayleigh numbers sufficiently large (RaD
109) to permit transition to turbulence within the
boundary layer. If the cylinder is cooled relative to the ambient fluid, boundary layer
development begins at  , the local Nusselt number is a maximum at this location, and the plume descends from the cylinder.

EXAMPLE 9.4
A horizontal, high-pressure steam pipe of 0.1-m outside diameter passes through a
large room whose wall and air temperatures are 23°C. The pipe has an outside
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surface temperature of 165°C and an emissivity of
from the pipe per unit length.

581

 0.85. Estimate the heat loss

SOLUTION
Known: Surface temperature of a horizontal steam pipe.
Find: Heat loss from the pipe per unit length q (W/m).
Schematic:
Quiescent air
T∞ = 23°C

Tsur = 23°C

q'conv

0.1 m diameter

ε = 0.85

q'rad

Ts = 165°C

Assumptions:
1. Pipe surface area is small compared to surroundings.
2. Room air is quiescent.

Properties: Table A.4, air (Tƒ  367 K): k  0.0313 W/m  K,   22.8 
106 m2/s,   32.8  106 m2/s, Pr  0.697,   2.725  103 K1.

Analysis: The total heat loss per unit length of pipe is
q  qconv  qrad  h D(Ts  T) 

4
D (Ts4  Tsur
)

The convection coefficient may be obtained from Equation 9.34
NuD  0.60 

0.387 Ra1/6
D
[1  (0.559/Pr)9/16]8/27

2

where
RaD 

g(Ts  T)D3


RaD 

9.8 m/s2  2.725  103 K1 (165  23)C (0.1 m)3
 5.073  106
22.8  106 m2/s 32.8  106 m2/s

Hence
NuD  0.60 

0.387(5.073  106)1/6
[1  (0.559/0.697)9/16]8/27

2

 23.3

and
h

0.0313 W/m  K
k
Nu 
 23.3  7.29 W/m2  K
D D
0.1 m
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The total heat loss is then
q  7.29 W/m2  K (  0.1 m)(165  23)C
 0.85(  0.1 m)5.67  108 W/m2  K4 (4384  2964) K4
q  (325  441) W/m  766 W/m



Comments:
1. Equation 9.33 could also be used to estimate the Nusselt number, with the
result that NuD  22.8.
2. To explore the effect of an insulating layer on heat loss from the pipe, we consider
a 25-mm-thick layer of urethane for which k  0.026 W/m  K and  0.85.
Tsur = 23°C

Quiescent air
T∞ = 23°C

q'conv

q'rad

Ts,2, ε
q'cond
r2
r1

Insulation (k)

Ts,1 = 165°C
Steam

Free convection heat transfer to the ambient air and net radiation transfer to the
surroundings depend on the temperature Ts, 2 of the insulation, which may be
obtained by performing an energy balance at the outer surface:

  qconv  qrad
qcond
Substituting from Equations 1.7 and 3.27, it follows that
2 k(Ts,1  Ts,2)
 h(2 r2) (Ts,2  T)  2 r2 (T 4s,2  T 4sur)
ln (r2/r1)
The unknown temperature is determined from an iterative solution for which
Equation 9.34 is used to reevaluate the convection coefficient, and hence the properties of air, at each step of the iteration. For the prescribed conditions, the solution
yields Ts,2  35.3°C and h  3.71 W/m2 ˙ K, from which it follows that


q  qconv  qrad
q  3.71 W/m2  K(  0.15 m)(35.3  23)C
 0.85(  0.15 m)5.67  108 W/m2 ˙ K4 (308.34  2964) K4
q  (21.5  30.8) W/m  52.3 W/m
As expected, the insulation significantly reduces heat loss from the pipe.
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9.6.4

Spheres

The following correlation due to Churchill [10] is recommended for spheres in fluids of Pr 0.7 and for RaD  1011.
NuD  2 

0.589Ra1/4
D
[1  (0.469/Pr)9/16]4/9

(9.35)

In the limit as RaD l 0, Equation 9.35 reduces to NuD  2, which corresponds to heat
transfer by conduction between a spherical surface and a stationary infinite medium,
in a manner consistent with Equations 7.56 and 7.57.
Recommended correlations from this section are summarized in Table 9.2.
Results for other immersed geometries and special conditions are presented in comprehensive reviews by Churchill [10] and Raithby and Hollands [22].

TABLE 9.2 Summary of free convection empirical correlations
for immersed geometries
Geometry
1.

2.

3.

Recommended
Correlation

Restrictions

Equation 9.26

None

Equation 9.26
g l g cos

0   60°

Equation 9.30
Equation 9.31

104  RaL  107
107  RaL  1011

Equation 9.32

105  RaL  1010

Vertical platesa

Inclined plates
Cold surface up or hot
surface down

Horizontal plates
(a) Hot surface up or
cold surface down

(b) Cold surface up or
hot surface down
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TABLE 9.2 Continued
Geometry
4.

5.

a

Recommended
Correlation

Restrictions

Equation 9.34

RaD  1012

Equation 9.35

RaD  1011
Pr 0.7

Horizontal cylinder

Sphere

The correlation may be applied to a vertical cylinder if (D/L)

(35/Gr L1/4).

9.7
Free Convection within
Parallel Plate Channels
A common free convection geometry involves vertical (or inclined) parallel plate
channels that are open to the ambient at opposite ends (Figure 9.9). The plates could
constitute a fin array used to enhance free convection heat transfer from a base surface to which the fins are attached, or they could constitute an array of circuit
boards with heat-dissipating electronic components. Surface thermal conditions
may be idealized as being isothermal or isoflux and symmetrical (Ts,1  Ts,2;
q s,1  q s,2) or asymmetrical (Ts,1  Ts,2; q s,1  q s,2).
For vertical channels (  0) buoyancy acts exclusively to induce motion in the
streamwise (x) direction and, beginning at x  0, boundary layers develop on each
surface. For short channels and/or large spacings (small L /S), independent boundary
layer development occurs at each surface and conditions correspond to those for an
isolated plate in an infinite, quiescent medium. For large L/S, however, boundary

Ambient fluid, T∞

x=L
S

θ

Isothermal (Ts,1)
or isoflux (q''s,1)
surface

x

Ambient fluid, T∞

g

Isothermal (Ts,2)
or isoflux (q''s,2)
surface

FIGURE 9.9
Free convection flow between heated
parallel plates with opposite ends
exposed to a quiescent fluid.
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layers developing on opposing surfaces eventually merge to yield a fully developed
condition. If the channel is inclined, there is a component of the buoyancy force
normal, as well as parallel, to the streamwise direction, and conditions may strongly
be influenced by development of a three-dimensional, secondary flow.

9.7.1

Vertical Channels

Beginning with the benchmark paper by Elenbaas [23], the vertical orientation has
been studied extensively for symmetrically and asymmetrically heated plates with
isothermal or isoflux surface conditions. For symmetrically heated, isothermal
plates, Elenbaas obtained the following semiempirical correlation:

  1  exp  Ra 35(S/L)

S
NuS  1 RaS
L
24

3/4

(9.36)

S

where the average Nusselt and Rayleigh numbers are defined as
S
T q/A
T k

(9.37)

g(Ts  T)S3


(9.38)

NuS 

s



and
RaS 

Equation 9.36 was developed for air as the working fluid, and its range of applicability is

10

1



S
 RaS  105
L

Knowledge of the average Nusselt number for a plate therefore permits determination
of the total heat rate for the plate. In the fully developed limit (S/L l 0), Equation
9.36 reduces to
RaS(S/L)
24

NuS(fd) 

(9.39)

Retention of the L dependence results from defining NuS in terms of the fixed inlet
(ambient) temperature and not in terms of the fluid mixed-mean temperature, which
is not explicitly known. For the common condition corresponding to adjoining
isothermal (Ts,1) and insulated (q s,2  0) plates, the fully developed limit yields the
following expression for the isothermal surface [24]:
RaS(S/L)
12

NuS(fd) 

(9.40)

For isoflux surfaces, it is more convenient to define a local Nusselt number as
NuS,L 

qs
S

T
s,L
 k

T



(9.41)

and to correlate results in terms of a modified Rayleigh number defined as
Ra*
S 

gqs S 4
kv

(9.42)
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The subscript L refers to conditions at x  L, where the plate temperature is a maximum. For symmetric, isoflux plates the fully developed limit corresponds to [24]
1/2
NuS,L(fd)  0.144[Ra*
S (S/L)]

(9.43)

and for asymmetric isoflux conditions with one surface insulated (qs, 2  0) the limit is
1/2
NuS,L(fd)  0.204[Ra*
S (S/L)]

(9.44)

Combining the foregoing relations for the fully developed limit with available
results for the isolated plate limit, Bar-Cohen and Rohsenow [24] obtained Nusselt
number correlations applicable to the complete range of S/L. For isothermal and
isoflux conditions, respectively, the correlations are of the form
NuS 

(RaCS/L)  (Ra CS/L) 

(9.45)

RaC* S/L  (Ra*CS/L) 

(9.46)

1

S

NuS,L 

1/2

2

2

1/2

S

1

1/2

2

2/5

S

S

where the constants C1 and C2 are given in Table 9.3 for the different surface thermal conditions. In each case the fully developed and isolated plate limits correspond
to RaS (or Ra *S )S/L  10 and RaS (or Ra *S )S/L 100, respectively.
Bar-Cohen and Rohsenow [24] used the foregoing correlations to infer the optimum plate spacing Sopt for maximizing heat transfer from an array of isothermal
plates, as well as the spacing Smax needed to maximize heat transfer from each plate
in the array. Existence of an optimum for the array results from the fact that,
although heat transfer from each plate decreases with decreasing S, the number of
plates that may be placed in a prescribed volume increases. Hence Sopt maximizes
heat transfer from the array by yielding a maximum for the product of h and the
total plate surface area. In contrast, to maximize heat transfer from each plate, Smax
must be large enough to preclude overlap of adjoining boundary layers, such that
the isolated plate limit remains valid over the entire plate.
Consideration of the optimum plate spacing is particularly important for vertical parallel plates used as fins to enhance heat transfer by natural convection from a
base surface of fixed width W. With the temperature of the fins exceeding that of the
ambient fluid, flow between the fins is induced by buoyancy forces. However, resistance to the flow is associated with viscous forces imposed by the surface of the

TABLE 9.3 Heat transfer parameters for free convection
between vertical parallel plates
Surface Condition
Symmetric isothermal plates
(Ts,1  Ts,2)
  qs,2)
Symmetric isoflux plates (qs,1
Isothermal/adiabatic plates
  0)
(Ts,1, qs,2
 , qs,2  0)
Isoflux/adiabatic plates (qs,1

C1

C2

Sopt

Smax/Sopt

576

2.87

2.71(RaS /S 3L)1/4

1.71

48
144

2.51
2.87

2.12(Ra *S /S 4L)1/5
2.15(RaS /S 3L)1/4

4.77
1.71

24

2.51

1.69(Ra *S /S 4L)1/5

4.77
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fins, and the rate of mass flow between adjoining fins is governed by a balance
between buoyancy and viscous forces. Since viscous forces increase with decreasing S, there is an accompanying reduction in the flow rate, and hence h. However,
for fixed W, the attendant increase in the number of fins increases the total surface
area As and yields a maximum in hAs for S  Sopt. For S  Sopt, the amount by which
h is diminished by viscous effects exceeds the increase in As; for S  Sopt, the
amount by which As is diminished exceeds the increase in h.
For isoflux plates, the total volumetric heat rate simply increases with decreasing S. However, the need to maintain Ts below prescribed limits precludes reducing S
to extremely small values. Hence Sopt may be defined as that value of S which yields
the maximum volumetric heat dissipation per unit temperature difference, Ts(L) 
T. The spacing Smax that yields the lowest possible surface temperature for a prescribed heat flux, without regard to volumetric considerations, is again the value of S
that precludes boundary layer merger. Values of Sopt and Smax/Sopt are presented in
Table 9.3 for plates of negligible thickness.
In using the foregoing correlations, fluid properties are evaluated at average
temperatures of T  (Ts  T)/2 for isothermal surfaces and T  (Ts,L  T)/2 for
isoflux surfaces.

9.7.2

Inclined Channels

Experiments have been performed by Azevedo and Sparrow [16] for inclined channels
in water. Symmetric isothermal plates and isothermal–insulated plates were considered
for 0   45° and conditions within the isolated plate limit, RaS (S/L)  200.
Although three-dimensional secondary flows were observed at the lower plate, when it
was heated, data for all experimental conditions were correlated to within 10% by
NuS  0.645[RaS(S/L)]1/4

(9.47)

Departures of the data from the correlation were most pronounced at large tilt angles
with bottom surface heating and were attributed to heat transfer enhancement by the
three-dimensional secondary flow. Fluid properties are evaluated at T  (Ts  T)/2.

9.8
Empirical Correlations: Enclosures
The foregoing results pertain to free convection between a surface and an extensive
fluid medium. However, engineering applications frequently involve heat transfer
between surfaces that are at different temperatures and are separated by an enclosed
fluid. In this section we present correlations that are pertinent to the most common
geometries.

9.8.1

Rectangular Cavities

The rectangular cavity (Figure 9.10) has been studied extensively, and comprehensive reviews of both experimental and theoretical results are available [25, 26]. Two
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FIGURE 9.10
Free convection in a rectangular
cavity.

w

Horizontal
plane

L

of the opposing walls are maintained at different temperatures (T1  T2), while the
remaining walls are insulated from the surroundings. The tilt angle between the
heated and cooled surfaces and the horizontal can vary from 0° (horizontal cavity
with bottom heating) to 90° (vertical cavity with sidewall heating) to 180° (horizontal cavity with top heating). The heat flux across the cavity, which is expressed as
q  h(T1  T2)

(9.48)

can depend strongly on the aspect ratio H/L, as well as the value of . For large values of the aspect ratio w/L, its dependence on w/L is small and may be neglected for
the purposes of this text.
The horizontal cavity heated from below (  0) has been considered by many
investigators. For H/L, w/L 1, and Rayleigh numbers less than a critical value of
RaL,c  1708, buoyancy forces cannot overcome the resistance imposed by viscous
forces and there is no advection within the cavity. Hence heat transfer from the bottom to the top surface occurs by conduction or, for a gas, by conduction and radiation. Since conditions correspond to one-dimensional conduction through a plane
fluid layer, the convection coefficient is h  k/L and NuL  1. However, for
RaL 

g(T1  T2)L3
 1708


conditions are thermally unstable and there is advection within the cavity. For
Rayleigh numbers in the range 1708  RaL  5  104, fluid motion consists of regularly spaced roll cells (Figure 9.11), while for larger Rayleigh numbers, the cells
break down and the fluid motion is turbulent.
As a first approximation, convection coefficients for the horizontal cavity heated
from below may be obtained from the following correlation proposed by Globe and
Dropkin [27]:
NuL 

Cell
axis

hL
0.074
 0.069Ra1/3
L Pr
k

Counterrotating
cells

3  105  RaL  7  109

(9.49)

FIGURE 9.11
Longitudinal roll cells characteristic of advection
in a horizontal fluid layer heated from below
(1708  RaL  5  104).
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where all properties are evaluated at the average temperature, T  (T1  T2)/2. The
correlation applies for values of L/H sufficiently small to ensure a negligible effect of
the sidewalls. More detailed correlations, which apply over a wider range of RaL, have
been proposed [28, 29]. In concluding the discussion of horizontal cavities, it is noted
that in the absence of radiation, for  180°, heat transfer from the top to bottom surface is exclusively by conduction (NuL  1), irrespective of the value of RaL.
In the vertical rectangular cavity (  90°), the vertical surfaces are heated and
cooled, while the horizontal surfaces are adiabatic. As shown in Figure 9.12, fluid
motion is characterized by a recirculating or cellular flow for which fluid ascends
along the hot wall and descends along the cold wall. For small Rayleigh numbers, RaL  103, the buoyancy-driven flow is weak and heat transfer is primarily by
conduction across the fluid. Hence, from Fourier’s law, the Nusselt number is again
NuL  1. With increasing Rayleigh number, the cellular flow intensifies and becomes
concentrated in thin boundary layers adjoining the sidewalls. The core becomes
nearly stagnant, although additional cells can develop in the corners and the sidewall
boundary layers eventually undergo transition to turbulence. For aspect ratios in the
range 1  (H/L)  10, the following correlations have been suggested [26]:
NuL  0.22

0.2Pr Pr Ra  HL

1/4

0.28

(9.50)

L

2  H  10
L
Pr  105
103  RaL  1010





NuL  0.18

0.2Pr Pr Ra 

0.29

(9.51)

L





1H2
L
103  Pr  105
RaL Pr
103 
0.2  Pr

while for larger aspect ratios, the following correlations have been proposed [30]:
10  H  40
L
1  Pr  2  104
104  RaL  107





0.012 H
NuL  0.42Ra1/4
L Pr
L

NuL  0.046Ra1/3
L

0.3



1  H  40
L
1  Pr  20
106  RaL  109





(9.52)

(9.53)
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TABLE 9.4 Critical angle for inclined rectangular cavities
1
25°

(H/L)
*

3
53°

6
60°

12
70°

12
67°

Convection coefficients computed from the foregoing expressions are to be used with
Equation 9.48. Again, all properties are evaluated at the mean temperature, (T1  T2)/2.
Studies of free convection in tilted cavities are often stimulated by applications
involving flat-plate solar collectors [31–36]. For such cavities, the fluid motion consists of a combination of the roll structure of Figure 9.11 and the cellular structure
of Figure 9.12. Typically, transition between the two types of fluid motion occurs at
a critical tilt angle, *, with a corresponding change in the value of NuL. For large
aspect ratios, (H/L)
12, and tilt angles less than the critical value * given in
Table 9.4, the following correlation due to Hollands et al. [36] is in excellent agreement with available data:



NuL  1  1.44 1 





RaL cos
5830

1.8 )
 1  1708(sin

Ra cos


1708
RaL cos



1/3

L



1

1.6







H 12
L
0  *

(9.54)

The notation [ ] implies that, if the quantity in brackets is negative, it must be set
equal to zero. The implication is that, if the Rayleigh number is less than a critical
value RaL, c  1708/cos , there is no flow within the cavity. For small aspect ratios
Catton [26] suggests that reasonable results may be obtained from a correlation of
the form





NuL (  90)
NuL  NuL(  0)
NuL (  0)

/ *

(sin *)( /4 *)





H  12
L
0  *

(9.55)

Beyond the critical tilt angle, the following correlations due to Ayyaswamy and
Catton [31] and Arnold et al. [34], respectively, have been recommended [26] for
all aspect ratios (H/L):
NuL  NuL(  90)(sin )1/4
NuL  1  [NuL(  90)  1] sin

9.8.2

*   90

(9.56)

90   180

(9.57)

Concentric Cylinders

Free convection heat transfer in the annular space between long, horizontal concentric cylinders (Figure 9.13) has been considered by Raithby and Hollands [37].
Flow in the annular region is characterized by two cells that are symmetric about
the vertical midplane. If the inner cylinder is heated and the outer cylinder is cooled
(Ti  To), fluid ascends and descends along the inner and outer cylinders, respectively. If Ti  To, the cellular flows are reversed. The heat transfer rate (W) between

c09.qxd 3/6/06 10:58 AM Page 591

9.8



591

Empirical Correlations: Enclosures

Inner cylinder,
ri, Ti
Outer cylinder,
r o, T o
Flow pattern
Ti > To

FIGURE 9.13
Free convection flow in the annular space between
long, horizontal, concentric cylinders or concentric
spheres of inner radius ri and outer radius ro.

the two cylinders, each of length L, is expressed by Equation 3.27 (with an effective
thermal conductivity, keff, replacing the molecular thermal conductivity, k) as
q

2 Lkeff (Ti  To)
ln(ro /ri)

(9.58)

We see that the effective conductivity of a fictitious stationary fluid will transfer the
same amount of heat as the actual moving fluid. The suggested correlation for keff is



keff
Pr
 0.386
k
0.861  Pr



1/4

Ra1/4
c

(9.59)

where the length scale in Rac is given by
Lc 

2[ln(ro /ri)]4/3
(r3/5
 r3/5
)5/3
i
o

(9.60)

Equation 9.59 may be used for the range 0.7  Pr  6000 and Rac  107. Properties are evaluated at the mean temperature, Tm  (Ti  To)/2. Of course, the minimum heat transfer rate between the cylinders cannot fall below the conduction
limit; therefore, keff  k if the value of keff /k predicted by Equation 9.59 is less than
unity. A more detailed correlation, which accounts for cylinder eccentricity effects,
has been developed by Kuehn and Goldstein [38].

9.8.3

Concentric Spheres

Raithby and Hollands [37] have also considered free convection heat transfer between
concentric spheres (Figure 9.14) and express the total heat transfer rate by Equation
3.35 (with an effective thermal conductivity, keff, replacing the molecular thermal conductivity, k) as
q

4 keff(Ti  To)
(1/ri)  (1/ro)

(9.61)

The effective thermal conductivity is



keff
Pr
 0.74
k
0.861  Pr



1/4

Ra1/4
s

(9.62)
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where the length scale in Ras is given by

Ls 



1 1
ri  ro



4/3

21/3(r7/5
 r7/5
)5/3
i
o

(9.63)

The result may be used to a reasonable approximation for 0.7  Pr  4000 and
Ras  104. Properties are evaluated at Tm  (Ti  To)/2, and keff  k if the value of
keff /k predicted by Equation 9.62 is less than unity.

EXAMPLE 9.5
A long tube of 0.1-m diameter is maintained at 120°C by passing steam through
its interior. A radiation shield is installed concentric to the tube with an air gap of
10 mm. If the shield is at 35°C, estimate the heat transfer by free convection from
the tube per unit length. What is the heat loss if the space between the tube and the
shield is filled with glass-fiber blanket insulation?

SOLUTION
Known: Temperatures and diameters of a steam tube and a concentric radiation
shield.

Find:
1. Heat loss per unit length of tube.
2. Heat loss if air space is filled with glass-fiber blanket insulation.

Schematic:
Di =
0.10 m
Do =
0.12 m

Air gap, L = 10 mm
or insulation
Shield, To = 35°C
Tube, Ti = 120°C

Assumptions:
1. Radiation heat transfer may be neglected.
2. Contact resistance with insulation is negligible.

Properties: Table A.4, air [T  (Ti  To)/2  350 K]: k  0.030 W/m  K,
  20.92  106 m2/s,   29.9  106 m2/s, Pr  0.70,   0.00285 K1.
Table A.3, insulation, glass-fiber (T 300 K): k  0.038 W/m  K.
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Analysis:
1. From Equation 9.58, the heat loss per unit length by free convection is
q 

2 keff (Ti  To)
ln(ro /ri)

where keff may be obtained from Equations 9.59 and 9.60. With
Lc 

2[ln(ro /ri)]4/3
2[ln(0.06 m/0.05 m)]4/3

 0.00117 m
(r3/5
 r3/5
)5/3 (0.053/5  0.063/5)5/3m1
i
o

we find
g(Ti  To)L3c 9.8 m/s2  0.00285 K1  (120  35)C  (0.00117 m)3


20.92  106 m2/s  29.9  106 m2/s
 171

Rac 

The effective thermal conductivity is then

0.861Pr Pr

1/4

keff  0.386k

Ra1/4
c



 0.386  0.030 W/m  K

0.70
0.861  0.70



1/4

(171)1/4  0.0343 W/m  K

and the heat loss is
q 

2 keff(Ti  To) 2 (0.0343 W/m  K)

(120  35)C  100 W/m
ln(ro /ri)
ln(0.06 m/0.05 m)

2. With insulation in the space between the tube and the shield, heat loss is by
conduction; comparing Equation 3.27 and Equation 9.58,
qins  q

kins
0.038 W/m  K
 100 W/m
 111 W/m
0.0343 W/m  K
keff

Comments: Although there is slightly more heat loss by conduction through the
insulation than by free convection across the air space, the total heat loss across the
air space may exceed that through the insulation because of the effects of radiation.
The heat loss due to radiation may be minimized by using a radiation shield of low
emissivity, and the means for calculating the loss will be developed in Chapter 13.

9.9
Combined Free and Forced Convection
In dealing with forced convection (Chapters 6 through 8), we ignored the effects of
free convection. This was, of course, an assumption; for, as we now know, free convection is likely when there is an unstable temperature gradient. Similarly, in the preceding sections of this chapter, we assumed that forced convection was negligible.
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It is now time to acknowledge that situations may arise for which free and
forced convection effects are comparable, in which case it is inappropriate to neglect
either process. In Section 9.3 we indicated that free convection is negligible if
(GrL/Re L2) 1 and that forced convection is negligible if (GrL/Re L2) 1. Hence the
combined free and forced (or mixed) convection regime is generally one for which
(GrL/Re L2) 1.
The effect of buoyancy on heat transfer in a forced flow is strongly influenced
by the direction of the buoyancy force relative to that of the flow. Three special cases
that have been studied extensively correspond to buoyancy-induced and forced
motions having the same direction (assisting flow), opposite directions (opposing
flow), and perpendicular directions (transverse flow). Upward and downward forced
motions over a heated vertical plate are examples of assisting and opposing flows,
respectively. Examples of transverse flow include horizontal motion over a heated
cylinder, sphere, or horizontal plate. In assisting and transverse flows, buoyancy acts
to enhance the rate of heat transfer associated with pure forced convection; in opposing flows, it acts to decrease this rate.
It has become common practice to correlate mixed convection heat transfer
results for external and internal flows by an expression of the form
Nun  NunF  NunN

(9.64)

For the specific geometry of interest, the Nusselt numbers NuF and NuN are determined from existing correlations for pure forced and natural (free) convection,
respectively. The plus sign on the right-hand side of Equation 9.64 applies for
assisting and transverse flows, while the minus sign applies for opposing flow. The
best correlation of data is often obtained for n  3, although values of 7/2 and 4
may be better suited for transverse flows involving horizontal plates and cylinders
(or spheres), respectively.
Equation 9.64 should be viewed as a first approximation, and any serious treatment of a mixed convection problem should be accompanied by an examination of
the open literature. Mixed convection flows received considerable attention in the
late 1970s to middle 1980s, and comprehensive literature reviews are available
[39–42]. The flows are endowed with a variety of rich and unusual features that can
complicate heat transfer predictions. For example, in a horizontal, parallel-plate
channel, three-dimensional flows in the form of longitudinal vortices are induced by
bottom heating, and the longitudinal variation of the Nusselt number is characterized
by a decaying oscillation [43, 44]. Moreover, in channel flows, significant asymmetries may be associated with convection heat transfer at top and bottom surfaces [45].
Finally, we note that, although buoyancy effects can significantly enhance heat transfer for laminar forced convection flows, enhancement is typically negligible if the
forced flow is turbulent [46].

9.10
Convection Mass Transfer
The buoyancy term on the right-hand side of Equation 9.3 is due to density variations in the fluid, which may arise from species concentration gradients, as well as
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temperature gradients. Hence, a more general form of the Grashof number, Equation 9.12, is
GrL 

g(/) L3 g(s  ) L3

v2
v2

(9.65)

which may be applied to natural convection flows driven by concentration gradients
and/or temperature gradients. As shown in Section 9.2, if density variations are due
only to temperature gradients, (/)  T . However, if there are no temperature gradients, motion may still be induced by spatial variations in the species composition, and similarity considerations lead to the conclusion that ShL  f (GrL, Sc).
Moreover, correlations for convection mass transfer may be inferred from those for
heat transfer by invoking the heat and mass transfer analogy. For example, if
species A is evaporating or sublimating from a vertical surface into a quiescent
ambient fluid B, the convection mass transfer coefficient may be obtained from the
analogous form of Equation 9.24. That is,
ShL 

hmL
 C(GrL Sc)n
DAB

(9.66)

where GrL is given by Equation 9.65. If the molecular weight of species A is less
than that of species B, s   and the buoyancy-induced flow is upward along the
surface. If the opposite is true, s   and the flow is descending.
The analogy may only be applied in the foregoing manner for isothermal conditions. If there are gradients in both temperature and species concentration, heat and
mass transfer will occur concurrently by natural convection. Similarity considerations
then yield NuL  f (GrL, Pr, Sc) and ShL  f (GrL, Sc, Pr), where the density difference
 is due to both temperature and concentration variations. As a first approximation,
existing correlations of the form NuL  f (GrL, Pr) and ShL  f (GrL, Sc) may be used
to determine the convection transfer coefficients, so long as the value of   s  
is calculated by including the effects of both temperature and concentration variations
on s and  and Le  Pr/Sc  1. In a binary mixture of species A and B, the surface
and free stream densities are defined as s  s, A  s, B and   , A  , B, respectively, where the species densities depend on the surface and free stream temperatures.
The average density across the boundary layer(s) is   (s  )/2.

9.11
Summary
We have considered convective flows that originate in part or exclusively from
buoyancy forces, and we have introduced the dimensionless parameters needed to
characterize such flows. You should be able to discern when free convection effects
are important and to quantify the associated heat transfer rates. An assortment of
empirical correlations has been provided for this purpose.
To test your understanding of related concepts, consider the following questions.
• What is an extensive, quiescent fluid?
• What conditions are required for a buoyancy-driven flow?
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• How does the velocity profile in the free convection boundary layer on a heated
vertical plate differ from the velocity profile in the boundary layer associated with
forced flow over a parallel plate?
• What is the general form of the buoyancy term in the x-momentum equation for a
free convection boundary layer? How may it be approximated if the flow is due to
temperature variations? What is the name of the approximation?
• What is the physical interpretation of the Grashof number? What is the Rayleigh
number? How does each parameter depend on the characteristic length?
• For a heated horizontal plate in quiescent air, do you expect heat transfer to be
larger for the top or bottom surface? Why? For a cooled horizontal plate in quiescent air, do you expect heat transfer to be larger for the top or bottom surface?
Why?
• For free convection within a vertical parallel plate channel, what kind of force
balance governs the flow rate in the channel?
• For a vertical channel with isothermal plates, what is the physical basis for existence of an optimum spacing?
• What is the nature of flow in a cavity whose vertical surfaces are heated and
cooled? What is the nature of flow in an annular space between concentric cylindrical surfaces that are heated and cooled?
• What is meant by the term mixed convection? How can one determine if mixed
convection effects should be considered in a heat transfer analysis? Under what
conditions is heat transfer enhanced by mixed convection? Under what conditions
is it reduced?
• Consider transport of species A from a horizontal surface facing upward in a quiescent fluid B. If Ts  T and the molecular weight of A is less than that of B,
what is the analogous heat transfer problem? What is the analogous heat transfer
problem if the molecular weight of A exceeds that of B?
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Problems
300 K from its definition, Equation 9.4, and compare
your result with the tabulated value.

Properties and General Considerations
9.1

Using the values of density for water in Table A.6, calculate the volumetric thermal expansion coefficient at

9.2

Consider an object of characteristic length 0.01 m and a
situation for which the temperature difference is 30°C.

c09.qxd 3/6/06 10:58 AM Page 598

598

Chapter 9



Free Convection

Evaluating thermophysical properties at the prescribed
conditions, determine the Rayleigh number for the following fluids: air (1 atm, 400 K), helium (1 atm, 400 K),
glycerin (285 K), and water (310 K).
9.3 To assess the efficacy of different liquids for cooling by
natural convection, it is convenient to introduce a figure of
merit, FN, which combines the influence of all pertinent
fluid properties on the convection coefficient. If the
Nusselt number is governed by an expression of the form,
NuL ~ Ran, obtain the corresponding relationship between
FN and the fluid properties. For a representative value of
n  0.33, calculate values of FN for air (k  0.026
W/m  K, b  0.0035 K1, v  1.5  105 m2/s, Pr 
0.70), water (k  0.600 W/m  K, b  2.7  104 K1,
v  106 m2/s, Pr  5.0), and a dielectric liquid (k 
0.064 W/m  K, b  0.0014 K1,   106 m2/s, Pr 
25). What fluid is the most effective cooling agent?
9.4

In many cases, we are concerned with free convection
involving gases that are contained within sealed enclosures. Consider air at 27°C and pressures of 1, 10, and
100 bars. Determine the figure of merit described in
Problem 9.3 for each of these three pressures. Which
air pressure will provide the most effective cooling?
Hint: See Problem 6.17.

9.7 A number of thin plates are to be cooled by vertically suspending them in a water bath at a temperature of 20°C.
If the plates are initially at 54°C and are 0.15 m long, what
minimum spacing would prevent interference between
their free convection boundary layers?
9.8

A square aluminum plate 5 mm thick and 200 mm on a
side is heated while vertically suspended in quiescent
air at 40°C. Determine the average heat transfer coefficient for the plate when its temperature is 15°C by two
methods: using results from the similarity solution to
the boundary layer equations, and using results from an
empirical correlation.

9.9

Consider an array of vertical rectangular fins, which is
to be used to cool an electronic device mounted in
quiescent, atmospheric air at T  27°C. Each fin has
L  20 mm and H  150 mm and operates at an
approximately uniform temperature of Ts  77°C.

W

L

Quiescent
air, T∞

H

Vertical Plates
9.5

9.6

The heat transfer rate due to free convection from a vertical surface, 1 m high and 0.6 m wide, to quiescent air
that is 20 K colder than the surface is known. What is
the ratio of the heat transfer rate for that situation to the
rate corresponding to a vertical surface, 0.6 m high and
1 m wide, when the quiescent air is 20 K warmer than
the surface? Neglect heat transfer by radiation and any
influence of temperature on the relevant thermophysical
properties of air.
Consider a large vertical plate with a uniform surface
temperature of 130°C suspended in quiescent air at
25°C and atmospheric pressure.
(a) Estimate the boundary layer thickness at a location
0.25 m measured from the lower edge.
(b) What is the maximum velocity in the boundary
layer at this location and at what position in the
boundary layer does the maximum occur?

Ts

S
t

(a) Viewing each fin surface as a vertical plate in an
infinite, quiescent medium, briefly describe why
there exists an optimum fin spacing S. Using
Figure 9.4, estimate the optimum value of S for the
prescribed conditions.
(b) For the optimum value of S and a fin thickness of
t  1.5 mm, estimate the rate of heat transfer from
the fins for an array of width W  355 mm.

(c) Using the similarity solution result, Equation 9.19,
determine the heat transfer coefficient 0.25 m from
the lower edge.

9.10 Determine the average convection heat transfer coefficient for the 2.5-m-high vertical walls of a home having
respective interior air and wall surface temperatures of
(a) 20 and 10°C and (b) 27 and 37°C.

(d) At what location on the plate measured from
the lower edge will the boundary layer become
turbulent?

9.11 Beginning with the free convection correlation of the
form given by Equation 9.24, show that for air at
atmospheric pressure and a film temperature of 400 K,
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104  RaL  109
109  RaL  1013

9.12 A solid object is to be cooled by submerging it in a quiescent fluid, and the associated free convection coefficient is given by h  CT1/4, where C is a constant and
T  T  T.
(a) Invoking the lumped capacitance approximation,
obtain an expression for the time required for the
object to cool from an initial temperature Ti to a
final temperature Tƒ.
(b) Consider a highly polished, 150-mm square aluminum alloy (2024) plate of 5-mm thickness, initially at 225°C, and suspended in ambient air at
25°C. Using the appropriate approximate correlation from Problem 9.11, determine the time
required for the plate to reach 80°C.
(c) Plot the temperature–time history obtained from
part (b) and compare with the results from a
lumped capacitance analysis using a constant free
convection coefficient, ho. Evaluate ho from an
appropriate correlation based on an average surface
temperature of T  (Ti  Tƒ)/2.
9.13 A household oven door of 0.5-m height and 0.7-m
width reaches an average surface temperature of 32°C
during operation. Estimate the heat loss to the room
with ambient air at 22°C. If the door has an emissivity
of 1.0 and the surroundings are also at 22°C, comment
on the heat loss by free convection relative to that by
radiation.

9.15 The plate described in Problem 9.14 has been used in an
experiment to determine the free convection heat transfer coefficient. At an instant of time when the plate
temperature was 127°C, the time rate of change of this
temperature was observed to be 0.0465 K/s. What is
the corresponding free convection heat transfer coefficient? Compare this result with an estimate based on a
standard empirical correlation.
9.16 The ABC Evening News Report in a news segment
on hypothermia research studies at the University of
Minnesota claimed that heat loss from the body is 30
times faster in 10°C water than in air at the same temperature. Is that a realistic statement?
9.17 Consider a vertical, single-pane window of equivalent
width and height (W  L  1 m). The interior surface is
exposed to the air and walls of a room, which are each at
18C. Under cold ambient conditions for which a thin
layer of frost has formed on the inner surface, what is the
heat loss through the window? How would your analysis
be affected by a frost layer whose thickness is not negligible? During incipience of frost formation, where would
you expect the frost to begin to develop on the window?
The frost may be assumed to have an emissivity of
 0.90.
9.18 During a winter day, the window of a patio door with
a height of 1.8 m and width of 1.0 m shows a frost
line near its base. The room wall and air temperatures
are 15C.

9.14 An aluminum alloy (2024) plate, heated to a uniform
temperature of 227°C, is allowed to cool while vertically suspended in a room where the ambient air and
surroundings are at 27°C. The plate is 0.3 m square
with a thickness of 15 mm and an emissivity of 0.25.
(a) Develop an expression for the time rate of change
of the plate temperature, assuming the temperature
to be uniform at any time.
(b) Determine the initial rate of cooling (K/s) when the
plate temperature is 227°C.

Window,
1.8 m × 1.0 m

(c) Justify the uniform plate temperature assumption.
(d) Compute and plot the temperature history of the
plate from t  0 to the time required to reach a
temperature of 30°C. Compute and plot the corresponding variations in the convection and radiation
heat transfer rates.

(a)

Explain why the window would show a frost
layer at the base rather than at the top.

(b)

Estimate the heat loss through the window due to
free convection and radiation. Assume the window has a uniform temperature of 0C and the
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Thin-walled container

emissivity of the glass surface is 0.94. If the room
has electric baseboard heating, estimate the corresponding daily cost of the window heat loss for a
utility rate of 0.08 $/kW  h.
9.19

A vertical, thin pane of window glass that is 1 m on a
side separates quiescent room air at T,i  20°C from
quiescent ambient air at T,o  20°C. The walls of the
room and the external surroundings (landscape, buildings, etc.) are also at Tsur,i  20°C and Tsur,o  20°C,
respectively.

Hot process

L = 200 mm

T∞,h = 50°C

Cold water bath
T∞,c = 10°C

Window glass
T, ε

Tsur,i

Room air

Ambient air

T∞,i

T∞,o

Tsur,o

If the glass has an emissivity of  1, what is its temperature T ? What is the rate of heat loss through the
glass?
9.20 Consider the conditions of Problem 9.19, but now allow
for a difference between the inner and outer surface temperatures, Ts,i and Ts,o, of the window. For a glass thickness and thermal conductivity of tg  10 mm and kg 
1.4 W/m  K, respectively, evaluate Ts,i and Ts,o. What is
the heat loss through the window?
9.21 Consider the conveyor system described in Problem
7.24, but under conditions for which the conveyor is not
moving and the air is quiescent. Radiation effects and
interactions between boundary layers on adjoining surfaces may be neglected.
(a) For the prescribed plate dimensions and initial temperature, as well as the prescribed air temperature,
what is the initial rate of heat transfer from one of
the plates?
(b) How long does it take for a plate to cool from
300C to 100C? Comment on the assumption of
negligible radiation.
9.22 A thin-walled container with a hot process fluid at 50°C
is placed in a quiescent, cold water bath at 10°C. Heat
transfer at the inner and outer surfaces of the container
may be approximated by free convection from a vertical
plate.

(a) Determine the overall heat transfer coefficient
between the hot process fluid and the cold water
bath. Assume the properties of the hot process fluid
are those of water.
(b) Generate a plot of the overall heat transfer coefficient as a function of the hot process fluid temperature T,h for the range 20 to 60°C, with all other
conditions remaining the same.
9.23 Consider an experiment to investigate the transition to
turbulent flow in a free convection boundary layer that
develops along a vertical plate suspended in a large
room. The plate is constructed of a thin heater that is
sandwiched between two aluminum plates and may be
assumed to be isothermal. The heated plate is 1 m high
and 2 m wide. The quiescent air and the surroundings
are both at 25°C.
(a) The exposed surfaces of the aluminum plate are
painted with a very thin coating of high emissivity
(  0.95) paint. Determine the electrical power
that must be supplied to the heater to sustain the
plate at a temperature of Ts  35°C. How much of
the plate is exposed to turbulent conditions in the
free convection boundary layer?
(b) The experimentalist speculates that the roughness
of the paint is affecting the transition to turbulence
in the boundary layer and decides to remove the
paint and polish the aluminum surface (  0.05).
If the same power is supplied to the plate as in part
(a), what is the steady-state plate temperature? How
much of the plate is exposed to turbulent conditions
in the free convection boundary layer?
9.24 A square plate of pure aluminum, 0.5 m on a side and
16 mm thick, is initially at 300°C and is suspended in a
large chamber. The walls of the chamber are maintained
at 27°C, as is the enclosed air. If the surface emissivity
of the plate is 0.25, what is the initial cooling rate? Is it
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reasonable to assume a uniform plate temperature during the cooling process?
9.25 The vertical rear window of an automobile is of thickness L  8 mm and height H  0.5 m and contains
fine-meshed heating wires that can induce nearly uni.
form volumetric heating, q (W/m3).
(a) Consider steady-state conditions for which the
interior surface of the window is exposed to quiescent air at 10°C, while the exterior surface is
exposed to air at 10°C moving in parallel flow
over the surface with a velocity of 20 m/s. Determine the volumetric heating rate needed to maintain the interior window surface at Ts,i  15°C.
(b) The interior and exterior window temperatures, Ts,i
and Ts,o, depend on the compartment and ambient
temperatures, T,i and T,o, as well as on the velocity u of air flowing over the exterior surface and
.
the volumetric heating rate q. Subject to the constraint that Ts,i is to be maintained at 15°C, we wish
to develop guidelines for varying the heating rate
in response to changes in T,i, T,o, and/or u.
.
If T,i is maintained at 10°C, how will q and Ts,o
vary with T,o for 25  T, o  5°C and u  10,
20, and 30 m/s? If a constant vehicle speed is
.
maintained, such that u  30 m/s, how will q and
Ts,o vary with T,i for 5  T, i  20°C and T, o 
25, 10, and 5°C?
9.26 Determine the maximum allowable uniform heat flux
that may be imposed at a wall heating panel 1 m high
if the maximum temperature is not to exceed 37°C
when the ambient air temperature is 25°C.
9.27 The components of a vertical circuit board, 150 mm on a
side, dissipate 5 W. The back surface is well insulated
and the front surface is exposed to quiescent air at 27°C.

Circuit board

Quiescent
air

Component

Assuming a uniform surface heat flux, what is the maximum temperature of the board? What is the temperature of the board for an isothermal surface condition?

9.28 Circuit boards are mounted to interior vertical surfaces
of a rectangular duct of height H  400 mm and
length L  800 mm. Although the boards are cooled by
forced convection heat transfer to air flowing through
the duct, not all of the heat dissipated by the electronic
components is transferred to the flow. Some of the
heat is instead transferred by conduction to the vertical
walls of the duct and then by natural convection and
radiation to the ambient (atmospheric) air and surroundings, which are at equivalent temperatures of
T  Tsur  20C. The walls are metallic and, to a first
approximation, may be assumed to be isothermal at a
temperature Ts.

Tsur
Tm,o
H

Quiescent air

T∞
Sidewalls
Ts, εs
Electronic
components, q

L
Air
•

m , Tm,i

(a) Consider conditions for which the electronic components dissipate 200 W and air enters the duct at a
flow rate of ṁ  0.015 kg/s and a temperature of
Tm,i  20C. If the emissivity of the side walls is
s  0.15 and the outlet temperature of the air is
Tm,o  30C, what is the surface temperature Ts?
(b) To reduce the temperature of the electronic components, it is desirable to enhance heat transfer
from the side walls. Assuming no change in the air
flow conditions, what is the effect on Ts of applying a high emissivity coating ( s  0.90) to the side
walls?
(c) If there is a loss of air flow while power continues
to be dissipated, what are the resulting values of Ts
for s  0.15 and s  0.90?
9.29 A refrigerator door has a height and width of H  1 m
and W  0.65 m, respectively, and is situated in a
large room for which the air and walls are at T  Tsur 
25°C. The door consists of a layer of polystyrene insulation (k  0.03 W/m  K) sandwiched between thin sheets
of steel (  0.6) and polypropylene. Under normal
operating conditions, the inner surface of the door is
maintained at a fixed temperature of Ts, i  5°C.
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the exterior surface of emissivity 0.85 to large surroundings, also at 25°C; and (ii) the thermal resistance of a 20-mm-thick wall with a thermal
conductivity of 0.25 W/m  K. Represent the system
by a thermal circuit and estimate the wall temperatures and the heat transfer rate.

W

H

Air, T∞

Refrigerator
compartment
Polypropylene
surface,

Ts,i
Steel
surface,
Ts,o, ε

Insulation,

k

Surroundings,

Tsur

L

9.31 In the central receiver concept of a solar power plant,
many heliostats at ground level are used to direct a concentrated solar flux qS to the receiver, which is positioned at the top of a tower. However, even with
absorption of all the solar flux by the outer surface of
the receiver, losses due to free convection and radiation
reduce the collection efficiency below the maximum
possible value of 100%. Consider a cylindrical receiver
of diameter D  7 m, length L  12 m, and emissivity
 0.20.

(a) Estimate the heat gain through the door for the
worst case condition corresponding to no insulation (L  0).

D

Ambient air

T∞, h

(b) Compute and plot the heat gain and the outer surface temperature Ts, o as a function of insulation
thickness for 0  L  25 mm.
9.30 Air at 3 atm and 100°C is discharged from a compressor
into a vertical receiver of 2.5-m height and 0.75-m diameter. Assume that the receiver wall has negligible thermal
resistance, is at a uniform temperature, and that heat
transfer at its inner and outer surfaces is by free convection from a vertical plate. Neglect radiation exchange and
any losses from the top.

Receiver

Air

Air

T∞,i = 100°C
pi = 3 atm

T∞,o = 25°C
po = 1 atm

Receiver wall
Compressor
connection

(a) Estimate the receiver wall temperature and the heat
transfer to the ambient air at 25°C. To facilitate use
of the free convection correlations with appropriate
film temperatures, assume that the receiver wall
temperature is 60°C.
(b) Were the assumed film temperatures of part (a) reasonable? If not, use an iteration procedure to find
consistent values.
(c) Now consider two features of the receiver neglected
in the previous analysis: (i) radiation exchange from

Central
receiver

L
GS
q"S

Ts
Heliostats

(a) If all of the solar flux is absorbed by the receiver and
a surface temperature of Ts  800 K is maintained,
what is the rate of heat loss from the receiver? The
ambient air is quiescent at a temperature of
T  300 K, and irradiation from the surroundings
may be neglected. If the corresponding value of the
solar flux is qS  105 W/m2, what is the collector
efficiency?
(b) The surface temperature of the receiver is affected
by design and operating conditions within the
power plant. Over the range from 600 to 1000 K,
plot the variation of the convection, radiation, and
total heat rates as a function of Ts. For a fixed value
of qS  105 W/m2, plot the corresponding variation
of the receiver efficiency.
9.32 An experimental apparatus is shown in the schematic for
measuring the local convection coefficient and the
boundary layer temperature distribution for a heated vertical plate immersed in an extensive, quiescent fluid. The
plate is maintained at a uniform temperature by circulating a thermostatically controlled fluid through imbedded
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obtain the convection heat flux, qcv, and calculate
the convection coefficient. Extend the first table
above to include the results of your analysis.

flow channels. The heat flux and surface temperature are
measured at discrete locations along the x-axis by miniature sensors using thin-film thermocouple technology.
The fluid temperature in the boundary layer is measured
using a microwire thermocouple probe. The plate is
mounted within a room under stable climate control. For
the series of observations tabulated below, the quiescent
air and room wall temperatures were 296 K. Your task is
to process the experimental observations and compare
them to results from the similarity solution for laminar
free convection (Section 9.4).
Tsur = T∞

T(xo, y)

(c) Calculate and plot the local convection coefficient,
hx(x), as a function of the x-coordinate using the
similarity solution, Eqs. 9.19 and 9.20. On the same
graph, plot the experimental points. Comment on
the comparison between the experimental and analytical results.
(d) For the conditions in the second table, compare the
experimental boundary-layer air temperature measurements with those from the similarity solution,
Figure 9.4b. Summarize the results of your analysis
using the similarity parameter, , and the dimensionless temperature, T*. Comment on the comparison between the experimental and analytical results.

Air probe temperature
measurements

Ts
Quiescent air

x

T∞ = 296 K

Vertical test
plate, Ts

T∞

y

x
To thermostatcontrolled
circulating
bath

Horizontal and Inclined Plates

y
xo

y

Heat flux gage
and thin-film surface
thermocouple, ε = 0.05

The following table provides measurements from the
heat flux sensor at six x-locations for the specified
plate–air temperature difference.
Ts  T  7.7 K
25
x (mm)
qtot (W/m2) 41.4

75
27.2

175
22.0

275
20.1

375
18.3

475
17.2

Measurements obtained from the air temperature
probe are provided next for three discrete y-locations
at two x-locations. The local Grashof numbers corresponding to the x-locations have been calculated to
simplify your analysis.
Ts  T  7.3 K
x  200 mm,
Grx  7.6  106
y(mm)

x  400 mm,
Grx  6.0  107

2.5

5.0

10.0

2.5

5.0

10.0

T(x, y)  T(K) 5.5

3.8

1.6

5.9

4.5

2.0

9.33 Consider the transformer of Problem 8.97, whose lateral surface is being maintained at 47°C by a forced
convection coolant line removing 1000 W. It is desired
to explore cooling of the transformer by free convection
and radiation, assuming the surface to have an emissivity of 0.80.
(a) Determine how much power could be removed by
free convection and radiation from the lateral and
the upper horizontal surfaces when the ambient temperature and the surroundings are at 27°C.
Upper
horizontal
surface of
transformer

Vertical fin

Fin width,
75 mm

(b) Vertical fins, 5 mm thick, 75 mm wide, and 500 mm
long, can easily be welded to the lateral surface.
What is the heat removal rate by free convection if
30 such fins are attached?

(a) The surfaces of the heat flux sensors experience free
convection and radiation exchange with the surroundings. Write an expression for estimating the
radiation heat flux from the sensor as a function of
the surface emissivity, the temperature of the surroundings, and the temperature difference (Ts  T).

9.34 Airflow through a long, 0.2-m-square air conditioning duct
maintains the outer duct surface temperature at 10°C. If
the horizontal duct is uninsulated and exposed to air at
35°C in the crawlspace beneath a home, what is the heat
gain per unit length of the duct?

(b) Using the expression derived in part (a), apply a
 , to
correction to the measured total heat flux, qtot

9.35 Consider the conditions of Example 9.3, including the
effect of adding insulation of thickness t and thermal
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conductivity k  0.035 W/m  K to the duct. We wish
to now include the effect of radiation on the outer surface temperatures and the total heat loss per unit length
of duct.
(a) If Ts,1  45°C, t  25 mm,  1, and Tsur  288 K,
what are the temperatures of the side, top, and bottom surfaces? What are the corresponding heat
losses per unit length of duct?
(b) For the top surface, compute and plot Ts,2 and q as
a function of insulation thickness for 0  t  50
mm. The exposed duct surface (t  0) may also be
assumed to have an emissivity of  1.
9.36 An electrical heater in the form of a horizontal disk of
400-mm diameter is used to heat the bottom of a tank
filled with engine oil at a temperature of 5°C. Calculate
the power required to maintain the heater surface temperature at 70°C.
9.37 Consider a horizontal 6-mm-thick, 100-mm-long straight
fin fabricated from plain carbon steel (k  57 W/m  K,
 0.5). The base of the fin is maintained at 150°C,
while the quiescent ambient air and the surroundings are
at 25°C. Assume the fin tip is adiabatic.
(a) Estimate the fin heat rate per unit width, qf. Use an
average fin surface temperature of 125°C to estimate
the free convection coefficient and the linearized
radiation coefficient. How sensitive is your estimate
to the choice of the average fin surface temperature?
(b) Generate a plot of qf as a function of the fin emissivity for 0.05   0.95. On the same coordinates, show the fraction of the total heat rate due to
radiation exchange.
9.38 The thermal conductivity and surface emissivity of a
material may be determined by heating its bottom surface
and exposing its top surface to quiescent air and large surroundings of equivalent temperatures, T  Tsur  25C.
The remaining surfaces of the sample/heater are well
insulated.

Tsur
ε, T2

Ambient air, T∞
Sample, k

T1

L

Pelec

W

Consider a sample of thickness L  25 mm and a
square planform of width W  250 mm. In an experi-

ment performed under steady-state conditions, temperature measurements made at the lower and upper surface
of the sample yield values of T1  150C and T2 
100C, respectively, for a power input of Pelec  70 W.
What are the thermal conductivity and emissivity of the
sample?
9.39 Convection heat transfer coefficients for a heated horizontal surface facing upward may be determined by a
gage whose specific features depend on whether the
temperature of the surroundings is known. For configuration A, a copper disk, which is electrically heated
from below, is encased in an insulating material such
that all of the heat is transferred by convection and
radiation from the top surface. If the surface emissivity and the temperatures of the air and surroundings
are known, the convection coefficient may be determined from measurement of the electrical power and
the surface temperature of the disk. Configuration B is
used in situations for which the temperature of the
surroundings is not known. A thin, insulating strip
separates semicircular disks with independent electrical heaters and different emissivities. If the emissivities and temperature of the air are known, the
convection coefficient may be determined from measurement of the electrical power supplied to each of
the disks in order to maintain them at a common
temperature.

Tsur

Quiescent air
T∞, h

q

T, ε

D

Quiescent air
T∞, h

Tsur
T1, ε 1

q1

q2

T2, ε 2

D

Pelec,1

Pelec
(a)

Pelec,2
(b)

(a) In an application of configuration A to a disk of
diameter D  160 mm and emissivity  0.8, values of Pelec  10.8 W and T  67C are measured
for T  Tsur  27C. What is the corresponding
value of the average convection coefficient? How
does it compare with predictions based on a standard correlation?
(b) Now consider an application of configuration B
for which T  17C and Tsur is unknown. With
D  160 mm, 1  0.8 and 2  0.1, values of
Pelec,1  9.70 W and Pelec,2  5.67 W are measured
when T1  T2  77C. Determine the corresponding

c09.qxd 3/6/06 10:59 AM Page 605



605

Problems

values of the convection coefficient and the temperature of the surroundings. How does the convection
coefficient compare with predictions by an appropriate correlation?

in part (b) is too high for safe, long-term operation.
What thickness of fireclay brick would reduce this
temperature to 1350 K?
9.44

A stereo receiver/amplifier is enclosed in a thin
metallic case for which the top, horizontal surface is
0.5 m  0.5 m on a side. The surface, which is not
vented, has an emissivity of  0.8 and is exposed to
quiescent ambient air and large surroundings for which
T  Tsur  25°C. For surface temperatures in the
range 50  Ts  75°C, compute and plot the total heat
rate from the surface, as well as the contributions due
to convection and radiation.

9.45

At the end of its manufacturing process, a silicon wafer
of diameter D  150 mm, thickness   1 mm, and
emissivity  0.65 is at an initial temperature of
Ti  325C and is allowed to cool in quiescent, ambient
air and large surroundings for which T  Tsur  25C.

9.40 A circular grill of diameter 0.25 m and emissivity 0.9 is
maintained at a constant surface temperature of 130°C.
What electrical power is required when the room air
and surroundings are at 24°C?
9.41 Many laptop computers are equipped with thermal management systems that involve liquid cooling of the central processing unit (CPU), transfer of the heated liquid
to the back of the laptop screen assembly, and dissipation of heat from the back of the screen assembly by
way of a flat, isothermal heat spreader. The cooled liquid is recirculated to the CPU and the process continues.
Consider an aluminum heat spreader that is of width
w  275 mm and height L  175 mm. The screen
assembly is oriented at an angle  30° from the vertical direction, and the heat spreader is attached to the
t  3 mm thick plastic housing with a thermally conducting adhesive. The plastic housing has a thermal conductivity of k  0.21 W/m  K and emissivity of  0.85.
The contact resistance associated with the heat spreaderhousing interface is Rt,c  2.0  104 m2  K/W. If the
CPU generates, on average, 15 W of thermal energy,
what is the temperature of the heat spreader when T 
Tsur  23°C? Which thermal resistance (contact, conduction, radiation, or free convection) is the largest?
9.42 Consider the roof of the refrigerated truck compartment
described in Problem 7.20, but under conditions for
which the truck is parked (V  0). All other conditions
remain unchanged. For S   0.5, determine the outer
surface temperature, Ts,o, and the heat load imposed on
the refrigeration system. Hint: Assume Ts,o  T and
RaL  107.
9.43 The 4-m by 4-m horizontal roof of an uninsulated aluminum melting furnace is comprised of a 0.08-m-thick
fireclay brick refractory covered by a 5-mm-thick steel
(AISI 1010) plate. The refractory surface exposed to
the furnace gases is maintained at 1700 K during operation, while the outer surface of the steel is exposed to
the air and walls of a large room at 25°C. The emissivity of the steel is  0.3.
(a) What is the rate of heat loss from the roof?
(b) If a 20-mm-thick layer of alumina–silica insulation
(64 kg/m3) is placed between the refractory and the
steel, what is the new rate of heat loss from the
roof? What is the temperature at the inner surface
of the insulation?
(c) One of the process engineers claims that the temperature at the inner surface of the insulation found

Quiescent air

T∞

Tsur
Silicon wafer

D, δ , ε , T

(a) What is the initial rate of cooling?
(b) How long does it take for the wafer to reach a temperature of 50C? Comment on how the relative
effects of convection and radiation vary with time
during the cooling process.
9.46

A 200-mm-square, 10-mm-thick tile has the thermophysical properties of pyrex (  0.80) and emerges
from a curing process at an initial temperature of
Ti  140°C. The backside of the tile is insulated while
the upper surface is exposed to ambient air and surroundings at 25°C.

Ambient air
T∞ = 25°C

Tsur = 25°C

Tile, Ts

(a) Estimate the time required for the tile to cool to a
final, safe-to-touch temperature of Tƒ  40°C. Use
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an average tile surface temperature of T  (Ti 
Tƒ)/2 to estimate the average free convection coefficient and the linearized radiation coefficient. How
sensitive is your estimate to the assumed value for T ?
(b) Estimate the required cooling time if ambient air is
blown in parallel flow over the tile with a velocity
of 10 m/s.
9.47 Integrated circuit (IC) boards are stacked within a duct
and dissipate a total of 500 W. The duct has a square
cross section with w  H  150 mm and a length of
0.5 m. Air flows into the duct at 25C and 1.2 m3/min,
and the convection coefficient between the air and the
inner surfaces of the duct is hi  50 W/m2  K. The
entire outer surface of the duct, which is anodized with
an emissivity of 0.5, is exposed to ambient air and large
surroundings at 25C.

9.48 A highly polished aluminum plate of length 0.5 m and
width 0.2 m is subjected to an airstream at a temperature of 23°C and a velocity of 10 m/s. Because of
upstream conditions, the flow is turbulent over the
entire length of the plate. A series of segmented, independently controlled heaters is attached to the lower
side of the plate to maintain approximately isothermal
conditions over the entire plate. The electrical heater
covering the section between the positions x1  0.2 m
and x2  0.3 m is shown in the schematic.
Air

Ts = 47°C

u∞ = 10 m/s
T∞ = 23°C
w
x

Air
T∞ = 25°C

Tsur = T∞

Ts , ho , hrad ,
ε = 0.50

w

Tm,o

Circuit boards,
500 W dissipation

H = w = 150 mm
Air
•

= 1.2 m3/min

A

Tm, i = 25°C
L = 0.5 m
hi

Your assignment is to develop a model to estimate the
outlet temperature of the air, Tm,o, and the average surface temperature of the duct, Ts.
(a) Assuming a surface temperature of 37C, estimate
the average free convection coefficient, ho, for the
outer surface of the duct.
(b) Assuming a surface temperature of 37C, estimate
the average linearized radiation coefficient, hrad, for
the outer surface of the duct.
(c) Perform an energy balance on the duct by considering the dissipation of electrical power in the ICs, the
rate of change in the energy of air flowing through
the duct, and the rate of heat transfer from the air
in the duct to the surroundings. Express the last
process in terms of thermal resistances between the
mean temperature, Tm, of the air in the duct and the
temperature of the ambient air and the surroundings.
(d) Substitute numerical values into the expression of
part (c) and calculate the air outlet temperature,
Tm,o. Estimate the corresponding value of Ts. Comment on your results and the assumptions inherent
in your model.

Heater segment,
Ts = 47°C

x1

x2

L

(a) Estimate the electrical power that must be supplied
to the designated heater segment to maintain the
plate surface temperature at Ts  47°C.
(b) If the blower that maintains the airstream velocity
over the plate malfunctions, but the power to the
heaters remains constant, estimate the surface temperature of the designated segment. Assume that the
ambient air is extensive, quiescent, and at 23°C.
9.49 The average free convection coefficient for the exterior
surfaces of a long, horizontal rectangular duct exposed to
a quiescent fluid can be estimated from the Hahn–Didion
(H–D) correlation [ASHRAE Proceedings, Part 1, pp.
262–67, 1972]
NuP  0.55Ra1/4
P

HP

1/8

RaP  107

where the characteristic length is the half-perimeter,
P  (w  H), and w and H are the horizontal width
and vertical height, respectively, of the duct. The
thermophysical properties are evaluated at the film
temperature.
(a) Consider a horizontal 0.15-m-square duct with a surface temperature of 35C in ambient air at 15C.
Calculate the average convection coefficient and the
heat rate per unit length using the H–D correlation.
(b) Calculate the average convection coefficient and the
heat rate per unit length considering the duct as
formed by vertical plates (sides) and horizontal plates
(top and bottom). Do you expect this estimate to be
lower or higher than that obtained with the H–D correlation? Explain the difference, if any.
(c) Using an appropriate correlation, calculate the average convection coefficient and the heat rate per unit
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length for a duct of circular cross section having a
perimeter equal to the wetted perimeter of the rectangular duct of part (a). Do you expect this estimate to be lower or higher than that obtained with
the H–D correlation? Explain the difference, if any.
9.50 It is desired to estimate the effectiveness of a horizontal,
straight fin of rectangular cross section when applied to
a surface operating at 45°C in an environment for which
the surroundings and ambient air are at 25°C. The fin
is to be fabricated from aluminum alloy (2024-T6)
with an anodized finish (  0.82) and is 2 mm thick
and 100 mm long.
(a) Considering only free convection from the fin surface and estimating an average heat transfer coefficient, determine the effectiveness of the fin.
(b) Estimate the effectiveness of the fin, including
the influence of radiation exchange with the
surroundings.
(c) Using a numerical method, develop the finitedifference equations and obtain the fin effectiveness. The free convection and radiation exchange
modes should be based on local, rather than average, values for the fin.
9.51 Certain wood stove designs rely exclusively on heat
transfer by radiation and natural convection to the surroundings. Consider a stove that forms a cubical enclosure, Ls  1 m on a side, in a large room. The exterior
walls of the stove have an emissivity of  0.8 and are
at an operating temperature of Ts, s  500 K.

Dp

Quiescent
air, T∞

Lp
Ts,p
Ls

Tsur

Ls

Ts,s
Ls

The stove pipe, which may be assumed to be
isothermal at an operating temperature of Ts,p  400 K,
has a diameter of Dp  0.25 m and a height of Lp  2 m,
extending from stove to ceiling. The stove is in a large
room whose air and walls are at T  Tsur  300 K.
Neglecting heat transfer from the small horizontal section
of the pipe and radiation exchange between the pipe and
stove, estimate the rate at which heat is transferred from
the stove and pipe to the surroundings.
9.52 A plate 1 m by 1 m, inclined at an angle of 45°, is
exposed to a net radiation heat flux of 300 W/m2 at its
bottom surface. If the top surface of the plate is well
insulated, estimate the temperature the plate reaches
when the ambient air is quiescent and at a temperature
of 0°C.

Horizontal Cylinders and Spheres
9.53 A horizontal rod 5 mm in diameter is immersed in
water maintained at 18°C. If the rod surface temperature is 56°C, estimate the free convection heat transfer
rate per unit length of the rod.
9.54 A horizontal uninsulated steam pipe passes through a
large room whose walls and ambient air are at 300 K.
The pipe of 150-mm diameter has an emissivity of 0.85
and an outer surface temperature of 400 K. Calculate the
heat loss per unit length from the pipe.
9.55 Examine the conditions of Example 9.4, including the
effect of adding insulation of thickness t, thermal conductivity k  0.026 W/m  K, and emissivity  0.85.
Compute and plot the surface temperature Ts,2 and the
heat loss q as a function of insulation thickness for 0 
t  50 mm. In addition to adding insulation, the heat loss
may be reduced by decreasing the surface emissivity of
the insulation. For t  25 mm compute and plot Ts,2 and
q as a function of the emissivity for 0.1   1.0.
9.56 Beverage in cans 150 mm long and 60 mm in diameter
is initially at 27°C and is to be cooled by placement in a
refrigerator compartment at 4°C. In the interest of maximizing the cooling rate, should the cans be laid horizontally or vertically in the compartment? As a first
approximation, neglect heat transfer from the ends.
9.57 Consider Problem 8.47. A more realistic solution would
account for the resistance to heat transfer due to free
convection in the paraffin during melting. Assuming the
tube surface to have a uniform temperature of 55°C and
the paraffin to be an infinite, quiescent liquid, determine
the convection coefficient associated with the outer surface. Using this result and recognizing that the tube surface temperature is not known, determine the water
outlet temperature, the total heat transfer rate, and the
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time required to completely liquefy the paraffin, for the
prescribed conditions. Thermophysical properties associated with the liquid state of the paraffin are k  0.15
W/m  K,   8  104 K1,   770 kg/m3,   5 
106 m2/s, and   8.85  108 m2/s.
9.58 A long, uninsulated steam line with a diameter of 89 mm
and a surface emissivity of 0.8 transports steam at 200C
and is exposed to atmospheric air and large surroundings
at an equivalent temperature of 20C.
(a) Calculate the heat loss per unit length for a calm
day.
(b) Calculate the heat loss on a breezy day when the
wind speed is 8 m/s.
(c) For the conditions of part (a), calculate the heat loss
with a 20-mm-thick layer of insulation (k 
0.08 W/m  K). Would the heat loss change significantly with an appreciable wind speed?
9.59 A horizontal tube of 12.5-mm diameter with an outer
surface temperature of 240°C is located in a room with
an air temperature of 20°C. Estimate the heat transfer
rate per unit length of the tube due to free convection.
9.60 Saturated steam at 4 bars absolute pressure with a mean
velocity of 3 m/s flows through a horizontal pipe whose
inner and outer diameters are 55 and 65 mm, respectively. The heat transfer coefficient for the steam flow is
known to be 11,000 W/m2  K.
(a) If the pipe is covered with a 25-mm-thick layer of
85% magnesia insulation and is exposed to atmospheric air at 25°C, determine the rate of heat
transfer by free convection to the room per unit
length of the pipe. If the steam is saturated at the
inlet of the pipe, estimate its quality at the outlet of
a pipe 30 m long.
(b) Net radiation to the surroundings also contributes
to heat loss from the pipe. If the insulation has a
surface emissivity of  0.8 and the surroundings
are at Tsur  T  25°C, what is the rate of heat
transfer to the room per unit length of pipe? What
is the quality of the outlet flow?
(c) The heat loss may be reduced by increasing the
insulation thickness and/or reducing its emissivity.
What is the effect of increasing the insulation
thickness to 50 mm if  0.8? Of decreasing
the emissivity to 0.2 if the insulation thickness is
25 mm? Of reducing the emissivity to 0.2 and
increasing the insulation thickness to 50 mm?
9.61 A horizontal electrical cable of 25-mm diameter has a
heat dissipation rate of 30 W/m. If the ambient air temperature is 27°C, estimate the surface temperature of
the cable.

9.62 An electric immersion heater, 10 mm in diameter and
300 mm long, is rated at 550 W. If the heater is horizontally positioned in a large tank of water at 20°C,
estimate its surface temperature. Estimate the surface
temperature if the heater is accidentally operated in air
at 20°C.
9.63 The maximum surface temperature of the 20-mmdiameter shaft of a motor operating in ambient air at
27°C should not exceed 87°C. Because of power dissipation within the motor housing, it is desirable to
reject as much heat as possible through the shaft to
the ambient air. In this problem, we will investigate
several methods for heat removal.
Air

T∞ = 27°C
Ts ≤ 87°C
Ω (rad/s)
Shaft, D = 20 mm

(a) For horizontal rotating cylinders, a suitable correlation for estimating the convection coefficient is of
the form
1/3
NuD  0.133Re2/3
D Pr
(ReD  4.3  105, 0.7  Pr  670)

where ReD  D2/ and  is the rotational velocity (rad/s). Determine the convection coefficient
and the maximum heat rate per unit length as a
function of rotational speed in the range from 5000
to 15,000 rpm.
(b) Estimate the free convection coefficient and the
maximum heat rate per unit length for the stationary shaft. Mixed free and forced convection effects
may become significant for ReD  4.7(Gr D3 /Pr)0.137.
Are free convection effects important for the range
of rotational speeds designated in part (a)?
(c) Assuming the emissivity of the shaft is 0.8 and the
surroundings are at the ambient air temperature, is
radiation exchange important?
(d) If ambient air is in cross flow over the shaft, what
air velocities are required to remove the heat rates
determined in part (a)?
9.64 Consider a horizontal pin fin of 6-mm diameter and
60-mm length fabricated from plain carbon steel (k  57
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W/m  K,  0.5). The base of the fin is maintained at
150°C, while the quiescent ambient air and the surroundings are at 25°C. Assume the fin tip is adiabatic.
(a) Estimate the fin heat rate, qƒ. Use an average fin
surface temperature of 125°C in estimating the free
convection coefficient and the linearized radiation
coefficient. How sensitive is this estimate to your
choice of the average fin surface temperature?
(b) Use the finite-difference method of solution to
obtain qƒ when the convection and radiation coefficients are based on local, rather than average, temperatures for the fin. How does your result compare
with the analytical solution of part (a)?
9.65 Consider the hot water pipe of Problem 7.56, but under
conditions for which the ambient air is not in cross flow
over the pipe and is, instead, quiescent. Accounting for
the effect of radiation with a pipe emissivity of ´p 
0.6, what is the corresponding daily cost of heat loss
per unit length of the uninsulated pipe?
9.66 Common practice in chemical processing plants is to
clad pipe insulation with a durable, thick aluminum foil.
The functions of the foil are to confine the batt insulation and to reduce heat transfer by radiation to the surroundings. Because of the presence of chlorine (at
chlorine or seaside plants), the aluminum foil surface,
which is initially bright, becomes etched with in-service
time. Typically, the emissivity might change from
0.12 at installation to 0.36 with extended service. For a
300-mm-diameter foil-covered pipe whose surface temperature is 90°C, will this increase in emissivity due to
degradation of the foil finish have a significant effect on
heat loss from the pipe? Consider two cases with surroundings and ambient air at 25°C: (a) quiescent air and
(b) a cross-wind velocity of 10 m/s.
9.67 Consider the electrical heater of Problem 7.43. If the
blower were to malfunction, terminating airflow while
the heater continued to operate at 1000 W/m, what temperature would the heater assume? How long would it
take to come within 10°C of this temperature? Allow
for radiation exchange between the heater (  0.8) and
the duct walls, which are also at 27°C.
9.68 A computer code is being developed to analyze a 12.5mm-diameter, cylindrical sensor used to determine
ambient air temperature. The sensor experiences free
convection while positioned horizontally in quiescent air
at T  27°C. For the temperature range from 30 to
80°C, derive an expression for the convection coefficient
as a function of only T  Ts  T, where Ts is the sensor temperature. Evaluate properties at an appropriate
film temperature and show what effect this approximation has on the convection coefficient estimate.

9.69 A thin-walled tube of 20-mm diameter passes hot fluid
at a mean temperature of 45°C in an experimental flow
loop. The tube is mounted horizontally in quiescent air
at a temperature of 15°C. To satisfy the stringent temperature control requirements of the experiment, it was
decided to wind thin electrical heating tape on the outer
surface of the tube to prevent heat loss from the hot
fluid to the ambient air.

Hot fluid, Tm
Tube

Air

Thin electrical
heating tape

(a) Neglecting radiation heat loss, calculate the heat
flux q e that must be supplied by the electrical tape
to ensure a uniform fluid temperature.
(b) Assuming the emissivity of the tape is 0.95 and
the surroundings are also at 15°C, calculate the
required heat flux.
(c) The heat loss may be reduced by wrapping the heating tape in a layer of insulation. For 85% magnesia
insulation (k  0.050 W/m  K) having a surface
emissivity of  0.60, compute and plot the required
heat flux qe as a function of insulation thickness in the
range from 0 to 20 mm. For this range, compute and
plot the convection and radiation heat rates per unit
tube length as a function of insulation thickness.
9.70 A billet of stainless steel, AISI 316, with a diameter of
150 mm and a length of 500 mm emerges from a heat
treatment process at 200C and is placed in an unstirred
oil bath maintained at 20C.
(a) Determine whether it is advisable to position the
billet in the bath with its centerline horizontal or
vertical in order to decrease the cooling time.
(b) Estimate the time for the billet to cool to 30C for
the preferred arrangement.
9.71 Long stainless steel rods of 50-mm diameter are preheated to a uniform temperature of 1000 K before being
suspended from an overhead conveyor for transport to a
hot forming operation. The conveyor is in a large room
whose walls and air are at 300 K.
(a) Assuming the linear motion of the rod to have a negligible effect on convection heat transfer from its
surface, determine the average convection coefficient at the start of the transport process.
(b) If the surface emissivity of the rod is  0.40,
what is the effective radiation heat transfer coefficient at the start of the transport process?
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Steel rod, ε

Biological
fluid

Tm,o

m• = 0.02 kg/s
Tm,i = 25°C

Water bath

Tsur

T∞ = 50°C

Air, T∞

Thin walled tube,
D = 5 mm

(c) Assuming a constant cumulative (radiation plus
convection) heat transfer coefficient corresponding
to the results of parts (a) and (b), what is the maximum allowable conveyor transit time, if the centerline temperature of the rod must exceed 900 K for
the forming operation? Properties of the steel are
k  25 W/m  K and   5.2  106 m2/s.
(d) Heat transfer by convection and radiation are
actually decreasing during the transfer operation.
Accounting for this reduction, reconsider the conditions of part (c) and obtain a more accurate estimate of the maximum allowable conveyor transit
time.
9.72

Hot air flows from a furnace through a 0.15-m-diameter,
thin-walled steel duct with a velocity of 3 m/s. The duct
passes through the crawlspace of a house, and its uninsulated exterior surface is exposed to quiescent air and surroundings at 0°C.
(a) At a location in the duct for which the mean air
temperature is 70°C, determine the heat loss per
unit duct length and the duct wall temperature. The
duct outer surface has an emissivity of 0.5.
(b) If the duct is wrapped with a 25-mm-thick layer of
85% magnesia insulation (k  0.050 W/m  K) having a surface emissivity of  0.60, what are the
duct wall temperature, the outer surface temperature, and the heat loss per unit length?

9.73

A biological fluid moves at a flow rate of ṁ  0.02 kg/s
through a coiled, thin-walled, 5-mm-diameter tube submerged in a large water bath maintained at 50°C. The
fluid enters the tube at 25°C.
(a) Estimate the length of the tube and the number of
coil turns required to provide an exit temperature
of Tm, o  38°C for the biological fluid. Assume
that the water bath is an extensive, quiescent
medium, that the coiled tube approximates a horizontal tube, and that the biological fluid has the
thermophysical properties of water.
(b) The flow rate through the tube is controlled by a
pump that experiences throughput variations of
approximately 10% at any one setting. This condition is of concern to the project engineer because the

Dc =
200 mm

corresponding variation of the exit temperature of the
biological fluid could influence the downstream
process. What variation would you expect in Tm, o for
a 10% change in ṁ?
9.74 Consider a batch process in which 200 liters of a pharmaceutical are heated from 25C to 70C by saturated
steam condensing at 2.455 bars as it flows through a
coiled tube of 15-mm diameter and 15-m length. At any
time during the process, the liquid may be approximated
as an infinite, quiescent medium of uniform temperature
and may be assumed to have constant properties of
r  1100 kg/m3, c  2000 J/kg  K, k  0.25 W/m  K,
v  4.0  106 m2/s, Pr  10, and b  0.002 K1. The
thermal resistances of the condensing steam and tube
wall may be neglected.
Saturated
steam, psat

Coiled tubing
L, D
Quiescent
liquid, T (t)

Containment vessel, V
Insulation

(a) What is the initial rate of heat transfer to the
pharmaceutical?
(b) Neglecting heat transfer between the tank and its
surroundings, how long does it take to heat the
pharmaceutical to 70C? Plot the corresponding
variation with time of the fluid temperature and the
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convection coefficient at the outer surface of the
tube. How much steam is condensed during the
heating process?
9.75 In the analytical treatment of the fin with uniform crosssectional area, it was assumed that the convection heat
transfer coefficient is constant along the length of the
fin. Consider an AISI 316 steel fin of 6-mm diameter
and 50-mm length (with insulated tip) operating under
conditions for which Tb  125°C, T  27°C, Tsur 
27°C, and  0.6.
(a) Estimate average values of the fin heat transfer
coefficients for free convection (hc) and radiation
exchange (hr). Use these values to predict the tip
temperature and fin effectiveness.
(b) Use a numerical method of solution to estimate the
foregoing parameters when the convection and
radiation coefficients are based on local, rather
than average, values for the fin.
9.76 A hot fluid at 35°C is to be transported through a tube
horizontally positioned in quiescent air at 25°C. Which
of the tube shapes, each of equal cross-sectional area,
would you use in order to minimize heat losses to the
ambient air by free convection?

g

r2 l , and then expressing the result in terms of
the Nusselt number.
(b) Considering free convection, at what surface temperature will the Nusselt number be twice that for
the conduction limit? Consider air and water as the
fluids.
(c) Considering forced convection, at what velocity will
the Nusselt number be twice that for the conduction
limit? Consider air and water as the fluids.
9.78 A sphere of 25-mm diameter contains an embedded
electrical heater. Calculate the power required to maintain the surface temperature at 94°C when the sphere
is exposed to a quiescent medium at 20°C for: (a) air
at atmospheric pressure, (b) water, and (c) ethylene
glycol.
9.79 Under steady-state operation the surface temperature of
a small 20-W incandescent light bulb is 125°C when the
temperature of the room air and walls is 25°C. Approximating the bulb as a sphere 40 mm in diameter with a
surface emissivity of 0.8, what is the rate of heat transfer
from the surface of the bulb to the surroundings?
9.80 A 25-mm-diameter copper sphere with a low emissivity
coating is removed from an oven at a uniform temperature of 85C and allowed to cool in a quiescent fluid
maintained at 25C.
(a) Calculate convection coefficients associated with
the initial condition for immersion in air and water.

40 mm
20 mm
20 mm

22.56 mm

10
mm
(1)

(2)

(3)

(4)

Use the following correlation of Lienhard (Int. J. Heat
Mass Transfer, 16, 2121, 1973) to approximate the
laminar convection coefficient for an immersed body
on which the boundary layer does not separate from
the surface,
Nul  0.52Ra1/4
l
The characteristic length l is the length of travel of the
fluid in the boundary layer across the shape surface.
Compare this correlation to that given for a sphere to
test its utility.
9.77 Consider a 2-mm-diameter sphere immersed in a fluid
at 300 K and 1 atm.
(a) If the fluid around the sphere is quiescent and extensive, show that the conduction limit of heat transfer
from the sphere can be expressed as NuD, cond  2.
Hint: Begin with the expression for the thermal
resistance of a hollow sphere, Equation 3.36, letting

(b) Using two different approaches, estimate the time
for the sphere to reach 30C when immersed in
air and water. In the simpler, but more approximate, approach, use an average convection coefficient based on the average temperature of the
sphere during the cooling process. In the more
accurate method, treat the convection coefficient
as a variable and numerically integrate the energy
balance equation.

Parallel Plate Channels
9.81 Consider two long vertical plates maintained at uniform
temperatures Ts,1  Ts,2. The plates are open at their
ends and are separated by the distance 2L.
(a) Sketch the velocity distribution in the space between
the plates.
(b) Write appropriate forms of the continuity, momentum, and energy equations for laminar flow between
the plates.
(c) Evaluate the temperature distribution, and express
your result in terms of the mean temperature, Tm 
(Ts,1  Ts,2)/2.
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air to infiltrate into the space between the pane and
the insulation.

z

(a) Determine the window heat loss and associated
weekly cost with the ill-fitting insulation in place.
The insulation will significantly reduce the radiation losses through the window. Losses will be
due almost entirely to convection.

x

g
Ts,1

Ts,2

L

(b) Plot the heat loss through the patio window as a
function of the gap spacing for 1 mm  S  20 mm.
9.85 The front door of a dishwasher of width 580 mm has a
vertical air vent that is 500 mm in height with a 20-mm
spacing between the inner tub operating at 52°C and an
outer plate that is thermally insulated.

L

(d) Estimate the vertical pressure gradient by assuming
the density to be a constant m corresponding to Tm.
Substituting from the Boussinesq approximation,
obtain the resulting form of the momentum equation.
(e) Determine the velocity distribution.

Tub

Ts = 52°C

Insulated
surface

9.82 Consider the conditions of Problem 9.9, but now view
the problem as one involving free convection between
vertical, parallel plate channels. What is the optimum fin
spacing S? For this spacing and the prescribed values of
t and W, what is the rate of heat transfer from the fins?
9.83 A vertical array of circuit boards is immersed in quiescent ambient air at T  17°C. Although the components protrude from their substrates, it is reasonable, as
a first approximation, to assume flat plates with uniform
surface heat flux q s. Consider boards of length and
width L  W  0.4 m and spacing S  25 mm. If the
maximum allowable board temperature is 77°C, what is
the maximum allowable power dissipation per board?
Ts,L

Air

(a) Determine the heat loss from the tub surface when
the ambient air is 27°C.
(b) A change in the design of the door provides the
opportunity to increase or decrease the 20-mm
spacing by 10 mm. What recommendations would
you offer with regard to how the change in spacing
will alter heat losses?
9.86 A natural convection air heater consists of an array of
parallel, equally spaced vertical plates, which may be

S

Circuit
boards

q"s

War
1 2 3 . . . N–1 N

q"s
L

Ts
L
T∞

9.84 Determined to reduce the $3 per week cost associated
with heat loss through their patio window by convection and radiation, the tenants of Problem 9.18 cover the
inside of the window with a 50-mm-thick sheet of
extruded insulation. Because they are not very handy
around the house, the insulation is installed poorly,
resulting in a S  5 mm gap between the extruded
insulation and the window pane, allowing the room

W
S
Ambient air, T∞
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maintained at a fixed temperature Ts by embedded
electrical heaters. The plates are of length and width
L  W  300 mm and are in quiescent, atmospheric
air at T  20C. The total width of the array cannot
exceed a value of War  150 mm.
For Ts  75C, what is the plate spacing S that
maximizes heat transfer from the array? For this spacing, how many plates comprise the array and what is
the corresponding rate of heat transfer from the array?
9.87 A bank of drying ovens is mounted on a rack in a room
with an ambient air temperature of 27C. The cubical
ovens are 500 mm to a side, and the spacing between
the ovens is 15 mm.
Drying oven
15 mm

(a) Estimate the heat loss from a facing side of an
oven when its surface temperature is 47C.
(b) Explore the effect of the spacing on the heat loss.
At what spacing is the heat loss a maximum?
Describe the boundary layer behavior for this condition. Can this condition be analyzed by treating the
side of an oven as an isolated vertical plate?
9.88 A solar collector consists of a parallel plate channel that
is connected to a water storage plenum at the bottom
and to a heat sink at the top. The channel is inclined
 30° from the vertical and has a transparent cover
plate. Solar radiation transmitted through the cover
plate and the water maintains the isothermal absorber

To heat sink

θ

L

Plenum

T∞

Water

plate at a temperature Ts  67°C, while water returned
to the reservoir from the heat sink is at T  27°C. The
system operates as a thermosyphon, for which water
flow is driven exclusively by buoyancy forces. The plate
spacing and length are S  15 mm and L  1.5 m.
Assuming the cover plate to be adiabatic with
respect to convection heat transfer to or from the water,
estimate the rate of heat transfer per unit width normal
to the flow direction (W/m) from the absorber plate to
the water.

Rectangular Cavities
9.89 As is evident from the property data of Tables A.3 and
A.4, the thermal conductivity of glass at room temperature is more than 50 times larger than that of air. It is
therefore desirable to use windows of double-pane construction, for which the two panes of glass enclose an
air space. If heat transfer across the air space is by conduction, the corresponding thermal resistance may be
increased by increasing the thickness L of the space.
However, there are limits to the efficacy of such a measure, since convection currents are induced if L exceeds
a critical value, beyond which the thermal resistance
decreases.
Consider atmospheric air enclosed by vertical
panes at temperatures of T1  22C and T2  20C. If
the critical Rayleigh number for the onset of convection
is RaL  2000, what is the maximum allowable spacing
for conduction across the air? How is this spacing
affected by the temperatures of the panes? How is it
affected by the pressure of the air, as, for example, by
partial evacuation of the space?
9.90 A building window pane that is 1.2 m high and 0.8 m
wide is separated from the ambient air by a storm window
of the same height and width. The air space between the
two windows is 0.06 m thick. If the building and storm
windows are at 20 and 10°C, respectively, what is the
rate of heat loss by free convection across the air space?
9.91 The absorber plate and the adjoining cover plate of a
flat-plate solar collector are at 70 and 35°C, respectively, and are separated by an air space of 0.05 m.
What is the rate of free convection heat transfer per unit
surface area between the two plates if they are inclined
at an angle of 60° from the horizontal?

S
Absorber plate, Ts

Cover plate

613
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From heat sink

9.92 Consider a thermal storage system in which the phase
change material (paraffin) is housed in a large container
whose bottom, horizontal surface is maintained at Ts 
50°C by warm water delivered from a solar collector.
(a) Neglecting the change in sensible energy of the liquid phase, estimate the amount of paraffin that is
melted over a five-hour period beginning with an
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initial liquid layer at the bottom of the container of
thickness si  10 mm. The paraffin of Problems
8.47 and 9.57 is used as the phase change material
and is initially at the phase change temperature,
Tmp  27.4°C. The bottom surface area of the container is A  2.5 m2.
(b) Compare the amount of energy needed to melt the
paraffin to the amount of energy required to
increase the temperature of the same amount of liquid from the phase change temperature to the average liquid temperature, (Ts  Tmp)/2.
(c) Neglecting the change in sensible energy of the
liquid phase, estimate the amount of paraffin that
would melt over a five-hour time period if the hot
plate is placed at the top of the container and si 
10 mm.
9.93 A rectangular cavity consists of two parallel, 0.5-msquare plates separated by a distance of 50 mm, with
the lateral boundaries insulated. The heated plate is
maintained at 325 K and the cooled plate at 275 K. Estimate the heat flux between the surfaces for three orientations of the cavity using the notation of Figure 9.6:
vertical with  90°, horizontal with  0°, and horizontal with  180°.
9.94 Consider a horizontal flat roof section having the same
dimensions as a vertical wall section. For both sections,
the surfaces exposed to the air gap are at 18°C (inside)
and 10°C (outside).
Vertical wall section

3m
Horizontal roof section

0.1 m

3m
Baffle, part b
Air

their expense. A young engineer suggests that equally
spaced, extremely thin horizontal sheets of aluminum
foil may be inserted in the gap to eliminate natural convection and minimize heat loss through the air gap.
qconv
′′

qcond
′′

Tc = 50°C

Aluminum
foil sheets

Air

Th = 200°C

(a) Determine the convective heat flux across the gap
when no insulation is in place.
(b) Determine the minimum number of foil sheets
that must be inserted in the gap to eliminate free
convection.
(c) Determine the conduction heat flux across the air
gap with the foil sheets in place.
9.96 The space between the panes of a double-glazed window
can be filled with either air or carbon dioxide at atmospheric pressure. The window is 1.5 m high and the
spacing between the panes can be varied. Develop an
analysis to predict the convection heat transfer rate
across the window as a function of pane spacing and
determine, under otherwise identical conditions, whether
air or carbon dioxide will yield the smaller rate. Illustrate the results of your analysis for two conditions: winter (10°C, 20°C) and summer (35°C, 25°C).
9.97 A vertical, double-pane window, which is 1 m on a side
and has a 25-mm gap filled with atmospheric air, separates quiescent room air at T,i  20C from quiescent
ambient air at T,o  20C. Radiation exchange
between the window panes, as well as between each
pane and its surroundings, may be neglected.

0.1 m

(a) Estimate the ratio of the convection heat rate for
the horizontal section to that of the vertical section.
(b) What effect will inserting a baffle at the mid-height
of the vertical section have on the convection heat
rate for that section?
9.95 A 50-mm-thick air gap separates two horizontal metal
plates that form the top surface of an industrial furnace.
The bottom plate is at Th  200°C and the top plate is at
Tc  50°C. The plant operator wishes to provide insulation between the plates to minimize heat loss. The relatively hot temperatures preclude use of foamed or felt
insulation materials. Evacuated insulation materials cannot be used due to the harsh industrial environment and

Air

H

Room air

L

T∞,i

Ambient air

T∞,o

Lp
Glass

Ts,i

Ts,o
H

(a) Neglecting the thermal resistance associated with
conduction heat transfer across each pane, determine the corresponding temperature of each pane
and the rate of heat transfer through the window.
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(b) Comment on the validity of neglecting the conduction resistance of the panes if each is of thickness
Lp  6 mm.
9.98 The top surface (0.5 m  0.5 m) of an oven is 60°C for
a particular operating condition when the room air is
23°C. To reduce heat loss from the oven and to
minimize burn hazard, it is proposed to create a 50-mm
air space by adding a cover plate.

9.100 A solar water heater consists of a flat-plate collector
that is coupled to a storage tank. The collector consists
of a transparent cover plate and an absorber plate that
are separated by an air gap.
Absorber
plate, T1

L

Solar
irradiation

Hot water supply

Air space
Quiescent
air

50 mm

Ts

Cover plate

H

Ts
Insulation

Cover
plate, T2

Oven
interior

(a) Assuming the same oven surface temperature Ts for
both situations, estimate the reduction in the convection heat loss resulting from installation of the cover
plate. What is the temperature of the cover plate?
(b) Explore the effect of the cover plate spacing on the
convection heat loss and the cover plate temperature for spacings in the range 5  L  50 mm. Is
there an optimum spacing?
9.99

Consider window blinds that are installed in the air
space between the two panes of a vertical double-pane
window. The window is H  0.5 m high and w  0.5 m
wide, and includes N  19 individual blinds that are
each L  25 mm wide. When the blinds are open,
20 smaller, square enclosures are formed along the
height of the window. In the closed position, the blinds
form a nearly continuous sheet with two t  12.5 mm
open gaps at the top and bottom of the enclosure.
Determine the convection heat transfer rate between
the inner pane, which is held at Ts,i  20°C, and the
outer pane, which is at Ts,o  20°C, when the blinds
are in the open and closed positions, respectively.
Explain why the closed blinds have little effect on the
convection heat transfer rate across the cavity.
t = 12.5 mm

L = 25 mm

Ts,o
H = 0.5 m
Ts,i
Baffle

Baffle

Open

Closed

t = 12.5 mm

τ

Storage
tank

Back-up
heater

Cold water return

Although much of the solar energy collected by the
absorber plate is transferred to a working fluid passing
through a coiled tube brazed to the back of the
absorber, some of the energy is lost by free convection
and net radiation transfer across the air gap. In Chapter 13, we will evaluate the contribution of radiation
exchange to this loss. For now, we restrict our attention to the free convection effect.
(a) Consider a collector that is inclined at an angle of
 60° and has dimensions of H  w  2 m on a
side, with an air gap of L  30 mm. If the absorber
and cover plates are at T1  70°C and T2  30°C,
respectively, what is the rate of heat transfer by free
convection from the absorber plate?
(b) The heat loss by free convection depends on the
spacing between the plates. Compute and plot
the heat loss as a function of spacing for 5 
L  50 mm. Is there an optimum spacing?

Concentric Cylinders and Spheres
9.101 Consider the cylindrical, 0.12-m-diameter radiation
shield of Example 9.5 that is installed concentric with
a 0.10-m-diameter tube carrying steam. The spacing
provides an air gap of L  10 mm.
(a) Calculate the heat loss per unit length of the tube
by convection when a second shield of 0.14-m
diameter is installed, with the second shield maintained at 35C. Compare the result to that for the
single shield of the example.
(b) In the two-shield configuration of part (a), the air
gaps formed by the annular concentric tubes are
L  10 mm. Calculate the heat loss per unit length
if the gap dimension is L  15 mm. Do you expect
the heat loss to increase or decrease?
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9.102 A solar collector design consists of an inner tube
enclosed concentrically in an outer tube that is transparent to solar radiation. The tubes are thin walled
with inner and outer diameters of 0.10 and 0.15 m,
respectively. The annular space between the tubes is
completely enclosed and filled with air at atmospheric
pressure. Under operating conditions for which the
inner and outer tube surface temperatures are 70 and
30°C, respectively, what is the convective heat loss
per meter of tube length across the air space?
9.103 It has been proposed to use large banks of rechargeable,
lithium ion batteries to power hybrid electric vehicles.
The cylindrical batteries, each of which is of radius ri 
9 mm and length L  65 mm, undergo exothermic electrochemical reactions while being discharged. Since
excessively high temperatures damage the batteries, it is
proposed to encase them in a phase change material that
melts when the batteries discharge (and resolidifies
when the batteries are charged; charging is associated
with an endothermic electrochemical reaction). Consider the paraffin of Problems 8.47 and 9.57.
(a) At an instant in time during the discharge of a battery, liquid paraffin occupies an annular region of
outer radius ro  19 mm around the battery, which
is generating Ėg  1 W of thermal energy. Determine the surface temperature of the battery.
(b) At the time of interest in part (a), what is the rate
at which the liquid annulus radius is increasing?
(c) Graph the battery surface temperature versus the
outer radius of the liquid-filled annulus. Explain
the relative insensitivity of the battery surface
temperature to the size of the annulus for 15 mm 
ro  30 mm.
9.104 The surfaces of two long, horizontal, concentric thinwalled tubes having radii of 100 and 125 mm are maintained at 300 and 400 K, respectively. If the annular
space is pressurized with nitrogen at 5 atm, estimate the
convection heat transfer rate per unit length of the tubes.
9.105 Liquid nitrogen is stored in a thin-walled spherical
vessel of diameter Di  1 m. The vessel is positioned
concentrically within a larger, thin-walled spherical
container of diameter Do  1.10 m, and the intervening cavity is filled with atmospheric helium.
Gaseous
nitrogen

Di, Ti

Atmospheric
helium

Do, To

Liquid
nitrogen

Under normal operating conditions, the inner and
outer surface temperatures are Ti  77 K and To 
283 K. If the latent heat of vaporization of nitrogen
.
is 2  105 J/kg, what is the mass rate m (kg/s) at
which gaseous nitrogen is vented from the system?
9.106 The human eye contains aqueous humor, which separates the external cornea and the internal iris–lens structure. It is hypothesized that, in some individuals, small
flakes of pigment are intermittently liberated from the
iris and migrate to, and subsequently damage, the
cornea. Approximating the geometry of the enclosure
formed by the cornea and iris–lens structure as a pair of
concentric hemispheres of outer radius ro  10 mm and
inner radius ri  7 mm, respectively, investigate whether
free convection can occur in the aqueous humor by evaluating the effective thermal conductivity ratio, keff /k. If
free convection can occur, it is possible that the damaging particles are advected from the iris to the cornea. The
iris–lens structure is at the core temperature, Ti  37°C,
while the cornea temperature is measured to be To 
34°C. The properties of the aqueous humor are   990
kg/m3, k  0.58 W/m  K, cp  4.2  103 J/kg  K,
  7.1  104 N  s/m2, and   3.2  104 K1.

Iris
Aqueous
humor

Vitreous
humor

Lens

Suspensory
ligament
Retina

Cornea
Iris

Ciliary
muscle

Optic
nerve

Mixed Convection
9.107 Water at 35°C with a velocity of 0.05 m/s flows over a
horizontal, 50-mm-diameter cylinder maintained at a
uniform surface temperature of 20°C. Do you anticipate
that heat transfer by free convection will be significant?
What would be the situation if the fluid were air at
atmospheric pressure?
9.108 According to experimental results for parallel airflow
over a uniform temperature, heated vertical plate, the
effect of free convection on the heat transfer convection coefficient will be 5% when GrL/Re L2  0.08.
Consider a heated vertical plate 0.3 m long, maintained at a surface temperature of 60°C in atmospheric
air at 25°C. What is the minimum vertical velocity
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required of the airflow such that free convection
effects will be less than 5% of the heat transfer rate?
9.109 A vertical array of circuit boards of 150-mm height is to
be air cooled such that the board temperature does not
exceed 60°C when the ambient temperature is 25°C.
Air flow,

T∞

(b)

617

Problems

(c)

150 mm

Ts
Board

9.111 Determine the heat transfer rate from the steel plates
of Problem 7.24 accounting for free convection from
the plate surfaces. What is the corresponding rate of
change of the plate temperature? Plot the heat transfer
coefficient associated with free convection, forced
convection, and mixed convection for air velocities
ranging from 2  u  10 m/s. The velocity of the
plate is small compared to the air velocity.
9.112 Square panels (250 mm  250 mm) with a decorative,
highly reflective plastic finish are cured in an oven at
125°C and cooled in quiescent air at 29°C. Quality
considerations dictate that the panels remain horizontal and that the cooling rate be controlled. To increase
productivity in the plant, it is proposed to replace the
batch cooling method with a conveyor system having
a velocity of 0.5 m/s.
Quiescent air

Quiescent
air, T∞

V

(a)

Batch method

Assuming isothermal surface conditions, determine
the allowable electrical power dissipation per board
for the cooling arrangements:
(a)
(b)
(c)
(d)

Free convection only (no forced airflow).
Airflow with a downward velocity of 0.6 m/s.
Airflow with an upward velocity of 0.3 m/s.
Airflow with a velocity (upward or downward) of
5 m/s.

9.110 A horizontal 100-mm-diameter pipe passing hot oil is to
be used in the design of an industrial water heater.
Based on a typical water draw rate, the velocity over the
pipe is 0.5 m/s. The hot oil maintains the outer surface
temperature at 85°C and the water temperature is 37°C.

(b)

(c)

Flow
directions

Hot
oil

(a)

Pipe,
100 mm diameter

Quiescent air
Plate

Ts = 85°C

Water, 37°C

Investigate the effect of flow direction on the heat
rate (W/m) for (a) horizontal, (b) downward, and
(c) upward flow.

Conveyor method

Compare the initial (immediately after leaving the oven)
convection heat transfer rates for the two methods.

Mass Transfer
9.113 A garment soaked with water is hung up to dry in a warm
room at atmospheric pressure. The still air is dry and at a
temperature of 40°C. The garment may be assumed to
have a temperature of 25°C and a characteristic length of
1 m in the vertical direction. Estimate the drying rate per
unit width of the garment.
9.114 A water bath is used to maintain canisters containing
experimental biological reactions at a uniform temperature of 37C. The top of the bath has a width and length
of 0.25 m and 0.50 m, respectively, and is uncovered to
allow easy access for removal or insertion of the canisters. The bath is located in a draft-free laboratory with
air at atmospheric pressure, a temperature of 20C, and
a relative humidity of 60%. The walls of the laboratory
are at a uniform temperature of 25C.
(a) Estimate the heat loss from the surface of the bath by
radiation exchange with the surroundings.
(b) Calculate the Grashof number using Equation 9.65,
which can be applied to natural convection flows
driven by temperature and concentration gradients.
Use a characteristic length L that is appropriate for
the exposed surface of the water bath.
(c) Estimate the free convection heat transfer coefficient using the result for GrL obtained in part (b).
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a diameter of approximately 4 km. Determine the heat
loss from the surface of the lake by radiation, free convection, and evaporation. This heat loss determines the
capacity of the lake to cool the condenser. Justify why
the heat transfer correlation you select is useful, even
though RaL is outside of its specified range. Hint: See
Problem 9.114.

Room surroundings
Tsur = 25°C
Water, 37°C
Thermostated
water bath

Experiment
canister

Electrical
heating
elements

(d) Invoke the heat and mass transfer analogy and
use an appropriate correlation to estimate the mass
transfer coefficient using GrL. Calculate the water
evaporation rate on a daily basis and the heat loss
by evaporation.
(e) Calculate the total heat loss from the surface, and
compare the relative contributions of the sensible,
latent, and radiative effects. Review the assumptions
made in your analysis, especially those relating to
the heat and mass transfer analogy.
9.115 On a very still morning, the surface temperature of a
lake used to cool the condenser of a power plant is
30°C while the air temperature is 23°C with a relative
humidity of 80%. Assume a surroundings temperature
of 285 K. The lake is nominally circular in shape with

9.116 Fuel cells similar to the PEM cell of Example 1.4 operate with a mixture of liquid water and methanol instead
of hydrogen; the anode is placed in direct contact with
the liquid fuel. Oxygen (species A) is delivered to the
exposed cathode by free convection. Hence, no fans or
pumps are needed to operate the device. The power
output of passive, direct methanol fuel cells (DMFCs)
can become mass transfer limited, since the electric
current produced by the DMFC is related to the rate at
which oxygen is consumed at the cathode by the
expression I  4nAFA, where F is Faraday’s constant, F  96489 coulombs/mol. Consider a passive
DMFC with a 120 mm  120 mm membrane. Determine the maximum possible electric current produced
by the DMFC when the oxygen mass fraction at the
cathode is mA,s  0.10 for cases where the cathode is
facing up or is vertical. As a first approximation and to
illustrate the sensitivity of the device to its orientation
relative to the vertical direction, assume buoyancy
forces are dominated by the difference in density associated with the change in the oxygen mass fraction
between the cathode surface and the quiescent environment, which is atmospheric air at T  25°C. Assume
the quiescent air is composed of nitrogen and oxygen,
with an oxygen mass fraction mA,  0.233.
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I

n this chapter we focus on convection processes associated with the change in
phase of a fluid. In particular, we consider processes that can occur at a solid–liquid
or solid–vapor interface, namely, boiling and condensation. For these cases latent
heat effects associated with the phase change are significant. The change from the
liquid to the vapor state due to boiling is sustained by heat transfer from the solid
surface; conversely, condensation of a vapor to the liquid state results in heat transfer to the solid surface.
Since they involve fluid motion, boiling and condensation are classified as forms
of the convection mode of heat transfer. However, they are characterized by unique
features. Because there is a phase change, heat transfer to or from the fluid can occur
without influencing the fluid temperature. In fact, through boiling or condensation,
large heat transfer rates may be achieved with small temperature differences. In addition to the latent heat hƒg, two other parameters are important in characterizing the
processes, namely, the surface tension  at the liquid–vapor interface and the density
difference between the two phases. This difference induces a buoyancy force, which
is proportional to g(l  v). Because of combined latent heat and buoyancy-driven
flow effects, boiling and condensation heat transfer coefficients and rates are generally much larger than those characteristic of convection heat transfer without phase
change.
Many engineering applications that are characterized by high heat fluxes
involve boiling and condensation. In a closed-loop power cycle, pressurized liquid
is converted to vapor in a boiler. After expansion in a turbine, the vapor is restored
to its liquid state in a condenser, whereupon it is pumped to the boiler to repeat the
cycle. Evaporators, in which the boiling process occurs, and condensers are also
essential components in vapor-compression refrigeration cycles. The high heat
transfer coefficients associated with boiling make it attractive to consider for purposes of managing the thermal performance of advanced electronics equipment.
The rational design of such components dictates that the associated phase change
processes be well understood.
In this chapter our objectives are to develop an appreciation for the physical
conditions associated with boiling and condensation and to provide a basis for performing related heat transfer calculations.

10.1
Dimensionless Parameters
in Boiling and Condensation
In our treatment of boundary layer phenomena (Chapter 6), we nondimensionalized
the governing equations to identify relevant dimensionless groups. This approach
enhanced our understanding of related physical mechanisms and suggested simplified procedures for generalizing and representing heat transfer results.
Since it is difficult to develop governing equations for boiling and condensation processes, the appropriate dimensionless parameters can be obtained by using
the Buckingham pi theorem [1]. For either process, the convection coefficient
could depend on the difference between the surface and saturation temperatures,
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T  Ts  Tsat, the body force arising from the liquid–vapor density difference,
g(l  v), the latent heat hƒg, the surface tension , a characteristic length L, and
the thermophysical properties of the liquid or vapor: , cp, k, . That is,
h  h [T, g(l  v), hfg, , L, , cp, k, ]

(10.1)

Since there are 10 variables in 5 dimensions (m, kg, s, J, K), there are (10  5)  5
pi-groups, which can be expressed in the following forms:
g(l  v)L3 cp T cp g(l  v)L2
hL
,
f
,
,

k
hfg
k
2





(10.2a)

or, defining the dimensionless groups,
NuL  f





g (l  v)L3
, Ja, Pr, Bo
2

(10.2b)

The Nusselt and Prandtl numbers are familiar from our earlier single-phase
convection analyses. The new dimensionless parameters are the Jakob number Ja,
the Bond number Bo, and a nameless parameter that bears a strong resemblance
to the Grashof number (see Equation 9.12 and recall that T  /). This
unnamed parameter represents the effect of buoyancy-induced fluid motion on heat
transfer. The Jakob number is the ratio of the maximum sensible energy absorbed
by the liquid (vapor) to the latent energy absorbed by the liquid (vapor) during condensation (boiling). In many applications, the sensible energy is much less than the
latent energy and Ja has a small numerical value. The Bond number is the ratio of
the buoyancy force to the surface tension force. In subsequent sections, we will
delineate the role of these parameters in boiling and condensation.

10.2
Boiling Modes
When evaporation occurs at a solid–liquid interface, it is termed boiling. The
process occurs when the temperature of the surface Ts exceeds the saturation temperature Tsat corresponding to the liquid pressure. Heat is transferred from the solid
surface to the liquid, and the appropriate form of Newton’s law of cooling is
qs  h(Ts  Tsat)  h Te

(10.3)

where Te  Ts  Tsat is termed the excess temperature. The process is characterized by the formation of vapor bubbles, which grow and subsequently detach from
the surface. Vapor bubble growth and dynamics depend, in a complicated manner,
on the excess temperature, the nature of the surface, and thermophysical properties
of the fluid, such as its surface tension. In turn, the dynamics of vapor bubble formation affect liquid motion near the surface and therefore strongly influence the
heat transfer coefficient.
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Boiling may occur under various conditions. For example, in pool boiling the
liquid is quiescent and its motion near the surface is due to free convection and to
mixing induced by bubble growth and detachment. In contrast, for forced convection boiling, fluid motion is induced by external means, as well as by free convection and bubble-induced mixing. Boiling may also be classified according to
whether it is subcooled or saturated. In subcooled boiling, the temperature of the
liquid is below the saturation temperature and bubbles formed at the surface may
condense in the liquid. In contrast, the temperature of the liquid slightly exceeds the
saturation temperature in saturated boiling. Bubbles formed at the surface are then
propelled through the liquid by buoyancy forces, eventually escaping from a free
surface.

10.3
Pool Boiling
Saturated pool boiling, as shown in Figure 10.1, has been studied extensively.
Although there is a sharp increase in the liquid temperature close to the solid surface, the temperature through most of the liquid remains slightly above saturation.
Bubbles generated at the liquid–solid interface therefore rise to and are transported
across the liquid–vapor interface. An appreciation for the underlying physical
mechanisms may be obtained by examining the boiling curve.

10.3.1

The Boiling Curve

Nukiyama [2] was the first to identify different regimes of pool boiling using the
apparatus of Figure 10.2. The heat flux from a horizontal nichrome wire to saturated
water was determined by measuring the current flow I and potential drop E. The
wire temperature was determined from knowledge of the manner in which its electrical resistance varied with temperature. This arrangement is termed powercontrolled heating, wherein the wire temperature Ts (hence the excess temperature
Te) is the dependent variable and the power setting (hence the heat flux qs) is the
independent variable. Following the arrows of the heating curve of Figure 10.3, it is
evident that as power is applied, the heat flux increases, at first slowly and then very
rapidly, with excess temperature.

y

Vapor

Vapor
bubbles

Liquid

T(y)

y
Solid

Tsat

Ts
T

FIGURE 10.1
Temperature distribution in
saturated pool boiling with a
liquid–vapor interface.
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Vapor, 1 atm
Water, Tsat

Wire, q"s, ∆Te = Ts – Tsat

I
E

FIGURE 10.2 Nukiyama’s power-controlled heating
apparatus for demonstrating the boiling curve.

Nukiyama observed that boiling, as evidenced by the presence of bubbles, did
not begin until Te  5°C. With further increase in power, the heat flux increased to
 , the wire temvery high levels until suddenly, for a value slightly larger than qmax
perature jumped to the melting point and burnout occurred. However, repeating
the experiment with a platinum wire having a higher melting point (2045 K vs.
 without
1500 K), Nukiyama was able to maintain heat fluxes above qmax
burnout. When he subsequently reduced the power, the variation of Te with qs
followed the cooling curve of Figure 10.3. When the heat flux reached the minimum
 , a further decrease in power caused the excess temperature to drop
point qmin
abruptly, and the process followed the original heating curve back to the saturation
point.
Nukiyama believed that the hysteresis effect of Figure 10.3 was a consequence
of the power-controlled method of heating, where Te is a dependent variable. He
also believed that by using a heating process permitting the independent control of
Te, the missing (dashed) portion of the curve could be obtained. His conjecture
was subsequently confirmed by Drew and Mueller [3]. By condensing steam inside
a tube at different pressures, they were able to control the value of Te for boiling of

Heating curve with
nichrome and
platinum wires

q"max

Burnout of
nichrome wire

q"max

106

Absent in powercontrolled mode

q"s (W/m2)

10.3

q"min

q"min

Cooling curve with
platinum wire
0

1

5

10

30

100

1000

∆Te (°C)

FIGURE 10.3 Nukiyama’s boiling curve for saturated water at atmospheric pressure.
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a low boiling point organic fluid at the tube outer surface and thereby obtain the
missing portion of the boiling curve.

10.3.2

Modes of Pool Boiling

An appreciation for the underlying physical mechanisms may be obtained by examining the different modes, or regimes, of pool boiling. These regimes are identified
in the boiling curve of Figure 10.4. The specific curve pertains to water at 1 atm,
although similar trends characterize the behavior of other fluids. From Equation
10.3 we note that qs depends on the convection coefficient h, as well as on the
excess temperature Te. Different boiling regimes may be delineated according to
the value of Te.

Free Convection Boiling Free convection boiling is said to exist if Te 

Te,A, where Te,A  5°C. The surface temperature must be somewhat above the saturation temperature in order to sustain bubble formation. As the excess temperature
is increased, bubble inception will eventually occur, but below point A (referred to as
Boiling regimes
Nucleate

Free convection

Isolated
bubbles

Transition

Film

Jets and
columns

107

C

q"max

Critical heat flux, q"max

E

Boiling crisis

106

P
q"s (W/m2)

624

B

105

D
q"min

Equation 9.31
Leidenfrost point, q"min

104

A
ONB

103

1

∆Te,A

∆Te,B

5

10

∆Te,C

∆Te,D

30

120

1000

∆Te = Ts – Tsat (°C)

FIGURE 10.4 Typical boiling curve for water at 1 atm: surface heat flux qs as a
function of excess temperature, Te  Ts  Tsat.
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the onset of nucleate boiling, ONB), fluid motion is determined principally by free
convection effects. According to whether the flow is laminar or turbulent, h varies as
5
Te to the 14 or 13 power, respectively, in which case qs varies as Te to the 4 or 43
power. For a large horizontal plate, the fluid flow is turbulent and Equation 9.31
can be used to predict the free convection portion of the boiling curve, as shown in
Figure 10.4.

Nucleate Boiling Nucleate boiling exists in the range Te,A  Te  Te,C,

where Te,C  30°C. In this range, two different flow regimes may be distinguished. In region A–B, isolated bubbles form at nucleation sites and separate from
the surface, as illustrated in Figure 10.2. This separation induces considerable fluid
mixing near the surface, substantially increasing h and qs. In this regime most of the
heat exchange is through direct transfer from the surface to liquid in motion at the
surface, and not through the vapor bubbles rising from the surface. As Te is
increased beyond Te,B, more nucleation sites become active and increased bubble
formation causes bubble interference and coalescence. In the region B–C, the vapor
escapes as jets or columns, which subsequently merge into slugs of the vapor. This
condition is illustrated in Figure 10.5a. Interference between the densely populated
bubbles inhibits the motion of liquid near the surface. Point P of Figure 10.4 corresponds to an inflection in the boiling curve at which the heat transfer coefficient is
a maximum. At this point h begins to decrease with increasing Te, although
qs , which is the product of h and Te, continues to increase. This trend results
because, for Te  Te,P, the relative increase in Te exceeds the relative reduction
in h. At point C, however, further increase in Te is balanced by the reduction in h.
The maximum heat flux, qs,C  qmax, is usually termed the critical heat flux, and in
water at atmospheric pressure it exceeds 1 MW/m2. At the point of this maximum,
considerable vapor is being formed, making it difficult for liquid to continuously
wet the surface.
Because high heat transfer rates and convection coefficients are associated with
small values of the excess temperature, it is desirable to operate many engineering
devices in the nucleate boiling regime. The approximate magnitude of the convection coefficient may be inferred by using Equation 10.3 with the boiling curve of
Figure 10.4. Dividing qs by Te, it is evident that convection coefficients in excess
of 104 W/m2  K are characteristic of this regime. These values are considerably
larger than those normally corresponding to convection with no phase change.

Transition Boiling The region corresponding to Te,C  Te  Te,D, where
Te,D  120°C, is termed transition boiling, unstable film boiling, or partial film
boiling. Bubble formation is now so rapid that a vapor film or blanket begins to
form on the surface. At any point on the surface, conditions may oscillate between
film and nucleate boiling, but the fraction of the total surface covered by the film
increases with increasing Te. Because the thermal conductivity of the vapor is
much less than that of the liquid, h (and qs ) must decrease with increasing Te.
Film Boiling Film boiling exists for Te  Te,D. At point D of the boiling

curve, referred to as the Leidenfrost point, the heat flux is a minimum, q s, D  qmin ,
and the surface is completely covered by a vapor blanket. Heat transfer from the
surface to the liquid occurs by conduction and radiation through the vapor. It was
Leidenfrost who in 1756 observed that water droplets supported by the vapor film
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(a)

(b)

FIGURE 10.5 Boiling of methanol on a horizontal tube.
(a) Nucleate boiling in the jets and columns regime. (b) Film boiling.
Photographs courtesy of Professor J. W. Westwater, University of Illinois
at Champaign-Urbana.

slowly boil away as they move about a hot surface. As the surface temperature is
increased, radiation through the vapor film becomes more significant and the heat
flux increases with increasing Te.
Figure 10.5 illustrates the nature of the vapor formation and bubble dynamics
associated with nucleate and film boiling. The photographs were obtained for the
boiling of methanol on a horizontal tube.
Although the foregoing discussion of the boiling curve assumes that control may
be maintained over Ts, it is important to remember the Nukiyama experiment and the
many applications that involve controlling qs (e.g., in a nuclear reactor or in an electric
resistance heating device). Consider starting at some point P in Figure 10.4 and gradually increasing qs . The value of Te, and hence the value of Ts, will also increase, following the boiling curve to point C. However, any increase in qs beyond this point will
induce a sharp departure from the boiling curve in which surface conditions change
abruptly from Te,C to Te,E  Ts,E  Tsat. Because Ts,E may exceed the melting point
of the solid, destruction or failure of the system may occur. For this reason point C is
often termed the burnout point or the boiling crisis, and accurate knowledge of the crit  qmax
 , is important. We may want to operate a heat transfer
ical heat flux (CHF), qs,C
surface close to this value, but rarely would we want to exceed it.
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10.4
Pool Boiling Correlations
From the shape of the boiling curve and the fact that various physical mechanisms
characterize the different regimes, it is no surprise that a multiplicity of heat transfer
correlations exist for the boiling process. For the region below Te, A of the boiling
curve (Figure 10.4), appropriate free convection correlations from Chapter 9 can be
used to estimate heat transfer coefficients and heat rates. In this section we review
some of the more widely used correlations for nucleate and film boiling.

10.4.1

Nucleate Pool Boiling

The analysis of nucleate boiling requires prediction of the number of surface nucleation sites and the rate at which bubbles originate from each site. While mechanisms associated with this boiling regime have been studied extensively, complete
and reliable mathematical models have yet to be developed. Yamagata et al. [4]
were the first to show the influence of nucleation sites on the heat rate and to
demonstrate that qs is approximately proportional to Te3. It is desirable to develop
correlations that reflect this relationship between the surface heat flux and the
excess temperature.
In Section 10.3.2 we noted that within region A-B of Figure 10.4, most of the
heat exchange is due to direct transfer from the heated surface to the liquid. Hence,
the boiling phenomena in this region may be thought of as a type of liquid phase
forced convection in which the fluid motion is induced by the rising bubbles. We
have seen that forced convection correlations are generally of the form
NuL  Cfc ReLmfc Pr nfc

(7.1)

and Equation 7.1 may provide insight into how pool boiling data can be correlated,
provided that a length scale and a characteristic velocity can be identified for inclusion in the Nusselt and Reynolds numbers. The subscript fc is added to the constants
that appear in Equation 7.1 to remind us that they apply to this forced convection
expression. As we saw in Chapter 7, these constants are determined experimentally
for complicated flows. Because it is postulated that the rising bubbles mix the liquid, an appropriate length scale for relatively large heater surfaces is the bubble
diameter, Db. The diameter of the bubble upon its departure from the heated surface
may be determined from a force balance in which the buoyancy force (which promotes bubble departure and is proportional to D3b) is equal to the surface tension
force (which adheres the bubble to the surface and is proportional to Db), resulting
in the expression
Db 

g(   )
l

(10.4a)

v

The constant of proportionality depends on the angle of contact between the liquid,
its vapor, and the solid surface; the contact angle depends on the particular liquid
and solid surface that is considered. The subscripts l and v denote the saturated liquid and vapor states, respectively and  (N/m) is the surface tension.
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A characteristic velocity for the agitation of the liquid may be found by dividing
the distance the liquid travels to fill in behind a departing bubble (proportional to Db)
by the time between bubble departures, tb. The time tb is equal to the energy it takes
to form a vapor bubble (proportional to D3b), divided by the rate at which heat is
added over the solid–vapor contact area (proportional to D2b). Thus,
q s
Db
Db
V t 

3
lh fg
b
lh fgD b
2
q s D b



(10.4b)



Substituting Equations 10.4a and 10.4b into Equation 7.1, absorbing the proportionalities into the constant Cfc, and substituting the resulting expression for h into
Equation 10.3 provides the following expression, where the constants Cs, f and n are
newly introduced and the exponent mfc in Equation 7.1 has an experimentally determined value of 2/3:
qs  l hfg

cp,l Te
n
s, f hfg Pr l

g(   ) C
l

v

1/2



3

(10.5)

Equation 10.5 was developed by Rohsenow [5] and is the first and most widely used
correlation for nucleate boiling. The coefficient Cs,f and the exponent n depend on
the solid–liquid combination, and representative experimentally determined values
are presented in Table 10.1. Values for other surface–liquid combinations may be
obtained from the literature [6–8]. Values of the surface tension and the latent
heat of vaporization for water are presented in Table A.6 and for selected fluids in
Table A.5. Values for other liquids may be obtained from any recent edition of the

TABLE 10.1 Values of Cs,ƒ for various
surface–fluid combinations [5–7]
Surface–Fluid Combination
Water–copper
Scored
Polished
Water–stainless steel
Chemically etched
Mechanically polished
Ground and polished
Water–brass
Water–nickel
Water–platinum
n-Pentane–copper
Polished
Lapped
Benzene–chromium
Ethyl alcohol–chromium

Cs,ƒ

n

0.0068
0.0128

1.0
1.0

0.0133
0.0132
0.0080
0.0060
0.006
0.0130

1.0
1.0
1.0
1.0
1.0
1.0

0.0154
0.0049
0.0101
0.0027

1.7
1.7
1.7
1.7
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Handbook of Chemistry and Physics. If Equation 10.5 is rewritten in terms of a
Nusselt number based on an arbitrary length scale L, it will be in the form NuL  Ja2
Pr13n Bo1/2, with all the properties being for the liquid, except for v. Comparing
with Equation 10.2b, we see that only the first dimensionless parameter does not
appear. If the Nusselt number is based on the characteristic bubble diameter given
in Equation 10.4a, the expression reduces to the simpler form NuDb  Ja2 Pr13n.
The Rohsenow correlation applies only for clean surfaces. When it is used to
estimate the heat flux, errors can amount to 100%. However, since Te  (qs)1/3,
this error is reduced by a factor of 3 when the expression is used to estimate Te
from knowledge of qs . Also, since qs  h 2
ƒg and hƒg decreases with increasing saturation pressure (temperature), the nucleate boiling heat flux will increase as the liquid is pressurized.

10.4.2

Critical Heat Flux for Nucleate Pool Boiling

We recognize that the critical heat flux, qs ,C  qmax, represents an important point
on the boiling curve. We may wish to operate a boiling process close to this point,
but we appreciate the danger of dissipating heat in excess of this amount. Kutateladze [9], through dimensional analysis, and Zuber [10], through a hydrodynamic
stability analysis, obtained an expression which can be approximated as



  Chfgv
qmax



g(l  v)
2v

1/4

(10.6)

which is independent of surface material and is weakly dependent upon the heated
surface geometry through the leading constant, C. For large horizontal cylinders, for
spheres, and for many large finite heated surfaces, use of a leading constant with the
value C  /24 0.131 (the Zuber constant) agrees with experimental data to within
16% [11]. For large horizontal plates, a value of C  0.149 gives better agreement
with experimental data. The properties in Equation 10.6 are evaluated at the saturation
temperature. Equation 10.6 applies when the characteristic length of the heater surface, L, is large relative to the bubble diameter, Db. However, when the heater is
small, such that the Confinement number, Co  /(g[l  v])/L  Bo 1/2 [12], is
greater than approximately 0.2, a correction factor must be applied to account for the
small size of the heater. Lienhard [11] reports correction factors for various geometries, including horizontal plates, cylinders, spheres, and vertically and horizontally
oriented ribbons.
It is important to note that the critical heat flux depends strongly on pressure,
mainly through the pressure dependence of surface tension and the heat of vaporization. Cichelli and Bonilla [13] have experimentally demonstrated that the peak flux
increases with pressure up to one-third of the critical pressure, after which it falls to
zero at the critical pressure.

10.4.3

Minimum Heat Flux

The transition boiling regime is of little practical interest, as it may be obtained only
by controlling the surface heater temperature. While no adequate theory has been
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developed for this regime, conditions can be characterized by periodic, unstable contact between the liquid and the heated surface. However, the upper limit of this regime
is of interest because it corresponds to formation of a stable vapor blanket or film and
to a minimum heat flux condition. If the heat flux drops below this minimum, the film
will collapse, causing the surface to cool and nucleate boiling to be reestablished.
Zuber [10] used stability theory to derive the following expression for the mini  qmin
 , from a large horizontal plate.
mum heat flux, qs,D

  Cvhfg
qmin

 )
g(
(  ) 
l

v

l

v
2

1/4

(10.7)

where the properties are evaluated at the saturation temperature. The constant,
C  0.09, has been experimentally determined by Berenson [14]. This result is
accurate to approximately 50% for most fluids at moderate pressures but provides
poorer estimates at higher pressures [15]. A similar result has been obtained for horizontal cylinders [16].

10.4.4

Film Pool Boiling

At excess temperatures beyond the Leidenfrost point, a continuous vapor film blankets the surface and there is no contact between the liquid phase and the surface.
Because conditions in the stable vapor film bear a strong resemblance to those of
laminar film condensation (Section 10.7), it is customary to base film boiling correlations on results obtained from condensation theory. One such result, which
applies to film boiling on a cylinder or sphere of diameter D, is of the form
NuD 

g(l  v)hfgD3
hconvD
C
kv
vvkv(Ts  Tsat)





1/4

(10.8)

The correlation constant C is 0.62 for horizontal cylinders [17] and 0.67 for spheres
[11]. The corrected latent heat hfg accounts for the sensible energy required to maintain temperatures within the vapor blanket above the saturation temperature. Although
it may be approximated as hfg  hfg 0.80cp,v (Ts  Tsat ), it is known to depend
weakly on the Prandtl number of the vapor [18]. Vapor properties are evaluated at the
film temperature, Tƒ  (Ts Tsat )/2, and the liquid density is evaluated at the saturation temperature.
At elevated surface temperatures (Ts 300°C), radiation heat transfer across
the vapor film becomes significant. Since radiation acts to increase the film thickness, it is not reasonable to assume that the radiative and convective processes are
simply additive. Bromley [17] investigated film boiling from the outer surface of
horizontal tubes and suggested calculating the total heat transfer coefficient from a
transcendental equation of the form
h4/3  h4/3
conv

hradh1/3

(10.9)

If hrad  hconv, a simpler form may be used:
h  hconv

3
4

hrad

(10.10)
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The effective radiation coefficient hrad is expressed as
hrad 

(T 4s  T 4sat)
Ts  Tsat

(10.11)

where  is the emissivity of the solid (Table A.11) and  is the Stefan–Boltzmann
constant.
Note that the analogy between film boiling and film condensation does not hold
for small surfaces with high curvature because of the large disparity between vapor
and liquid film thicknesses for the two processes. The analogy is also questionable
for a vertical surface, although satisfactory predictions have been obtained for limited conditions.

10.4.5

Parametric Effects on Pool Boiling

In this section we briefly consider other parameters that can affect pool boiling,
confining our attention to the gravitational field, liquid subcooling, and solid surface
conditions.
The influence of the gravitational field on boiling must be considered in applications involving space travel and rotating machinery. This influence is evident
from appearance of the gravitational acceleration g in the foregoing expressions.
Siegel [19], in his review of low gravity effects, confirms that the g1/4 dependence in
Equations 10.6, 10.7, and 10.8 (for the maximum and minimum heat fluxes and for
film boiling) is correct for values of g as low as 0.10 m/s2. For nucleate boiling,
however, evidence indicates that the heat flux is nearly independent of gravity,
which is in contrast to the g1/2 dependence of Equation 10.5. Above-normal gravitational forces show similar effects, although near the ONB, gravity can influence
bubble-induced convection.
If liquid in a pool boiling system is maintained at a temperature that is less than
the saturation temperature, the liquid is said to be subcooled, where Tsub  Tsat  Tl.
In the natural convection regime, the heat flux increases typically as (Ts  Tl)5/4 or
(Te Tsub)5/4. In contrast, for nucleate boiling, the influence of subcooling is con and
sidered to be negligible, although the maximum and minimum heat fluxes, qmax
qmin, are known to increase linearly with Tsub. For film boiling, the heat flux
increases strongly with increasing Tsub.
The influence of surface roughness (by machining, grooving, scoring or sandblasting) on the maximum and minimum heat fluxes and on film boiling is negligible.
However, as demonstrated by Berensen [20], increased surface roughness can cause
a large increase in heat flux for the nucleate boiling regime. As Figure 10.6 illustrates,
a roughened surface has numerous cavities that serve to trap vapor, providing more
and larger sites for bubble growth. It follows that the nucleation site density for a
rough surface can be substantially larger than that for a smooth surface. However,
under prolonged boiling, the effects of surface roughness generally diminish, indicating that the new, large sites created by roughening are not stable sources of vapor
entrapment.
Special surface arrangements that provide stable augmentation (enhancement)
of nucleate boiling are available commercially and have been reviewed by Webb
[21]. Enhancement surfaces are of two types: (1) coatings of very porous material
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Vapor
(a)

Nucleation site

(b)

(c)

FIGURE 10.6 Formation of nucleation sites. (a) Wetted cavity
with no trapped vapor. (b) Reentrant cavity with trapped vapor.
(c) Enlarged profile of a roughened surface.

Vapor
Pore
Liquid
Vapor bubble

Liquid
Sintered
layer
Tunnel
Tube wall
(a)

(b)

FIGURE 10.7 Typical structured enhancement surfaces for augmentation of nucleate boiling.
(a) Sintered metallic coating. (b) Mechanically formed double-reentrant cavity.

formed by sintering, brazing, flame spraying, electrolytic deposition, or foaming,
and (2) mechanically machined or formed double-reentrant cavities to ensure continuous vapor trapping (see Figure 10.7). Such surfaces provide for continuous renewal
of vapor at the nucleation sites and heat transfer augmentation by more than an order
of magnitude. Active augmentation techniques, such as surface wiping–rotation, surface vibration, fluid vibration, and electrostatic fields, have also been reviewed by
Bergles [22, 23]. However, because such techniques complicate the boiling system
and, in many instances, impair reliability, they have found little practical application.

EXAMPLE 10.1
The bottom of a copper pan, 0.3 m in diameter, is maintained at 118°C by an electric heater. Estimate the power required to boil water in this pan. What is the evaporation rate? Estimate the critical heat flux.

SOLUTION
Known: Water boiling in a copper pan of prescribed surface temperature.
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Find:
1. Power required by electric heater to cause boiling.
2. Rate of water evaporation due to boiling.
3. Critical heat flux corresponding to the burnout point.

Schematic:
Tsat = 100°C

•

mb

Water-filled copper
pan, D = 0.30 m

Ts = 118°C

Electrical heater

q, electrical power
input or heat transfer

Assumptions:
1. Steady-state conditions.
2. Water exposed to standard atmospheric pressure, 1.01 bar.
3. Water at uniform temperature Tsat  100°C.
4. Large pan bottom surface of polished copper.
5. Negligible losses from heater to surroundings.

Properties: Table A.6, saturated water, liquid (100°C): l  1/vƒ  957.9 kg/m3,

cp,l  cp,ƒ  4.217 kJ/kg  K, l  ƒ  279 106 N  s/m2, Prl  Prƒ  1.76, hƒg 
2257 kJ/kg,   58.9 103 N/m. Table A.6, saturated water, vapor (100°C): v 
1/vg  0.5956 kg/m3.

Analysis:
1. From knowledge of the saturation temperature Tsat of water boiling at 1 atm and
the temperature of the heated copper surface Ts, the excess temperature Te is
Te  Ts  Tsat  118C  100C  18C
According to the boiling curve of Figure 10.4, nucleate pool boiling will occur
and the recommended correlation for estimating the heat transfer rate per unit
area of plate surface is given by Equation 10.5.
qs  l hfg



 

g(l  v)


1/2

cp,l Te
Cs, f hfg Pr nl



3

The values of Cs,ƒ and n corresponding to the polished copper surface–
water combination are determined from the experimental results of Table 10.1,
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where Cs,ƒ  0.0128 and n  1.0. Substituting numerical values, the boiling
heat flux is
qs  279

106 N  s/m2


4.217
0.0128

2257

103 J/kg


10 J/kg  K 18C
 836 kW/m
2257 10 J/kg 1.76

9.8 m/s2 (957.9  0.5956) kg/m3
58.9 103 N/m
3

1/2

3

2

3

Hence the boiling heat transfer rate is
qs  qs

A  qs

qs  8.36

D2
4
(0.30 m)2
 59.1 kW
4

105 W/m2



2. Under steady-state conditions all heat addition to the pan will result in water
evaporation from the pan. Hence
qs  ṁ bh fg
where ṁb is the rate at which water evaporates from the free surface to the
room. It follows that
ṁ b 

qs
5.91 104 W

 0.0262 kg/s  94 kg/h
h fg 2257 103 J/kg



3. The critical heat flux for nucleate pool boiling can be estimated from Equation 10.6:

g(   ) 

q max  0.149h fgv

v

l

1/4

2
v

Substituting the appropriate numerical values,

  0.149
qmax



2257

58.9

  1.26 MW/m2
qmax

103 J/kg

103 N/m

0.5956 kg/m3

9.8 m/s2 (957.9  0.5956) kg/m3
(0.5956)2(kg/m3)2



1/4



Comments:
1. Note that the critical heat flux qmax  1.26 MW/m2 represents the maximum
heat flux for boiling water at normal atmospheric pressure. Operation of the
heater at qs  0.836 MW/m2 is therefore below the critical condition.
2. Using Equation 10.7, the minimum heat flux at the Leidenfrost point is
qmin  18.9 kW/m2. Note from Figure 10.4 that, for this condition, Te  120°C.
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EXAMPLE 10.2
A metal-clad heating element of 6-mm diameter and emissivity   1 is horizontally immersed in a water bath. The surface temperature of the metal is 255°C under
steady-state boiling conditions. Estimate the power dissipation per unit length of the
heater.

SOLUTION
Known: Boiling from outer surface of horizontal cylinder in water.
Find: Power dissipation per unit length for the cylinder, qs.
Schematic:

Ambient air

p = 1 atm

Water

Tsat = 100°C

Electrical heater

D = 6 mm

Ts = 255°C

Assumptions:
1. Steady-state conditions.
2. Water exposed to standard atmospheric pressure and at uniform temperature
Tsat.

Properties: Table A.6, saturated water, liquid (100°C): l  1/vƒ  957.9 kg/m3, hƒg 

2257 kJ/kg. Table A.4, water vapor at atmospheric pressure (Tf 450 K): v  0.4902
kg/m3, cp,v  1.980 kJ/kg  K, kv  0.0299 W/m  K, v  15.25 106 N  s/m2.

Analysis: The excess temperature is
Te  Ts  Tsat  255C  100C  155C
According to the boiling curve of Figure 10.4, film pool boiling conditions are
achieved, in which case heat transfer is due to both convection and radiation. The
heat transfer rate follows from Equation 10.3, written on a per unit length basis for a
cylindrical surface of diameter D:
qs  qsD  hD Te
The heat transfer coefficient h is calculated from Equation 10.9,
h4/3  h4/3
conv

hrad h1/3
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where the convection and radiation heat transfer coefficients follow from Equations
10.8 and 10.11, respectively. For the convection coefficient:
h conv  0.62



k 3vv( l  v)g(h fg 0.8cp,v Te)
vD Te



1/4

hconv  0.62

(0.0299) (W/m  K)
3

3

0.4902 kg/m3 (957.9  0.4902) kg/m3
1

9.8 m/s2



(2257 103 J/kg 0.8 1.98 103 J/kg  K 155C)
15.25 106 N  s/m2 6 103 m 155C

1/4

hconv  238 W/m2  K
For the radiation heat transfer coefficient:
hrad 
hrad 

(T 4s  T 4sat)
Ts  Tsat
5.67

108 W/m2  K4 (5284  3734)K4
 21.3 W/m2  K
(528  373) K

Solving Equation 10.9 by trial and error,
h4/3  2384/3

21.3h1/3

it follows that
h  254.1 W/m2  K
Hence the heat transfer rate per unit length of heater element is
qs  254.1 W/m2  K



6

103 m

155C  742 W/m



Comments: Equation 10.10 is appropriate for estimating h; it provides a value
of 254.0 W/m2  K.

10.5
Forced Convection Boiling
In pool boiling fluid flow is due primarily to the buoyancy-driven motion of bubbles
originating from the heated surface. In contrast, for forced convection boiling, flow
is due to a directed (bulk) motion of the fluid, as well as to buoyancy effects. Conditions depend strongly on geometry, which may involve external flow over heated
plates and cylinders or internal (duct) flow. Internal, forced convection boiling is
commonly referred to as two-phase flow and is characterized by rapid changes from
liquid to vapor in the flow direction.
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10.5.1

External Forced Convection Boiling

For external flow over a heated plate, the heat flux can be estimated by standard
forced convection correlations up to the inception of boiling. As the temperature of
the heated plate is increased, nucleate boiling will occur, causing the heat flux to
increase. If vapor generation is not extensive and the liquid is subcooled, Bergles
and Rohsenow [24] suggest a method for estimating the total heat flux in terms of
components associated with pure forced convection and pool boiling.
Both forced convection and subcooling are known to increase the critical heat
flux qmax for nucleate boiling. Experimental values as high as 35 MW/m2 (compared
with 1.3 MW/m2 for pool boiling of water at 1 atm) have been reported [25]. For a
liquid of velocity V moving in cross flow over a cylinder of diameter D, Lienhard
and Eichhorn [26] have developed the following expressions for low- and highvelocity flows, where properties are evaluated at the saturation temperature.
Low Velocity:
qmax
1 1
vhfgV 

  
4
WeD

1/3

(10.12)

High Velocity:
( l /v)3/4
q max

vh fgV
169

( l /v)1/2
19.2 We 1/3
D

(10.13)

The Weber number WeD is the ratio of inertia to surface tension forces and has the
form
WeD 

vV 2D


(10.14)

The high- and low-velocity regions, respectively, are determined by whether the
heat flux parameter qmax/vhƒgV is less than or greater than [(0.275/) ( l /v)1/2 1].
In most cases, Equations 10.12 and 10.13 correlate qmax data within 20%.

10.5.2

Two-Phase Flow

Internal forced convection boiling is associated with bubble formation at the inner
surface of a heated tube through which a liquid is flowing. Bubble growth and separation are strongly influenced by the flow velocity, and hydrodynamic effects differ
significantly from those corresponding to pool boiling. The process is accompanied
by the existence of a variety of two-phase flow patterns.
Consider flow development in a vertical tube that is subjected to a constant surface heat flux, as shown in Figure 10.8. Heat transfer to the subcooled liquid that
enters the tube is initially by single-phase forced convection and may be predicted
using the correlations of Chapter 8. Farther down the tube, the wall temperature
exceeds the saturation temperature of the liquid, and vaporization is initiated in the
subcooled flow boiling region. This region is characterized by significant radial
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Subcooled
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Liquid

Liquid forced
convection

h

FIGURE 10.8 Flow regimes for forced convection boiling in a tube.

temperature gradients, with bubbles forming adjacent to the heated wall and subcooled liquid flowing near the center of the tube. The thickness of the bubble region
increases farther downstream, and eventually, the core of the liquid reaches the saturation temperature of the fluid. Bubbles can then exist at any radial location, and
the time-averaged mass fraction of vapor in the fluid,1 X, exceeds zero at any radial
location. This marks the beginning of the saturated flow boiling region. Within the
saturated flow boiling region, the mean vapor mass fraction defined as

X

Ac

u(r,x)XdAc
ṁ

increases and, due to the large density difference between the vapor and liquid
phases, the mean velocity of the fluid, um, increases significantly.
The first stage of the saturated flow boiling region corresponds to the bubbly
flow regime. As X increases further, individual bubbles coalesce to form slugs of

1

This term is often referred to as the quality of a two-phase fluid.
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vapor. This slug-flow regime is followed by an annular-flow regime in which the
liquid forms a film on the tube wall. This film moves along the inner surface of the
tube, while vapor moves at a larger velocity through the core of the tube. Dry spots
eventually appear on the inner surface of the tube and grow in size within a transition regime. Eventually, the entire tube surface is completely dry, and all remaining
liquid is in the form of droplets that travel at high velocity within the core of the
tube in the mist regime. After the droplets are completely vaporized, the fluid consists of superheated vapor in a second single-phase forced convection region. The
increase in the vapor fraction along the tube length, along with the significant difference in the densities of the liquid and vapor phases, increases the mean velocity
of the fluid by several orders of magnitude between the first and the second singlephase forced convection regions.
The local heat transfer coefficient varies significantly as X and um decrease and
increase, respectively, along the length of the tube, x. In general, the heat transfer
coefficient can increase by approximately an order of magnitude through the subcooled flow boiling region. Heat transfer coefficients are further increased in the
early stages of the saturated flow boiling region. Conditions become more complex
deeper in the saturated flow boiling region since the convection coefficient, defined
in Equation 10.3, either increases or decreases with increasing X , depending on the
fluid and tube wall material. Typically, the smallest convection coefficients exist in
the second (vapor) forced convection region owing to the low thermal conductivity
of the vapor relative to that of the liquid.
The following correlation has been developed for the saturated flow boiling
region in smooth circular tubes [27, 28]:

 

l
h
 0.6683 
v
h sp

0.1

X 0.16 (1  X)0.64 f (Fr)

q s
ṁh fg

 

(1  X )0.8 Gs, f

q s
ṁh fg

(1  X )0.8 Gs, f

1058

0.7

(10.15a)

or

 

l
h
 1.136 
v
h sp

0.45

X 0.72 (1  X)0.08 f (Fr)

 

667.2

0.7

(10.15b)

0  X  0.8
where ṁ  ṁ /Ac is the mass flow rate per unit cross-sectional area. In utilizing
Equation 10.15, the larger value of the heat transfer coefficient, h, should be used.
In this expression, the liquid phase Froude number is Fr  (ṁ/l)2/gD and the
coefficient Gs, f depends on the surface–liquid combination, with representative values given in Table 10.2. Equation 10.15 applies for horizontal as well as vertical
tubes, where the stratification parameter, f (Fr), accounts for stratification of the liquid and vapor phases that may occur for horizontal tubes. Its value is unity for vertical tubes and for horizontal tubes with Fr 0.04. For horizontal tubes with Fr 
0.04, f (Fr)  2.63Fr0.3. All properties are evaluated at the saturation temperature,
Tsat. The single-phase convection coefficient, hsp, is associated with the liquid forced
convection region of Figure 10.8 and is obtained from Equation 8.62 with properties evaluated at Tsat. Because Equation 8.62 is for turbulent flow, it is recommended
that Equation 10.15 not be applied to situations where the liquid single-phase
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TABLE 10.2 Values of Gs, f for various
surface–liquid combinations [27, 28].
Fluid in Commercial Copper Tubing

Gs, ƒ

Kerosene
Refrigerant R-134a
Refrigerant R-152a
Water
For stainless steel tubing, use Gs,f  1.

0.488
1.63
1.10
1.00

convection is laminar. Equation 10.15 is applicable when the channel dimension
is large relative to the bubble diameter, that is, for Confinement numbers,
Co  /(g[l  v])/Dh  1/2 [3].
In order to use Equation 10.15, the mean vapor mass fraction, X , must be
known. For negligible changes in the fluid’s kinetic and potential energy as well as
negligible work, Equation 1.11d may be rearranged to yield
X(x) 

qsDx
ṁhfg

(10.16)

where the origin of the x-coordinate, x  0, corresponds to the axial location where
X begins to exceed zero, and the change in enthalpy, ut pv, is equal to the change
in X multiplied by the enthalpy of vaporization, hfg.
Correlations for the subcooled flow boiling region and annular as well as mist
regimes are available in the literature [28]. For constant heat flux conditions, critical
heat fluxes may occur in the subcooled flow boiling region, in the saturated flow
boiling region where X is large, or in the vapor forced convection region. Critical
heat flux conditions may lead to melting of the tube material in extreme conditions
[29]. Additional discussions of flow boiling are available in the literature [7,
30–33]. Extensive databases consisting of thousands of experimentally measured
values of the critical heat flux for wide ranges of operating conditions are also available [34, 35].

10.5.3

Two-Phase Flow in Microchannels

Two-phase microchannels feature forced convection boiling of a liquid through circular or noncircular tubes having hydraulic diameters ranging from 10 to 1000 m,
resulting in extremely high heat transfer rates [36]. In these situations, the characteristic bubble size can occupy a significant fraction of the tube diameter and the
Confinement number can become very large. Hence, different types of flow regimes
exist, including regimes where the bubbles occupy nearly the full diameter of the
heated tube [37]. This can lead to a dramatic increase in the convection coefficient,
h, corresponding to the peak in Figure 10.8. Thereafter, h decreases with increasing
x as it does in Figure 10.8. Equation 10.15 cannot be used to predict correct values
of the heat transfer coefficient and does not even predict correct trends for
microchannel flow boiling cases. Recourse must be made to more sophisticated
modeling [38].
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10.6
Condensation: Physical Mechanisms
Condensation occurs when the temperature of a vapor is reduced below its saturation temperature. In industrial equipment, the process commonly results from
contact between the vapor and a cool surface (Figures 10.9a, b). The latent energy
of the vapor is released, heat is transferred to the surface, and the condensate is
formed. Other common modes are homogeneous condensation (Figure 10.9c),
where vapor condenses out as droplets suspended in a gas phase to form a fog,
and direct contact condensation (Figure 10.9d), which occurs when vapor is
brought into contact with a cold liquid. In this chapter we will consider only surface
condensation.
As shown in Figures 10.9a, b, condensation may occur in one of two ways,
depending on the condition of the surface. The dominant form of condensation is
one in which a liquid film covers the entire condensing surface, and under the action
of gravity the film flows continuously from the surface. Film condensation is generally characteristic of clean, uncontaminated surfaces. However, if the surface is
coated with a substance that inhibits wetting, it is possible to maintain dropwise
condensation. The drops form in cracks, pits, and cavities on the surface and may
grow and coalesce through continued condensation. Typically, more than 90% of
the surface is covered by drops, ranging from a few micrometers in diameter to

Ts < Tsat

Ts < Tsat

Vapor

Drop

Film
Fog
(a)

(b)

(c )
Vapor

Liquid
Vapor
Liquid spray

Droplets
Liquid
( d)

FIGURE 10.9 Modes of condensation. (a) Film. (b) Dropwise condensation on a
surface. (c) Homogeneous condensation or fog formation resulting from increased
pressure due to expansion. (d) Direct contact condensation.
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agglomerations visible to the naked eye. The droplets flow from the surface due to
the action of gravity. Film and dropwise condensation of steam on a vertical copper
surface are shown in Figure 10.10. A thin coating of cupric oleate was applied to
the left-hand portion of the surface to promote the dropwise condensation. A thermocouple probe of 1-mm diameter extends across the photograph.
Regardless of whether it is in the form of a film or droplets, the condensate
provides a resistance to heat transfer between the vapor and the surface. Because
this resistance increases with condensate thickness, which increases in the flow
direction, it is desirable to use short vertical surfaces or horizontal cylinders in situations involving film condensation. Most condensers therefore consist of horizontal tube bundles through which a liquid coolant flows and around which the vapor
to be condensed is circulated. In terms of maintaining high condensation and heat
transfer rates, droplet formation is superior to film formation. In dropwise condensation most of the heat transfer is through drops of less than 100-m diameter,
and transfer rates that are more than an order of magnitude larger than those
associated with film condensation may be achieved. It is therefore common practice
to use surface coatings that inhibit wetting, and hence stimulate dropwise condensation. Silicones, Teflon, and an assortment of waxes and fatty acids are often
used for this purpose. However, such coatings gradually lose their effectiveness
due to oxidation, fouling, or outright removal, and film condensation eventually
occurs.
Although it is desirable to achieve dropwise condensation in industrial applications, it is often difficult to maintain this condition. For this reason and because the
convection coefficients for film condensation are smaller than those for the dropwise case, condenser design calculations are often based on the assumption of film
condensation. In the remaining sections of this chapter, we focus on film condensation and mention only briefly results available for dropwise condensation.

(a)

(b)

FIGURE 10.10 Condensation on a vertical surface. (a) Dropwise. (b) Film.
Photograph courtesy of Professor J. W. Westwater, University of Illinois at
Champaign-Urbana.
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10.7
Laminar Film Condensation
on a Vertical Plate
As shown in Figure 10.11a, there may be several complicating features associated with
film condensation. The film originates at the top of the plate and flows downward
under the influence of gravity. The thickness  and the condensate mass flow rate ṁ
increase with increasing x because of continuous condensation at the liquid–vapor
interface, which is at Tsat. There is then heat transfer from this interface through the film
to the surface, which is maintained at Ts  Tsat. In the most general case the vapor may
be superheated (Tv,  Tsat ) and may be part of a mixture containing one or more noncondensable gases. Moreover, there exists a finite shear stress at the liquid–vapor interface, contributing to a velocity gradient in the vapor, as well as in the film [39, 40].
Despite the complexities associated with film condensation, useful results may
be obtained by making assumptions that originated with an analysis by Nusselt [41].
1. Laminar flow and constant properties are assumed for the liquid film.
2. The gas is assumed to be a pure vapor and at a uniform temperature equal to
Tsat. With no temperature gradient in the vapor, heat transfer to the liquid–vapor
m• (x)

y

dq = hfg dm•

q''s (b • dx)
dq

dq
dm•

x
g

δ (x)
m• (x)

m• + dm•
Vapor, v

y
x
T (y)

Ts

dx

Thermal boundary layers

Tsat

Vapor, v

δ (x)

Tv, ∞
u ( y)

Ts

Tsat
]u
]y

Velocity boundary layers
Liquid, l

(a)

y= δ

Liquid, l

(b)

FIGURE 10.11 Boundary layer effects related to film condensation on a vertical surface.
(a) Without approximation. (b) With assumptions associated with Nusselt’s analysis, for a
vertical plate of width b.

=0
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interface can occur only by condensation at the interface and not by conduction
from the vapor.
3. The shear stress at the liquid–vapor interface is assumed to be negligible, in
which case u/yy  0. With this assumption and the foregoing assumption
of a uniform vapor temperature, there is no need to consider the vapor velocity
or thermal boundary layers shown in Figure 10.11a.
4. Momentum and energy transfer by advection in the condensate film are
assumed to be negligible. This assumption is reasonable by virtue of the low
velocities associated with the film. It follows that heat transfer across the film
occurs only by conduction, in which case the liquid temperature distribution is
linear.
Film conditions resulting from the assumptions are shown in Figure 10.11b.
The x-momentum equation for the film can be found from Equation 9.1, with
  l and v  vl for the liquid, and with the sign of the gravity term changed since
x is now in the direction of gravity. The pressure gradient is obtained from Equation
9.2 and is dp /dx  vg, since the free stream density is the vapor density. From
the fourth approximation, momentum advection terms may be neglected, and the
x-momentum equation may be expressed as
g
u
  ( l  v)
2
l
y

2

(10.17)

Integrating twice and applying boundary conditions of the form u(0)  0 and
u/yy   0, the velocity profile in the film becomes
u( y) 



 

g( l   )2 y 1 y

l
 2 

2

(10.18)

From this result the condensate mass flow rate per unit width (x) may be obtained
in terms of an integral involving the velocity profile:
ṁ(x)

b

(x)

lu( y) dy  (x)

(10.19)

0

Substituting from Equation 10.18, it follows that
(x) 

gl( l   )3
3l

(10.20)

The specific variation with x of , and hence of , may be obtained by first
applying the conservation of energy requirement to the differential element shown
in Figure 10.11b. At a portion of the liquid–vapor interface of unit width and length
dx, the rate of heat transfer into the film, dq, must equal the rate of energy release
due to condensation at the interface. Hence
dq  hfg dṁ

(10.21)

Since advection is neglected, it also follows that the rate of heat transfer across the
interface must equal the rate of heat transfer to the surface. Hence
dq  qs (b  dx)

(10.22)
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Since the liquid temperature distribution is linear, Fourier’s law may be used to
express the surface heat flux as
qs 

kl(Tsat  Ts)


(10.23)

Combining Equations 10.19 and 10.21 through 10.23, we then obtain
d  kl(Tsat  Ts)

dx
hfg

(10.24)

Differentiating Equation 10.20, we also obtain
d  gl ( l   ) d

l
dx
dx
2

(10.25)

Combining Equations 10.24 and 10.25, it follows that
3 d 

kll(Tsat  Ts)
dx
gl ( l  v)hfg

Integrating from x  0, where   0, to any x location of interest on the surface,
(x) 





4k ll(Tsat  Ts)x
gl ( l   )h fg

1/4

(10.26)

This result may then be substituted into Equation 10.20 to obtain (x).
An improvement to the foregoing result for (x) was made by Nusselt [41] and
Rohsenow [42], who showed that, with the inclusion of thermal advection effects, a
term is added to the latent heat of vaporization. In lieu of hƒg, Rohsenow recommended using a modified latent heat of the form hfg  hƒg 0.68cp,l(Tsat  Ts), or in
terms of the Jakob number,
hfg  hfg(1

0.68Ja)

(10.27)

More recently, Sadasivan and Lienhard [18] have shown that the modified latent
heat depends weakly on the Prandtl number of the liquid.
The surface heat flux may be expressed as
qs  hx(Tsat  Ts)

(10.28)

Substituting from Equation 10.23, the local convection coefficient is then
hx 

kl


(10.29)

or, from Equation 10.26, with hƒg replaced by h ƒg,
hx 



gl(l   )k3l hfg
4l(Tsat  Ts)x



1/4

(10.30)

Since hx depends on x1/4, it follows that the average convection coefficient for the
entire plate is
hL  1
L

L
0

hx dx  4hL
3
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or
hL  0.943



gl(l   )k3l hfg
l(Tsat  Ts)L



1/4

(10.31)

The average Nusselt number then has the form
NuL 

lg(l   )hfg L3
hLL
 0.943
kl
lkl(Tsat  Ts)





1/4

(10.32)

In using this equation all liquid properties should be evaluated at the film temperature Tƒ  (Tsat Ts)/2, and v and hƒg should be evaluated at Tsat.
A more detailed boundary layer analysis of film condensation on a vertical plate
has been performed by Sparrow and Gregg [39]. Their results, confirmed by Chen
[43], indicate that errors associated with using Equation 10.32 are less than 3% for
Ja  0.1 and 1  Pr  100. Dhir and Lienhard [44] have also shown that Equation
10.32 may be used for inclined plates, if g is replaced by g  cos , where is the
angle between the vertical and the surface. However, it must be used with caution for
large values of and does not apply if  /2. The expression may be used for condensation on the inner or outer surface of a vertical tube of radius R, if R  .
The total heat transfer to the surface may be obtained by using Equation 10.31
with the following form of Newton’s law of cooling:
q  hLA(Tsat  Ts)

(10.33)

The total condensation rate may then be determined from the relation
ṁ 

q
h LA(Tsat  Ts)


h fg
h fg

(10.34)

Equations 10.33 and 10.34 are generally applicable to any surface geometry, although
the form of hL will vary according to geometry and flow conditions.

10.8
Turbulent Film Condensation
As for all previously discussed convection phenomena, turbulent flow conditions
may exist in film condensation. Consider the vertical surface of Figure 10.12a. The
transition criterion may be expressed in terms of a Reynolds number defined as
Re  4

l

(10.35)

With the condensate mass flow rate given by ṁ  lumb, the Reynolds number
may be expressed as
Re 

4ṁ 4lu m
 
l
lb

(10.36)
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b
Laminar,
wave-free
Reδ ≈ 30
Laminar,
wavy

x

Reδ ≈ 1800

δ

Turbulent

(b)

Γ ( x) = ρ l umδ ( x)
(a)

FIGURE 10.12 Film condensation on a vertical plate.
(a) Condensate rate for plate of width b. (b) Flow regimes.

where um is the average velocity in the film and , the film thickness, is the characteristic length. As in the case of single-phase boundary layers, the Reynolds number is
an indicator of flow conditions. As shown in Figure 10.12b, for Re  30, the film is
laminar and wave free. For increased Re, ripples or waves form on the condensate
film, and at Re  1800 the transition from laminar to turbulent flow is complete.
For the wave-free laminar region (Re  30), Equations 10.35 and 10.20 may
be combined to yield
4gl(l  v)3
Re 
(10.37)
32l
Assuming l  v and substituting from Equations 10.26 and 10.31, Equation 10.37
can be expressed in terms of a modified Nusselt number:
hL(v2l /g)1/3
 1.47Re1/3

kl

Re  30

(10.38)

In the laminar wavy region, Kutateladze [45] recommends a correlation of the form
hL(v2l /g)1/3
Re

kl
1.08Re1.22
 5.2


30  Re  1800

(10.39)

and for the turbulent region, Labuntsov [46] recommends
hL(v2l /g)1/3

kl
8750

Re
0.5
58Prl (Re0.75


 253)

Re

1800

(10.40)

Graphical representation of the foregoing correlations is provided in Figure 10.13,
and the trends have been verified experimentally by Gregorig et al. [47] for water
over the range 1  Re  7200. All properties are evaluated as for laminar film
condensation, as explained beneath Equation 10.32.
The Reynolds number in Equations 10.38 through 10.40 is associated with the
film thickness that exists at the bottom of the condensing surface, x  L. To use
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FIGURE 10.13 Modified Nusselt number for condensation on a vertical plate.

these equations, it is necessary to determine the value of the Reynolds number, Re.
To do so, Equations 10.34 and 10.36 may be combined to provide
hL 

Re l hfg
4L(Tsat  Ts)

(10.41)

and expressions for hL may be determined from Equations 10.38, 10.39, and 10.40
and substituted into Equation 10.41 to yield

kL(Th (v /g)T )

Re  3.78

l

sat

2
l

l fg

s
1/3

3/4

Re 



Re 

L(T  T )
Pr
0.069k
 h (v /g)

3.70klL(Tsat  Ts)
l hfg(v2l /g)1/3
l

l fg

sat

2
l

s

1/3

Re  30



0.82

30  Re  1800 (10.43)

4.8

0.5
l

 151Prl0.5

(10.42)



4/3

253

Re

1800

(10.44)

For a particular problem, Equations 10.42 through 10.44 may each be solved for Re,
yielding three possible values of the Reynolds number. The correct value is the one
that lies within the range of application listed with the equation. Once Re is known,
the average convection coefficient can be found most readily from Equation 10.41.

EXAMPLE 10.3
The outer surface of a vertical tube, which is 1 m long and has an outer diameter of
80 mm, is exposed to saturated steam at atmospheric pressure and is maintained at
50°C by the flow of cool water through the tube. What is the rate of heat transfer to
the coolant, and what is the rate at which steam is condensed at the surface?
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SOLUTION
Known: Dimensions and temperature of a vertical tube experiencing condensation of steam at its outer surface.

Find: Heat transfer and condensation rates.
Schematic:
D = 0.08 m

Condensate

L=1m

Saturated
steam
p = 1 atm

Ts = 50°C

Assumptions: The condensate film thickness is small relative to the cylinder
diameter.

Properties: Table A.6, saturated vapor ( p  1.0133 bars): Tsat  100°C, v 

(1/vg)  0.596 kg/m3, hƒg  2257 kJ/kg. Table A.6, saturated liquid (Tƒ  75°C):
l  (1/vƒ)  975 kg/m3, l  375 106 N  s/m2, kl  0.668 W/m  K, cp,l 
4193 J/kg  K, vl  l/l  385 109 m2/s.

Analysis: Since we assume the film thickness is small relative to the cylinder
diameter, we may use the correlations of Sections 10.7 and 10.8. With
Ja 

cp,l(Tsat  Ts) 4193 J/kg  K(100  50) K

 0.0929
hfg
2257 103 J/kg

it follows that
hfg  hfg(1

0.68Ja)  2257 kJ/kg (1.0632)  2400 kJ/kg

Equations 10.42, 10.43, and 10.44 may each be solved for possible values of Re. In
particular, Equation 10.43 yields

Re 



0.82

3.70
375

10

6

 1177

0.668 W/m  K

N  s/m

2

2.4

(100  50)K

lm
6

10 J/kg



(385

109 m2/s)2
9.8 m/s2



1/3



4.8

Since the range of applicability of Equation 10.43 is 30  Re  1800, the correct
Reynolds number is 1177. It follows from Equation 10.41 that
hL 

1177

375 106 kg/s  m 2.4
4 1 m (100  50) K

106 J/kg

 5300 W/m2  K
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and from Equations 10.33 and 10.34
q  h L(DL)(Tsat  Ts)  5300 W/m2  K

ṁ 



0.08 m

1 m (100  50) K  66.6 kW

q
66.6 103 W

 0.0276 kg/s
hfg 2.4 106 J/kg

Note that using Equation 10.26, with the corrected latent heat, the film thickness
at the bottom of the tube (L) for the wave-free laminar assumption is
(L) 

4kg((T  )hT )L
l

l

l

(L) 



4

sat

l

1/4

s

v

fg



0.668 W/m  K 375 106 kg/s  m (100  50) K 1 m
9.8 m/s2 975 kg/m3 (975  0.596) kg/m3 2.4 106 J/kg

(L)  2.18

1/4

104 m  0.218 mm

Hence (L)  (D/2), and use of the vertical plate correlation for a vertical cylinder
is justified.

Comments:
1. Equations 10.43 and 10.45 yield Reynolds number values of 910 and 1019,
respectively. These Reynolds number values lie outside the ranges of applicability of these equations, and therefore Equations 10.43 and 10.45 are not
appropriate for use in this problem.
2. The condensation heat and mass rates may be increased by reducing the temperature of the water flowing through the tube. For 10  Ts  50°C, the calculations
yield the following variations:

1.5 × 105

0.05

1.2 × 105

0.04

m•
9.0 × 104

0.03

q

•



m (kg/s)

Chapter 10

q (W)

650

6.0 × 104

0.02

Reδ

≥ 1800 ≤ 1800
3.0 × 104

0.0

0.01

10

20

30

Ts (°C)

40

0.00
50
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for which 1969  Re  1173 and 5155  hL  5285 W/m2  K. Due to an increase in
the condensation rate, Re increases with decreasing Ts. However, a corresponding
increase in the thickness of the film causes a slight reduction in the average convection
coefficient. The foregoing calculations were performed by using the wavy-laminar
correlation, Equation 10.39, under conditions for which Re  1800 (Ts  15°C) and
the turbulent correlation, Equation 10.40, for Re  1800. Note, however, that the correlations do not provide equivalent results at Re  1800. Moreover, there is a narrow
Reynolds number range about 1800 for which values of Re computed from Equation
10.39 slightly exceed 1800, while values of Re computed from Equation 10.40 are
slightly less than 1800.

10.9
Film Condensation on Radial Systems
The Nusselt analysis may be extended to laminar film condensation on the outer
surface of a sphere and a horizontal tube (Figures 10.14a, b), and the average convection coefficient may be expressed as
hD  C



gl(l  v)k3l hfg
l(Tsat  Ts)D



1/4

(a)

( b)
(c)

(d)

FIGURE 10.14 Film condensation on (a) a sphere, (b) a single
horizontal tube, (c) a vertical tier of horizontal tubes with a
continuous condensate sheet, and (d) with dripping condensate.

(10.45)
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where C  0.826 for the sphere [48] and 0.729 for the tube [44]. The properties
in this equation and the one below are evaluated as explained beneath Equation 10.32.
For a vertical tier of N horizontal tubes, Figure 10.14c, the average convection
coefficient (over the N tubes) may be expressed as

h D,N  0.729



gl( l  v)k 3l h fg
Nl(Tsat  Ts)D



1/4

(10.46)

That is, hD,N  hDN1/4, where hD is the heat transfer coefficient for the first (upper)
tube. Such an arrangement is often used in condenser design. The reduction in h
with increasing N may be attributed to an increase in the average film thickness for
each successive tube. Equations 10.45 and 10.46 are generally in agreement with or
slightly lower than experimental results for pure vapors. Departures may be attributed to ripples in the liquid surface for the single horizontal tube. For the tube bank,
it is assumed that the condensate falls in a continuous sheet (Figure 10.14c) and two
effects are neglected: heat transfer to the condensate sheet between the tubes and
momentum gain as the sheet falls freely under gravity. These effects enhance heat
transfer, and Chen [49] has accounted for their influence in terms of the Jakob number and the number of tubes. For Ja  0.1, however, heat transfer is enhanced by
less than 15%. Despite this correction, experimental results tend to be higher than
the predictions. A plausible explanation for the discrepancy is that, rather than
flow as a continuous sheet, the condensate drips from tube to tube, as illustrated in
Figure 10.14d. Dripping reduces the sheet thickness and promotes turbulence,
thereby enhancing heat transfer.
If the length-to-diameter ratio exceeds 1.8 tan [50], the foregoing equations
may be applied to inclined tubes by replacing g with g cos , where the angle is
measured from the horizontal position. In the presence of noncondensable gases,
however, the convection coefficient will be less than predictions based on the foregoing correlations.

EXAMPLE 10.4
A steam condenser consists of a square array of 400 tubes, each 6 mm in diameter.
If the tubes are exposed to saturated steam at a pressure of 0.15 bar and the tube surface temperature is maintained at 25°C, what is the rate at which steam is condensed per unit length of the tubes?

SOLUTION
Known: Configuration and surface temperature of condenser tubes exposed to
saturated steam at 0.15 bar.

Find: Condensation rate per unit length of tubes.

c10.qxd 3/6/06 10:59 AM Page 653

10.9



653

Film Condensation on Radial Systems

Schematic:
D = 6 mm,
square array,
400 tubes

+

Ts = 25°C
+

Saturated steam
p = 0.15 bar

+

+

Assumptions:
1. Negligible concentration of noncondensable gases in the steam.
2. Laminar film condensation on the tubes.

Properties: Table A.6, saturated vapor ( p  0.15 bar): Tsat  327 K  54°C,

v  (1/vg)  0.098 kg/m3, hƒg  2373 kJ/kg. Table A.6, saturated water (Tƒ 
312.5 K): l  (1/vƒ)  992 kg/m3, l  663 106 N  s/m2, kl  0.631 W/m  K,
cp,l  4178 J/kg  K.

Analysis: The average condensation rate for a single tube of the array may be
obtained from Equation 10.34, where for a unit length of the tube,
ṁ 1 

q 1 h D,N (D)(Tsat  Ts)

h fg
h fg

From Equation 10.46
hD,N  0.729



gl(l  v)k3l hfg
Nl(Tsat  Ts)D



1/4

or with N  20, Ja  0.051, and hfg  2455 kJ/kg,
h D,N  0.729 {[9.8 m/s2 992 kg/m3 (992  0.098) kg/m3
(0.631 W/m  K)3 2.455 106 J/kg]
[20 663 106 kg/s  m (54  25) K 0.006 m]}1/4
h D,N  5194 W/m2  K
Hence the average condensation rate for a single tube is
ṁ 1 

5194 W/m2  K(
2.455

0.006 m)(54  25) K
 1.16
106 J/kg

103 kg/s  m

For the complete array, the condensation rate per unit length is then
ṁ   N 2ṁ 1  400

1.16

103 kg/s  m  0.464 kg/s  m
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Comments: Since Ja  0.1, Equation 10.46 provides a reliable estimate of the
average heat transfer coefficient.

10.10
Film Condensation in Horizontal Tubes
Condensers used for refrigeration and air-conditioning systems generally involve
vapor condensation inside horizontal or vertical tubes. Conditions within the tube
are complicated and depend strongly on the velocity of the vapor flowing through
the tube. If this velocity is small, condensation occurs in the manner depicted by
Figure 10.15a for a horizontal tube. That is, the condensate flow is from the upper
portion of the tube to the bottom, from whence it flows in a longitudinal direction
with the vapor. For low vapor velocities such that
Rev,i 



vum,vD
 35,000
v
i



where i refers to the tube inlet, Chato [51] recommends an expression of the form
hD  0.555



gl ( l  v)k3l hfg
l (Tsat  Ts)D



1/4

(10.47)

where, for this case, the modified latent heat is
hfg  hfg

c (Tsat  Ts)

3
8 p,l

(10.48)

The properties in these equations are evaluated as explained beneath Equation 10.32.
At higher vapor velocities the two-phase flow regime becomes annular (Figure
10.15b). The vapor occupies the core of the annulus, diminishing in diameter as the
thickness of the outer condensate layer increases in the flow direction. Results for
this flow condition are provided by Marto [52].

Condensate

Vapor

Vapor
Condensate

(a)

(b)

FIGURE 10.15 Film condensation in a horizontal tube.
(a) Cross section of condensate flow for low vapor velocities.
(b) Longitudinal section of condensate flow for large vapor
velocities.
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10.11
Dropwise Condensation
Typically, heat transfer coefficients for dropwise condensation are an order of magnitude larger than those for film condensation. In fact, in heat exchanger applications for which dropwise condensation is promoted, other thermal resistances may
be significantly larger than that due to condensation and, therefore, reliable correlations for the condensation process are not needed.
Of the many surface–fluid systems studied [53], most of the data are for steam
condensation on well-promoted copper surfaces—that is, surfaces for which wetting
is inhibited—and are correlated by an expression of the form [54]
hdc  51,104 2044Tsat(C)
h dc  255,510

22C  Tsat  100C
100C  Tsat

(10.49)
(10.50)

where the heat transfer coefficient has units of (W/m2  K). The heat transfer rate and
condensation rate can be calculated from Equations 10.33 and 10.34, where h fg is given
by Equation 10.27, and properties are evaluated as explained beneath Equation 10.32.
The effect of subcooling, Tsat  Ts , on hdc is small and may be neglected.
The effect of noncondensable vapors in the steam can be very important and has
been studied by Shade and Mikic [55]. In addition, if the condensing surface material
does not conduct as well as copper or silver, its thermal resistance becomes a factor.
Since all the heat is transferred to the drops, which are very small and widely distributed over the surface, heat flow lines within the surface material near the active areas
of condensation will crowd, inducing a constriction resistance. This effect has been
studied by Hannemann and Mikic [56].

10.12
Summary
It is apparent that boiling and condensation are complicated processes for which the
existence of generalized relations is somewhat limited. This chapter identifies the
essential physical features of the processes and presents correlations suitable for
approximate engineering calculations. However, a great deal of additional information is available, and much of it has been summarized in several extensive reviews
of the subject [7, 15, 25, 30–33, 52, 54, 56–61].
You may test your understanding of heat transfer with phase change by
addressing the following questions.
• What is pool boiling? Forced convection boiling? Subcooled boiling? Saturated boiling?
• How is the excess temperature defined?
• Sketch the boiling curve and identify key regimes and features. What is the
critical heat flux? What is the Leidenfrost point? How does progression along
the boiling curve occur if the surface heat flux is controlled? What is the nature
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•
•
•
•
•
•
•
•

of the hysteresis effect? How does progression along the boiling curve occur if
the surface temperature is controlled?
How does heat flux depend on the excess temperature in the nucleate boiling
regime?
What modes of heat transfer are associated with film boiling?
How is the amount of liquid subcooling defined?
To what extent is the boiling heat flux influenced by the magnitude of the gravitational field, liquid subcooling, and surface roughness?
How do two-phase flow and heat transfer in microchannels differ from twophase flow and heat transfer in larger tubes?
How does dropwise condensation differ from film condensation? Which mode
of condensation is characterized by larger heat transfer rates?
For laminar film condensation on a vertical surface, how do the local and average convection coefficients vary with distance from the leading edge?
How is the Reynolds number defined for film condensation on a vertical surface? What are the corresponding flow regimes?
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Problems
General Considerations
10.1 Show that, for water at 1-atm pressure with Ts 
Tsat  10°C, the Jakob number is much less than unity.
What is the physical significance of this result? Verify
that this conclusion applies to other fluids.

10.2 The surface of a horizontal, 20-mm-diameter cylinder
is maintained at an excess temperature of 5°C in
saturated water at 1 atm. Estimate the heat flux
using the appropriate free convection correlation
and compare your result with the boiling curve of
Figure 10.4. For nucleate boiling, estimate the
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maximum value of the heat transfer coefficient from the
boiling curve.
10.3 The role of surface tension in bubble formation can be
demonstrated by considering a spherical bubble of pure
saturated vapor in mechanical and thermal equilibrium
with its superheated liquid.

and n  3. Units of Te are kelvins. Compare predictions from this expression with the Rohsenow correlation (Cs,ƒ  0.013, n  1) for pressures of 2 and 5 bars
with Te  10°C.

(b) On a p–v diagram, represent the bubble and liquid
states. Discuss what changes in these conditions
will cause the bubble to grow or collapse.

10.8 In Example 10.1 we considered conditions for which
vigorous boiling occurs in a pan of water, and we
determined the electric power (heat rate) required to
maintain a prescribed temperature for the bottom of
the pan. However, the electric power is, in fact, the
control (independent) variable, from which the temperature of the pan follows.
(a) For nucleate boiling in the copper pan of Example
10.1, compute and plot the temperature of the pan
as a function of the heat rate for 1  q  100 kW.
(b) If the water is initially at room temperature, it
must, of course, be heated for a period of time
before it will boil. Consider conditions shortly
after heating is initiated and the water is at 20C.
Estimate the temperature of the pan bottom for a
heat rate of 8 kW.

(c) Calculate the bubble size under equilibrium conditions for which the vapor is saturated at 101°C and
the liquid pressure corresponds to a saturation temperature of 100°C.

10.9 Calculate the critical heat flux on a large horizontal
surface for the following fluids at 1 atm: mercury,
ethanol, and refrigerant R-134a. Compare these results
to the critical heat flux for water at 1 atm.

(a) Beginning with an appropriate free-body diagram
of the bubble, perform a force balance to obtain an
expression of the bubble radius,
2
rb  p  p
sat
l
where psat is the pressure of the saturated vapor and
pl is the pressure of the superheated liquid outside
the bubble.

Nucleate Boiling and Critical Heat Flux
10.4 A long, 1-mm-diameter wire passes an electrical current
dissipating 3150 W/m and reaches a surface temperature
of 126°C when submerged in water at 1 atm. What is the
boiling heat transfer coefficient? Estimate the value of
the correlation coefficient Cs,ƒ.
10.5 Estimate the nucleate pool boiling heat transfer coefficient for water boiling at atmospheric pressure on the
outer surface of a platinum-plated 10-mm-diameter tube
maintained 10°C above the saturation temperature.
10.6 Plot the nucleate boiling heat flux for saturated water at
atmospheric pressure on a large, horizontal polished copper plate, over the excess temperature range 5C  Te
 30C. Compare your results with Figure 10.4. Also
find the excess temperature corresponding to the critical
heat flux.

10.10 The bottom of a copper pan, 150 mm in diameter, is
maintained at 115°C by the heating element of an
electric range. Estimate the power required to boil the
water in this pan. Determine the evaporation rate.
What is the ratio of the surface heat flux to the critical
heat flux? What pan temperature is required to achieve
the critical heat flux?
10.11 A nickel-coated heater element with a thickness of
15 mm and a thermal conductivity of 50 W/m  K is
exposed to saturated water at atmospheric pressure. A
thermocouple is attached to the back surface, which is
well insulated. Measurements at a particular operating
condition yield an electrical power dissipation in the
heater element of 6.950 107 W/m3 and a temperature of To  266.4C.

Saturated water
Tsat = 100°C

10.7 A simple expression to account for the effect of pressure on the nucleate boiling convection coefficient in
water (W/m2  K) is



p
h  C(Te)n p
a

0.4

where p and pa are the system pressure and standard
atmospheric pressure, respectively. For a horizontal
plate and the range 15  qs  235 kW/m2, C  5.56

Heater element,
•
q = 6.950 × 107 W/m3
k = 50 W/m•K
L = 15 mm

Current
flow
Insulation

Nickel-coated
surface, Ts

To = 266.4°C

(a) From the foregoing data, calculate the surface temperature, Ts, and the heat flux at the exposed surface.
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(b) Using the surface heat flux determined in part (a),
estimate the surface temperature by applying an
appropriate boiling correlation.
10.12 Advances in very large scale integration (VLSI) of
electronic devices on a chip are often restricted by the
ability to cool the chip. For mainframe computers, an
array of several hundred chips, each of area 25 mm2,
may be mounted on a ceramic substrate. A method of
cooling the array is by immersion in a low boiling point
fluid such as refrigerant R-134a. At 1 atm and 247 K,
properties of the saturated liquid are   1.46 104
N  s/m2, cp  1551 J/kg  K, and Pr  3.2. Assume
values of Cs,ƒ  0.004 and n  1.7.
(a) Estimate the power dissipated by a single chip if
it is operating at 50% of the critical heat flux.
What is the corresponding value of the chip
temperature?
(b) Compute and plot the chip temperature as a
function of surface heat flux for 0.25  qs/
qmax  0.90.
10.13 Saturated ethylene glycol at 1 atm is heated by a horizontal chromium-plated surface which has a diameter
of 200 mm and is maintained at 480 K. Estimate the
heating power requirement and the rate of evaporation.
What fraction is the power requirement of the maximum power associated with the critical heat flux?
At 470 K, properties of the saturated liquid are  
0.38 103 N  s/m2, cp  3280 J/kg  K, and Pr 
8.7. The saturated vapor density is   1.66 kg/m3.
Assume nucleate boiling constants of Cs,f  0.01 and
n  1.0.
10.14 Copper tubes 25 mm in diameter and 0.75 m long are
used to boil saturated water at 1 atm.
(a) If the tubes are operated at 75% of the critical heat
flux, how many tubes are needed to provide a
vapor production rate of 750 kg/h? What is the
corresponding tube surface temperature?
(b) Compute and plot the tube surface temperature as
a function of heat flux for 0.25  qs /qmax  0.90.
On the same graph, plot the corresponding number of tubes needed to provide the prescribed
vapor production rate.
10.15 Consider a gas-fired boiler in which five coiled, thinwalled, copper tubes of 25-mm diameter and 8-m
length are submerged in pressurized water at 4.37
bars. The walls of the tubes are polished and may be
assumed to be isothermal. Combustion gases enter
each of the tubes at a temperature of Tm, i  700C and
a flow rate of ṁ  0.08 kg/s, respectively.

Steam

Boiler

Ts
Gas line (L, D)
(1 of 5)

Water, psat

Tm,o
•

m , Tm,i

Determine the tube wall temperature Ts and the gas
outlet temperature Tm,o for the prescribed conditions. As
a first approximation, the properties of the combustion
gases may be taken as those of air at 700 K.
10.16 Estimate the current at which a 1-mm-diameter nickel
wire will burn out when submerged in water at atmospheric pressure. The electrical resistance of the wire
is 0.129 /m.
10.17 Estimate the power (W/m2) required to maintain a brass
plate at Te  15°C while boiling saturated water at
1 atm. What is the power requirement if the water is
pressurized to 10 atm? At what fraction of the critical
heat flux is the plate operating?
10.18 It has been demonstrated experimentally that the critical heat flux is highly dependent on pressure, primarily through the pressure dependence of the fluid
surface tension and latent heat of vaporization. Using
 for water on a
Equation 10.6, calculate values of qmax
large horizontal surface as a function of pressure.
Demonstrate that the peak critical heat flux occurs at
approximately one-third the critical pressure (pc 
221 bars). Since all common fluids have this characteristic, suggest what coordinates should be used to
plot critical heat flux–pressure values to obtain a universal curve.
10.19 In applying dimensional analysis, Kutateladze [9] postulated that the critical heat flux varies with the heat of
vaporization, vapor density, surface tension, and the
bubble diameter parameter given in Equation 10.4a.
Verify that dimensional analysis would yield the following expression for the critical heat flux:
1/2 1/2
  Chfg1/2

qmax
v Db

10.20 A dielectric fluid at atmospheric pressure is heated with
a 0.5-mm-diameter, horizontal platinum wire. Determine the temperature of the wire when the wire is
heated at 50% of the critical heat flux. The properties of
the fluid are cp,l  1300 J/kg  K, hfg  142 kJ/kg,
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kl  0.075 W/m  K, vl  0.32 106 m2/s, l  1400
kg/m3, v  7.2 kg/m3,   12.4
103 N/m, Tsat 
34C. Assume the nucleate boiling constants are Cs,f 
0.005 and n  1.7. For small horizontal cylinders, the
critical heat flux is found by multiplying the value associated with large horizontal cylinders by a correction
factor F, where F  0.89 2.27 exp(3.44Co1/2).
The Confinement number is based on the radius of the
cylinder, and the range of applicability for the correction factor is 1.3  Co  6.7 [11].
10.21 What is the critical heat flux for boiling water at
1 atm on a large horizontal surface on the surface of
the moon, where the gravitational acceleration is
one-sixth that of the earth?
10.22 A heater for boiling a saturated liquid consists of two
concentric stainless steel tubes packed with dense boron
nitride powder. Electrical current is passed through the
inner tube, creating uniform volumetric heating q̇
(W/m3). The exposed surface of the outer tube is in contact with the liquid and the boiling heat flux is given as
qs  C(Ts  Tsat)3
Boron
nitride
powder
r1

r2

r3

r4

•
Stainless steel tube, q

v  13.4 kg/m3,   8.1 103 kg/s2, l  440 106
kg/m  s, and Prl  9.01. In addition, the nucleate boiling constants are Cs, ƒ  0.005 and n  1.7.
Saturated
fluorocarbon
Silicon chip

To

L

q"o

(a) What is the steady-state temperature To at the bottom of the chip? If, during testing of the chip, qo is
increased to 90% of the critical heat flux, what is
the new steady-state value of To?
(b) Compute and plot the chip surface temperatures
(top and bottom) as a function of heat flux for
0.20  qo /qmax  0.90. If the maximum allowable
chip temperature is 80°C, what is the maximum
allowable value of qo?
10.24 A device for performing boiling experiments consists
of a copper bar (k  400 W/m  K), which is exposed
to a boiling liquid at one end, encapsulates an electrical heater at the other end, and is well insulated from
its surroundings at all but the exposed surface. Thermocouples inserted in the bar are used to measure temperatures at distances of x1  10 mm and x2  25 mm
from the surface.

Stainless steel
boiling surface

It is feared that under high-power operation the stainless steel tubes would severely oxidize if temperatures
exceed Tss,x or that the boron nitride would deteriorate
if its temperature exceeds Tbn,x. Presuming that the saturation temperature of the liquid (Tsat) and the boiling
surface temperature (Ts) are prescribed, derive expressions for the maximum temperatures in the stainless
steel (ss) tubes and in the boron nitride (bn). Express
your results in terms of geometric parameters (r1, r2,
r3, r4), thermal conductivities (kss, kbn), and the boiling
parameters (C, Tsat, Ts).
10.23 A silicon chip of thickness L  2.5 mm and thermal
conductivity ks  135 W/m  K is cooled by boiling a
saturated fluorocarbon liquid (Tsat  57°C) on its surface. The electronic circuits on the bottom of the chip
produce a uniform heat flux of qo  5 104 W/m2,
while the sides of the chip are perfectly insulated.
Properties of the saturated fluorocarbon are cp,l 
1100 J/kg  K, hƒg  84,400 J/kg, l  1619.2 kg/m3,

Water, Tsat

Coated surface, Ts

x
T1

x1

T2

x2

Thermocouples
Copper bar, k

Electrical
heater

∼
(a) An experiment is performed to determine the boiling characteristics of a special coating applied to the
exposed surface. Under steady-state conditions,
nucleate boiling is maintained in saturated water at
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atmospheric pressure, and values of T1  133.7°C
and T2  158.6°C are recorded. If n  1, what
value of the coefficient Cs, ƒ is associated with the
Rohsenow correlation?
(b) Assuming applicability of the Rohsenow correlation
with the value of Cs, ƒ determined from part
(a), compute and plot the excess temperature Te
as a function of the boiling heat flux for 105 
qs  106 W/m2. What are the corresponding values
of T1 and T2 for qs  106 W/m2? If qs were
increased to 1.5 106 W/m2, could the foregoing
results be extrapolated to infer the corresponding
values of Te, T1, and T2?

Minimum Heat Flux and Film Boiling
10.25 A small copper sphere, initially at a uniform, elevated
temperature T(0)  Ti, is suddenly immersed in a large
fluid bath maintained at Tsat. The initial temperature of
the sphere exceeds the Leidenfrost point corresponding to the temperature TD of Figure 10.4.

10.26

661
(a) Estimate the power dissipation per unit length of
the conductor required to maintain the surface
temperature at 555°C.
(b) For conductor diameters of 1.5, 2.0, and 2.5 mm,
compute and plot the power dissipation per unit
length as a function of surface temperature for
250  Ts  650°C. On a separate figure, plot the
percentage contribution of radiation as a function
of Ts.
10.29 Consider a horizontal, D  1-mm-diameter platinum
wire suspended in saturated water at atmospheric pressure. The wire is heated by an electrical current. Determine the heat flux from the wire at the instant when
the surface of the wire reaches its melting point.
Determine the corresponding centerline temperature of
the wire. Due to oxidation at very high temperature,
the wire emissivity is   0.80 when it burns out.
The water vapor properties at the film temperature of
1209 K are v  0.189 kg/m3, cp,v  2404 J/kg  K,
106 m2/s, kv  0.113 W/m  K.
v  231

(a) Sketch the variation of the average sphere temperature, T(t), with time during the quenching
process. Indicate on this sketch the temperatures
Ti, TD, and Tsat, as well as the regimes of film, transition, and nucleate boiling and the regime of
single-phase convection. Identify key features of
the temperature history.

10.30 A heater element of 5-mm diameter is maintained at a
surface temperature of 350C when immersed horizontally in water under atmospheric pressure. The element
sheath is stainless steel with a mechanically polished
finish having an emissivity of 0.25.

(b) At what time(s) in this cooling process do you
expect the surface temperature of the sphere to
deviate most from its center temperature? Explain
your answer.

(b) If the heater were operated at the same power dissipation rate in the nucleate boiling regime, what
temperature would the surface achieve? Calculate
the rate of vapor production per unit length for
this operating condition.

A sphere made of aluminum alloy 2024 with a diameter of 20 mm and a uniform temperature of 500C is
suddenly immersed in a saturated water bath maintained at atmospheric pressure. The surface of the
sphere has an emissivity of 0.25.
(a) Calculate the total heat transfer coefficient for the
initial condition. What fraction of the total coefficient is contributed by radiation?
(b) Estimate the temperature of the sphere 30 s after it
is immersed in the bath.

10.27 A steel bar, 20 mm in diameter and 200 mm long, with
an emissivity of 0.9, is removed from a furnace at
455°C and suddenly submerged horizontally in a
water bath under atmospheric pressure. Estimate the
initial heat transfer rate from the bar.
10.28 Electrical current passes through a horizontal, 2-mmdiameter conductor of emissivity 0.5 when immersed
in water under atmospheric pressure.

(a) Calculate the electrical power dissipation and the
rate of vapor production per unit heater length.

(c) Sketch the boiling curve and represent the two
operating conditions of parts (a) and (b). Compare
the results of your analysis. If the heater element
is operated in the power-controlled mode, explain
how you would achieve these two operating conditions beginning with a cold element.
10.31 The thermal energy generated by a silicon chip
increases in proportion to its clock speed. The silicon
chip of Problem 10.23 is designed to operate in the
nucleate boiling regime at approximately 30% of the
critical heat flux. A sudden surge in the chip’s clock
speed triggers film boiling, after which the clock speed
and power dissipation return to their design values.
(a) In which boiling regime does the chip operate after
the power dissipation returns to its design value?
(b) To return to the nucleate boiling regime, how
much must the clock speed be reduced relative to
the design value?
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10.32 A cylinder of 120-mm diameter at 1000 K is quenched
in saturated water at 1 atm. Describe the quenching
process and estimate the maximum heat removal rate
per unit length during the process.
10.33 A 1-mm-diameter horizontal platinum wire of emissivity   0.25 is operated in saturated water at 1-atm
pressure.
(a) What is the surface heat flux if the surface temperature is Ts  800 K?
(b) For emissivities of 0.1, 0.25, and 0.95, generate a
log–log plot of the heat flux as a function of
surface excess temperature, Te  Ts  Tsat, for
150  Te  550 K. Show the critical heat flux
and the Leidenfrost point on your plot. Separately, plot the percentage contribution of radiation to the total heat flux for 150  Te  550 K.
10.34 As strip steel leaves the last set of rollers in a hot
rolling mill, it is quenched by planar water jets before
being coiled. Due to the large plate temperatures, film
boiling is achieved shortly downstream of the jet
impingement region.

Calculate and plot the critical heat flux as a function of
water velocity over the range 0 to 2 m/s. On your plot,
identify the pool boiling region and the transition
region between the low- and high-velocity ranges.
Hint: Problem 10.20 contains relevant information for
pool boiling on small-diameter cylinders.
10.37 Saturated water at 1 atm and velocity 2 m/s flows over a
cylindrical heating element of diameter 5 mm. What is
the maximum heating rate (W/m) for nucleate boiling?
10.38 A vertical steel tube carries water at a pressure of
10 bars. Saturated liquid water is pumped into the D 
0.1 m diameter tube at its bottom end (x  0) with a
mean velocity of um  0.05 m/s. The tube is exposed
to combusting pulverized coal, providing a uniform
heat flux of q  100,000 W/m2.
(a) Determine the tube wall temperature and the quality
of the flowing water at x  15 m. Assume Gs, f  1.
(b) Determine the tube wall temperature at a location
beyond x  15 m where single-phase flow of the
vapor exists at a mean temperature of Tsat.
Assume the vapor at this location is also at a pressure of 10 bars.
(c) Plot the tube wall temperature in the range 5 m 
x  30 m.

Rollers

Planar
water jet

Wall
jet

Strip
steel

Vapor
blanket

Consider conditions for which the strip steel beneath the
vapor blanket is at a temperature of 907 K and has an
emissivity of 0.35. Neglecting the effects of the strip and
jet motions and assuming boiling within the film to be
approximated by that associated with a large horizontal
cylinder of 1-m diameter, estimate the rate of heat transfer per unit surface area from the strip to the wall jet.
10.35 A copper sphere of 10-mm diameter, initially at a prescribed elevated temperature Ti, is quenched in a saturated (1 atm) water bath. Using the lumped capacitance
method, estimate the time for the sphere to cool (a)
from Ti  130°C to 110°C and (b) from Ti  550°C to
220°C. Plot the temperature history for each quenching
process.

Forced Convection Boiling
10.36 A tube of 2-mm diameter is used to heat saturated
water at 1 atm, which is in cross flow over the tube.

10.39 Consider refrigerant R-134a flowing in a smooth, horizontal, 10-mm-inner-diameter tube of wall thickness
2 mm. The refrigerant is at a saturation temperature of
15C (for which v,sat  23.75 kg/m3) and flows at a
rate of 0.01 kg/s. Determine the maximum wall temperature associated with a heat flux of 105 W/m2 at the
inner wall at a location 0.4 m downstream from the
onset of boiling for tubes fabricated of (a) pure copper
and (b) AISI 316 stainless steel.
10.40 Determine the tube diameter associated with p  1
atm and a critical Confinement number of 0.5 for
ethanol, mercury, water, R-134a, and the dielectric
fluid of Problem 10.23.

Film Condensation
10.41 Saturated steam at 0.1 bar condenses with a convection coefficient of 6800 W/m2  K on the outside of a
brass tube having inner and outer diameters of 16.5
and 19 mm, respectively. The convection coefficient
for water flowing inside the tube is 5200 W/m2  K.
Estimate the steam condensation rate per unit length of
the tube when the mean water temperature is 30°C.
10.42 Consider a container exposed to a saturated vapor, Tsat,
having a cold bottom surface, Ts  Tsat, and with insulated sidewalls.
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Vapor, Tsat

Liquid

δ (t)

Ts < Tsat

Assuming a linear temperature distribution for the liquid, perform a surface energy balance on the liquid–
vapor interface to obtain the following expression for
the growth rate of the liquid layer:
(t) 

2k (T h  T ) t
l

sat

s

1/2

l fg

Calculate the thickness of the liquid layer formed in
1 h for a 200-mm2 bottom surface maintained at 80°C
and exposed to saturated steam at 1 atm. Compare this
result with the condensate formed by a vertical plate
of the same dimensions for the same period of time.
10.43 Saturated steam at 1 atm condenses on the outer surface of a vertical, 100-mm-diameter pipe 1 m long,
having a uniform surface temperature of 94°C. Estimate the total condensation rate and the heat transfer
rate to the pipe.
10.44 Determine the total condensation rate and the heat
transfer rate for Problem 10.43 when the steam is saturated at 1.5 bars.
10.45 A vertical plate 500 mm high and 200 mm wide is to
be used to condense saturated steam at 1 atm.
(a) At what surface temperature must the plate be
maintained to achieve a condensation rate of
ṁ  25 kg/h?
(b) Compute and plot the surface temperature as a function of condensation rate for 15  ṁ  50 kg/h.
(c) On the same graph and for the same range of ṁ,
plot the surface temperature as a function of condensation rate if the plate is 200 mm high and 500
mm wide.
10.46 A 2 m 2 m vertical plate is exposed on one side to
saturated steam at atmospheric pressure and on the
other side to cooling water that maintains a plate temperature of 50C.
(a) What is the rate of heat transfer to the coolant?
What is the rate at which steam condenses on the
plate?
(b) For plates inclined at an angle from the vertical, the
average convection coefficient for condensation on

the upper surface, hL(incl), may be approximated by
an expression of the form, hL(incl) (cos )1/4 hL(vert),
where hL(vert) is the average coefficient for the vertical orientation. If the 2 m 2 m plate is inclined 45
from the normal, what are the rates of heat transfer
and condensation?
10.47 Saturated ethylene glycol vapor at 1 atm is exposed to
a vertical plate 300 mm high and 100 mm wide having
a uniform temperature of 420 K. Estimate the heat
transfer rate to the plate and the condensation rate.
Approximate the liquid properties as those corresponding to saturated conditions at 373 K (Table A.5).
10.48 A vertical plate 2.5 m high, maintained at a uniform
temperature of 54°C, is exposed to saturated steam at
atmospheric pressure.
(a) Estimate the condensation and heat transfer rates
per unit width of the plate.
(b) If the plate height were halved, would the flow
regime stay the same or change?
(c) For 54  Ts  90°C, plot the condensation rate as
a function of plate temperature for the two plate
heights of parts (a) and (b).
10.49 Two configurations are being considered in the design
of a condensing system for steam at 1 atm employing
a vertical plate maintained at 90°C. The first configuration is a single vertical plate L w and the second
consists of two vertical plates (L/2) w, where L and
w are the vertical and horizontal dimensions, respectively. Which configuration would you choose?
10.50 The condenser of a steam power plant consists of a
square (in-line) array of 625 tubes, each of 25-mm
diameter. Consider conditions for which saturated
steam at 0.105 bars condenses on the outer surface of
each tube, while a tube wall temperature of 17C is
maintained by the flow of cooling water through the
tubes. What is the rate of heat transfer to the water per
unit length of the tube array? What is the corresponding condensation rate?
10.51 The condenser of a steam power plant consists of AISI
302 stainless steel tubes (ks  15 W/m  K), each of
outer and inner diameters Do  30 mm and Di 
26 mm, respectively. Saturated steam at 0.135 bar
condenses on the outer surface of a tube, while water
at a mean temperature of Tm  290 K is in fully developed flow through the tube.
(a) For a water flow rate of ṁ  0.25 kg/s, what is the
outer surface temperature Ts,o of the tube and the
rates of heat transfer and steam condensation per
unit tube length? As a first estimate, you may
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evaluate the properties of the liquid film at the saturation temperature. If one wishes to increase the
transfer rates, what is the limiting factor that
should be addressed?

(b) Plot the condensation rate as a function of surface
temperature for 70  Ts  90°C and tube diameters of 125, 150, 175 mm.

(b) Explore the effect of the water flow rate on Ts,o
and the rate of heat transfer per unit length.

10.57 The Clean Air Act prohibited the production of chlorofluorocarbons (CFCs) in the United States as of 1996.
One widely used CFC, refrigerant R-12, has been
replaced by R-134a in many applications because of
their similar properties, including a low boiling point at
atmospheric pressure, Tsat  243 K and 246.9 K for
R-12 and R-134a, respectively. Compare the performance of these two refrigerants under the following
conditions. The saturated refrigerant vapor at 310 K
is condensed as it flows through a 30-mm-diameter,
0.8-m-long tube whose wall temperature is maintained
at 290 K. If vapor enters the tube at a flow rate of
0.010 kg/s, what is the rate of condensation and the
flow rate of vapor leaving the tube? The relevant properties of R-12 at Tsat  310 K are v  50.1 kg/m3,
hfg  160 kJ/kg, and v  150
107 N  s/m2 and
those of liquid R-12 at Tf  300 K are  l  1306
kg/m3, cp,l  978 J/kg  K, l  2.54 104 N  s/m2,
kl  0.072 W/m  K. The properties of the saturated
R-134a vapor are v  46.1 kg/m3, hfg  166 kJ/kg,
and v  136 107 N  s/m2.

10.52 Saturated vapor from a chemical process condenses at a
slow rate on the inner surface of a vertical, thin-walled
cylindrical container of length L and diameter D. The
container wall is maintained at a uniform temperature
Ts by flowing cold water across its outer surface.
Chemical process
saturated vapor, Tsat

x

Condensate
film
g

Cold
water

T

10.58 Saturated steam at a pressure of 0.1 bar is condensed
over a square array of 100 tubes each of diameter 8 mm.
L
D

Derive an expression for the time, tƒ, required to
fill the container with condensate, assuming that the
condensate film is laminar. Express your result in terms
of D, L, (Tsat  Ts), g, and appropriate fluid properties.
10.53 Determine the total condensation rate and heat transfer
rate for the condensation process of Problem 10.43
when the pipe is horizontal.
10.54 An uninsulated, 25-mm-diameter pipe with a surface
temperature of 15°C passes through a room having an
air temperature of 37°C and relative humidity of 75%.
Estimate the condensation rate per unit length of the
pipe assuming film, rather than dropwise, condensation.
10.55 A horizontal tube of 50-mm diameter, with a surface
temperature of 34°C, is exposed to steam at 0.2 bar.
Estimate the condensation rate and heat transfer rate
per unit length of the tube.
10.56 A horizontal tube 1 m long with a surface temperature
of 70°C is used to condense saturated steam at 1 atm.
(a) What diameter is required to achieve a condensation rate of 125 kg/h?

(a) If the tube surfaces are maintained at 27°C, estimate the condensation rate per unit tube length.
(b) Subject to the requirement that the total number
of tubes and the tube diameter are fixed at 100
and 8 mm, respectively, what options are available for increasing the condensation rate? Assess
these options quantitatively.
10.59 A thin-walled concentric tube heat exchanger of
0.19-m length is to be used to heat deionized water
from 40 to 60°C at a flow rate of 5 kg/s. The deionized
water flows through the inner tube of 30-mm diameter
while saturated steam at 1 atm is supplied to the annulus formed with the outer tube of 60-mm diameter.
The thermophysical properties of the deionized water
are   982.3 kg/m3, cp  4181 J/kg  K, k  0.643
W/m  K,   548 106 N  s/m2, and Pr  3.56.
Estimate the convection coefficients for both sides of
the tube and determine the inner tube wall outlet temperature. Does condensation provide a fairly uniform
inner tube wall temperature equal approximately to the
saturation temperature of the steam?
10.60 A technique for cooling a multichip module involves
submerging the module in a saturated fluorocarbon
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liquid. Vapor generated due to boiling at the module
surface is condensed on the outer surface of copper
tubing suspended in the vapor space above the liquid.
The thin-walled tubing is of diameter D  10 mm and
is coiled in a horizontal plane. It is cooled by water
that enters at 285 K and leaves at 315 K. All the heat
dissipated by the chips within the module is transferred
from a 100-mm by 100-mm boiling surface, at which
the flux is 105 W/m2, to the fluorocarbon liquid, which
is at Tsat  57°C. Liquid properties are kl  0.0537
W/m  K, cp,l  1100 J/kg  K, hfg  hƒg  84,400 J/kg,
l  1619.2 kg/m3, v  13.4 kg/m3,   8.1
103
2
6
kg/s , l  440 10 kg/m  s, and Prl  9.

10.62 A 10-mm-diameter copper sphere, initially at a uniform
temperature of 50°C, is placed in a large container
filled with saturated steam at 1 atm. Using the lumped
capacitance method, estimate the time required for the
sphere to reach an equilibrium condition. How much
condensate (kg) was formed during this period?
10.63 Saturated steam at 1.5 bars condenses inside a horizontal, 75-mm-diameter pipe whose surface is maintained at 100°C. Assuming low vapor velocities and
film condensation, estimate the heat transfer coefficient and the condensation rate per unit length of
the pipe.

Dropwise Condensation

Water

10.64 Consider Problem 10.41. In an effort to increase the
condensation rate, an engineer proposes to apply a
L  100 m thick Teflon coating to the exterior surface of the brass tube to promote dropwise condensation. Estimate the new condensation convection
coefficient and the steam condensation rate per unit
length of the tube after application of the coating.
Comment on the proposed scheme’s effect on the condensation rate (the condensation rate per unit length in
Problem 10.41 is approximately 1 103 kg/s).

Condenser coil

Fluorocarbon
vapor and
liquid, Tsat
Multichip
module

(a) For the prescribed heat dissipation, what is the
required condensation rate (kg/s) and water
flowrate (kg/s)?
(b) Assuming fully developed flow throughout the
tube, determine the tube surface temperature at
the coil inlet and outlet.
(c) Assuming a uniform tube surface temperature of
Ts  53.0°C, determine the required length of the
coil.
10.61 Determine the rate of condensation on a 100-mmdiameter sphere with a surface temperature of 150°C in
saturated ethylene glycol vapor at 1 atm. Approximate
the liquid properties as those corresponding to saturated
conditions at 373 K (Table A.5).

10.65 Consider the conditions of Problem 10.54. Estimate the
condensation rate for dropwise condensation.
10.66 A beverage can with a diameter of 65 mm and a height
of 120 mm has a uniform temperature of 5C when it is
removed from the refrigerator. The can is set on a table
in a room with an ambient air temperature of 32C and a
relative humidity of 75%.
Estimate the condensation rate assuming (a)
dropwise condensation and (b) film condensation.
Compare the rates and explain under what conditions
dropwise condensation can occur.
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lated. The thermosyphon dimensions are D  20 mm,
Lb  20 mm, Lc  40 mm, and Li  40 mm.

Combined Boiling/Condensation
10.67 A passive technique for cooling heat-dissipating integrated circuits involves submerging the ICs in a low
boiling point dielectric fluid. Vapor generated in cooling
the circuits is condensed on vertical plates suspended in
the vapor cavity above the liquid. The temperature of
the plates is maintained below the saturation temperature, and during steady-state operation a balance is
established between the rate of heat transfer to the condenser plates and the rate of heat dissipation by the ICs.

Ts,c
Lc

Saturated
steam
Condensation
film

g

H

Condensation
section

Li

Insulation

Lb

Boiling
section

Condenser
plates, Tc
Saturated
water

Vapor cavity

Ts,b
Electric
heater

Integrated
circuit (IC), Ts

(a) Find the mean surface temperature, Ts, b, of the
boiling surface if the nucleate boiling heat flux is
to be maintained at 30% of the critical heat flux.

Dielectric liquid

Consider conditions for which the 25-mm2 surface area
of each IC is submerged in a fluorocarbon liquid for
which Tsat  50°C, l  1700 kg/m3, cp, l  1005 J/kg 
K, l  6.80
104 kg/s  m, kl  0.062 W/m  K,
Prl  11.0,   0.013 kg/s2, hƒg  1.05
105 J/kg,
Cs,ƒ  0.004, and n  1.7. If the integrated circuits are
operated at a surface temperature of Ts  75°C, what is
the rate at which heat is dissipated by each circuit? If
the condenser plates are of height H  50 mm and are
maintained at a temperature of Tc  15°C by an internal coolant, how much condenser surface area must be
provided to balance the heat generated by 500 integrated circuits?
10.68 A thermosyphon consists of a closed container that
absorbs heat along its boiling section and rejects
heat along its condensation section. Consider a thermosyphon made from a thin-walled mechanically polished stainless steel cylinder of diameter D. Heat
supplied to the thermosyphon boils saturated water at
atmospheric pressure on the surfaces of the lower boiling section of length Lb and is then rejected by condensing vapor into a thin film, which falls by gravity along
the wall of the condensation section of length Lc back
into the boiling section. The two sections are separated
by an insulated section of length Li. The top surface of
the condensation section may be treated as being insu-

D

(b) Find the total condensation flow rate, ṁ, and the
mean surface temperature of the condensation
section, Ts,c.
10.69 A novel scheme for cooling computer chips uses a thermosyphon containing a saturated fluorocarbon. The
chip is brazed to the bottom of a cuplike container,
within which heat is dissipated by boiling and subsequently transferred to an external coolant (water) via
condensation on the inner surface of a thin-walled tube.
D
Water

Ts

g

Insulation

L

Vapor

Saturated
fluorocarbon, Tsat

Liquid

Computer chip, T

Lc

The nucleate boiling constants and the properties of
the fluorocarbon are provided in Problem 10.23. In
addition, kl  0.054 W/m  K.
(a) If the chip operates under steady-state conditions
and its surface heat flux is maintained at 90% of
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the critical heat flux, what is its temperature T ?
What is the total power dissipation if the chip
width is Lc  20 mm on a side?
(b) If the tube diameter is D  30 mm and its surface
is maintained at Ts  25°C by the water, what
tube length L is required to maintain the designated conditions?
10.70 A condenser–boiler section contains a 2-m
2-m
copper plate operating at a uniform temperature of
Ts  100°C and separating saturated steam, which is
condensing, from a saturated liquid-X, which experiences nucleate pool boiling. A portion of the boiling
Vapor-X, 1 bar
Saturated steam
Tsat, p
Saturated liquid-X

curve for liquid-X is shown as follows. Both saturated
steam and saturated liquid-X are supplied to the system, while water condensate and vapor-X are removed
by means not shown in the sketch. At a pressure of
1 bar, fluid-X has a saturation temperature and a latent
heat of vaporization of Tsat  80°C and hƒg 
700,000 J/kg, respectively.
(a) Estimate the rates of evaporation and condensation (kg/s) for the two fluids.
(b) Determine the saturation temperature Tsat and
pressure p for the steam, assuming that film condensation occurs.
10.71 A thin-walled cylindrical container of diameter D and
height L is filled to a height y with a low boiling point
liquid (A) at Tsat,A. The container is located in a large
chamber filled with the vapor of a high boiling point
fluid (B). Vapor-B condenses into a laminar film on
the outer surface of the cylindrical container, extending from the location of the liquid-A free surface. The
condensation process sustains nucleate boiling in
liquid-A along the container wall according to the
relation q  C(TsTsat)3, where C is a known empirical constant.

Copper plate, Ts = 100°C

Liquid
condensate
film

L

Insulating material

105
8
6

Vapor (B)

Tsat,B

Saturated
liquid (A),

Tsat,A

y

4
2
Condensate
film (B)

q"s (W/m2)

104
8
6
4

D
2

(a) For the portion of the wall covered with the condensate film, derive an equation for the average
temperature of the container wall, Ts. Assume that
the properties of fluids A and B are known.

103
8
6
4

(b) At what rate is heat supplied to liquid-A?

2
102

1

2

4 6

10

∆Te (K)

20

40 60 100

(c) Assuming the container is initially filled completely with liquid, that is, y  L, derive an
expression for the time required to evaporate all
the liquid in the container.

c10.qxd 3/6/06 10:59 AM Page 668

668

Chapter 10



Boiling and Condensation

10.72 It has been proposed that the very hot air trapped inside
the attic of a house in the summer may be used as the
energy source for a passive water heater installed in the
attic. Energy costs associated with heating the cool
water and air conditioning the house are both reduced.
Ten thermosyphons, similar to that of Problem 10.68,
are inserted in the bottom of a well-insulated water
heater. Each thermosyphon has a condensing section
that is Lc  50 mm long, an insulated section that is of
length Li  40 mm, and a boiling section that is Lb 
30 mm long. The diameter of each thermosyphon is
D  20 mm. The working fluid within the thermosyphons is water at a pressure of p  0.047 bars.

(a) Determine the heating rate delivered by the 10
thermosyphons when boiling occurs at 25% of the
CHF. What are the mean temperatures of the boiling and condensing sections?
(b) At night the attic air temperature drops below the
temperature of the water. Estimate the heat loss
from the hot water tank to the cool attic, assuming
losses through the tank insulation are negligible
and the stainless steel tube wall thickness of each
thermosyphon is very small.
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T

he process of heat exchange between two fluids that are at different temperatures and separated by a solid wall occurs in many engineering applications. The
device used to implement this exchange is termed a heat exchanger, and specific
applications may be found in space heating and air-conditioning, power production,
waste heat recovery, and chemical processing.
In this chapter our objectives are to introduce performance parameters for
assessing the efficacy of a heat exchanger and to develop methodologies for designing a heat exchanger or for predicting the performance of an existing exchanger
operating under prescribed conditions.

11.1
Heat Exchanger Types
Heat exchangers are typically classified according to flow arrangement and type of
construction. The simplest heat exchanger is one for which the hot and cold fluids
move in the same or opposite directions in a concentric tube (or double-pipe) construction. In the parallel-flow arrangement of Figure 11.1a, the hot and cold fluids
enter at the same end, flow in the same direction, and leave at the same end. In the
counterflow arrangement of Figure 11.1b, the fluids enter at opposite ends, flow in
opposite directions, and leave at opposite ends.
Alternatively, the fluids may move in cross flow (perpendicular to each other), as
shown by the finned and unfinned tubular heat exchangers of Figure 11.2. The two
configurations are typically differentiated by an idealization that treats fluid motion
over the tubes as unmixed or mixed. In Figure 11.2a, the fluid is said to be unmixed
because the fins inhibit motion in a direction ( y) that is transverse to the main-flow
direction (x). In this case the fluid temperature varies with x and y. In contrast, for
the unfinned tube bundle of Figure 11.2b, fluid motion, hence mixing, in the transverse direction is possible, and temperature variations are primarily in the mainflow direction. Since the tube flow is unmixed, both fluids are unmixed in the
finned exchanger, while one fluid is mixed and the other unmixed in the unfinned
exchanger. The nature of the mixing condition can significantly influence heat
exchanger performance.
Another common configuration is the shell-and-tube heat exchanger [1]. Specific
forms differ according to the number of shell-and-tube passes, and the simplest form,

(a)

(b)

FIGURE 11.1 Concentric tube heat exchangers. (a) Parallel flow. (b) Counterflow.
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x
y

Cross flow
T ≈ f (x)

Cross flow

T = f (x, y)

Tube
flow

Tube
flow
(b)

(a)

FIGURE 11.2 Cross-flow heat exchangers. (a) Finned with both fluids unmixed.
(b) Unfinned with one fluid mixed and the other unmixed.

which involves single tube and shell passes, is shown in Figure 11.3. Baffles are usually installed to increase the convection coefficient of the shell-side fluid by inducing
turbulence and a cross-flow velocity component. In addition, the baffles physically
support the tubes, reducing flow-induced tube vibration. Baffled heat exchangers with
one shell pass and two tube passes and with two shell passes and four tube passes are
shown in Figures 11.4a and 11.4b, respectively.
A special and important class of heat exchangers is used to achieve a very large
( 400 m2/m3 for liquids and  700 m2/m3 for gases) heat transfer surface area per
unit volume. Termed compact heat exchangers, these devices have dense arrays of
finned tubes or plates and are typically used when at least one of the fluids is a gas,
and is hence characterized by a small convection coefficient. The tubes may be
flat or circular, as in Figures 11.5a and 11.5b, c, respectively, and the fins may be
plate or circular, as in Figures 11.5a, b and 11.5c, respectively. Parallel-plate
heat exchangers may be finned or corrugated and may be used in single-pass
(Figure 11.5d ) or multipass (Figure 11.5e) modes of operation. Flow passages associated with compact heat exchangers are typically small (Dh  5 mm), and the flow
is usually laminar.

Tube
outlet

Shell
inlet

Baffles

Shell
outlet

Tube
inlet

FIGURE 11.3 Shell-and-tube heat exchanger with one shell
pass and one tube pass (cross-counterflow mode of
operation).
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Shell inlet
Tube outlet
Tube inlet
Shell outlet
( a)
Shell inlet
Tube outlet

Tube inlet
Shell outlet

( b)

FIGURE 11.4 Shell-and-tube heat exchangers. (a) One
shell pass and two tube passes. (b) Two shell passes and four
tube passes.

Circular tube

Flat tube

Circular fin

Plate fin
(a)

(b)

( c)

Corrugations
(or fins)

Parallel plates
(d)

(e)

FIGURE 11.5 Compact heat exchanger cores. (a) Fin–tube (flat tubes, continuous plate fins).
(b) Fin–tube (circular tubes, continuous plate fins). (c) Fin–tube (circular tubes, circular fins).
(d) Plate–fin (single pass). (e) Plate–fin (multipass).
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11.2
The Overall Heat Transfer Coefficient
An essential, and often the most uncertain, part of any heat exchanger analysis is determination of the overall heat transfer coefficient. Recall from Equation 3.19 that this
coefficient is defined in terms of the total thermal resistance to heat transfer between
two fluids. In Equations 3.18 and 3.31, the coefficient was determined by accounting
for conduction and convection resistances between fluids separated by composite plane
and cylindrical walls, respectively. It is important to acknowledge, however, that such
results apply only to clean, unfinned surfaces.
During normal heat exchanger operation, surfaces are often subject to fouling by
fluid impurities, rust formation, or other reactions between the fluid and the wall material. The subsequent deposition of a film or scale on the surface can greatly increase the
resistance to heat transfer between the fluids. This effect can be treated by introducing
an additional thermal resistance, termed the fouling factor, Rƒ. Its value depends on the
operating temperature, fluid velocity, and length of service of the heat exchanger.
In addition, we know that fins are often added to surfaces exposed to either or
both fluids and that, by increasing the surface area, they reduce the resistance to
convection heat transfer. Accordingly, with inclusion of surface fouling and fin
(extended surface) effects, the overall heat transfer coefficient may be expressed as
1  1  1
UA Uc Ac Uh Ah


1  R f,c  R  R f,h 
1
w
(o A)h (o hA)h
(o hA)c (o A)c

(11.1)

where c and h refer to the cold and hot fluids, respectively. Note that calculation of
the UA product does not require designation of the hot or cold side (Uc Ac  Uh Ah).
However, calculation of an overall coefficient depends on whether it is based on the
cold or hot side surface area, since Uc  Uh if Ac  Ah. The conduction resistance R w
is obtained from Equation 3.6 for a plane wall or Equation 3.28 for a cylindrical wall.
Although representative fouling factors are listed in Table 11.1, the factor is a variable during heat exchanger operation (increasing from zero for a clean surface, as
deposits accumulate on the surface). Comprehensive discussions of fouling are provided in References 2 through 4.
The quantity o in Equation 11.1 is termed the overall surface efficiency or
temperature effectiveness of a finned surface. It is defined such that, for the hot or
cold surface without fouling, the heat transfer rate is
q  ohA(Tb  T)

(11.2)

where Tb is the base surface temperature (Figure 3.20) and A is the total (fin plus
exposed base) surface area. The quantity was introduced in Section 3.6.5, and the
following expression was derived:
o  1 

Af
(1  f)
A

(11.3)
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TABLE 11.1 Representative Fouling Factors [1]
Fluid
Seawater and treated boiler
feedwater (below 50°C)
Seawater and treated boiler
feedwater (above 50°C)
River water (below 50°C)
Fuel oil
Refrigerating liquids
Steam (nonoil bearing)

Rƒ (m2  K/W)
0.0001
0.0002
0.0002– 0.001
0.0009
0.0002
0.0001

where Aƒ is the entire fin surface area and ƒ is the efficiency of a single fin. To be
consistent with the nomenclature commonly used in heat exchanger analysis, the
ratio of fin surface area to the total surface area has been expressed as Aƒ /A. This
representation differs from that of Section 3.6.5, where the ratio is expressed as
NAƒ /At, with Aƒ representing the area of a single fin and At the total surface area. If a
straight or pin fin of length L (Figure 3.16) is used and an adiabatic tip is assumed,
Equations 3.76 and 3.86 yield
f 

tanh (mL)
mL

(11.4)

where m  (2h/kt)1/2 and t is the fin thickness. For several common fin shapes, the
efficiency may be obtained from Table 3.5.
Note that, as written, Equation 11.2 corresponds to negligible fouling. However, if fouling is significant, the convection coefficient in Equation 11.2 must be
replaced by a partial overall heat transfer coefficient of the form Up  h/(1  hRf ).
In contrast to Equation 11.1, which provides the overall heat transfer coefficient
between the hot and cold fluids, Up is termed a partial coefficient because it only
includes the convection coefficient and fouling factor associated with one fluid and
its adjoining surface. Partial coefficients for the hot and cold sides are then
 ), respectively. Equation 11.3 may
Up,h  hh /(1  hh Rf,h) and Up,c  hc /(1  hcRf,c
still be used to evaluate o for the hot and/or cold side, but Up must be used in lieu
of h to evaluate the corresponding fin efficiency. Moreover, it is readily shown that
the second and fourth terms on the right-hand side of Equation 11.1 may be deleted
if the convection coefficients in the first and fifth terms are replaced by Up,c and
Up,h, respectively.
The wall conduction term in Equation 11.1 may often be neglected, since a thin
wall of large thermal conductivity is generally used. Also, one of the convection
coefficients is often much smaller than the other and hence dominates determination
of the overall coefficient. For example, if one of the fluids is a gas and the other is a
liquid or a liquid–vapor mixture experiencing boiling or condensation, the gas-side
convection coefficient is much smaller. It is in such situations that fins are used to
enhance gas-side convection. Representative values of the overall coefficient are
summarized in Table 11.2.
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TABLE 11.2 Representative Values of the Overall Heat Transfer
Coefficient
U (W/m2  K)

Fluid Combination
Water to water
Water to oil
Steam condenser (water in tubes)
Ammonia condenser (water in tubes)
Alcohol condenser (water in tubes)
Finned-tube heat exchanger (water
in tubes, air in cross flow)

850–1700
110–350
1000–6000
800–1400
250–700
25–50

For the unfinned, tubular heat exchangers of Figures 11.1 through 11.4, Equation 11.1 reduces to
1  1  1
UA Ui Ai Uo Ao
Rf,i ln (Do /Di) Rf,o
 1 


 1
Ao ho Ao
hi Ai Ai
2kL

(11.5)

where subscripts i and o refer to inner and outer tube surfaces (Ai  Di L,
Ao  Do L), which may be exposed to either the hot or the cold fluid.
The overall heat transfer coefficient may be determined from knowledge of the hot
and cold fluid convection coefficients and fouling factors and from appropriate geometric parameters. For unfinned surfaces, the convection coefficients may be estimated
from correlations presented in Chapters 7 and 8. For standard fin configurations, the
coefficients may be obtained from results compiled by Kays and London [5].

11.3
Heat Exchanger Analysis: Use of the Log
Mean Temperature Difference
To design or to predict the performance of a heat exchanger, it is essential to
relate the total heat transfer rate to quantities such as the inlet and outlet fluid temperatures, the overall heat transfer coefficient, and the total surface area for heat
transfer. Two such relations may readily be obtained by applying overall energy
balances to the hot and cold fluids, as shown in Figure 11.6. In particular, if q is the
total rate of heat transfer between the hot and cold fluids and there is negligible heat
transfer between the exchanger and its surroundings, as well as negligible potential
and kinetic energy changes, application of the steady flow energy equation, Equation 1.11d, gives
q  ṁh(ih,i  ih,o)

(11.6a)
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m• h
i h,i
Th,i
m• c
i c,i
Tc,i

q

ih,o , Th,o
A, heat transfer

q

surface area

ic,o , Tc,o

FIGURE 11.6 Overall energy balances for the hot and cold
fluids of a two-fluid heat exchanger.

and
q  ṁc(ic,o  ic,i)

(11.7a)

where i is the fluid enthalpy. The subscripts h and c refer to the hot and cold fluids,
whereas i and o designate the fluid inlet and outlet conditions. If the fluids are not
undergoing a phase change and constant specific heats are assumed, these expressions reduce to
q  ṁhcp,h(Th,i  Th,o)

(11.6b)

q  ṁccp,c(Tc,o  Tc,i)

(11.7b)

and

where the temperatures appearing in the expressions refer to the mean fluid temperatures at the designated locations. Note that Equations 11.6 and 11.7 are independent of the flow arrangement and heat exchanger type.
Another useful expression may be obtained by relating the total heat transfer
rate q to the temperature difference T between the hot and cold fluids, where
T  Th  Tc

(11.8)

Such an expression would be an extension of Newton’s law of cooling, with the
overall heat transfer coefficient U used in place of the single convection coefficient
h. However, since T varies with position in the heat exchanger, it is necessary to
work with a rate equation of the form
q  UA Tm

(11.9)

where Tm is an appropriate mean temperature difference. Equation 11.9 may be
used with Equations 11.6 and 11.7 to perform a heat exchanger analysis. Before this
can be done, however, the specific form of Tm must be established.

11.3.1

The Parallel-Flow Heat Exchanger

The hot and cold fluid temperature distributions associated with a parallel-flow heat
exchanger are shown in Figure 11.7. The temperature difference T is initially large
but decays with increasing x, approaching zero asymptotically. It is important to note
that, for such an exchanger, the outlet temperature of the cold fluid never exceeds that
of the hot fluid. In Figure 11.7 the subscripts 1 and 2 designate opposite ends of the
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Th

dq

Tc

Th + dTh
dA

Heat transfer
surface area

Tc + dTc
dx

Th,i

Th, Ch

∆T1

T

Tc,i

∆T

dTh

∆T2

dq

Tc, Cc

Th,o
Tc,o

dTc

1

2

x

FIGURE 11.7 Temperature distributions for a parallel-flow
heat exchanger.

heat exchanger. This convention is used for all types of heat exchangers considered.
For parallel flow, it follows that Th,i  Th,1, Th,o  Th,2, Tc,i  Tc,1, and Tc,o  Tc,2.
The form of Tm may be determined by applying an energy balance to differential elements in the hot and cold fluids. Each element is of length dx and heat transfer
surface area dA, as shown in Figure 11.7. The energy balances and the subsequent
analysis are subject to the following assumptions.
1. The heat exchanger is insulated from its surroundings, in which case the only
heat exchange is between the hot and cold fluids.
2. Axial conduction along the tubes is negligible.
3. Potential and kinetic energy changes are negligible.
4. The fluid specific heats are constant.
5. The overall heat transfer coefficient is constant.
The specific heats may of course change as a result of temperature variations, and the
overall heat transfer coefficient may change because of variations in fluid properties and
flow conditions. However, in many applications such variations are not significant, and
it is reasonable to work with average values of cp,c, cp,h, and U for the heat exchanger.
Applying an energy balance to each of the differential elements of Figure 11.7, it
follows that
dq  ṁhcp,h dTh  Ch dTh

(11.10)

dq  ṁccp,c dTc  Cc dTc

(11.11)

and
where Ch and Cc are the hot and cold fluid heat capacity rates, respectively. These
expressions may be integrated across the heat exchanger to obtain the overall
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energy balances given by Equations 11.6b and 11.7b. The heat transfer across the
surface area dA may also be expressed as
dq  U T dA

(11.12)

where T  Th  Tc is the local temperature difference between the hot and cold
fluids.
To determine the integrated form of Equation 11.12, we begin by substituting
Equations 11.10 and 11.11 into the differential form of Equation 11.8
d(T)  dTh  dTc
to obtain



d(T)  dq 1  1
Ch Cc



Substituting for dq from Equation 11.12 and integrating across the heat exchanger,
we obtain
 U  1  1   dA
 d(T)
C
C
T
2

2

1

h

c

1

or
 UA  1  1 
T
C
C
T 
2

ln

h

1

(11.13)

c

Substituting for Ch and Cc from Equations 11.6b and 11.7b, respectively, it follows
that
ln

 UA 
T
T 
2
1

Th,i  Th,o Tc,o  Tc,i

q
q



UA
  q [(Th,i  Tc,i)  (Th,o  Tc,o)]
Recognizing that, for the parallel-flow heat exchanger of Figure 11.7, T1 
(Th,i  Tc,i) and T2  (Th,o  Tc,o), we then obtain
q  UA

T2  T1
ln (T2 /T1)

Comparing the above expression with Equation 11.9, we conclude that the appropriate average temperature difference is a log mean temperature difference, Tlm.
Accordingly, we may write
q  UA Tlm

(11.14)

where
Tlm 

T2  T1
T1  T2

ln (T2 /T1) ln (T1/T2)

(11.15)

Remember that, for the parallel-flow exchanger,

TT TT
1

2



 Tc,1  Th,i  Tc,i

Tc,2  Th,o  Tc,o
h,2
h,1

(11.16)
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The Counterflow Heat Exchanger

11.3.2

The hot and cold fluid temperature distributions associated with a counterflow heat
exchanger are shown in Figure 11.8. In contrast to the parallel-flow exchanger, this
configuration provides for heat transfer between the hotter portions of the two fluids at
one end, as well as between the colder portions at the other. For this reason, the
change in the temperature difference, T  Th  Tc, with respect to x is nowhere as
large as it is for the inlet region of the parallel-flow exchanger. Note that the outlet
temperature of the cold fluid may now exceed the outlet temperature of the hot fluid.
Equations 11.6b and 11.7b apply to any heat exchanger and hence may be used
for the counterflow arrangement. Moreover, from an analysis like that performed in
Section 11.3.1, it may be shown that Equations 11.14 and 11.15 also apply. However, for the counterflow exchanger the endpoint temperature differences must now
be defined as
T
T
T  T
1
2



 Tc,1  Th,i  Tc,o
h,2  Tc,2  Th,o  Tc,i
h,1

(11.17)

Note that, for the same inlet and outlet temperatures, the log mean temperature difference for counterflow exceeds that for parallel flow, Tlm,CF Tlm,PF. Hence the
surface area required to effect a prescribed heat transfer rate q is smaller for the
counterflow than for the parallel-flow arrangement, assuming the same value of U.
Also note that Tc, o can exceed Th, o for counterflow but not for parallel flow.

Special Operating Conditions

11.3.3

It is useful to note certain special conditions under which heat exchangers may be
operated. Figure 11.9a shows temperature distributions for a heat exchanger in

Ch

Th

Cc

dq

dA

Th + dTh
Heat transfer
surface area

Tc

Tc + dTc
dx

Th, Ch

Th,i
∆T1

T

∆T

dTh

dq

Th,o

Tc,o

∆T2
dTc

Tc,i

Tc, Cc

1

2

x

FIGURE 11.8 Temperature distributions for a counterflow
heat exchanger.
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Ch >> Cc

Ch << Cc or
an evaporating
liquid (Cc ∞)

or a condensing
vapor (Ch ∞)

T

Cc = Ch

T

1

x

2

(a)

T

1

x
(b )

2

∆T1 = ∆T2

1

x

2

(c)

FIGURE 11.9 Special heat exchanger conditions. (a) Ch Cc
or a condensing vapor. (b) An evaporating liquid or Ch Cc.
(c) A counterflow heat exchanger with equivalent fluid heat
capacities (Ch  Cc).

Methodologies for
using the LMTD
method for other heat
exchanger types are
included in
Section 11S.1.

which the hot fluid has a heat capacity rate, Ch  ṁhcp,h, which is much larger than
that of the cold fluid, Cc  ṁccp,c. For this case the temperature of the hot fluid
remains approximately constant throughout the heat exchanger, while the temperature of the cold fluid increases. The same condition is achieved if the hot fluid is a
condensing vapor. Condensation occurs at constant temperature, and, for all practical purposes, Ch → . Conversely, in an evaporator or a boiler (Figure 11.9b), it
is the cold fluid that experiences a change in phase and remains at a nearly uniform temperature (Cc → ). The same effect is achieved without phase change if
Ch
Cc. Note that, with condensation or evaporation, the heat rate is given by
Equation 11.6a or 11.7a. The third special case (Figure 11.9c) involves a counterflow heat exchanger for which the heat capacity rates are equal (Ch  Cc). The
temperature difference T must then be a constant throughout the exchanger, in
which case T1  T2  Tlm.
Although flow conditions are more complicated in multipass and cross-flow
heat exchangers, Equations 11.6, 11.7, 11.14, and 11.15 may still be used if modifications are made to the definition of the log mean temperature difference [6].

EXAMPLE 11.1
A counterflow, concentric tube heat exchanger is used to cool the lubricating oil for
a large industrial gas turbine engine. The flow rate of cooling water through the
inner tube (Di  25 mm) is 0.2 kg/s, while the flow rate of oil through the outer
annulus (Do  45 mm) is 0.1 kg/s. The oil and water enter at temperatures of 100
and 30°C, respectively. How long must the tube be made if the outlet temperature
of the oil is to be 60°C?

SOLUTION
Known: Fluid flow rates and inlet temperatures for a counterflow, concentric
tube heat exchanger of prescribed inner and outer diameter.

Find: Tube length to achieve a desired hot fluid outlet temperature.
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Schematic:
Th,i = 100°C
m• h = 0.1 kg/s

T (x)

Oil

Th,o = 60°C

Di =

Do =
25 mm 45 mm

Water

m• c = 0.2 kg/s
Tc,o

Tc,i = 30°C

x
x

Assumptions:
1.
2.
3.
4.
5.

Negligible heat loss to the surroundings.
Negligible kinetic and potential energy changes.
Constant properties.
Negligible tube wall thermal resistance and fouling factors.
Fully developed conditions for the water and oil (U independent of x).

Properties: Table A.5, unused engine oil (Th  80°C  353 K): cp  2131 J/kg  K,
  3.25
102 N  s/m2, k  0.138 W/m  K. Table A.6, water (Tc  35°C):
cp  4178 J/kg  K,   725 106 N  s/m2, k  0.625 W/m  K, Pr  4.85.
Analysis: The required heat transfer rate may be obtained from the overall
energy balance for the hot fluid, Equation 11.6b.
q  ṁhcp,h(Th,i  Th,o)
q  0.1 kg/s

2131 J/kg  K (100  60)C  8524 W

Applying Equation 11.7b, the water outlet temperature is
q
 Tc,i
ṁccp,c
8524 W
Tc,o 
 30C  40.2C
0.2 kg/s 4178 J/kg  K
Tc,o 

Accordingly, use of T
c  35°C to evaluate the water properties was a good choice.
The required heat exchanger length may now be obtained from Equation 11.14,
q  UA Tlm
where A  Di L and from Equations 11.15 and 11.17
Tlm 

(Th,i  Tc,o)  (Th,o  Tc,i)
59.8  30

 43.2C
ln [(Th,i  Tc,o)/(Th,o  Tc,i)] ln (59.8/30)

From Equation 11.5 the overall heat transfer coefficient is
U

1
(1/hi)  (1/ho)
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For water flow through the tube,
ReD 

4 0.2 kg/s
4ṁc

 14,050
Di (0.025 m)725 106 N  s/m2

Accordingly, the flow is turbulent and the convection coefficient may be computed
from Equation 8.60
0.4
NuD  0.023 Re4/5
D Pr
NuD  0.023 (14,050)4/5 (4.85)0.4  90

Hence
hi  NuD

90
k

Di

0.625 W/m  K
 2250 W/m2  K
0.025 m

For the flow of oil through the annulus, the hydraulic diameter is, from Equation
8.71, Dh  Do  Di  0.02 m, and the Reynolds number is
ReD 

u m Dh (Do  Di)
 


ReD 

4 0.1 kg/s
4ṁ h

 (Do  Di)  (0.045  0.025) m 3.25

ṁ h
 D 2i )/4

(D 2o

102 kg/s  m

 56.0

The annular flow is therefore laminar. Assuming uniform temperature along the
inner surface of the annulus and a perfectly insulated outer surface, the convection
coefficient at the inner surface may be obtained from Table 8.2. With (Di /Do) 
0.56, linear interpolation provides
Nui 

ho Dh
 5.63
k

and
ho  5.63

0.138 W/m  K
 38.8 W/m2  K
0.020 m

The overall convection coefficient is then
U

1
 38.1 W/m2  K
(1/2250 W/m2  K)  (1/38.8 W/m2  K)

and from the rate equation it follows that
L

q
8524 W

 65.9 m
UDi Tlm 38.1 W/m2  K  (0.025 m) (43.2C)



Comments:
1. The hot side convection coefficient controls the rate of heat transfer between
the two fluids, and the low value of ho is responsible for the large value of L.
Incorporation of heat transfer enhancement methods, such as described in Section 8.8, could be used to decrease the size of the heat exchanger.
2. Because hi
ho, the tube wall temperature will follow closely that of the
coolant water. Accordingly, the assumption of uniform wall temperature, which
is inherent in the use of Table 8.2 to obtain ho, is reasonable.
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EXAMPLE 11.2
The counterflow, concentric tube heat exchanger of Example 11.1 is replaced with a
compact, plate-type heat exchanger that consists of a stack of thin metal sheets, separated by N gaps of width a. The oil and water flows are subdivided into N/2 individual flow streams, with the oil and water moving in opposite directions within
alternating gaps. It is desirable for the stack to be of a cubical geometry, with a
characteristic exterior dimension L. Determine the exterior dimensions of the heat
exchanger as a function of the number of gaps if the flow rates, inlet temperatures,
and desired oil outlet temperature are the same as in Example 11.1. Compare the
pressure drops of the water and oil streams within the plate-type heat exchanger to
the pressure drops of the flow streams in Example 11.1, if 60 gaps are specified.

SOLUTION
Known: Configuration of a plate-type heat exchanger. Fluid flow rates, inlet temperatures, and desired oil outlet temperature.

Find:
1. Exterior dimensions of the heat exchanger.
2. Pressure drops within the plate-type heat exchanger with N  60 gaps, and the
concentric tube heat exchanger of Example 11.1.

Schematic:
L
a

Th,i = 100°C

L

T(x)

m• h = 0.1 kg/s

L

Th,o = 60°C
m• c = 0.2 kg/s
Tc,o

Tc,i = 30°C

x
Oil

Water

x

Assumptions:
1.
2.
3.
4.
5.
6.
7.

Negligible heat loss to the surroundings.
Negligible kinetic and potential energy changes.
Constant properties.
Negligible plate thermal resistance and fouling factors.
Fully developed conditions for the water and oil.
Identical gap-to-gap heat transfer coefficients.
Heat exchanger exterior dimension is large compared to the gap width.

Properties: See Example 11.1. In addition, Table A.5, unused engine oil (T̄¯h 
353 K):   852.1 kg/m3. Table A.6, water (T̄¯c

3
35 C):   v1
f  994 kg/m .
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Analysis:
1. The gap width may be related to the overall dimension of the heat exchanger by
the expression a  L/N, and the total heat transfer area is A  L2 (N  1).
Assuming a
L and the existence of laminar flow, the Nusselt number for
each interior gap is provided in Table 8.1 and is
hDh
NuD 
 7.54
k
From Equation 8.66, the hydraulic diameter is Dh  2a. Combining the preceding expressions yields for the water:
hc  7.54kN/2L  7.54

0.625 W/m  K

N/2L  (2.36 W/m  K)N/L

0.138 W/m  K

N/2L  (0.520 W/m  K)N/L

Likewise, for the oil:
hh  7.54kN/2L  7.54

and the overall convection coefficient is
U

1
1/hc  1/hh

From Example 11.1, the required log mean temperature difference and heat transfer rate are Tlm  43.2 C and q  8524 W, respectively. From Equation 11.14
it follows that
UA 

q
L2(N  1)

1/hc  1/hh Tlm

which may be rearranged to yield
L






q
1  1
Tlm(N  1) hc L hhL





8524 W
463 m
1
1


N(N  1)
43.2C(N  1)N 2.36 W/m  K 0.520 W/m  K



The size of the compact heat exchanger decreases as the number of gaps is
increased, as shown in the figure below.
1

0.8

0.6

L(m)

684

0.4

0.2

0
20

40
60
Number of Gaps, N

80
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2. For N  60 gaps, the stack dimension is L  0.131 m from the results of part 1,
and the gap width is a  L/N  0.131 m/60  0.00218 m.
The hydraulic diameter is Dh  0.00436 m, and the mean velocity in each
water-filled gap is
um 

2 0.2 kg/s
ṁ

 0.0235 m/s
2
L /2 994 kg/m3 0.1312 m2

providing a Reynolds number of
ReD 

umDh 994 kg/m3 0.0235 m/s 0.00436 m
 141
 
725 106 N  s/m2

For the oil-filled gaps
um 

2 0.1 kg/s
ṁ

 0.0137 m/s
2
L /2 852.1 kg/m3 0.1312 m2

yielding a Reynolds number of
ReD 

umDh 852.1 kg/m3 0.0137 m/s 0.00436 m
 1.57
 
3.25 102 N  s/m2

Therefore, the flow is laminar for both fluids, as assumed in part 1. Equations
8.19 and 8.22a may be used to calculate the pressure drop for the water:
p 

2
64 u m
64

L
ReD 2Dh
141

994 kg/m3 0.02352 m2/s2
2 0.00436 m

0.131 m

 3.76 N/m2



Similarly, for the oil
p 

2
64 um
64

L
ReD 2Dh
1.57

852.1 kg/m3 0.01372 m2/s2
2 0.00436 m

0.131 m

 98.2 N/m2



For Example 11.1, the friction factor associated with the water flow may be
calculated using Equation 8.21, and for a smooth surface condition is f  (0.790
ln(14,050)  1.64)2  0.0287. The mean velocity is um  4ṁ/[ D2i  4 0.2
kg/s/(994 kg/m3  0.0252 m2)]  0.410 m/s, and the pressure drop is
p  f 

u2m
 L  0.0287
2Dh

994 kg/m3 0.4102 m2/s2
2 0.025 m

65.9 m

 6310 N/m2



For the oil flowing in the annular region, the mean velocity is um  4ṁ /[ (D2o 
D2i )]  4 0.1 kg/s/[852.1 kg/m3  (0.0452  0.0252)m2]  0.107 m/s, and
the pressure drop is
p 

2
64 u m
64

L
ReD 2Dh
56

 18,300 N/m2

852.1 kg/m3 0.1072 m2/s2
2 0.020 m

65.9 m
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Comments:
1. Increasing the number of gaps increases the UA product by simultaneously providing more surface area and increasing the heat transfer coefficients associated
with the flow of the fluids through smaller passages.
2. The area-to-volume ratio of the N  60 heat exchanger is L2(N  1)/L3  (N  1)/
L  (60  1)/0.131 m  451 m2/m3.
3. The volume occupied by the concentric tube heat exchanger is V   Do2L/4 
 0.0452 m2 65.9 m/4  0.10 m3, while the volume of the compact platetype exchanger is V  L3  0.1313 m3  0.0022 m3. Use of the plate-type heat
exchanger results in a 97.8% reduction in volume relative to the conventional,
concentric tube heat exchanger.
4. The pressure drops associated with use of the compact heat exchanger are significantly less than for a conventional concentric tube configuration. Pressure
drops are reduced by 99.9% and 99.5% for the water and oil flows, respectively.
5. Fouling of the heat transfer surfaces may result in a decrease in the gap width, as
well as an associated reduction in heat transfer rate and increase in pressure drop.
6. Because hc hh, the temperatures of the thin metal sheets will follow closely
that of the water, and, as in Example 11.1, the assumption of uniform temperature conditions to obtain hc and hh is reasonable.
7. One method to fabricate such a heat exchanger is presented in C. F. McDonald,
Appl. Thermal Engin., 20, 471, 2000.

11.4
Heat Exchanger Analysis: The
Effectiveness–NTU Method
It is a simple matter to use the log mean temperature difference (LMTD) method of
heat exchanger analysis when the fluid inlet temperatures are known and the outlet
temperatures are specified or readily determined from the energy balance expressions, Equations 11.6b and 11.7b. The value of Tlm for the exchanger may then be
determined. However, if only the inlet temperatures are known, use of the LMTD
method requires a cumbersome iterative procedure. It is therefore preferable to use
an alternative approach termed the effectiveness–NTU (or NTU) method.

11.4.1

Definitions

To define the effectiveness of a heat exchanger, we must first determine the maximum possible heat transfer rate, qmax, for the exchanger. This heat transfer rate
could, in principle, be achieved in a counterflow heat exchanger (Figure 11.8) of
infinite length. In such an exchanger, one of the fluids would experience the maximum possible temperature difference, Th,i  Tc,i. To illustrate this point, consider a
situation for which Cc  Ch, in which case, from Equations 11.10 and 11.11, dTc
dTh. The cold fluid would then experience the larger temperature change, and since
L → , it would be heated to the inlet temperature of the hot fluid (Tc,o  Th,i).
Accordingly, from Equation 11.7b,
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Cc  Ch:

687

qmax  Cc(Th,i  Tc,i)

Similarly, if Ch  Cc, the hot fluid would experience the larger temperature change
and would be cooled to the inlet temperature of the cold fluid (Th,o  Tc,i). From
Equation 11.6b, we then obtain
Ch  Cc:

qmax  Ch(Th,i  Tc,i )

From the foregoing results we are then prompted to write the general expression
qmax  Cmin(Th,i  Tc,i)

(11.18)

where Cmin is equal to Cc or Ch , whichever is smaller. For prescribed hot and cold
fluid inlet temperatures, Equation 11.18 provides the maximum heat transfer rate
that could possibly be delivered by the exchanger. A quick mental exercise should
convince the reader that the maximum possible heat transfer rate is not equal to
Cmax(Th,i  Tc,i). If the fluid having the larger heat capacity rate were to experience
the maximum possible temperature change, conservation of energy in the form
Cc(Tc,o  Tc,i )  Ch(Th,i  Th,o ) would require that the other fluid experience yet a
larger temperature change. For example, if Cmax  Cc and one argues that it is possible for Tc,o to be equal to Th,i, it follows that (Th,i  Th,o)  (Cc /Ch)(Th,i  Tc,i ), in which
case (Th,i  Th,o ) (Th,i  Tc,i). Such a condition is clearly impossible.
It is now logical to define the effectiveness, , as the ratio of the actual heat
transfer rate for a heat exchanger to the maximum possible heat transfer rate:
q

q

(11.19)

max

From Equations 11.6b, 11.7b, and 11.18, it follows that


Ch(Th,i  Th,o)
Cmin(Th,i  Tc,i)

(11.20)



Cc(Tc,o  Tc,i)
Cmin(Th,i  Tc,i)

(11.21)

or

By definition the effectiveness, which is dimensionless, must be in the range 0 
  1. It is useful because, if , Th,i, and Tc,i are known, the actual heat transfer rate
may readily be determined from the expression
q  Cmin(Th,i  Tc,i)

(11.22)

For any heat exchanger it can be shown that [5]



  f NTU,

Cmin
Cmax



(11.23)

where Cmin/Cmax is equal to Cc /Ch or Ch /Cc, depending on the relative magnitudes of the
hot and cold fluid heat capacity rates. The number of transfer units (NTU) is a dimensionless parameter that is widely used for heat exchanger analysis and is defined as
NTU 

UA
Cmin

(11.24)
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11.4.2

Effectiveness–NTU Relations

To determine a specific form of the effectiveness–NTU relation, Equation 11.23,
consider a parallel-flow heat exchanger for which Cmin  Ch. From Equation 11.20
we then obtain


Th,i  Th,o
Th,i  Tc,i

(11.25)

and from Equations 11.6b and 11.7b it follows that
Cmin ṁhcp,h Tc,o  Tc,i


Cmax ṁccp,c Th,i  Th,o

(11.26)

Now consider Equation 11.13, which may be expressed as
ln

Th,o  Tc,o
C
UA

1  min
Cmin
Cmax
h,i  Tc,i

T







or from Equation 11.24



Th,o  Tc,o
C
 exp NTU 1  min
Th,i  Tc,i
Cmax





(11.27)

Rearranging the left-hand side of this expression as
Th,o  Tc,o Th,o  Th,i  Th,i  Tc,o

Th,i  Tc,i
Th,i  Tc,i
and substituting for Tc,o from Equation 11.26, it follows that
Th,o  Tc,o (Th,o  Th,i)  (Th,i  Tc,i)  (Cmin/Cmax)(Th,i  Th,o)

Th,i  Tc,i
Th,i  Tc,i
or from Equation 11.25
Th,o  Tc,o
Cmin
Cmin
   1 
1 1
Th,i  Tc,i
Cmax
Cmax

 





Substituting the above expression into Equation 11.27 and solving for , we obtain
for the parallel-flow heat exchanger


1  exp { NTU[1  (Cmin /Cmax)]}
1  (Cmin /Cmax)

(11.28a)

Since precisely the same result may be obtained for Cmin  Cc, Equation 11.28a
applies for any parallel-flow heat exchanger, irrespective of whether the minimum
heat capacity rate is associated with the hot or cold fluid.
Similar expressions have been developed for a variety of heat exchangers [5],
and representative results are summarized in Table 11.3, where Cr is the heat capacity ratio Cr  Cmin /Cmax. In deriving Equation 11.31a for a shell-and-tube heat
exchanger with multiple shell passes, it is assumed that the total NTU is equally distributed between shell passes of the same arrangement, NTU  n(NTU)1. In order
to determine , (NTU)1 would first be calculated using the heat transfer area for one
shell, 1 would then be calculated from Equation 11.30a, and  would finally be
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TABLE 11.3 Heat Exchanger Effectiveness Relations [5]
Flow Arrangement

Relation

Concentric tube
1  exp [NTU(1  Cr)]
1  Cr
1  exp [NTU(1  Cr)]

1  Cr exp [NTU(1  Cr)]
NTU

1  NTU


Parallel flow
Counterflow

(11.28a)
(Cr  1)
(Cr  1)

(11.29a)

Shell-and-tube
One shell pass
(2, 4, . . . tube passes)

1  2 1  Cr  (1  C 2r )1/2
1  exp [(NTU)1(1  C 2r )1/2]
1  exp [ (NTU)1(1 

n Shell passes
(2n, 4n, . . . tube passes)



1

(11.30a)

C 2r )1/2]

11C  1 11 C   C 
1

r

n

1

r

1

n

(11.31a)

r

1

1

Cross-flow (single pass)
Both fluids unmixed

  1  exp

C1  (NTU)

0.22



{exp [ Cr(NTU)0.78]1}

r

C1  (1  exp {C [1  exp (NTU)]})

(11.32)

Cmax (mixed),
Cmin (unmixed)



Cmin (mixed),
Cmax (unmixed)

  1  exp (Cr1 {1  exp [Cr(NTU)]})

(11.34a)

  1  exp (NTU)

(11.35a)

r

(11.33a)

r

All exchangers (Cr  0)

calculated from Equation 11.31a. Note that for Cr  0, as in a boiler or condenser, 
is given by Equation 11.35a for all flow arrangements. Hence, for this special case,
it follows that heat exchanger behavior is independent of flow arrangement. For
the cross-flow heat exchanger with both fluids unmixed, Equation 11.32 is exact only
for Cr  1. However, it may be used to a good approximation for all 0  Cr  1. For
Cr  0, Equation 11.35a must be used.
In heat exchanger design calculations (Section 11.5), it is more convenient to
work with –NTU relations of the form



NTU  f ,

Cmin
Cmax



Explicit relations for NTU as a function of  and Cr are provided in Table 11.4.
Note that Equation 11.32 may not be manipulated to yield a direct relationship for
NTU as a function of  and Cr. Note also that to determine the NTU for a shell-andtube heat exchanger with multiple shell passes,  would first be calculated for
the entire heat exchanger. The variables F and 1 would then be calculated using
Equations 11.31c and 11.31b, respectively. The parameter E would subsequently be
determined from Equation 11.30c and substituted into Equation 11.30b to find
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TABLE 11.4 Heat Exchanger NTU Relations
Flow Arrangement

Relation

Concentric tube
NTU  

Parallel flow

ln [1  (1  Cr)]
1  Cr



1
1
ln
Cr1
Cr  1

NTU 
1 
NTU 

Counterflow



(11.28b)
(Cr  1)
(Cr  1)

(11.29b)

Shell-and-tube

EE  11

(NTU)1   (1  C 2r )1/2 ln

One shell pass
(2, 4, . . . tube passes)

E
n Shell passes
(2n, 4n, . . . tube passes)

2/1  (1  Cr)

(11.30b)
(11.30c)

(1  C 2r )1/2

Use Equations 11.30b and 11.30c with
1 

F1
F  Cr

F



Cr  1
1



1/n

NTU  n (NTU)1 (11.31b, c, d)

Cross-flow (single pass)

 C1  ln(1  C )
1
NTU     ln[C ln(1  )  1]
C
NTU   ln 1 

Cmax (mixed), Cmin (unmixed)

(11.33b)

r

r

Cmin (mixed), Cmax (unmixed)

(11.34b)

r

r

All exchangers (Cr  0)

NTU   ln(1  )

(11.35b)

(NTU)1. Finally, this result would be multiplied by n to obtain the NTU for the
entire exchanger, as indicated in Equation 11.31d.
The foregoing expressions are represented graphically in Figures 11.10 through
11.15. When using Figure 11.13, the abscissa corresponds to the total number of
1.0

1.0

mi /
n C
m
ax

=

0.25

C

C

1.00
0.75
0.50
0.25

0.6

ε

ε

0.6

0.8

0.50
0.75
1.00

0

mi
n /C
m
ax

=

0

0.8

0.4

0.4

0.2

0.2

0

0

1

2

3
NTU

4

5

FIGURE 11.10 Effectiveness of a parallelflow heat exchanger (Equation 11.28).
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2

3
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4

5

FIGURE 11.11 Effectiveness of a
counterflow heat exchanger (Equation 11.29).
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Th,i or Tc,i

Th,i or Tc,i

Tc,o or Th,o

Tc,o or Th,o

Tc,i or Th,i
Th,o or Tc,o
1.0
0

0.50

Th,o or Tc,o

0.75
1.00

C

0.8

Tc,i or Th,i

0.25
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n /C
m
ax

=

1.0
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n /C
m

ε

0.6
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=

0

C

0.4
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FIGURE 11.12 Effectiveness of a shell-andtube heat exchanger with one shell and any
multiple of two tube passes (two, four, etc.
tube passes) (Equation 11.30).

0
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NTU
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FIGURE 11.13 Effectiveness of a shelland-tube heat exchanger with two shell
passes and any multiple of four tube passes
(four, eight, etc. tube passes) (Equation 11.31
with n  2).

transfer units, NTU  n(NTU)1. For Figure 11.15 the solid curves correspond to
Cmin mixed and Cmax unmixed, while the dashed curves correspond to Cmin unmixed
and Cmax mixed. Note that for Cr  0, all heat exchangers have the same effectiveness, which may be computed from Equation 11.35a. Moreover, if NTU  0.25,
all heat exchangers have approximately the same effectiveness, regardless of the
value of Cr, and  may again be computed from Equation 11.35a. More generally,
for Cr 0 and NTU  0.25, the counterflow exchanger is the most effective. For
any exchanger, maximum and minimum values of the effectiveness are associated
with Cr  0 and Cr  1, respectively.
As noted previously, in the context of cross-flow heat exchangers, the terms
mixed and unmixed are idealizations representing limiting cases of actual flow
conditions. That is, most flows are neither completely mixed nor unmixed, but exhibit
partial degrees of mixing. This issue has been addressed by DiGiovanni and Webb
[7], and algebraic expressions have been developed to determine the NTU relationship for arbitrary values of partial mixing.
We also note that both the LMTD and   NTU methods approach heat
exchanger analysis from a global perspective and provide no information concerning
conditions within the exchanger. Although flow and temperature variations within a
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Th,i or Tc,i

Th,i or Tc,i
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FIGURE 11.14 Effectiveness of a singlepass, cross-flow heat exchanger with both
fluids unmixed (Equation 11.32).
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FIGURE 11.15 Effectiveness of a singlepass, cross-flow heat exchanger with one fluid
mixed and the other unmixed (Equations
11.33, 11.34).

heat exchanger may be determined using commercial CFD (computational fluid
dynamic) computer codes, simpler numerical procedures may be adopted. Such procedures have been applied by Ribando et al. to determine temperature variations in
concentric tube and shell-and-tube heat exchangers [8].

EXAMPLE 11.3
Hot exhaust gases, which enter a finned-tube, cross-flow heat exchanger at 300°C
and leave at 100°C, are used to heat pressurized water at a flow rate of 1 kg/s from
35 to 125°C. The exhaust gas specific heat is approximately 1000 J/kg  K, and the
overall heat transfer coefficient based on the gas-side surface area is Uh  100
W/m2  K. Determine the required gas-side surface area Ah using the NTU method.

SOLUTION
Known: Inlet and outlet temperatures of hot gases and water used in a finnedtube, cross-flow heat exchanger. Water flow rate and gas-side overall heat transfer
coefficient.

Find: Required gas-side surface area.
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Schematic:
Finned-tube, cross-flow
heat exchanger,
Uh = 100 W/m2•K
Both fluids unmixed

Tc,i

Th,i = 300°C

m• h

T

Th,i

Tc,o

m• c = 1 kg/s
Tc,o = 125°C

Th,o = 100°C
Tc,i = 35°C

Th,o

Assumptions:
1. Negligible heat loss to the surroundings and kinetic and potential energy changes.
2. Constant properties.

Properties: Table A.6, water (T c  80°C): cp,c  4197 J/kg  K. Exhaust gases:
cp,h  1000 J/kg  K.

Analysis: The required surface area may be obtained from knowledge of the
number of transfer units, which, in turn, may be obtained from knowledge of the
ratio of heat capacity rates and the effectiveness. To determine the minimum heat
capacity rate, we begin by computing
Cc  ṁccp,c  1 kg/s

4197 J/kg  K  4197 W/K

Since ṁh is not specified, Ch is obtained by combining the overall energy balances,
Equations 11.6b and 11.7b:
Ch  ṁhcp,h  Cc

Tc,o  Tc,i
125  35
 4197
 1889 W/K  Cmin
Th,i  Th,o
300  100

From Equation 11.18
qmax  Cmin(Th,i  Tc,i)  1889 W/K (300  35)C  5.00
From Equation 11.7b the actual heat transfer rate is
q  ṁccp,c(Tc,o  Tc,i)  1 kg/s
q  3.78 105 W

4197 J/kg  K (125  35)C

Hence from Equation 11.19 the effectiveness is
q

q

max



3.78
5.00

105 W
 0.75
105 W

With
Cmin 1889

 0.45
Cmax 4197
it follows from Figure 11.14 that
NTU 

Uh Ah
Cmin

2.1

105 W
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or
Ah 

2.1(1889 W/K)
 39.7 m2
100 W/m2  K



Comments: With the heat exchanger sized (Ah  39.7 m2) and placed into operation, its actual performance is subject to uncontrolled variations in the exhaust gas inlet
temperature (200  Th,i  400°C) and to gradual degradation of the heat exchanger
surfaces due to fouling (Uh decreasing from 100 to 60 W/m2  K). For a fixed value of
Cmin  Ch  1889 W/K, the reduction in Uh corresponds to a reduction in the NTU
(to NTU  1.26) and hence to a reduction in the heat exchanger effectiveness,
which can be computed from Equation 11.32. The effect of the variations on the
water outlet temperature has been computed and is plotted as follows:
180

Tc,o (°C)

160
140

Uh (W/m2•K)
100
80
60

120

m• h = 1.89 kg/s
m• c = 1 kg/s
Tc,i = 35°C

100

80
200

250

300

350

400

Th,i (°C)

If the intent is to maintain a fixed water outlet temperature of Tc,o  125°C,
adjustments in the flow rates, ṁc and ṁh, could be made to compensate for the
variations. The model equations could be used to determine the adjustments
and hence as a basis for designing the requisite controller.

11.5
Heat Exchanger Design and Performance
Calculations: Using the Effectiveness–
NTU Method
Two general types of heat exchanger problems are commonly encountered by the
practicing engineer.
In the heat exchanger design problem, the fluid inlet temperatures and flow
rates, as well as a desired hot or cold fluid outlet temperature, are prescribed. The
design problem is then one of specifying a specific heat exchanger type and determining its size—that is, the heat transfer surface area A—required to achieve the
desired outlet temperature. The design problem is commonly encountered when a
heat exchanger is to be custom-built for a specific application. Alternatively, in a
heat exchanger performance calculation, an existing heat exchanger is analyzed to
determine the heat transfer rate and the fluid outlet temperatures for prescribed flow
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rates and inlet temperatures. The performance calculation is commonly associated
with the use of off-the-shelf heat exchanger types and sizes available from a vendor.
For heat exchanger design problems, the NTU method may be used by first calculating  and (Cmin /Cmax). The appropriate equation (or chart) may then be used to
obtain the NTU value, which in turn may be used to determine A. For a performance
calculation, the NTU and (Cmin /Cmax) values may be computed and  may then be
determined from the appropriate equation (or chart) for a particular exchanger type.
Since qmax may also be computed from Equation 11.18, it is a simple matter to determine the actual heat transfer rate from the requirement that q  qmax. Both fluid outlet temperatures may then be determined from Equations 11.6b and 11.7b.

EXAMPLE 11.4
Consider the heat exchanger design of Example 11.3, that is, a finned-tube, crossflow heat exchanger with a gas-side overall heat transfer coefficient and area of 100
W/m2  K and 40 m2, respectively. The water flow rate and inlet temperature remain
at 1 kg/s and 35°C. However, a change in operating conditions for the hot gas generator causes the gases to now enter the heat exchanger with a flow rate of 1.5 kg/s
and a temperature of 250°C. What is the rate of heat transfer by the exchanger, and
what are the gas and water outlet temperatures?

SOLUTION
Known: Hot and cold fluid inlet conditions for a finned-tube, cross-flow heat
exchanger of known surface area and overall heat transfer coefficient.

Find: Heat transfer rate and fluid outlet temperatures.
Schematic:
Th,i = 250°C

Ah = 40 m2
Uh = 100 W/m2•K

T

m• h = 1.5 kg/s
Tc,o
m• c = 1 kg/s

Th,o
Tc,i = 35°C

Assumptions:
1. Negligible heat loss to surroundings and kinetic and potential energy changes.
2. Constant properties (unchanged from Example 11.3).

Analysis: The problem may be classified as one requiring a heat exchanger performance calculation. The heat capacity rates are
Cc  ṁccp,c  1 kg/s 4197 J/kg  K  4197 W/K
Ch  ṁhcp,h  1.5 kg/s 1000 J/kg  K  1500 W/K  Cmin
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in which case
Cmin 1500

 0.357
Cmax 4197
The number of transfer units is
Uh Ah 100 W/m2  K 40 m2
NTU 

 2.67
Cmin
1500 W/K
From Figure 11.14 the heat exchanger effectiveness is then   0.82, and from
Equation 11.18 the maximum possible heat transfer rate is
qmax  Cmin(Th,i  Tc,i)  1500 W/K (250  35)C  3.23

105 W

Accordingly, from the definition of , Equation 11.19, the actual heat transfer rate is
q  qmax  0.82

3.23

105 W  2.65

105 W



It is now a simple matter to determine the outlet temperatures from the overall
energy balances. From Equation 11.6b
q
2.65 105 W
Th,o  Th,i 
 250C 
 73.3C

ṁhcp,h
1500 W/K
and from Equation 11.7b
Tc,o  Tc,i 

q
2.65 105 W
 35C 
 98.1C
ṁccp,c
4197 W/K



Comments:
1. From Equation 11.32,   0.845, which is in good agreement with the estimate
obtained from the charts.
2. The overall heat transfer coefficient has tacitly been assumed to be unaffected
by the change in ṁh. In fact, with an approximately 20% reduction in ṁh, there
would be a significant, albeit smaller percentage, reduction in Uh.
3. As discussed in the Comment of Example 11.3, flow rate adjustments could be
made to maintain a fixed water outlet temperature. If, for example, the outlet
temperature must be maintained at Tc,o  125°C, the water flow rate could be
reduced to an amount prescribed by Equation 11.7b. That is,
ṁc 

q
cp,c(Tc,o  Tc,i)



2.65 105 W
 0.702 kg/s
4197 J/kg  K (125  35)C

The change in flow rate has again been presumed to have a negligible effect on
Uh. In this case the assumption is good, since the dominant contribution to Uh is
made by the gas-side, and not the water-side, convection coefficient.

EXAMPLE 11.5
The condenser of a large steam power plant is a heat exchanger in which steam is
condensed to liquid water. Assume the condenser to be a shell-and-tube heat
exchanger consisting of a single shell and 30,000 tubes, each executing two passes.
The tubes are of thin wall construction with D  25 mm, and steam condenses on
their outer surface with an associated convection coefficient of ho  11,000 W/m2  K.
The heat transfer rate that must be effected by the exchanger is q  2 109 W, and
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this is accomplished by passing cooling water through the tubes at a rate of 3 104
kg/s (the flow rate per tube is therefore 1 kg/s). The water enters at 20°C, while the
steam condenses at 50°C. What is the temperature of the cooling water emerging
from the condenser? What is the required tube length L per pass?

SOLUTION
Known: Heat exchanger consisting of single shell and 30,000 tubes with two
passes each.

Find:
1. Outlet temperature of the cooling water.
2. Tube length per pass to achieve required heat transfer.

Schematic:
Steam

Th,i = 50°C
m• h

9

Tube data

q = 2 x 10 W
Th,i

Th,o = 50°C

Tc,i
T

N = 30,000
D = 0.025 m
ho = 11,000 W/m2•K
L = length/pass
m• = 1 kg/s

L

m• c

Water

Tc,o

m• c = 3 x 104 kg/s

Tc,o

Tc,i = 20°C

Th,o
m• h

Assumptions:
1. Negligible heat transfer between exchanger and surroundings and negligible
kinetic and potential energy changes.
2. Tube internal flow and thermal conditions fully developed.
3. Negligible thermal resistance of tube material and fouling effects.
4. Constant properties.

Properties: Table A.6, water (assume T c  27°C  300 K):   997 kg/m3, cp 
4179 J/kg  K,   855

106 N  s/m2, k  0.613 W/m  K, Pr  5.83.

Analysis:
1. The cooling water outlet temperature may be obtained from the overall energy
balance, Equation 11.7b. Accordingly,
q
 20C 
ṁccp,c
3
Tc,o  36.0C

Tc,o  Tc,i 

2 109 W
10 kg/s 4179 J/kg  K
4



2. The problem may be classified as one requiring a heat exchanger design calculation. First, we determine the overall heat transfer coefficient for use in the
NTU method.
From Equation 11.5
U

1
(1/hi)  (1/ho)
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where hi may be estimated from an internal flow correlation. With
ReD 

4 1 kg/s
4ṁ

 59,567
D (0.025 m)855 106 N  s/m2

the flow is turbulent and from Equation 8.60
0.4
NuD  0.023 Re4/5
 0.023(59,567)0.8(5.83)0.4  308
D Pr

Hence
0.613 W/m  K
k
hi  NuD  308
 7543 W/m2  K
D
0.025 m
1
U
 4474 W/m2  K
[(1/7543)  (1/11,000)] m2  K/W
Using the design calculation methodology, we note that
Ch  Cmax  
and
Cmin  ṁccp,c  3

104 kg/s

4179 J/kg  K  1.25

108 W/K

from which
Cmin
 Cr  0
Cmax
The maximum possible heat transfer rate is
qmax  Cmin(Th,i  Tc,i)  1.25

108 W/K

(50  20) K  3.76

109 W

from which
q

q
max



2 109 W
 0.532
3.76 109 W

From Equation 11.35b or Figure 11.12, we find NTU  0.759. From Equation
11.24, it follows that the tube length per pass is
L

NTU  Cmin
0.759 1.25

U(N2D)
4474 W/m2  K (30,000

108 W/K
 4.51 m
2  0.025 m)



Comments:
1. Recognize that L is the tube length per pass, in which case the total length per
tube is 9.0 m. The entire length of tubing in the condenser is N
L
2
30,000 4.51 m 2  271,000 m or 271 km.
2. Over time, the performance of the heat exchanger would be degraded by fouling on both the inner and outer tube surfaces. A representative maintenance
schedule would call for taking the heat exchanger off-line and cleaning the
tubes when fouling factors reached values of Rƒ,i  Rƒ,o  104 m2  K/W. To
determine the effect of fouling on performance, the –NTU method may be
used to calculate the total heat rate as a function of the fouling factor, with Rƒ,o
assumed to equal Rƒ,i. The following results are obtained:
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2.2

q x 10–9 (W)

2.0

m• c,1 = 1 kg/s
Th = 50°C
Tc,i = 20°C

1.8
1.6
1.4
1.2
1.0
0.0

0.2

0.4

0.6

0.8

1.0

R''f × 104 (m2•K/W)

To maintain the requirement of q  2 109 W with the maximum allowable
fouling and the restriction of ṁc,1  1 kg/s, the tube length or the number of tubes
would have to be increased. Keeping the length per pass at L  4.51 m, N 
48,300 tubes would be needed to transfer 2 109 W for Rƒ,i  Rƒ,o  104 m2 
K/W. The corresponding increase in the total flow rate to ṁc  Nṁc,1  48,300
kg/s would have the beneficial effect of reducing the water outlet temperature to
Tc,o  29.9°C, thereby ameliorating potentially harmful effects associated with
discharge into the environment. The additional tube length associated with
increasing the number of tubes to N  48,300 is 165 km, which would result in a
significant increase in the capital cost of the condenser.
3. The steam plant generates 1250 MW of electricity with a wholesale value of
$0.05 per kWh. If the plant is shut down for 48 hours to clean the condenser
tubes, the loss in revenue for the plant’s owner is 48 h
1250
106 W
3
$0.05/(1 10 Wh)  $3 million.
4. Assuming a smooth surface condition within each tube, the friction factor may be
determined from Equation 8.20b, f  0.184(59,567)0.2  0.020. The pressure drop
within one tube of length L  9 m may be determined from Equation 8.22a, where
um  4ṁ/(D2)  (4 1 kg/s)/(997 kg/m3  0.0252m2)  2.04 m/s.
p  f

997 kg/m3(2.04 m/s)2
u2m
L  0.020
9.0 m  15,300 N/m2
2D
2(0.025 m)

Therefore, the power required to pump the cooling water through the 48,300
tubes may be found by using Equation 8.22b and is
pṁ 15,300 N/m2 48,300 kg/s
P  
 742,000 W  0.742 MW
997 kg/m3
The cooling water pump is driven by an electric motor. If the combined efficiency of the pump and motor is 87%, the annual cost to overcome friction losses
in the condenser tubes is 24 h/day
365 days/yr 0.742 106 W $0.05/
3
1 10 Wh/0.87  $374,000.
5. Optimal condenser designs are based on the desired thermal performance and
environmental considerations as well as on the capital cost, operating cost, and
maintenance cost associated with the device.
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11.6
Compact Heat Exchangers
As discussed in Section 11.1, compact heat exchangers are typically used when a
large heat transfer surface area per unit volume is desired and at least one of the
fluids is a gas. Many different tubular and plate configurations have been considered, where differences are due primarily to fin design and arrangement. Heat transfer and flow characteristics have been determined for specific configurations and are
typically presented in the format of Figures 11.16 and 11.17. Heat transfer results
are correlated in terms of the Colburn j factor jH  St Pr 2/3 and the Reynolds number, where both the Stanton (St  h/Gcp) and Reynolds (Re  GDh /) numbers are
based on the maximum mass velocity
G  Vmax 

VAfr ṁ
ṁ
 
Aff
Aff Afr

(11.36)

The quantity  is the ratio of the minimum free-flow area of the finned passages
(cross-sectional area perpendicular to flow direction), Aff, to the frontal area, Afr, of
the exchanger. Values of , Dh (the hydraulic diameter of the flow passage),  (the
heat transfer surface area per total heat exchanger volume), Aƒ/A (the ratio of fin to
total heat transfer surface area), and other geometrical parameters are listed for each
configuration. The ratio Aƒ/A is used in Equation 11.3 to evaluate the temperature
effectiveness o. In a design calculation,  would be used to determine the required
heat exchanger volume, after the total heat transfer surface area has been found; in a
performance calculation it would be used to determine the surface area from knowledge of the heat exchanger volume.
0.060

0.040

28.5
mm

31.3
mm

f
0.030

16.4
mm
34.3
mm

0.020

Tube outside diameter, Do = 16.4 mm
Fin pitch = 275 per meter
Flow passage hydraulic diameter, Dh = 6.68 mm
Fin thickness, t = 0.254 mm
Free-flow area/frontal area, σ = 0.449
Heat transfer area/total volume, α = 269 m2/m3
Fin area/total area, Af /A = 0.830
Note: Minimum free-flow area is in spaces transverse to flow.

0.010

jH 0.008
0.006

103

2

3

4

6

8

104

Reynolds number, Re

FIGURE 11.16 Heat transfer and friction factor for a circular tube–circular fin heat
exchanger, surface CF-7.0-5/8J from Kays and London [5].
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25.4
mm
0.060

0.040
10.2
mm

f
0.030

22.0 mm

0.020

0.010
0.008

jH
0.006

0.004

Tube outside diameter, Do = 10.2 mm
Fin pitch = 315 per meter
Flow passage hydraulic diameter, Dh = 3.63 mm
Fin thickness = 0.330 mm
Free-flow area/frontal area, σ = 0.534
Heat transfer area/total volume, α = 587 m2/m3
Fin area/total area = 0.913
Note: Minimum free-flow area is in spaces transverse to flow.
4

6

8

103

2

3

4

6

8

104

Reynolds number, Re

FIGURE 11.17 Heat transfer and friction factor for a circular tube–continuous fin heat
exchanger, surface 8.0-3/8T from Kays and London [5].

In a compact heat exchanger calculation, empirical information, such as that
provided in Figures 11.16 and 11.17, would first be used to determine the average
convection coefficient of the finned surfaces. The overall heat transfer coefficient
would then be determined, and using the –NTU method, the heat exchanger design
or performance calculations would be performed.
The pressure drop associated with flow across finned-tube banks, such as those
of Figures 11.16 and 11.17, may be computed from the expression
p 









G2vi
vo
vm
(1  2) v  1  f A v
i
Aff i
2

(11.37)

where vi and vo are the fluid inlet and outlet specific volumes and vm  (vi  vo)/2. The
first term on the right-hand side of Equation 11.37 accounts for the cumulative effects
of pressure change due to inviscid fluid acceleration and deceleration at the exchanger
inlet and outlet, respectively. The effects are reversible, and if fluid density variations
may be neglected (vo vi), the term is negligible. The second term accounts for losses
due to fluid friction in the heat exchanger core, with fully developed conditions presumed to exist throughout the core. For a prescribed core configuration, the friction
factor is known as a function of Reynolds number, as, for example, from Figures 11.16
and 11.17; and for a prescribed heat exchanger size, the area ratio may be evaluated
from the relation (A/Aff)  (V/Afr), where V is the total heat exchanger volume.
Equation 11.37 does not account for irreversible losses due to viscous effects
at the inlet and outlet of the heat exchanger. The losses depend on the nature of
the ductwork used to transport fluids to and from the heat exchanger core. If the
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transition between the ductwork and the core occurs with little flow separation, the
losses are small. However, if there are abrupt changes between the duct cross-sectional
area and the free-flow area of the heat exchanger, separation is pronounced and the
attendant losses are large. Inlet and exit losses may be estimated from empirical contraction and expansion coefficients obtained for a variety of core geometries [5].
The classic work of Kays and London [5] provides Colburn j and friction factor
data for many different compact heat exchanger cores, which include flat tube (Figure 11.5a) and plate–fin (Figure 11.5d, e) configurations, as well as other circular
tube configurations (Figure 11.5b, c). Other excellent sources of information are
provided by References 3, 4, 9, and 10.

EXAMPLE 11.6
Consider a finned-tube, compact heat exchanger having the core configuration of
Figure 11.16. The core is fabricated from aluminum, and the tubes have an inside
diameter of 13.8 mm. In a waste heat recovery application, water flow through the
tubes provides an inside convection coefficient of hi  1500 W/m2  K, while combustion gases at 1 atm and 825 K are in cross flow over the tubes. If the gas flow rate is
1.25 kg/s and the frontal area is 0.20 m2, what is the gas-side overall heat transfer
coefficient? If a water flow rate of 1 kg/s is to be heated from 290 to 370 K, what is
the required heat exchanger volume?

SOLUTION
Known: Compact heat exchanger geometry, gas-side flow rate and temperature, and
water-side convection coefficient. Water flow rate and inlet and outlet temperatures.

Find: Gas-side overall heat transfer coefficient. Heat exchanger volume.
Schematic:
Combustion gas
•

mh = 1.25 kg/s
Th = 825 K
Afr = 0.20 m2

Water

hi = hc = 1500 W/m2•K

Surface CF-7.0 -- 5/8 J

Di = 13.8 mm

Assumptions:
1. Gas has properties of atmospheric air at an assumed mean temperature of
700 K.
2. Fouling is negligible.

Properties: Table A.1, aluminum (T  300 K): k  237 W/m  K. Table A.4,
air ( p  1 atm, T
  700 K): cp  1075 J/kg  K,   338.8 107 N  s/m2, Pr 
0.695. Table A.6, water (T
  330 K): cp  4184 J/kg  K.
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Analysis: Referring to Equation 11.1, the combustion gas and the water are the
hot and cold fluids, respectively. Hence, neglecting fouling effects and acknowledging that the tube inner surface is not finned (o,c  1), the overall heat transfer
coefficient based on the gas- (hot) side surface area is given by
1
1
1

 Ah Rw 
Uh hc(Ac /Ah)
o,h hh
where Ah and Ac are the total gas-side (hot) and water-side (cold) surface areas,
respectively. If the fin thickness is assumed to be negligible, it is readily shown that
Af, h
Ac Di
1
Ah Do
Ah





where Aƒ,h is that portion of the total gas-side area associated with the fins. The
approximation is valid to within 10%, and for the heat exchanger core conditions
(Figure 11.16)
Ac 13.8
(1  0.830)  0.143
Ah 16.4
Obtaining the wall conduction resistance from Equation 3.28, it follows that
AhRw 

ln (Do /Di) Di ln (Do /Di)

2Lk/Ah
2k(Ac /Ah)

Hence
Ah Rw 

(0.0138 m) ln (16.4/13.8)
 3.51
2(237 W/m  K)(0.143)

105 m2  K/W

The gas-side convection coefficient may be obtained by first using Equation 11.36
to evaluate the mass velocity:
G

1.25 kg/s
ṁ

 13.9 kg/s  m2
Afr 0.449 0.20 m2

Hence
Re 

13.9 kg/s  m2 6.68 103 m
 2740
338.8 107 kg/s  m

and from Figure 11.16, jH  0.010. Hence
hh

0.010

Gcp

 0.010
Pr2/3

(13.9 kg/s  m2)(1075 J/kg  K)
(0.695)2/3

 190 W/m2  K
To obtain the hot-side temperature effectiveness from Equation 11.3, the fin efficiency
must first be determined from Figure 3.19. With r2c  14.38 mm, r2c /r1  1.75, Lc 
6.18 mm, Ap  1.57 106 m2, and Lc3/2(hh /kAp)1/2  0.34, it follows that f  0.89.
Hence
Af
o,h  1  (1  f)  1  0.830(1  0.89)  0.91
A
We then obtain



1 
1
 3.51
Uh
1500 0.143

105 

1
0.91

 m  K/W
2

190
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103  3.51

105  5.78

103)  0.010 m2  K/W

or
Uh  100 W/m2  K



With Cc  ṁccp,c  1 kg/s 4184 J/kg  K  4184 W/K, the heat exchanger
must be large enough to transfer heat in the amount
q  Cc(Tc,o  Tc,i )  4184 W/K (370  290) K  3.35

105 W

With Ch  ṁhcp,h  1.25 kg/s 1075 J/kg  K  1344 W/K, the minimum heat
capacity rate corresponds to the hot fluid and the maximum possible heat transfer
rate is
qmax  Cmin(Th,i  Tc,i)  1344 W/K (825  290) K  7.19

105 W

It follows that
q

q

max



3.35
7.19

105 W
 0.466
105 W

Hence, with (Cmin/Cmax)  0.321, Figure 11.14 (cross-flow heat exchanger with both
fluids unmixed) yields
NTU 

Uh Ah
Cmin

0.65

The required gas-side heat transfer surface area is then
Ah 

0.65 1344 W/K
 8.7 m2
100 W/m2  K

With the gas-side surface area per unit heat exchanger volume corresponding to
  269 m2/m3 (Figure 11.16), the required heat exchanger volume is
Ah
8.7 m2
 0.032 m3
V  
269 m2/m3



Comments:
1. The effect of the tube wall thermal conduction resistance is negligible,
while contributions due to the cold- and hot-side convection resistances are
comparable.
2. Knowledge of the heat exchanger volume yields the heat exchanger length in
the gas-flow direction, L  V/Afr  0.032 m3/0.20 m2  0.16 m, from which
the number of tube rows in the flow direction may be determined.
NL

L  Df
(160  28.5) mm
1
 1  4.8
SL
34.3 mm

5

3. The temperature of the gas leaving the heat exchanger is
Th,o  Th,i 

q
3.35 105 W
 825 K 
 576 K
Ch
1344 W/K

Hence the assumption of Th  700 K is excellent.
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4. From Figure 11.16, the friction factor is ƒ  0.033. With (A/Aff)  (V/Afr) 
(269 0.032/0.449 0.20)  96, vi(825 K)  2.37 m3/kg, vo(576 K)  1.65
m3/kg, and vm  2.01 m3/kg, Equation 11.37 yields a pressure drop of
p 

(13.9 kg/s  m2)2(2.37 m3/kg)
[(1  0.202)(0.696  1)
2
 0.033 96 0.848]

p  530 kg/s2  m  530 N/m2

11.7
Summary
Because there are many important applications, heat exchanger research and development has had a long history. Such activity is by no means complete, however, as
many talented workers continue to seek ways of improving design and performance.
In fact, with heightened concern for energy conservation, there has been a steady and
substantial increase in activity. A focal point for this work has been heat transfer
enhancement, which includes the search for special heat exchanger surfaces through
which enhancement may be achieved. In this chapter we have attempted to develop
tools that will allow you to perform approximate heat exchanger calculations. More
detailed considerations of the subject are available in the literature, including treatment of the uncertainties associated with heat exchanger analysis [3, 4, 7, 9–15].
Although we have restricted ourselves to heat exchangers involving separation of
hot and cold fluids by a stationary wall, there are other important options. For example, evaporative heat exchangers enable direct contact between a liquid and a gas
(there is no separating wall), and because of latent energy effects, large heat transfer
rates per unit volume are possible. Also, for gas-to-gas heat exchange, use is often
made of regenerators in which the same space is alternately occupied by the hot and
cold gases. In a fixed regenerator such as a packed bed, the hot and cold gases alternately enter a stationary, porous solid. In a rotary regenerator, the porous solid is a
rotating wheel, which alternately exposes its surfaces to the continuously flowing hot
and cold gases. Detailed descriptions of such heat exchangers are available in the literature [3, 4, 9, 12, 16–19].
You should test your understanding of fundamental issues by addressing the
following questions.
• What are the two possible arrangements for a concentric tube heat exchanger?
For each arrangement, what restrictions are associated with the fluid outlet
temperatures?
• As applied to a cross-flow heat exchanger, what is meant by the terms mixed
and unmixed? In what sense are they idealizations of actual conditions?
• Why are baffles used in a shell-and-tube heat exchanger?
• What is the principal distinguishing feature of a compact heat exchanger?
• What effect does fouling have on the overall heat transfer coefficient and
hence the performance of a heat exchanger?
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• What effect do finned surfaces have on the overall heat transfer coefficient
and hence the performance of a heat exchanger? When is the use of fins most
appropriate?
• When can the overall heat transfer coefficient be expressed as
1 1
U  (h1
i  ho ) ?
• What is the appropriate form of the mean temperature difference for the two
fluids of a parallel or counter-flow heat exchanger?
• What can be said about the change in temperature of a saturated fluid undergoing evaporation or condensation in a heat exchanger?
• Will the fluid having the minimum or the maximum heat capacity rate experience the largest temperature change in a heat exchanger?
• Why is the maximum possible heat rate for a heat exchanger not equal to
Cmax(Th,i  Tc,i)? Can the outlet temperature of the cold fluid ever exceed the
inlet temperature of the hot fluid?
• What is the effectiveness of a heat exchanger? What is its range of possible values? What is the number of transfer units? What is its range of possible values?
• Generally, how does the effectiveness change if the size (surface area) of a
heat exchanger is increased? If the overall heat transfer coefficient is
increased? If the ratio of heat capacity rates is decreased? As manifested by
the number of transfer units, are there limitations to the foregoing trends?
What penalty is associated with increasing the size of a heat exchanger? With
increasing the overall heat transfer coefficient?
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11.3

Overall Heat Transfer Coefficient
11.1

In a fire-tube boiler, hot products of combustion flowing through an array of thin-walled tubes are used to
boil water flowing over the tubes. At the time of
installation, the overall heat transfer coefficient was
400 W/m2  K. After 1 year of use, the inner and outer
tube surfaces are fouled, with corresponding fouling
factors of Rƒ,i  0.0015 and Rƒ,o  0.0005 m2  K/W,
respectively. Should the boiler be scheduled for cleaning of the tube surfaces?

11.2 A type-302 stainless steel tube of inner and outer diameters Di  22 mm and Do  27 mm, respectively, is used
in a cross-flow heat exchanger. The fouling factors, Rƒ,
for the inner and outer surfaces are estimated to be
0.0004 and 0.0002 m2  K/W, respectively.
Fouling
factors

R"f,o

(a) Determine the ratio of plastic to metal tube surface
areas needed to transfer the same amount of heat.
(b) Determine the ratio of plastic to metal mass associated with the two heat exchanger designs.
(c) The cost of the metal alloy per unit mass is three
times that of the plastic. Determine which tube
material should be specified on the basis of cost.

Tube, SS302

R"f,i

11.4
Water

Tm,i = 75°C
um,i = 0.5 m/s

Di
Air

Do

Vo = 20 m/s
To = 15°C

(a) Determine the overall heat transfer coefficient
based on the outside area of the tube, Uo. Compare the thermal resistances due to convection,
tube wall conduction, and fouling.

A shell-and-tube heat exchanger is to heat an acidic
liquid that flows in unfinned tubes of inside and outside diameters Di  10 mm and Do  11 mm, respectively. A hot gas flows on the shell side. To avoid
corrosion of the tube material, the engineer may specify either a Ni-Cr-Mo corrosion-resistant metal alloy
(m  8900 kg/m3, km  8 W/m  K) or a polyvinylidene fluoride (PVDF) plastic (p  1780 kg/m3, kp 
0.17 W/m  K). The inner and outer heat transfer coefficients are hi  1500 W/m2  K and ho  200 W/m2 
K, respectively.

A steel tube (k  50 W/m  K) of inner and outer
diameters Di  20 mm and Do  26 mm, respectively,
is used to transfer heat from hot gases flowing over the
tube (hh  200 W/m2  K) to cold water flowing
through the tube (hc  8000 W/m2  K). What is the
cold-side overall heat transfer coefficient Uc? To
enhance heat transfer, 16 straight fins of rectangular
profile are installed longitudinally along the outer surface of the tube. The fins are equally spaced around
the circumference of the tube, each having a thickness
of 2 mm and a length of 15 mm. What is the corresponding overall heat transfer coefficient Uc?

11.5 A heat recovery device involves transferring energy
from the hot flue gases passing through an annular

(b) Instead of air flowing over the tube, consider a situation for which the cross-flow fluid is water at
15°C with a velocity of Vo  1 m/s. Determine
the overall heat transfer coefficient based on the
outside area of the tube, Uo. Compare the thermal
resistances due to convection, tube wall conduction, and fouling.
(c) For the water–air conditions of part (a) and mean
velocities, um,i , of 0.2, 0.5, and 1.0 m/s, plot the
overall heat transfer coefficient as a function of
the cross-flow velocity for 5  Vo  30 m/s.
(d) For the water–water conditions of part (b) and
cross-flow velocities, Vo, of 1, 3, and 8 m /s, plot
the overall heat transfer coefficient as a function
of the mean velocity for 0.5  um,i  2.5 m/s.

t = 3 mm

Do =
60 mm

Di,2 =
30 mm

Di,1 =
24 mm
h = 100 W/m2•K

Water

Gas
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region to pressurized water flowing through the inner
tube of the annulus. The inner tube has inner and outer
diameters of 24 and 30 mm and is connected by eight
struts to an insulated outer tube of 60-mm diameter.
Each strut is 3 mm thick and is integrally fabricated with
the inner tube from carbon steel (k  50 W/m  K).
Consider conditions for which water at 300 K
flows through the inner tube at 0.161 kg/s while flue
gases at 800 K flow through the annulus, maintaining
a convection coefficient of 100 W/m2  K on both the
struts and the outer surface of the inner tube. What is
the rate of heat transfer per unit length of tube from
gas to the water?
11.6

(c) If water is extracted from the lake at 15C and
10 kg/s of steam at 0.0622 bars are to be condensed, what is the corresponding temperature of
the water leaving the condenser? The specific heat
of the water is 4180 J/kg  K.
11.8

(a) What is the overall heat transfer coefficient if the
tubes are unfinned?
(b) What is the overall heat transfer coefficient based
on the inner surface, Ui, if aluminum annular fins
of thickness t  1.5 mm, outer diameter Do  20
mm, and pitch S  3.5 mm are added to the outer
surface? Base your calculations on a 1-m-long
section of tube. Subject to the requirements that
t  1 mm and (S  t)  1.5 mm, explore the
effect of variations in t and S on Ui. What combination of t and S would yield the best heat transfer
performance?

A novel design for a condenser consists of a tube of
thermal conductivity 200 W/m  K with longitudinal
fins snugly fitted into a larger tube. Condensing refrigerant at 45°C flows axially through the inner tube,
while water at a flow rate of 0.012 kg/s passes through
the six channels around the inner tube. The pertinent
diameters are D1  10 mm, D2  14 mm, and D3  50
mm, while the fin thickness is t  2 mm. Assume that
the convection coefficient associated with the condensing refrigerant is extremely large.
t

11.9

A finned-tube, cross-flow heat exchanger is to use the
exhaust of a gas turbine to heat pressurized water.
Laboratory measurements are performed on a prototype version of the exchanger, which has a surface
area of 10 m2, to determine the overall heat transfer
coefficient as a function of operating conditions.
Measurements made under particular conditions, for
which ṁh  2 kg/s, Th,i  325°C, ṁc  0.5 kg/s,
and Tc,i  25°C, reveal a water outlet temperature of
Tc,o  150°C. What is the overall heat transfer coefficient of the exchanger?

11.10

Water at a rate of 45,500 kg/h is heated from 80 to
150°C in a heat exchanger having two shell passes
and eight tube passes with a total surface area of
925 m2. Hot exhaust gases having approximately the
same thermophysical properties as air enter at 350°C
and exit at 175°C. Determine the overall heat transfer
coefficient.

11.11

A novel heat exchanger concept consists of a large
number of extruded polypropylene sheets (k  0.17
W/m  K), each having a fin-like geometry, that are
subsequently stacked and melted together to form the
heat exchanger core. Besides being inexpensive, the
heat exchanger can be easily recycled at the end of its
life. Carbon dioxide at a mean temperature of 10 C
and pressure of 2 atm flows in the cool channels at a

D1
D2
D3

Determine the heat removal rate per unit tube length
in a section of the tube for which the water is at 15°C.
11.7

The condenser of a steam power plant contains
N  1000 brass tubes (kt  110 W/m  K), each of
inner and outer diameters, Di  25 mm and Do 
28 mm, respectively. Steam condensation on the outer
surfaces of the tubes is characterized by a convection
coefficient of ho  10,000 W/m2  K.
(a) If cooling water from a large lake is pumped
through the condenser tubes at ṁc  400 kg/s, what
is the overall heat transfer coefficient Uo based on
the outer surface area of a tube? Properties of the
water may be approximated as   9.60
104 N  s/m2, k  0.60 W/m  K, and Pr  6.6.
(b) If, after extended operation, fouling provides a
resistance of Rf,i  104 m2  K/W, at the inner
surface, what is the value of Uo?

Thin-walled aluminum tubes of diameter D  10 mm
are used in the condenser of an air conditioner. Under
normal operating conditions, a convection coefficient
of hi  5000 W/m2  K is associated with condensation
on the inner surface of the tubes, while a coefficient of
ho  100 W/m2  K is maintained by airflow over the
tubes.
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mean velocity of um  0.1 m /s. Air at 30 C and 2 atm
flows at 0.2 m/s in the warm channels. Neglecting the
thermal contact resistance at the welded interface,
determine the product of the overall heat transfer
coefficient and heat transfer area, UA, for a heat
exchanger core consisting of 200 cool channels and
200 warm channels.
CO2

a = 4 mm

Welded interface

Air

Polypropylene

temperature of the cold water reaches only 95°C rather
than the desired 120°C for the same flow rates and inlet
temperatures of the fluids. Determine the cumulative
(inner and outer surface) fouling factor that is the cause
of the poorer performance.
11.16 A counterflow, concentric tube heat exchanger is
designed to heat water from 20 to 80°C using hot oil,
which is supplied to the annulus at 160°C and discharged at 140°C. The thin-walled inner tube has a
diameter of Di  20 mm, and the overall heat transfer
coefficient is 500 W/m2  K. The design condition calls
for a total heat transfer rate of 3000 W.
(a) What is the length of the heat exchanger?

Sheet N
b = 4 mm

N+1

N+2

c = 4 mm
d = 15 mm

Design and Performance Calculations
11.12

The properties and flow rates for the hot and cold fluids of a heat exchanger are shown in the following
table. Which fluid limits the heat transfer rate of the
exchanger? Explain your choice.
Hot fluid

Density, kg/m3
Specific heat, J/kg  K
Thermal conductivity,
W/m  K
Viscosity, N  s/m2
Flow rate, m3/h

Cold fluid

997
4179
0.613

1247
2564
0.287

8.55 104
14

1.68 104
16

11.13 A process fluid having a specific heat of 3500 J/kg  K
and flowing at 2 kg/s is to be cooled from 80°C to 50°C
with chilled water, which is supplied at a temperature of
15°C and a flow rate of 2.5 kg/s. Assuming an overall
heat transfer coefficient of 2000 W/m2  K, calculate the
required heat transfer areas for the following exchanger
configurations: (a) parallel flow, (b) counterflow, (c)
shell-and-tube, one shell pass and 2 tube passes, and (d)
cross-flow, single pass, both fluids unmixed. Compare
the results of your analysis. Your work can be reduced
by using the Tools/Heat Exchanger models of IHT.
11.14 A shell-and-tube exchanger (two shells, four tube
passes) is used to heat 10,000 kg/h of pressurized
water from 35 to 120°C with 5000 kg/h pressurized
water entering the exchanger at 300°C. If the overall
heat transfer coefficient is 1500 W/m2  K, determine
the required heat exchanger area.
11.15 Consider the heat exchanger of Problem 11.14. After
several years of operation, it is observed that the outlet

(b) After 3 years of operation, performance is degraded by fouling on the water side of the
exchanger, and the water outlet temperature is only
65°C for the same fluid flow rates and inlet temperatures. What are the corresponding values of the
heat transfer rate, the outlet temperature of the oil,
the overall heat transfer coefficient, and the waterside fouling factor, Rƒ,c?
11.17 Consider the counterflow, concentric tube heat
exchanger of Example 11.1. The designer wishes to
consider the effect of the cooling water flow rate on
the tube length. All other conditions, including the
outlet oil temperature of 60C, remain the same.
(a) From the analysis of Example 11.1, we saw that
the overall coefficient U is dominated by the hotside convection coefficient. Assuming the water
properties are independent of temperature, calculate U as a function of the water flow rate. Justify a
constant value of U in the calculations of part (b).
(b) Calculate and plot the required exchanger tube
length L and the water outlet temperature Tc,o as a
function of the cooling water flow rate for
0.15  ṁc  0.30 kg/s.
11.18 Consider a concentric tube heat exchanger with an area
of 50 m2 operating under the following conditions:

Heat capacity rate, kW/K
Inlet temperature, C
Outlet temperature, C

Hot fluid

Cold fluid

6
60
—

3
30
54

(a) Determine the outlet temperature of the hot fluid.
(b) Is the heat exchanger operating in counterflow or
parallel flow, or can’t you tell from the available
information?
(c) Calculate the overall heat transfer coefficient.
(d) Calculate the effectiveness of this exchanger.
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(e) What would be the effectiveness of this exchanger
if its length were made very large?
11.19 For a senior project, a student was given the assignment to design a heat exchanger that meets the following specifications:
ṁ (kg/s)
Hot water
Cold water

28
27

Tm,i (C) Tm,o (C)
90
34

—
60

Like many real-world situations, the customer hasn’t
revealed, or doesn’t know, additional requirements
that would allow you to proceed directly to a final
configuration. At the outset, it is helpful to make a
first-cut design based upon simplifying assumptions,
which can be evaluated to determine what additional
requirements and trade-offs should be considered by
the customer.
(a) Design a heat exchanger to meet the foregoing
specifications. List and explain your assumptions.
Hint: Begin by finding the required value for
UA and using representative values of U to determine A.
(b) Evaluate your design by identifying what features
and configurations could be explored with your
customer in order to develop more complete specifications.
11.20 A concentric tube heat exchanger for cooling lubricating oil is comprised of a thin-walled inner tube of
25-mm diameter carrying water and an outer tube of
45-mm diameter carrying the oil. The exchanger operates in counterflow with an overall heat transfer coefficient of 60 W/m2  K and the tabulated average
properties.
To,in = 100°C

To,out

Oil

m• o = 0.1 kg/s

Water

m• w = 0.1 kg/s
L
Tw,in = 30°C

Tw,out

Properties

Water

Oil

 (kg/m3)
cp (J/kg  K)
 (m2/s)
k (W/m  K)
Pr

1000
4200
7 107
0.64
4.7

800
1900
1 105
0.134
140

(a) If the outlet temperature of the oil is 60°C, determine the total heat transfer and the outlet temperature of the water.
(b) Determine the length required for the heat
exchanger.
11.21 A counterflow, concentric tube heat exchanger used for
engine cooling has been in service for an extended
period of time. The heat transfer surface area of the
exchanger is 5 m2, and the design value of the overall
convection coefficient is 38 W/m2  K. During a test
run, engine oil flowing at 0.1 kg/s is cooled from 110C
to 66C by water supplied at a temperature of 25C and
a flow rate of 0.2 kg/s. Determine whether fouling has
occurred during the service period. If so, calculate the
fouling factor, Rf (m2  K/W).
11.22 A shell-and-tube heat exchanger must be designed to
heat 2.5 kg/s of water from 15 to 85 C. The heating is
to be accomplished by passing hot engine oil, which
is available at 160 C, through the shell side of the
exchanger. The oil is known to provide an average convection coefficient of ho  400 W/m2  K on the outside
of the tubes. Ten tubes pass the water through the shell.
Each tube is thin walled, of diameter D  25 mm, and
makes eight passes through the shell. If the oil leaves
the exchanger at 100 C, what is its flow rate? How long
must the tubes be to accomplish the desired heating?
11.23 An automobile radiator may be viewed as a cross-flow
heat exchanger with both fluids unmixed. Water, which
has a flow rate of 0.05 kg/s, enters the radiator at 400 K
and is to leave at 330 K. The water is cooled by air that
enters at 0.75 kg/s and 300 K.
(a) If the overall heat transfer coefficient is 200 W/m2 
K, what is the required heat transfer surface area?
(b) A manufacturing engineer claims ridges can be
stamped on the finned surface of the exchanger,
which could greatly increase the overall heat
transfer coefficient. With all other conditions
remaining the same and the heat transfer surface
area determined from part (a), generate a plot of
the air and water outlet temperatures as a function
of U for 200  U  400 W/m2  K. What benefits
result from increasing the overall convection
coefficient for this application?
11.24 Hot air for a large-scale drying operation is to be produced by routing the air over a tube bank (unmixed),
while products of combustion are routed through the
tubes. The surface area of the cross-flow heat exchanger is A  25 m2, and for the proposed operating conditions, the manufacturer specifies an overall
heat transfer coefficient of U  35 W/m2  K. The air
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and the combustion gases may each be assumed to
have a specific heat of cp  1040 J/kg  K. Consider
conditions for which combustion gases flowing at
1 kg/s enter the heat exchanger at 800 K, while air at
5 kg/s has an inlet temperature of 300 K.

Pasteurizer with
secondary heat exchanger

m• h = m• c, Th,i

(a) What are the air and gas outlet temperatures?
(b) After extended operation, deposits on the inner
tube surfaces are expected to provide a fouling
resistance of Rƒ  0.004 m2  K/W. Should operation be suspended in order to clean the tubes?
(c) The heat exchanger performance may be improved
by increasing the surface area and/or the overall
heat transfer coefficient. Explore the effect of
such changes on the air outlet temperature for
500  UA  2500 W/K.
11.25 In a dairy operation, milk at a flow rate of 250
liter/hour and a cow-body temperature of 38.6C must
be chilled to a safe-to-store temperature of 13C or
less. Ground water at 10C is available at a flow rate of
0.72 m3/h. The density and specific heat of milk are
1030 kg/m3 and 3860 J/kg  K, respectively.
(a) Determine the UA product of a counterflow heat
exchanger required for the chilling process.
Determine the length of the exchanger if the inner
pipe has a 50-mm diameter and the overall heat
transfer coefficient is U  1000 W/m2  K.
(b) Determine the outlet temperature of the water.
(c) Using the value of UA found in part (a), determine the milk outlet temperature if the water flow
rate is doubled. What is the outlet temperature if
the flow rate is halved?
11.26 A shell-and-tube heat exchanger with one shell pass
and two tube passes is used as a regenerator, to preheat milk before it is pasteurized. Cold milk enters the
regenerator at Tc,i  5C, while hot milk, which has
completed the pasteurization process, enters at
Th,i  70C. After leaving the regenerator, the heated
milk enters a second heat exchanger, which raises its
temperature from Tc,o to 70C.
(a) A regenerator is to be used in a pasteurization
process for which the flow rate of the milk is
ṁc  ṁh  5 kg/s. For this flow rate, the manufacturer of the regenerator specifies an overall heat
transfer coefficient of 2000 W/m2  K. If the
desired effectiveness of the regenerator is 0.5,
what is the requisite heat transfer area? What are
the corresponding rate of heat recovery and the
fluid outlet temperatures? Milk may be assumed
to have the properties of water.

Tc,o
m• c, Tc,i
Regenerator

Th,o

(b) If the hot fluid in the secondary heat exchanger
derives its energy from the combustion of natural
gas and the burner has an efficiency of 90%, what
would be the annual savings in energy and fuel
costs associated with installation of the regenerator? The facility operates continuously throughout the year, and the cost of natural gas is
Cng  $0.0075/MJ.

11.27 The compartment heater of an automobile exchanges heat between warm radiator fluid and
cooler outside air. The flow rate of water is large
compared to the air, and the effectiveness, , of the
heater is known to depend on the flow rate of air
according to the relation,  ṁ0.2
air .
(a) If the fan is switched to high and ṁair is doubled,
determine the percentage increase in the heat
added to the car, if fluid inlet temperatures remain
the same.
(b) For the low-speed fan condition, the heater warms
outdoor air from 0 to 30°C. When the fan is
turned to medium, the airflow rate increases 50%
and the heat transfer increases 20%. Find the new
outlet temperature.
11.28 A counterflow, twin-tube heat exchanger is made by
brazing two circular nickel tubes, each 40 m long,
together as shown below. Hot water flows through the
smaller tube of 10-mm diameter and air at atmospheric
pressure flows through the larger tube of 30-mm diameter. Both tubes have a wall thickness of 2 mm. The
thermal contact conductance per unit length of the
brazed joint is 100 W/m  K. The mass flow rates of
the water and air are 0.04 and 0.12 kg/s, respectively.
The inlet temperatures of the water and air are 85 and
23°C, respectively.
Employ the –NTU method to determine the outlet temperature of the air. Hint: Account for the effects
of circumferential conduction in the walls of the tubes
by treating them as extended surfaces.
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10 mm

Water
Brazed joint

t=
2 mm

Air

30 mm

11.29 A twin-tube, counterflow heat exchanger operates with
balanced flow rates of 0.003 kg/s for the hot and cold
airstreams. The cold stream enters at 280 K and must
be heated to 340 K using hot air at 360 K. The average
pressure of the airstreams is 1 atm and the maximum
allowable pressure drop for the cold air is 10 kPa. The
tube walls may be assumed to act as fins, each with an
efficiency of 100%.

L

D

Hot air

m• h

Copper tubes

m• c
Cold air

(a) Determine the tube diameter D and length L that
satisfy the prescribed heat transfer and pressure
drop requirements.
(b) For the diameter D and length L found in part (a),
generate plots of the cold stream outlet temperature, the heat transfer rate, and pressure drop as a
function of balanced flow rates in the range from
0.002 to 0.004 kg/s. Comment on your results.
11.30 A 5-m-long, twin-tube, counterflow heat exchanger,
such as that illustrated in Problem 11.29, is used to
heat air for a drying operation. Each tube is made from
plain carbon steel (k  60 W/m  K) and has an
inner diameter and wall thickness of 50 mm and
4 mm, respectively. The thermal resistance per unit
length of the brazed joint connecting the tubes is

Rt  0.01 m  K/W. Consider conditions for which air
enters one tube at a pressure of 5 atm, a temperature of
17C, and flow rate of 0.030 kg/s, while saturated
steam at 2.455 bar condenses in the other tube. The
convection coefficient for condensation may be
approximated as 5000 W/m2  K. What is the air outlet
temperature? What is the mass rate at which condensate leaves the system? Hint: Account for the effects
of circumferential conduction in the tubes by treating
them as extended surfaces.
11.31 Hot water for an industrial washing operation is produced by recovering heat from the flue gases of a furnace. A cross-flow heat exchanger is used, with the
gases passing over the tubes and the water making a
single pass through the tubes. The steel tubes (k  60
W/m  K) have inner and outer diameters of Di  15
mm and Do  20 mm, while the staggered tube array
has longitudinal and transverse pitches of ST  SL 
40 mm. The plenum in which the array is installed has
a width (corresponding to the tube length) of W  2 m
and a height (normal to the tube axis) of H  1.2 m.
The number of tubes in the transverse plane is therefore NT  H/ST  30. The gas properties may be
approximated as those of atmospheric air, and the convection coefficient associated with water flow in the
tubes may be approximated as 3000 W/m2  K.
(a) If 50 kg/s of water are to be heated from 290 to
350 K by 40 kg/s of flue gases entering the
exchanger at 700 K, what is the gas outlet temperature and how many tube rows NL are required?
(b) The water outlet temperature may be controlled by
varying the gas flow rate and/or inlet temperature.
For the value of NL determined in part (a) and the
prescribed values of H, W, ST, ṁc, and Tc,i, compute
and plot Tc,o as a function of ṁh over the range 20 
ṁh  40 kg/s for values of Th,i  500, 600, and 700
K. Also plot the corresponding variations of Th,o. If
Th,o must not drop below 400 K to prevent condensation of corrosive vapors on the heat exchanger
surfaces, are there any constraints on ṁh and Th,i?
11.32 A single-pass, cross-flow heat exchanger uses hot
exhaust gases (mixed) to heat water (unmixed) from
30 to 80°C at a rate of 3 kg/s. The exhaust gases, having thermophysical properties similar to air, enter and
exit the exchanger at 225 and 100°C, respectively. If
the overall heat transfer coefficient is 200 W/m2  K,
estimate the required surface area.
11.33 Consider the fluid conditions and overall heat transfer
coefficient of Problem 11.32 for a concentric tube heat
exchanger operating in parallel flow. The thin-walled
separator tube has a diameter of 100 mm.
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(a) Determine the required length for the exchanger.
(b) Assuming water flow inside the separator tube to
be fully developed, estimate the convection heat
transfer coefficient.
(c) Using the overall coefficient and the inlet temperatures from Problem 11.32, plot the heat transfer
rate and fluid outlet temperatures as a function
of the tube length for 60  L  400 m and the
parallel-flow configuration.
(d) If the exchanger were operated in counterflow
with the same overall coefficient and inlet temperatures, what would be the reduction in the required
length relative to the value found in part (a)?
(e) For the counterflow configuration, plot the effectiveness and fluid outlet temperatures as a function of the tube length for 60  L  400 m.
11.34 A cross-flow heat exchanger used in a cardiopulmonary bypass procedure cools blood flowing at
5 liter/min from a body temperature of 37C to 25C in
order to induce body hypothermia, which reduces
metabolic and oxygen requirements. The coolant is
ice water at 0C, and its flow rate is adjusted to
provide an outlet temperature of 15C. The heat
exchanger operates with both fluids unmixed, and the
overall heat transfer coefficient is 750 W/m2  K. The
density and specific heat of the blood are 1050 kg/m3
and 3740 J/kg  K, respectively.
(a) Determine the
exchanger.

heat

transfer

rate

for

the

(b) Calculate the water flow rate.
(c) What is the surface area of the heat exchanger?
(d) Calculate and plot the blood and water outlet temperatures as a function of the water flow rate for
the range 2 to 4 liter/min, assuming all other parameters remain unchanged. Comment on how the
changes in the outlet temperatures are affected by
changes in the water flow rate. Explain this behavior and why it is an advantage for this application.
11.35 Saturated steam at 0.14 bar is condensed in a shell-andtube heat exchanger with one shell pass and two tube
passes consisting of 130 brass tubes, each with a length
per pass of 2 m. The tubes have inner and outer diameters of 13.4 and 15.9 mm, respectively. Cooling water
enters the tubes at 20°C with a mean velocity of 1.25
m/s. The heat transfer coefficient for condensation on
the outer surfaces of the tubes is 13,500 W/m2  K.
(a) Determine the overall heat transfer coefficient, the
cooling water outlet temperature, and the steam
condensation rate.

(b) With all other conditions remaining the same, but
accounting for changes in the overall coefficient,
plot the cooling water outlet temperature and the
steam condensation rate as a function of the water
flow rate for 10  ṁc  30 kg/s.
11.36 A feedwater heater that supplies a boiler consists of a
shell-and-tube heat exchanger with one shell pass and
two tube passes. One hundred thin-walled tubes each
have a diameter of 20 mm and a length (per pass) of
2 m. Under normal operating conditions water enters
the tubes at 10 kg/s and 290 K and is heated by condensing saturated steam at 1 atm on the outer surface
of the tubes. The convection coefficient of the saturated steam is 10,000 W/m2  K.
(a) Determine the water outlet temperature.
(b) With all other conditions remaining the same, but
accounting for changes in the overall heat transfer
coefficient, plot the water outlet temperature as
a function of the water flow rate for 5  ṁc 
20 kg/s.
(c) On the plot of part (b), generate two additional
curves for the water outlet temperature as a function of flow rate for fouling factors of Rƒ 
0.0002 and 0.0005 m2  K/W.
11.37 Saturated steam at 110C is condensed in a shell-andtube heat exchanger (1 shell pass; 2, 4, … tube passes)
with a UA value of 2.5 kW/K. Cooling water enters at
40C.
(a) Calculate the cooling water flow rate required to
maintain a heat rate of 150 kW.
(b) Assuming that UA is independent of flow rate,
calculate and plot the water flow rate required to
provide heat rates over the range from 130 to 160
kW. Comment on the validity of your assumption.
11.38 A shell-and-tube heat exchanger (1 shell pass, 2 tube
passes) is to be used to condense 2.73 kg/s of saturated
steam at 340 K. Condensation occurs on the outer tube
surfaces, and the corresponding convection coefficient
is 10,000 W/m2  K. The temperature of the cooling
water entering the tubes is 15C, and the exit temperature is not to exceed 30C. Thin-walled tubes of 19-mm
diameter are specified, and the mean velocity of water
flow through the tubes is to be maintained at 0.5 m/s.
(a) What is the minimum number of tubes that should
be used, and what is the corresponding tube length
per pass?
(b) To reduce the size of the heat exchanger, it is proposed to increase the water-side convection coefficient by inserting a wire mesh in the tubes. If the
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mesh increases the convection coefficient by a
factor of two, what is the required tube length per
pass?
11.39 Saturated water vapor leaves a steam turbine at a flow
rate of 1.5 kg/s and a pressure of 0.51 bar. The vapor
is to be completely condensed to saturated liquid in a
shell-and-tube heat exchanger that uses city water as
the cold fluid. The water enters the thin-walled tubes
at 17°C and is to leave at 57°C. Assuming an overall
heat transfer coefficient of 2000 W/m2  K, determine
the required heat exchanger surface area and the water
flow rate. After extended operation, fouling causes the
overall heat transfer coefficient to decrease to 1000
W/m2  K, and to completely condense the vapor, there
must be an attendant reduction in the vapor flow rate.
For the same water inlet temperature and flow rate,
what is the new vapor flow rate required for complete
condensation?
11.40 A two-fluid heat exchanger has inlet and outlet temperatures of 65 and 40°C for the hot fluid and 15 and
30°C for the cold fluid. Can you tell whether this
exchanger is operating under counterflow or parallelflow conditions? Determine the effectiveness of the
heat exchanger.
11.41 The human brain is especially sensitive to elevated
temperatures. The cool blood in the veins leaving the
face and neck and returning to the heart may contribute to thermal regulation of the brain by cooling the
arterial blood flowing to the brain. Consider a vein and
artery running between the chest and the base of the
skull for a distance L  250 mm, with mass flow rates
of 3 103 kg/s in opposite directions in the two vessels. The vessels are of diameter D  5 mm and are
separated by a distance w  7 mm. The thermal conductivity of the surrounding tissue is kt  0.5 W/m  K.
If the arterial blood enters at 37 C and the venous
blood enters at 27 C, at what temperature will the arterial blood exit? If the arterial blood becomes overheated, and the body responds by halving the blood
flow rate, how much hotter can the entering arterial
blood be and still maintain its exit temperature below
37 C? Hint: If we assume that all the heat leaving the
artery enters the vein, then heat transfer between the
two vessels can be modeled using a relationship found
in Table 4.1. Approximate the blood properties as
those of water.
11.42 Consider a very long, concentric tube heat exchanger
having hot and cold water inlet temperatures of 85 and
15°C. The flow rate of the hot water is twice that
of the cold water. Assuming equivalent hot and cold
water specific heats, determine the hot water outlet

temperature for the following modes of operation:
(a) counterflow and (b) parallel flow.
11.43 A plate-fin heat exchanger is used to condense a saturated refrigerant vapor in an air-conditioning system.
The vapor has a saturation temperature of 45C, and a
condensation rate of 0.015 kg/s is dictated by system
performance requirements. The frontal area of the condenser is fixed at Afr  0.25 m2 by installation requirements, and a value of hfg  135 kJ/kg may be assumed
for the refrigerant.
Tc,o

Refrigerant

m• h, Tsat
Vapor
Frontal area, Afr
Atmospheric air

V, Tc,i

(a) The condenser design is to be based on a nominal
air inlet temperature of Tc,i  30C and nominal
air inlet velocity of V  2 m/s for which the manufacturer of the heat exchanger core indicates an
overall coefficient of U  50 W/m2  K. What is
the corresponding value of the heat transfer surface area required to achieve the prescribed condensation rate? What is the air outlet temperature?
(b) From the manufacturer of the heat exchanger
core, it is also known that U  V 0.7. During daily
operation the air inlet temperature is not controllable and may vary from 27 to 38C. If the heat
exchanger area is fixed by the result of part (a),
what is the range of air velocities needed to maintain the prescribed condensation rate? Plot the
velocity as a function of the air inlet temperature.
11.44 A shell-and-tube heat exchanger is to heat 10,000 kg/h
of water from 16 to 84°C by hot engine oil flowing
through the shell. The oil makes a single shell pass,
entering at 160°C and leaving at 94°C, with an average
heat transfer coefficient of 400 W/m2  K. The water
flows through 11 brass tubes of 22.9-mm inside diameter and 25.4-mm outside diameter, with each tube making four passes through the shell.
(a) Assuming fully developed flow for the water,
determine the required tube length per pass.
(b) For the tube length found in part (a), plot the effectiveness, fluid outlet temperatures, and water-side
convection coefficient as a function of the water
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flow rate for 5000  ṁc  15,000 kg/h, with all
other conditions remaining the same.
11.45 In a supercomputer, signal propagation delays are
reduced by resorting to high-density circuit arrangements which are cooled by immersing them in a special
dielectric liquid. The fluid is pumped in a closed loop
through the computer and an adjoining shell-and-tube
heat exchanger having one shell and two tube passes.
•

Coolant
loop

mw, Tw,i
Tf,i
Heat
exchanger

Tf,o

Computer

Tw,o
m• f

Pump

During normal operation, heat generated within the
computer is transferred to the dielectric fluid passing
through the computer at a flow rate of ṁƒ  4.81 kg/s.
In turn, the fluid passes through the tubes of the heat
exchanger and the heat is transferred to water passing
over the tubes. The dielectric fluid may be assumed to
have constant properties of cp  1040 J/kg  K,  
7.65
104 kg/s  m, k  0.058 W/m  K, and Pr 
14. During normal operation, chilled water at a flow
rate of ṁw  2.5 kg/s and an inlet temperature of Tw,i 
5°C passes over the tubes. The water has a specific
heat of 4200 J/kg  K and provides an average convection coefficient of 10,000 W/m2  K over the outer surface of the tubes.
(a) If the heat exchanger consists of 72 thin-walled
tubes, each of 10-mm diameter, and fully developed flow is assumed to exist within the tubes,
what is the convection coefficient associated with
flow through the tubes?
(b) If the dielectric fluid enters the heat exchanger at
Tƒ,i  25°C and is to leave at Tƒ,o  15°C, what is
the required tube length per pass?
(c) For the exchanger with the tube length per pass
determined in part (b), plot the outlet temperature
of the dielectric fluid as a function of its flow rate
for 4  ṁƒ  6 kg/s. Account for corresponding
changes in the overall heat transfer coefficient, but
assume all other conditions to remain the same.
(d) The site specialist for the computer facilities is
concerned about changes in the performance of
the water chiller supplying the cold water (ṁw ,

Tw,i) and their effect on the outlet temperature Tƒ,o
of the dielectric fluid. With all other conditions
remaining the same, determine the effect of a
10% change in the cold water flow rate on Tƒ,o.
(e) Repeat the performance analysis of part (d) to
determine the effect of a 3°C change in the
water inlet temperature on Tƒ,o, with all other conditions remaining the same.
11.46 A shell-and-tube heat exchanger consists of 135 thinwalled tubes in a double-pass arrangement, each of
12.5-mm diameter with a total surface area of 47.5 m2.
Water (the tube-side fluid) enters the heat exchanger at
15°C and 6.5 kg/s and is heated by exhaust gas entering
at 200°C and 5 kg/s. The gas may be assumed to have
the properties of atmospheric air, and the overall heat
transfer coefficient is approximately 200 W/m2  K.
(a) What are the gas and water outlet temperatures?
(b) Assuming fully developed flow, what is the tubeside convection coefficient?
(c) With all other conditions remaining the same, plot
the effectiveness and fluid outlet temperatures as
a function of the water flow rate over the range
from 6 to 12 kg/s.
(d) What gas inlet temperature is required for the
exchanger to supply 10 kg/s of hot water at an
outlet temperature of 42°C, all other conditions
remaining the same? What is the effectiveness for
this operating condition?
11.47 An ocean thermal energy conversion system is being
proposed for electric power generation. Such a system
is based on the standard power cycle for which the
working fluid is evaporated, passed through a turbine,
and subsequently condensed. The system is to be used
in very special locations for which the oceanic water
temperature near the surface is approximately 300 K,
while the temperature at reasonable depths is approximately 280 K. The warmer water is used as a heat
source to evaporate the working fluid, while the colder
water is used as a heat sink for condensation of the
fluid. Consider a power plant that is to generate 2 MW
of electricity at an efficiency (electric power output
per heat input) of 3%. The evaporator is a heat
exchanger consisting of a single shell with many tubes
executing two passes. If the working fluid is evaporated at its phase change temperature of 290 K, with
ocean water entering at 300 K and leaving at 292 K,
what is the heat exchanger area required for the
evaporator? What flow rate must be maintained for the
water passing through the evaporator? The overall
heat transfer coefficient may be approximated as 1200
W/m2  K.

c11.qxd 3/8/06 11:43 AM Page 716

716

Chapter 11



Heat Exchangers

11.48 A single-pass, cross-flow heat exchanger with both fluids unmixed is being used to heat water (ṁc  2 kg/s,
cp  4200 J/kg  K) from 20 C to 100 C with hot
exhaust gases (cp  1200 J/kg  K) entering at 320 C.
What mass flow rate of exhaust gases is required?
Assume that UA is equal to its design value of 4700
W/K, independent of the gas mass flow rate.
11.49 Saturated process steam at 1 atm is condensed in a
shell-and-tube heat exchanger (one shell, two tube
passes). Cooling water enters the tubes at 15°C with
an average velocity of 3.5 m/s. The tubes are thinwalled and made of copper with a diameter of 14 mm
and length of 0.5 m. The convective heat transfer coefficient for condensation on the outer surface of the
tubes is 21,800 W/m2  K.
(a) Find the number of tubes/pass required to condense 2.3 kg/s of steam.
(b) Find the outlet water temperature.
(c) Find the maximum possible condensation rate that
could be achieved with this heat exchanger using
the same water flow rate and inlet temperature.
(d) Using the heat transfer surface area found in part
(a), plot the water outlet temperature and steam
condensation rate for water mean velocities in the
range from 1 to 5 m/s. Assume that the shell-side
convection coefficient remains unchanged.
11.50 The chief engineer at a university that is constructing a
large number of new student dormitories decides to
install a counterflow concentric tube heat exchanger
on each of the dormitory shower drains. The thinwalled copper drains are of diameter Di  50 mm.
Wastewater from the shower enters the heat exchanger
at Th,i  38 C while fresh water enters the dormitory at
Tc,i  10 C. The wastewater flows down the vertical
wall of the drain in a thin, falling film, providing hh 
10,000 W/m2  K.
(a) If the annular gap is d  10 mm, the heat
exchanger length is L  1 m, and the water flow
rate is ṁ  10 kg/min, determine the heat transfer
rate and the outlet temperature of the warmed
fresh water.
(b) If a helical spring is installed in the annular gap so
the fresh water is forced to follow a spiral path
from the inlet to the fresh water outlet, resulting in
hc  9050 W/m2  K, determine the heat transfer
rate and the outlet temperature of the fresh water.
(c) Based on the result for part (b), calculate the daily
savings if 15,000 students each take a 10-minute
shower per day and the cost of water heating is
$0.07/kW  h.

Th,i

m• h

Hot waste water

Warm fresh water
D

Copper tube
L
Annulus

Falling film

d
Cold fresh water

Tc,i , m• c

Cool waste water

11.51 A shell-and-tube heat exchanger with single shell and
tube passes (Figure 11.3) is used to cool the oil of a
large marine engine. Lake water (the shell-side fluid)
enters the heat exchanger at 2 kg/s and 15°C, while the
oil enters at 1 kg/s and 140°C. The oil flows through
100 copper tubes, each 500 mm long and having inner
and outer diameters of 6 and 8 mm. The shell-side
convection coefficient is approximately 500 W/m2  K.
(a) What is the oil outlet temperature?
(b) Over time there is some degradation in the performance of the engine’s water pump, as well as an
accumulation of deposits on the outer surface of
the tubes. To assess the effect of these changes on
heat exchanger performance, obtain two plots of
the oil outlet temperature as a function of water
flow rate in the range from 1 to 2 kg/s. One
should correspond to a clean outer surface
(Rƒ,c  0) and the other to surface conditions for
which Rƒ,c  0.0003 m2  K/W.
11.52 A shell-and-tube heat exchanger with one shell pass
and 20 tube passes uses hot water on the tube side to
heat oil on the shell side. The single copper tube has
inner and outer diameters of 20 and 24 mm and a
length per pass of 3 m. The water enters at 87°C and
0.2 kg/s and leaves at 27°C. Inlet and outlet temperatures of the oil are 7 and 37°C. What is the average
convection coefficient for the tube outer surface?
11.53 The oil in an engine is cooled by air in a cross-flow heat
exchanger where both fluids are unmixed. Atmospheric
air enters at 30°C and 0.53 kg/s. Oil at 0.026 kg/s enters
at 75°C and flows through a tube of 10-mm diameter.
Assuming fully developed flow and constant wall heat
flux, estimate the oil-side heat transfer coefficient. If the
overall convection coefficient is 53 W/m2  K and the
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total heat transfer area is 1 m2, determine the effectiveness. What is the exit temperature of the oil?
11.54 It is proposed that the exhaust gas from a dieselpowered electric generation plant be used to generate
steam in a shell-and-tube heat exchanger with one shell
and one tube pass. The steel tubes have a thermal conductivity of 40 W/m  K, an inner diameter of 50 mm,
and a wall thickness of 4 mm. The exhaust gas, whose
flow rate is 2 kg/s, enters the heat exchanger at 400C
and must leave at 215C. To limit the pressure drop
within the tubes, the tube gas velocity should not
exceed 25 m/s. If saturated water at 11.7 bar is supplied
to the shell side of the exchanger, determine the
required number of tubes and their length. Assume that
the properties of the exhaust gas can be approximated
as those of atmospheric air and that the water-side thermal resistance is negligible. However, account for fouling on the gas-side of the tubes and use a fouling
resistance of 0.0015 m2  K/W.
11.55 A recuperator is a heat exchanger that heats air used in
a combustion process by extracting energy from the
products of combustion. It can be used to increase the
efficiency of a gas turbine by increasing the temperature of air entering the combustor.

Products of
combustion

Turbine

Combustor

m• h

Fuel

Tc,o

Th,i
m• c

Air

Tc,i
Recuperator

Consider a system for which the recuperator is a
cross-flow heat exchanger with both fluids unmixed
and the flow rates associated with the turbine exhaust
and the air are ṁh  6.5 kg/s and ṁc 6.2 kg/s, respectively. The corresponding value of the overall heat
transfer coefficient is U  100 W/m2  K.
(a) If the gas and air inlet temperatures are Th,i  700
K and Tc,i  300 K, respectively, what heat transfer surface area is needed to provide an air outlet
temperature of Tc,o  500 K? Both the air and the
products of combustion may be assumed to have
a specific heat of 1040 J/kg  K.
(b) For the prescribed conditions, compute and plot
the air outlet temperature as a function of the heat
transfer surface area.

11.56 A concentric tube heat exchanger uses water, which is
available at 15°C, to cool ethylene glycol from 100 to
60°C. The water and glycol flow rates are each 0.5
kg/s. What are the maximum possible heat transfer rate
and effectiveness of the exchanger? Which is preferred,
a parallel-flow or counterflow mode of operation?
11.57 Water is used for both fluids (unmixed) flowing through
a single-pass, cross-flow heat exchanger. The hot water
enters at 90°C and 10,000 kg/h, while the cold water
enters at 10°C and 20,000 kg/h. If the effectiveness of
the exchanger is 60%, determine the cold water exit
temperature.
11.58 A cross-flow heat exchanger consists of a bundle of
32 tubes in a 0.6-m2 duct. Hot water at 150°C and a
mean velocity of 0.5 m/s enters the tubes having inner
and outer diameters of 10.2 and 12.5 mm. Atmospheric air at 10°C enters the exchanger with a volumetric flow rate of 1.0 m3/s. The convection heat
transfer coefficient on the tube outer surfaces is 400
W/m2  K. Estimate the fluid outlet temperatures.
11.59 Exhaust gas from a furnace is used to preheat the combustion air supplied to the furnace burners. The gas,
which has a flow rate of 15 kg/s and an inlet temperature of 1100 K, passes through a bundle of tubes, while
the air, which has a flow rate of 10 kg/s and an inlet
temperature of 300 K, is in cross flow over the tubes.
The tubes are unfinned, and the overall heat transfer
coefficient is 100 W/m2  K. Determine the total tube
surface area required to achieve an air outlet temperature of 850 K. The exhaust gas and the air may each be
assumed to have a specific heat of 1075 J/kg  K.
11.60 A recuperator is a heat exchanger that heats the air
used in a combustion process by extracting energy
from the products of combustion (the flue gas). Consider using a single-pass, cross-flow heat exchanger as
a recuperator.

m• h
Th,i

Flue
gas

m• c

Tc,i
m• h
Th,o

V, Tc,i

m• c Tc,o
SL

Furnace

ST
Fuel

Air

Eighty (80) silicon carbide ceramic tubes (k  20
W/m  K) of inner and outer diameters equal to 55 and
80 mm, respectively, and of length L  1.4 m are
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arranged as an aligned tube bank of longitudinal and
transverse pitches SL  100 mm and ST  120 mm,
respectively. Cold air is in cross flow over the tube
bank with upstream conditions of V  1 m/s and
Tc,i  300 K, while hot flue gases of inlet temperature
Th,i  1400 K pass through the tubes. The tube outer
surface is clean, while the inner surface is characterized
by a fouling factor of Rƒ  2
104 m2  K/W. The
air and flue gas flow rates are ṁc  1.0 kg/s and
ṁh  1.05 kg/s, respectively. As first approximations,
(1) evaluate all required air properties at 1 atm and 300
K, (2) assume the flue gas to have the properties of air
at 1 atm and 1400 K, and (3) assume the tube wall temperature to be at 800 K for the purpose of treating the
effect of variable properties on convection heat transfer.
(a) If there is a 1% fuel savings associated with each
10°C increase in the temperature of the combustion air (Tc,o) above 300 K, what is the percentage
fuel savings for the prescribed conditions?
(b) The performance of the recuperator is strongly
influenced by the product of the overall heat
transfer coefficient and the total surface area, UA.
Compute and plot Tc,o and the percentage fuel
savings as a function of UA for 300  UA  600
W/K. Without changing the flow rates, what measures may be taken to increase UA?
11.61 Consider operation of the furnace–recuperator combination of Problem 11.60 under conditions for which
chemical energy is converted to thermal energy in the
combustor at a rate of qcomb  2.0 106 W and energy
is transferred from the combustion gases to the load in
the furnace at a rate of qload  1.4 106 W. Assuming
equivalent flow rates (ṁc  ṁh  1.0 kg/s) and specific heats (cp,c  cp,h  1200 J/kg  K) for the cold air
and flue gases in the recuperator, determine Th,i, Th,o,
and Tc,o when Tc,i  300 K and the recuperator has an
effectiveness of   0.30. What value of the effectiveness would be needed to achieve a combustor air inlet
temperature of 800 K?
11.62 A shell-and-tube heat exchanger consisting of one
shell pass and two tube passes is used to transfer heat
from an ethylene glycol–water solution (shell side)
supplied from a rooftop solar collector to pure water
(tube side) used for household purposes. The tubes are
of inner and outer diameters Di  3.6 mm and Do 
3.8 mm, respectively. Each of the 100 tubes is 0.8 m
long (0.4 m per pass), and the heat transfer coefficient
associated with the ethylene glycol–water mixture is
ho  11,000 W/m2  K.
(a) For pure copper tubes, calculate the heat transfer
rate from the ethylene glycol–water solution

(ṁ  2.5 kg/s, Th,i  80C) to the pure water
(ṁ  2.5 kg/s, Tc,i  20C). Determine the outlet
temperatures of both streams of fluid. The density
and specific heat of the ethylene glycol–water
mixture are 1040 kg/m3 and 3660 J/kg  K,
respectively.
(b) It is proposed to replace the copper tube bundle
with a bundle composed of high-temperature
nylon tubes of the same diameter and tube wall
thickness. The nylon is characterized by a thermal
conductivity of kn  0.31 W/m  K. Determine the
tube length required to transfer the same amount
of energy as in part (a).
11.63 Consider a concentric tube heat exchanger characterized by a uniform overall heat transfer coefficient and
operating under the following conditions:

Cold fluid
Hot fluid

ṁ
(kg/s)

cp
(J/kg  K)

Ti
(°C)

To
(°C)

0.125
0.125

4200
2100

40
210

95
—

What is the maximum possible heat transfer rate?
What is the heat exchanger effectiveness? Should the
heat exchanger be operated in parallel flow or in counterflow? What is the ratio of the required areas for
these two flow conditions?
11.64 Consider a concentric tube heat exchanger with hot
and cold water inlet temperatures of 200 and 35°C,
respectively. The flow rates of the hot and cold fluids
are 42 and 84 kg/h, respectively. Assume the overall
heat transfer coefficient is 180 W/m2  K.
(a) What is the maximum heat transfer rate that could
be achieved for the prescribed inlet conditions?
(b) If the exchanger is operated in counterflow with a
heat transfer area of 0.33 m2, determine the outlet
fluid temperatures.
(c) With all other conditions remaining the same, plot
the effectiveness and fluid outlet temperatures as
a function of the product UA for the range from
50 to 1000 W/K. As UA becomes very large, what
is the asymptotic value for Th,o?
(d) What is the largest possible heat transfer rate that
could be achieved for the prescribed inlet conditions, if the exchanger is operated in parallel flow
and is very long? What is the effectiveness of the
exchanger in this configuration?
(e) For operation in parallel flow, plot the effectiveness and fluid outlet temperatures as a function of
the product UA for the range from 50 to 1000 W/K.
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As UA becomes very large, what are the asymptotic values for Th,o and Tc,o?
11.65 The floor space of any facility that houses shell-andtube heat exchangers must be sufficiently large so the
tube bundle can be serviced easily. A rule of thumb is
that the floor space must be at least 2.5 times the length
of the tube bundle so that the bundle can be completely
removed from the shell (hence the absolute minimum
floor space is twice the tube bundle length) and subsequently cleaned, repaired, or replaced easily (associated with the extra half bundle length floor space). The
room in which the heat exchanger of Problem 11.22 is
to be installed is 8 m long and, therefore, the 4.7-mlong heat exchanger is too large for the facility. Will a
shell-and-tube heat exchanger with two shells, one
above the other, be sufficiently small to fit into the
facility? Each shell has 10 tubes and 8 tube passes.
11.66 Consider the influence of a finite sheet thickness in
Example 11.2, when there are 40 gaps.
(a) Determine the exterior dimension, L, of the heat
exchanger core for a sheet thickness of t  0.8
mm for pure aluminum (kal  237 W/m  K) and
polyvinylidene fluoride (PVDF, kpv  0.17 W/m 
K) sheets. Neglect the thickness of the top and
bottom exterior plates.
(b) Plot the heat exchanger core dimension as a function of the sheet thickness for aluminum and
PVDF over the range 0  t  1 mm.
11.67 Hot exhaust gases are used in a shell-and-tube
exchanger to heat 2.5 kg/s of water from 35 to 85°C.
The gases, assumed to have the properties of air, enter
at 200°C and leave at 93°C. The overall heat transfer
coefficient is 180 W/m2  K. Using the effectiveness–
NTU method, calculate the area of the heat
exchanger.
11.68 In open heart surgery under hypothermic conditions,
the patient’s blood is cooled before the surgery and
rewarmed afterward. It is proposed that a concentric
tube, counterflow heat exchanger of length 0.5 m be
used for this purpose, with the thin-walled inner tube
having a diameter of 55 mm. The specific heat of the
blood is 3500 J/kg  K.
(a) If water at Th,i  60°C and ṁh  0.10 kg/s is used
to heat blood entering the exchanger at Tc,i 
18°C and ṁc  0.05 kg/s, what is the temperature
of the blood leaving the exchanger? The overall
heat transfer coefficient is 500 W/m2  K.
(b) The surgeon may wish to control the heat rate q
and the outlet temperature Tc,o of the blood by
altering the flow rate and/or inlet temperature of

the water during the rewarming process. To assist
in the development of an appropriate controller
for the prescribed values of ṁc and Tc,i, compute
and plot q and Tc,o as a function of ṁh for 0.05 
ṁh  0.20 kg/s and values of Th,i  50, 60, and
70°C. Since the dominant influence on the overall
heat transfer coefficient is associated with the
blood flow conditions, the value of U may be
assumed to remain at 500 W/m2  K. Should certain operating conditions be excluded?
11.69 Ethylene glycol and water, at 60 and 10°C, respectively, enter a shell-and-tube heat exchanger for which
the total heat transfer area is 15 m2. With ethylene glycol and water flow rates of 2 and 5 kg/s, respectively,
the overall heat transfer coefficient is 800 W/m2  K.
(a) Determine the rate of heat transfer and the fluid
outlet temperatures.
(b) Assuming all other conditions to remain the same,
plot the effectiveness and fluid outlet temperatures as a function of the flow rate of ethylene
glycol for 0.5  ṁh  5 kg/s.
11.70 A boiler used to generate saturated steam is in the form
of an unfinned, cross-flow heat exchanger, with water
flowing through the tubes and a high-temperature gas in
cross flow over the tubes. The gas, which has a specific
heat of 1120 J/kg  K and a mass flow rate of 10 kg/s,
enters the heat exchanger at 1400 K. The water, which
has a flow rate of 3 kg/s, enters as saturated liquid at
450 K and leaves as saturated vapor at the same temperature. If the overall heat transfer coefficient is 50
W/m2  K and there are 500 tubes, each of 0.025-m
diameter, what is the required tube length?
11.71 Waste heat from the exhaust gas of an industrial furnace is recovered by mounting a bank of unfinned
tubes in the furnace stack. Pressurized water at a flow
rate of 0.025 kg/s makes a single pass through each
of the tubes, while the exhaust gas, which has an
upstream velocity of 5.0 m/s, moves in cross flow over
the tubes at 2.25 kg/s. The tube bank consists of a
square array of 100 thin-walled tubes (10 10), each
25 mm in diameter and 4 m long. The tubes are
aligned with a transverse pitch of 50 mm. The inlet
temperatures of the water and the exhaust gas are 300
and 800 K, respectively. The water flow is fully developed, and the gas properties may be assumed to be
those of atmospheric air.
(a) What is the overall heat transfer coefficient?
(b) What are the fluid outlet temperatures?
(c) Operation of the heat exchanger may vary according to the demand for hot water. For the prescribed
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heat exchanger design and inlet conditions, compute and plot the rate of heat recovery and the
fluid outlet temperatures as a function of water
flow rate per tube for 0.02  ṁc,1  0.20 kg/s.

Cooling air is available at 3 kg/s and 300 K. The
radiator may be analyzed as a cross-flow heat
exchanger with both fluids unmixed with an overall heat transfer coefficient of 400 W/m2  K.

11.72 A heat exchanger consists of a bank of 1200 thinwalled tubes with air in cross flow over the tubes. The
tubes are arranged in-line, with 40 longitudinal rows
(along the direction of airflow) and 30 transverse
rows. The tubes are 0.07 m in diameter and 2 m long,
with transverse and longitudinal pitches of 0.14 m.
The hot fluid flowing through the tubes consists of saturated steam condensing at 400 K. The convection
coefficient of the condensing steam is much larger
than that of the air.

(b) Determine the required water mass flow rate and
heat transfer area of the radiator if the vehicle is
equipped with a fuel cell operating at 50% efficiency. The fuel cell operating temperature is limited to approximately 85 C, so the inlet and outlet
mean temperatures of the water with respect to
the radiator are Tm,i  355 K and Tm,o  330 K,
respectively. The air inlet temperature is as in part
(a). Assume the flow rate of air is proportional to
the surface area of the radiator. Hint: Iteration is
required.

(a) If air enters the heat exchanger at ṁc  12 kg/s,
300 K, and 1 atm, what is its outlet temperature?
(b) The condensation rate may be controlled by varying the airflow rate. Compute and plot the air
outlet temperature, the heat rate, and the condensation rate as a function of flow rate for 10 
ṁc  50 kg/s.
11.73 In analyzing thermodynamic cycles involving heat
exchangers, it is useful to express the heat rate in
terms of an overall thermal resistance Rt and the inlet
temperatures of the hot and cold fluids,
q

(Th,i  Tc,i)
Rt

The heat transfer rate can also be expressed in terms
of the rate equations,
q  UA Tlm 

1
T
Rlm lm

(a) Derive a relation for Rlm /Rt for a parallel-flow
heat exchanger in terms of a single dimensionless
parameter B, which does not involve any fluid
temperatures but only U, A, Ch, Cc (or Cmin, Cmax).
(b) Calculate and plot Rlm /Rt for values of B  0.1,
1.0, and 5.0. What conclusions can be drawn from
the plot?
11.74 The power needed to overcome wind and friction drag
associated with an automobile traveling at a constant
velocity of 25 m/s is 9 kW.
(a) Determine the required heat transfer area of the
radiator if the vehicle is equipped with an internal
combustion engine operating at an efficiency of
35%. (Assume 65% of the energy generated by
the engine is in the form of waste heat removed
by the radiator.) The inlet and outlet mean temperatures of the water with respect to the radiator
are Tm,i  400 K and Tm,o  330 K, respectively.

(c) Determine the required heat transfer area of the
radiator and the outlet mean temperature of the
water for the fuel cell–equipped vehicle if
the mass flow rate of the water is the same as in
part (a).
11.75 An air conditioner operating between indoor and
outdoor temperatures of 23 and 43°C, respectively,
removes 5 kW from a building. The air conditioner
can be modeled as a reversed Carnot heat engine with
refrigerant as the working fluid. The efficiency of the
motor for the compressor and fan is 80%, and 0.2 kW
is required to operate the fan.
(a) Assuming negligible thermal resistances (Problem 11.73) between the refrigerant in the condenser and the outside air and between the
refrigerant in the evaporator and the inside air,
calculate the power required by the motor.
(b) If the thermal resistances between the refrigerant
and the air in the evaporator and condenser sections are the same, 3 103 K/W, determine the
temperature required by the refrigerant in each
section. Calculate the power required by the
motor.
11.76 In a Rankine power system, 1.5 kg/s of steam leaves
the turbine as saturated vapor at 0.51 bar. The steam is
condensed to saturated liquid by passing it over the
tubes of a shell-and-tube heat exchanger, while liquid
water, having an inlet temperature of Tc,i  280 K, is
passed through the tubes. The condenser contains 100
thin-walled tubes, each of 10-mm diameter, and the
total water flow rate through the tubes is 15 kg/s. The
average convection coefficient associated with condensation on the outer surface of the tubes may be approximated as ho  5000 W/m2  K. Appropriate property
values for the liquid water are cp  4178 J/kg  K,  
700 106 kg/s  m, k  0.628 W/m  K, and Pr  4.6.
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Compact Heat Exchangers

Condenser

Tc,i
Water

Tc,o
Steam
from
boiler

Saturated
liquid
to pump

(a) What is the water outlet temperature?
(b) What is the required tube length (per tube)?
(c) After extended use, deposits accumulating on the
inner and outer tube surfaces provide a cumulative fouling factor of 0.0003 m2  K/W. For the
prescribed inlet conditions and the computed
tube length, what mass fraction of the vapor is
condensed?
(d) For the tube length computed in part (b) and the
fouling factor prescribed in part (c), explore the
extent to which the water flow rate and inlet temperature may be varied (within physically plausible ranges) to improve the condenser performance.
Represent your results graphically, and draw
appropriate conclusions.
11.77 Consider a Rankine cycle with saturated steam leaving
the boiler at a pressure of 2 MPa and a condenser pressure of 10 kPa.
(a) Calculate the thermal efficiency of the ideal
Rankine cycle for these operating conditions.
(b) If the net reversible work for the cycle is 0.5 MW,
calculate the required flow rate of cooling water
supplied to the condenser at 15°C with an allowable temperature rise of 10°C.
(c) Design a shell-and-tube heat exchanger (oneshell, multiple-tube passes) that will meet the heat
rate and temperature conditions required of the
condenser. Your design should specify the number of tubes and their diameter and length.
11.78 Consider the Rankine cycle of Problem 11.77, which
rejects 2.3 MW to the condenser, which is supplied
with a cooling water flow rate of 70 kg/s at 15°C.
(a) Calculate UA, a parameter that is indicative of the
size of the condenser required for this operating
condition.
(b) Consider now the situation where the overall heat
transfer coefficient for the condenser, U, is reduced
by 10% because of fouling. Determine the reduction in the thermal efficiency of the cycle caused by
fouling, assuming that the cooling water flow rate
and water temperature remain the same and that the
condenser is operated at the same steam pressure.

11.79 Consider the compact heat exchanger conditions of
Example 11.6. After extended use, fouling factors of
0.0005 and 0.001 m2  K/W are associated with the
water- and gas-side conditions, respectively. What is
the gas-side overall heat transfer coefficient?
11.80 Consider the heat exchanger core geometry and frontal
area prescribed in Example 11.6. The exchanger must
heat 2 kg/s of water from 300 to 350 K, using 1.25
kg/s of combustion gases entering at 700 K. Using the
overall heat transfer coefficient determined in the
example, find the required heat exchanger volume,
assuming single-pass operation. What is the number of
tube rows NL in the longitudinal (gas-flow) direction?
If the velocity of water flowing through the tubes is
100 mm/s, what is the number of tube rows NT in the
transverse direction? What is the required tube length?
11.81 Consider the conditions of Example 11.6, but with the
continuous fin arrangement of Figure 11.17 used in
lieu of the circular fins of Figure 11.16. The heat
exchanger core is fabricated from aluminum, and the
tubes have an inside diameter of 8.2 mm. An inside
convection coefficient of 1500 W/m2  K may again be
assumed for water flow through the tubes, with combustion gases at 1 atm and 825 K in cross flow over
the tubes. For a gas flow rate of 1.25 kg/s and a frontal
area of 0.20 m2, what is the gas-side overall heat transfer coefficient? If water at a flow rate of 1 kg/s is to be
heated from 290 to 370 K, what is the required heat
exchanger volume? Hint: Estimate the fin efficiency
by assuming a hypothetical circular fin of radius
r2  15.8 mm for each tube. You may use the aluminum and fluid properties provided in Example 11.6.
11.82 A cooling coil consists of a bank of aluminum (k  237
W/m  K) finned tubes having the core configuration of
Figure 11.16 and an inner diameter of 13.8 mm. The
tubes are installed in a plenum whose square cross section is 0.4 m on a side, thereby providing a frontal area
of 0.16 m2. Atmospheric air at 1.5 kg/s is in cross flow
over the tubes, while saturated refrigerant-134a at 1 atm
experiences evaporation in the tubes. If the air enters at
37°C and its exit temperature must not exceed 17°C,
what is the minimum allowable number of tube rows in
the flow direction? A convection coefficient of 5000
W/m2  K is associated with evaporation in the tubes.
11.83 A cooling coil consists of a bank of aluminum (k 
237 W/m  K) finned tubes having the core configuration of Figure 11.16 and an inner diameter of 13.8
mm. The tubes are installed in a plenum whose square
cross section is 0.4 m on a side, thereby providing a
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frontal area of 0.16 m2. Atmospheric air at 1.5 kg/s is
in cross flow over the tubes, while saturated refrigerant134a at 1 atm passes through the tubes. There are four
rows of tubes in the airflow direction. If the air enters
at 37°C, what is its exit temperature? A convection
coefficient of 5000 W/m2  K is associated with evaporation in the tubes.
11.84 A steam generator consists of a bank of stainless steel
(k  15 W/m  K) tubes having the core configuration
of Figure 11.16 and an inner diameter of 13.8 mm.
The tubes are installed in a plenum whose square cross
section is 0.6 m on a side, thereby providing a frontal
area of 0.36 m2. Combustion gases, whose properties
may be approximated as those of atmospheric air,
enter the plenum at 900 K and pass in cross flow over
the tubes at 3 kg/s. If saturated water enters the tubes
at a pressure of 2.455 bars and a flow rate of 0.5 kg/s,

how many tube rows are required to provide saturated
steam at the tube outlet? A convection coefficient
of 10,000 W/m2  K is associated with boiling in the
tubes.
11.85 A steam generator consists of a bank of stainless steel
(k  15 W/m  K) tubes having the core configuration
of Figure 11.16 and an inner diameter of 13.8 mm.
The tubes are installed in a plenum whose square cross
section is 0.6 m on a side, thereby providing a frontal
area of 0.36 m2. Combustion gases, whose properties
may be approximated as those of atmospheric air,
enter the plenum at 900 K and pass in cross flow over
the tubes at 3 kg/s. There are 11 rows of tubes in the
gas flow direction. If saturated water at 2.455 bar
experiences boiling in the tubes, what is the gas exit
temperature? A convection coefficient of 10,000
W/m2  K is associated with boiling in the tubes.
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11S.1
Log Mean Temperature Difference
Method for Multipass and Cross-Flow
Heat Exchangers
Although flow conditions are more complicated in multipass and cross-flow heat
exchangers, Equations 11.6, 11.7, 11.14, and 11.15 may still be used if the following modification is made to the log mean temperature difference [1]:
Tlm  F Tlm,CF

(11S.1)

That is, the appropriate form of Tlm is obtained by applying a correction factor to
the value of Tlm that would be computed under the assumption of counterflow conditions. Hence from Equation 11.17, T1  Th,i  Tc,o and T2  Th,o  Tc,i.
Algebraic expressions for the correction factor F have been developed for various shell-and-tube and cross-flow heat exchanger configurations [1–3], and the
results may be represented graphically. Selected results are shown in Figures 11S.1
through 11S.4 for common heat exchanger configurations. The notation (T, t) is used
to specify the fluid temperatures, with the variable t always assigned to the tube-side
Ti
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to – ti
P = _____
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FIGURE 11S.1 Correction factor for a shell-and-tube heat exchanger
with one shell and any multiple of two tube passes (two, four, etc. tube
passes).
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FIGURE 11S.2 Correction factor for a shell-and-tube heat exchanger with two
shell passes and any multiple of four tube passes (four, eight, etc. tube passes).
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FIGURE 11S.3 Correction factor for a single-pass, cross-flow heat
exchanger with both fluids unmixed.
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FIGURE 11S.4 Correction factor for a single-pass, cross-flow heat
exchanger with one fluid mixed and the other unmixed.

fluid. With this convention it does not matter whether the hot fluid or the cold fluid
flows through the shell or the tubes. An important implication of Figures 11S.1
through 11S.4 is that, if the temperature change of one fluid is negligible, either P or
R is zero and F is 1. Hence heat exchanger behavior is independent of the specific
configuration. Such would be the case if one of the fluids underwent a phase change.

EXAMPLE 11S.1
A shell-and-tube heat exchanger must be designed to heat 2.5 kg/s of water from 15
to 85°C. The heating is to be accomplished by passing hot engine oil, which is
available at 160°C, through the shell side of the exchanger. The oil is known to provide an average convection coefficient of ho  400 W/m2  K on the outside of the
tubes. Ten tubes pass the water through the shell. Each tube is thin walled, of diameter D  25 mm, and makes eight passes through the shell. If the oil leaves the
exchanger at 100°C, what is its flow rate? How long must the tubes be to accomplish the desired heating?

SOLUTION
Known: Fluid inlet and outlet temperatures for a shell-and-tube heat exchanger
with 10 tubes making eight passes.

Find:
1. Oil flow rate required to achieve specified outlet temperature.
2. Tube length required to achieve specified water heating.
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Schematic:
Oil
Water

2•

ho = 400 W/m K

Th,i = 160°C

N = 10 tubes
(D = 25 mm),
M = 8 passes
•

mc
m• h

m• h
T

Tc,o = 85°C
m• c = 2.5 kg/s

Th,o = 100°C
Tc,i = 15°C

Assumptions:
1. Negligible heat loss to the surroundings and kinetic and potential energy
changes.
2. Constant properties.
3. Negligible tube wall thermal resistance and fouling effects.
4. Fully developed water flow in tubes.

Properties: Table A.5, unused engine oil (Th  130°C): cp  2350 J/kg  K.
Table A.6, water (T
c  50°C): cp  4181 J/kg  K,   548  106 N  s/m2, k 
0.643 W/m  K, Pr  3.56.
Analysis:
1. From the overall energy balance, Equation 11.7b, the heat transfer required of
the exchanger is
q  ṁccp,c(Tc,o  Tc,i)  2.5 kg/s  4181 J/kg  K (85  15)C
q  7.317  105 W
Hence, from Equation 11.6b,
ṁh 

q
7.317  105 W

 5.19 kg/s
cp,h(Th,i  Th,o) 2350 J/kg  K  (160  100)C



2. The required tube length may be obtained from Equations 11.14 and 11S.1,
where
q  UAF Tlm, CF
From Equation 11.5,
U

1
(1/hi)  (1/ho)

where hi may be obtained by first calculating ReD. With ṁ1  ṁc /N  0.25 kg/s
defined as the water flow rate per tube, Equation 8.6 yields
ReD 

4  0.25 kg/s
4ṁ1

 23,234
D  (0.025 m) 548  106 kg/s  m
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Hence the water flow is turbulent, and from Equation 8.60
0.4
NuD  0.023Re4/5
 0.023(23,234)4/5(3.56)0.4  119
D Pr
0.643 W/m  K
k
119  3061 W/m2  K
hi  NuD 
D
0.025 m

Hence
U

1
 354 W/m2  K
(1/400)  (1/3061)

The correction factor F may be obtained from Figure 11S.1, where
R

160  100
 0.86
85  15

P

85  15
 0.48
160  15

Hence F  0.87. From Equations 11.15 and 11.17, it follows that
(Th,i  Tc,o)  (Th,o  Tc,i)
75  85

 79.9C
Tlm,CF 
ln [(Th,i  Tc,o)/(Th,o  Tc,i)] ln (75/85)
Hence, since A  NDL, where N  10 is the number of tubes,
q
7.317  105 W
L

2
UNDF Tlm,CF 354 W/m  K  10(0.025 m)0.87(79.9C)
L  37.9 m



Comments:
1. With (L/D)  37.9 m/0.025 m  1516, the assumption of fully developed conditions throughout the tube is justified.
2. With eight passes, the shell length is approximately L/M  4.7 m.
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Problems
Log Mean Temperature Difference Method

11S.6 Solve Problem 11.32 using the LMTD method.

11S.1 Solve Problem 11.9 using the LMTD method.

11S.7 Solve Problem 11.44 using the LMTD method.

11S.2 Solve Problem 11.10 using the LMTD method.

11S.8 Solve Problem 11.47 using the LMTD method.

11S.3 Solve Problem 11.14 using the LMTD method.

11S.9 Solve Problem 11.52 using the LMTD method.

11S.4 Solve Problem 11.15 using the LMTD method.

11S.10 Solve Problem 11.59 using the LMTD method.

11S.5 Solve Problem 11.23 using the LMTD method.

11S.11 Solve Problem 11.70 using the LMTD method.
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Radiation: Processes and Properties

W

e have come to recognize that heat transfer by conduction and convection
requires the presence of a temperature gradient in some form of matter. In contrast,
heat transfer by thermal radiation requires no matter. It is an extremely important
process, and in the physical sense it is perhaps the most interesting of the heat transfer modes. It is relevant to many industrial heating, cooling, and drying processes,
as well as to energy conversion methods that involve fossil fuel combustion and
solar radiation.
In this chapter our objective is to consider the means by which thermal radiation is generated, the specific nature of the radiation, and the manner in which it
interacts with matter. We give particular attention to radiative interactions at a surface and to the properties that must be introduced to describe these interactions. In
Chapter 13 we focus on means for computing radiative exchange between two or
more surfaces.

12.1
Fundamental Concepts
Consider a solid that is initially at a higher temperature Ts than that of its surroundings Tsur, but around which there exists a vacuum (Figure 12.1). The presence of the
vacuum precludes energy loss from the surface of the solid by conduction or convection. However, our intuition tells us that the solid will cool and eventually
achieve thermal equilibrium with its surroundings. This cooling is associated with a
reduction in the internal energy stored by the solid and is a direct consequence of
the emission of thermal radiation from the surface. In turn, the surface will intercept
and absorb radiation originating from the surroundings. However, if Ts  Tsur the
net heat transfer rate by radiation qrad, net is from the surface, and the surface will
cool until Ts reaches Tsur.
We associate thermal radiation with the rate at which energy is emitted by matter as a result of its finite temperature. At this moment thermal radiation is being
emitted by all the matter that surrounds you: by the furniture and walls of the room,
if you are indoors, or by the ground, buildings, and the atmosphere and sun if you are

Radiation from
surroundings

qrad,net

Surface
radiation
emission

Solid

Tsur

Ts

Vacuum

Surroundings

FIGURE 12.1
Radiation cooling of a heated solid.
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Fundamental Concepts

outdoors. The mechanism of emission is related to energy released as a result of
oscillations or transitions of the many electrons that constitute matter. These oscillations are, in turn, sustained by the internal energy, and therefore the temperature, of
the matter. Hence we associate the emission of thermal radiation with thermally
excited conditions within the matter.
All forms of matter emit radiation. For gases and for semitransparent solids, such
as glass and salt crystals at elevated temperatures, emission is a volumetric phenomenon, as illustrated in Figure 12.2. That is, radiation emerging from a finite volume of
matter is the integrated effect of local emission throughout the volume. However, in
this text we concentrate on situations for which radiation is a surface phenomenon. In
most solids and liquids, radiation emitted from interior molecules is strongly absorbed
by adjoining molecules. Accordingly, radiation that is emitted from a solid or a liquid
originates from molecules that are within a distance of approximately 1 m from the
exposed surface. It is for this reason that emission from a solid or a liquid into an
adjoining gas or a vacuum can be viewed as a surface phenomenon, except in situations involving nanoscale or microscale devices.
We know that radiation originates due to emission by matter and that its subsequent transport does not require the presence of any matter. But what is the nature of
this transport? One theory views radiation as the propagation of a collection of particles termed photons or quanta. Alternatively, radiation may be viewed as the propagation of electromagnetic waves. In any case we wish to attribute to radiation the
standard wave properties of frequency  and wavelength . For radiation propagating
in a particular medium, the two properties are related by
c
 

(12.1)

where c is the speed of light in the medium. For propagation in a vacuum,
co  2.998  108 m/s. The unit of wavelength is commonly the micrometer (m),
where 1 m  106 m.

Radiation emission
Radiation emission

Gas or vacuum

Solid or liquid

High temperature gas or
semitransparent medium

(a)

(b)

FIGURE 12.2 The emission process. (a) As a volumetric phenomenon. (b) Surface
phenomenon.
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FIGURE 12.3 Spectrum of electromagnetic radiation.

The complete electromagnetic spectrum is delineated in Figure 12.3. The short
wavelength gamma rays, X rays, and ultraviolet (UV) radiation are primarily of interest
to the high-energy physicist and the nuclear engineer, while the long wavelength
microwaves and radio waves (  105 m) are of concern to the electrical engineer. It
is the intermediate portion of the spectrum, which extends from approximately 0.1 to
100 m and includes a portion of the UV and all of the visible and infrared (IR), that is
termed thermal radiation because it is both caused by and affects the thermal state or
temperature of matter. For this reason, thermal radiation is pertinent to heat transfer.
Thermal radiation emitted by a surface encompasses a range of wavelengths.
As shown in Figure 12.4a, the magnitude of the radiation varies with wavelength,
and the term spectral is used to refer to the nature of this dependence. As we will
find, both the magnitude of the radiation at any wavelength and the spectral distribution vary with the nature and temperature of the emitting surface.
The spectral nature of thermal radiation is one of two features that complicates
its description. The second feature relates to its directionality. As shown in Figure
12.4b, a surface may emit preferentially in certain directions, creating a directional
distribution of the emitted radiation. To quantify the emission, absorption, reflection, and transmission concepts introduced in Chapter 1, we must be able to treat
both spectral and directional effects.
Monochromatic radiation
emission

726

θ
Spectral
distribution

Directional
distribution

Wavelength
(a)

(b)

FIGURE 12.4 Radiation emitted by a surface. (a) Spectral
distribution. (b) Directional distribution.
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12.2
Radiation Intensity
Radiation that leaves a surface can propagate in all possible directions (Figure
12.4b), and we are often interested in knowing its directional distribution. Also, radiation incident upon a surface may come from different directions, and the manner in
which the surface responds to this radiation depends on the direction. Such directional effects can be of primary importance in determining the net radiative heat
transfer rate and may be treated by introducing the concept of radiation intensity.

Mathematical Definitions

12.2.1

Due to its nature, mathematical treatment of radiation heat transfer involves the
extensive use of the spherical coordinate system. From Figure 12.5a, we recall that
the differential plane angle d is defined by a region between the rays of a circle
and is measured as the ratio of the arc length dl on the circle to the radius r of the
circle. Similarly, from Figure 12.5b, the differential solid angle d is defined by a
region between the rays of a sphere and is measured as the ratio of the area dAn on
the sphere to the sphere’s radius squared. Accordingly,
d 
r

dAn
r2

(12.2)

r

dl
dl
dα ≡ __
r

dAn
dω ≡ ____
r2
(a )

(b)

Emitted
radiation
n

z

dAn

(r, θ , φ )

θ

θ
dA1

dAn

r

dω
y

φ

φ
x
(c)

(d)

FIGURE 12.5 Mathematical definitions. (a) Plane angle.
(b) Solid angle. (c) Emission of radiation from a differential area
dA1 into a solid angle d subtended by dAn at a point on dA1.
(d) The spherical coordinate system.
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n

dAn
dAn = r 2 sin θ d θ d φ

r

r dθ

r sin θ

θ

r sin θ dφ

r

dAn
dω ≡ ____
r2

dθ
dA1
dφ

FIGURE 12.6 The solid angle subtended by dAn at a point on dA1 in the spherical
coordinate system.

Consider emission in a particular direction from an element of surface area dA1, as
shown in Figure 12.5c. The direction may be specified in terms of the zenith and
azimuthal angles,  and , respectively, of a spherical coordinate system (Figure
12.5d). The area dAn, through which the radiation passes, subtends a differential
solid angle d when viewed from a point on dA1. As shown in Figure 12.6, the area
dAn is a rectangle of dimension r d  r sin  d; thus, dAn  r 2 sin  d d.
Accordingly,
d  sin  d d

(12.3)

When viewed from a point on an opaque surface area element dA1, radiation
may be emitted into any direction defined by a hypothetical hemisphere above the
surface. The solid angle associated with the entire hemisphere may be obtained by
integrating Equation 12.3 over the limits   0 to   2 and   0 to   /2.
Hence,

 d   
2

h

0

/2

0

sin  d d  2



/2

sin  d  2 sr

(12.4)

0

where the subscript h refers to integration over the hemisphere. Note that the unit of
the solid angle is the steradian (sr), analogous to radians for plane angles.

12.2.2

Radiation Intensity and Its Relation to Emission

Returning to Figure 12.5c, we now consider the rate at which emission from dA1
passes through dAn. This quantity may be expressed in terms of the spectral intensity
I,e of the emitted radiation. We formally define I,e as the rate at which radiant
energy is emitted at the wavelength  in the (,) direction, per unit area of the emitting surface normal to this direction, per unit solid angle about this direction, and
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n

θ

dA1 cos θ

FIGURE 12.7
The projection of dA1 normal to the
direction of radiation.

dA1

per unit wavelength interval d about . Note that the area used to define the intensity is the component of dA1 perpendicular to the direction of the radiation. From
Figure 12.7, we see that this projected area is equal to dA1 cos . In effect it is how
dA1 would appear to an observer situated on dAn. The spectral intensity, which has
units of W/m2  sr  m, is then
I,e(, , ) 

dq
dA1 cos   d  d

(12.5)

where (dq/d)  dq is the rate at which radiation of wavelength  leaves dA1 and
passes through dAn. Rearranging Equation 12.5, it follows that
dq  I,e(, , )dA1 cos  d

(12.6)

where dq has the units of W/m. This important expression allows us to compute
the rate at which radiation emitted by a surface propagates into the region of space
defined by the solid angle d about the (, ) direction. However, to compute this
rate, the spectral intensity I,e of the emitted radiation must be known. The manner
in which this quantity may be determined is discussed later, in Sections 12.3 and
12.4. Expressing Equation 12.6 per unit area of the emitting surface and substituting
from Equation 12.3, the spectral radiation flux associated with dA1 is
dq   I,e(, , ) cos  sin  d d

(12.7)

If the spectral and directional distributions of I,e are known, that is, I,e (, , )
is known, the heat flux associated with emission into any finite solid angle or over
any finite wavelength interval may be determined by integrating Equation 12.7. For
example, we define the spectral, hemispherical emissive power E (W/m2  m) as
the rate at which radiation of wavelength  is emitted in all directions from a surface per unit wavelength interval d about  and per unit surface area. Thus, E is
the spectral heat flux associated with emission into a hypothetical hemisphere above
dA1, as shown in Figure 12.8, or
E ()  q () 


2

0

/2

0

I,e(, , ) cos  sin  d d

(12.8)

Note that E is a flux based on the actual surface area, whereas I,e is based on the
projected area. The cos  term appearing in the integrand is a consequence of this
difference.
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n
0 ≤ θ ≤ π/2

θ
dθ

dAn

r

dA1

dφ

φ

0 ≤ φ ≤ 2π

FIGURE 12.8
Emission from a differential
element of area dA1 into a
hypothetical hemisphere
centered at a point on dA1.

The total, hemispherical emissive power, E (W/m2), is the rate at which radiation is emitted per unit area at all possible wavelengths and in all possible directions. Accordingly,
E





0

E() d

(12.9)

or from Equation 12.8
E

 


0

2

0

/2

0

I,e(, , ) cos  sin  d d d

(12.10)

Since the term “emissive power” implies emission in all directions, the adjective
“hemispherical” is redundant and is often dropped. One then speaks of the spectral
emissive power E, or the total emissive power E.
Although the directional distribution of surface emission varies according to
the nature of the surface, there is a special case that provides a reasonable approximation for many surfaces. We speak of a diffuse emitter as a surface for which
the intensity of the emitted radiation is independent of direction, in which case
I,e (, , )  I,e(). Removing I,e from the integrand of Equation 12.8 and performing the integration, it follows that
E()  I,e()

(12.11)

E  Ie

(12.12)

Similarly, from Equation 12.10

where Ie is the total intensity of the emitted radiation. Note that the constant appearing in the above expressions is , not 2, and has the unit steradians.
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EXAMPLE 12.1
A small surface of area A1  103 m2 is known to emit diffusely, and from measurements the total intensity associated with emission in the normal direction is
In  7000 W/m2  sr.
A3
A2

0.5 m
0.5 m

60°

A4

45° 0.5 m

A1

Radiation emitted from the surface is intercepted by three other surfaces of area
A2  A3  A4  103 m2, which are 0.5 m from A1 and are oriented as shown. What
is the intensity associated with emission in each of the three directions? What are
the solid angles subtended by the three surfaces when viewed from A1? What is the
rate at which radiation emitted by A1 is intercepted by the three surfaces?

SOLUTION
Known: Normal intensity of diffuse emitter of area A1 and orientation of three
surfaces relative to A1.

Find:
1. Intensity of emission in each of the three directions.
2. Solid angles subtended by the three surfaces.
3. Rate at which radiation is intercepted by the three surfaces.

Schematic:
A3
r3 = 0.5 m
A2
A2

In = 7000 W/m2• sr

θ 2 = 30°
A2, n = A2 cos θ2

θ 1 = 45°
r4 = 0.5 m

θ 1 = 60°

r2 = 0.5 m
n

θ 2 = 30°

A1
A1 = A2 = A3 = A4 = 10–3 m2

ω 2–1

A4
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Assumptions:
1. Surface A1 emits diffusely.
2. A1, A2, A3, and A4 may be approximated as differential surfaces, (Aj /r j2)  1.

Analysis:
1. From the definition of a diffuse emitter, we know that the intensity of the emitted radiation is independent of direction. Hence
I  7000 W/m2  sr



for each of the three directions.
2. Treating A2, A3, and A4 as differential surface areas, the solid angles may be
computed from Equation 12.2
d 

dAn
r2

where dAn is the projection of the surface normal to the direction of the radiation. Since surfaces A3 and A4 are normal to the direction of radiation, the solid
angles subtended by these surfaces can be directly found from this equation as
31  41 

A3 103 m2

 4.00  103 sr
r 2 (0.5 m)2



Since surface A2 is not normal to the direction of radiation, we use dAn,2 
dA2 cos 2, where 2 is the angle between the surface normal and the direction
of the radiation. Thus
21 

A2 cos 2 103 m2  cos 30

 3.46  103 sr
r2
(0.5 m)2



3. Approximating A1 as a differential surface, the rate at which radiation is intercepted by each of the three surfaces may be found from Equation 12.6, which,
for the total radiation, may be expressed as
q1j  I  A1 cos 1  j1
where 1 is the angle between the normal to surface 1 and the direction of the
radiation. Hence
q12  7000 W/m2  sr (103 m2  cos 60)3.46  103 sr
 12.1  103 W
q13  7000 W/m2  sr (103 m2  cos 0)4.00  103 sr
 28.0  103 W
q14  7000 W/m2  sr (103 m2  cos 45)4.00  103 sr
 19.8  103 W





Comments:
1. Note the different values of 1 for the emitting surface and the values of 2, 3,
and 4 for the receiving surfaces.
2. If the surfaces were not small relative to the square of the separation distance,
the solid angles and radiation heat transfer rates would have to be obtained
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by integrating Equations 12.3 and 12.6, respectively, over the appropriate surface areas.
3. Any spectral component of the radiation rate can also be obtained using these
procedures, if the spectral intensity I is known.
4. Even though the intensity of the emitted radiation is independent of direction,
the rate at which radiation is intercepted by the three surfaces differs significantly due to differences in the solid angles and projected areas.

12.2.3 Relation to Irradiation
Although we have focused on radiation emitted by a surface, the foregoing concepts
may be extended to incident radiation (Figure 12.9). Such radiation may originate
from emission and reflection occurring at other surfaces and will have spectral and
directional distributions determined by the spectral intensity I,i (, , ). This quantity is defined as the rate at which radiant energy of wavelength  is incident from the
(, ) direction, per unit area of the intercepting surface normal to this direction, per
unit solid angle about this direction, and per unit wavelength interval d about .
The intensity of the incident radiation may be related to an important radiative
flux, termed the irradiation, which encompasses radiation incident from all directions. The spectral irradiation G (W/m2  m) is defined as the rate at which radiation of wavelength  is incident on a surface, per unit area of the surface and per
unit wavelength interval d about . Accordingly,
G() 

 
2

0

/2

0

I,i(, , ) cos  sin  d d

(12.13)

where sin  d d is the unit solid angle. The cos  factor originates because G is a
flux based on the actual surface area, whereas I,i is defined in terms of the projected
area. If the total irradiation G (W/m2) represents the rate at which radiation is incident
per unit area from all directions and at all wavelengths, it follows that
G





0

Incident
radiation, Iλ,i

G() d

n

θ
dω

dA1

φ

FIGURE 12.9
Directional nature of incident radiation.

(12.14)
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or from Equation 12.13
G

 


0

2

0

/2

0

I,i (, , ) cos  sin  d d d

(12.15)

If the incident radiation is diffuse, I,i is independent of  and  and it follows that
G()  I,i ()

(12.16)

G  Ii

(12.17)

and

EXAMPLE 12.2
The spectral distribution of surface irradiation is as follows:

1000

Gλ (W/m2•µm)

734

500

0

5

0

10

15

20

25

λ (µ m)

What is the total irradiation?

SOLUTION
Known: Spectral distribution of surface irradiation.
Find: Total irradiation.
Analysis: The total irradiation may be obtained from Equation 12.14
G





0

G d

The integral is readily evaluated by breaking it into parts. That is,
G



5m

0

G d 



20m

5m

G d 



25m

20m

G d 





25m

G d

Hence
G  12(1000 W/m2  m)(5  0) m  (1000 W/m2  m)(20  5) m
 12(1000 W/m2  m)(25  20) m  0
 (2500  15,000  2500) W/m2
G  20,000 W/m2
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Comments: Generally, radiation sources do not provide such a regular spectral
distribution for the irradiation. However, the procedure of computing the total irradiation from knowledge of the spectral distribution remains the same, although
evaluation of the integral is likely to involve more detail.

12.2.4

Relation to Radiosity

The last radiative flux of interest, termed radiosity, accounts for all the radiant
energy leaving a surface. Since this radiation includes the reflected portion of the
irradiation, as well as direct emission (Figure 12.10), the radiosity is generally different from the emissive power. The spectral radiosity J (W/m2  m) represents
the rate at which radiation of wavelength  leaves a unit area of the surface, per unit
wavelength interval d about . Since it accounts for radiation leaving in all
directions, it is related to the intensity associated with emission and reflection,
I,e+r (, , ), by the expression
J() 

 
2

0

/2

0

I, er (, , ) cos  sin  d d

(12.18)

Hence the total radiosity J (W/m2) associated with the entire spectrum is
J





0

J() d

(12.19)

or
J

 


0

2

0

/2

0

I,er(, , ) cos  sin  d d d

(12.20)

If the surface is both a diffuse reflector and a diffuse emitter, I,e+r is independent of
 and , and it follows that
J()  I,er

(12.21)

J  Ier

(12.22)

and

Again, note that the radiation flux, in this case the radiosity, is based on the actual
surface area, while the intensity is based on the projected area.
Radiosity
Emission
Irradiation

Reflected
portion of
irradiation

FIGURE 12.10
Surface radiosity.
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12.3
Blackbody Radiation
To evaluate the emissive power, irradiation, or radiosity of a real surface, we must
quantify the spectral intensities used in Equations 12.8, 12.13, and 12.18. To do so,
it is useful and necessary to first introduce the concept of a blackbody.
1. A blackbody absorbs all incident radiation, regardless of wavelength and
direction.
2. For a prescribed temperature and wavelength, no surface can emit more
energy than a blackbody.
3. Although the radiation emitted by a blackbody is a function of wavelength and
temperature, it is independent of direction. That is, the blackbody is a diffuse
emitter.
As the perfect absorber and emitter, the blackbody serves as a standard against
which the radiative properties of actual surfaces may be compared.
Although closely approximated by some surfaces, it is important to note that no
surface has precisely the properties of a blackbody. The closest approximation is
achieved by a cavity whose inner surface is at a uniform temperature. If radiation
enters the cavity through a small aperture (Figure 12.11a), it is likely to experience
many reflections before reemergence. Hence it is almost entirely absorbed by the
cavity, and blackbody behavior is approximated. From thermodynamic principles it
may then be argued that radiation leaving the aperture depends only on the surface
temperature and corresponds to blackbody emission (Figure 12.11b). Since blackbody emission is diffuse, the spectral intensity I,b of radiation leaving the cavity is
independent of direction. Moreover, since the radiation field in the cavity, which is
the cumulative effect of emission and reflection from the cavity surface, must be of
the same form as the radiation emerging from the aperture, it also follows that a
blackbody radiation field exists within the cavity. Accordingly, any small surface in

Iλ,i

Diffuse emission
Iλ,e = Iλ,b

Gλ = Eλ,b

Isothermal surface, T
( a)

(b)

(c )

FIGURE 12.11 Characteristics of an isothermal
blackbody cavity. (a) Complete absorption. (b) Diffuse
emission from an aperture. (c) Diffuse irradiation of
interior surfaces.
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the cavity (Figure 12.11c) experiences irradiation for which G  E,b(, T ). This
surface is diffusely irradiated, regardless of its orientation. Blackbody radiation
exists within the cavity irrespective of whether the cavity surface is highly reflecting
or absorbing.

12.3.1

The Planck Distribution

The blackbody spectral intensity is well known, having first been determined by
Planck [1]. It is
I,b(,T) 

2hc2o
5[exp (hco /kT)  1]

(12.23)

where h  6.626  1034 J  s and k  1.381  1023 J/K are the universal Planck
and Boltzmann constants, respectively, co  2.998  108 m/s is the speed of light in
vacuum, and T is the absolute temperature of the blackbody (K). Since the blackbody
is a diffuse emitter, it follows from Equation 12.11 that its spectral emissive power is
E,b(, T)  I,b(, T) 

C1
 [exp (C2/T)  1]
5

(12.24)

where the first and second radiation constants are C1  2hc2o  3.742  108
W  m4/m2 and C2  (hco /k)  1.439  104 m  K.
Equation 12.24, known as the Planck distribution, is plotted in Figure 12.12 for
selected temperatures. Several important features should be noted.
1. The emitted radiation varies continuously with wavelength.
2. At any wavelength the magnitude of the emitted radiation increases with
increasing temperature.
3. The spectral region in which the radiation is concentrated depends on temperature, with comparatively more radiation appearing at shorter wavelengths as the
temperature increases.
4. A significant fraction of the radiation emitted by the sun, which may be approximated as a blackbody at 5800 K, is in the visible region of the spectrum. In
contrast, for T  800 K, emission is predominantly in the infrared region of the
spectrum and is not visible to the eye.

12.3.2

Wien’s Displacement Law

From Figure 12.12 we see that the blackbody spectral distribution has a maximum
and that the corresponding wavelength max depends on temperature. The nature of
this dependence may be obtained by differentiating Equation 12.24 with respect to
 and setting the result equal to zero. In so doing, we obtain
maxT  C3
where the third radiation constant is C3  2898 m  K.

(12.25)
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109
Visible spectral region

108

λmax T = 2898 µ m•K

107

Solar radiation
106
Spectral emissive power, Eλ,b (W/m2• µm)
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50 K
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10–4
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1

2
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10
Wavelength, λ (µ m)

20
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FIGURE 12.12 Spectral blackbody emissive power.

Equation 12.25 is known as Wien’s displacement law, and the locus of points
described by the law is plotted as the dashed line of Figure 12.12. According to this
result, the maximum spectral emissive power is displaced to shorter wavelengths
with increasing temperature. This emission is in the middle of the visible spectrum
(  0.50 m) for solar radiation, since the sun emits approximately as a blackbody
at 5800 K. For a blackbody at 1000 K, peak emission occurs at 2.90 m, with some
of the emitted radiation appearing visible as red light. With increasing temperature,
shorter wavelengths become more prominent, until eventually significant emission
occurs over the entire visible spectrum. For example, a tungsten filament lamp operating at 2900 K (max  1 m) emits white light, although most of the emission
remains in the IR region.

12.3.3

The Stefan–Boltzmann Law

Substituting the Planck distribution, Equation 12.24, into Equation 12.9, the total
emissive power of a blackbody Eb may be expressed as
Eb 

  [exp(CC/T)  1] d


0

1

5

2

Performing the integration, it may be shown that
Eb  T 4

(12.26)
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where the Stefan–Boltzmann constant, which depends on C1 and C2, has the numerical value
 5.670  108 W/m2  K4
This simple, yet important, result is termed the Stefan–Boltzmann law. It enables
calculation of the amount of radiation emitted in all directions and over all wavelengths simply from knowledge of the temperature of the blackbody. Because this
emission is diffuse, it follows from Equation 12.12 that the total intensity associated
with blackbody emission is
Eb
Ib  

Band Emission

12.3.4
λ

Eλ,b (λ,T)

∫0 Eλ,b d λ

It is often necessary to know the fraction of the total emission from a blackbody that
is in a certain wavelength interval or band. For a prescribed temperature and the
interval from 0 to , this fraction is determined by the ratio of the shaded section to
the total area under the curve of Figure 12.13. Hence

E

E


F(0l)

λ

0


0

E


,b

d


d

,b

0

T

,b d

4





T

0

E,b
T5

d(T)  f (T)

(12.28)

Since the integrand (E,b / T 5) is exclusively a function of the wavelength–temperature
product T, the integral of Equation 12.28 may be evaluated to obtain F(0→) as a
function of only T. The results are presented in Table 12.1 and Figure 12.14. They
may also be used to obtain the fraction of the radiation between any two wavelengths 1 and 2, since
F(1l2) 



2

0

E,b d 



T4

1

0

E,b d

 F(0l2)  F(0l1)

(12.29)

Additional blackbody functions are listed in the third and fourth columns of
Table 12.1. The third column facilitates calculation of the spectral intensity for a
prescribed wavelength and temperature. In lieu of computing this quantity from
Equation 12.23, it may be obtained by simply multiplying the tabulated value of
I,b / T 5 by T 5. The fourth column is used to obtain a quick estimate of the ratio of
the spectral intensity at any wavelength to that at max.
1.0

λ)

0.8
0.6

F(0

FIGURE 12.13 Radiation
emission from a blackbody in
the spectral band 0 to .

(12.27)

0.4
0.2
0

0

4

8
12 16
λT × 10–3 (µ m•K)

20

FIGURE 12.14
Fraction of the total blackbody emission in the
spectral band from 0 to  as a function of T.
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TABLE 12.1 Blackbody Radiation Functions
T
(m  K)
200
400
600
800
1,000
1,200
1,400
1,600
1,800
2,000
2,200
2,400
2,600
2,800
2,898
3,000
3,200
3,400
3,600
3,800
4,000
4,200
4,400
4,600
4,800
5,000
5,200
5,400
5,600
5,800
6,000
6,200
6,400
6,600
6,800
7,000
7,200
7,400
7,600
7,800
8,000
8,500
9,000

F(0 l )

I, b(, T)/ T 5
(m  K  sr)1

I, b(, T)
I, b(max, T)

0.000000
0.000000
0.000000
0.000016
0.000321
0.002134
0.007790
0.019718
0.039341
0.066728
0.100888
0.140256
0.183120
0.227897
0.250108
0.273232
0.318102
0.361735
0.403607
0.443382
0.480877
0.516014
0.548796
0.579280
0.607559
0.633747
0.658970
0.680360
0.701046
0.720158
0.737818
0.754140
0.769234
0.783199
0.796129
0.808109
0.819217
0.829527
0.839102
0.848005
0.856288
0.874608
0.890029

0.375034  1027
0.490335  1013
0.104046  108
0.991126  107
0.118505  105
0.523927  105
0.134411  104
0.249130
0.375568
0.493432
0.589649  104
0.658866
0.701292
0.720239
0.722318  104
0.720254  104
0.705974
0.681544
0.650396
0.615225  104
0.578064
0.540394
0.503253
0.467343
0.433109
0.400813
0.370580  104
0.342445
0.316376
0.292301
0.270121
0.249723  104
0.230985
0.213786
0.198008
0.183534
0.170256  104
0.158073
0.146891
0.136621
0.127185
0.106772  104
0.901463  105

0.000000
0.000000
0.000014
0.001372
0.016406
0.072534
0.186082
0.344904
0.519949
0.683123
0.816329
0.912155
0.970891
0.997123
1.000000
0.997143
0.977373
0.943551
0.900429
0.851737
0.800291
0.748139
0.696720
0.647004
0.599610
0.554898
0.513043
0.474092
0.438002
0.404671
0.373965
0.345724
0.319783
0.295973
0.274128
0.254090
0.235708
0.218842
0.203360
0.189143
0.176079
0.147819
0.124801
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TABLE 12.1 Continued
T
(m  K)
9,500
10,000
10,500
11,000
11,500
12,000
13,000
14,000
15,000
16,000
18,000
20,000
25,000
30,000
40,000
50,000
75,000
100,000

F(0 l )

I, b(, T)/ T 5
(m  K  sr)1

I, b(, T)
I, b(max, T)

0.903085
0.914199
0.923710
0.931890
0.939959
0.945098
0.955139
0.962898
0.969981
0.973814
0.980860
0.985602
0.992215
0.995340
0.997967
0.998953
0.999713
0.999905

0.765338
0.653279  105
0.560522
0.483321
0.418725
0.364394  105
0.279457
0.217641
0.171866  105
0.137429
0.908240  106
0.623310
0.276474
0.140469  106
0.473891  107
0.201605
0.418597  108
0.135752

0.105956
0.090442
0.077600
0.066913
0.057970
0.050448
0.038689
0.030131
0.023794
0.019026
0.012574
0.008629
0.003828
0.001945
0.000656
0.000279
0.000058
0.000019

EXAMPLE 12.3
Consider a large isothermal enclosure that is maintained at a uniform temperature of
2000 K. Calculate the emissive power of the radiation that emerges from a small
aperture on the enclosure surface. What is the wavelength 1 below which 10% of
the emission is concentrated? What is the wavelength 2 above which 10% of the
emission is concentrated? Determine the maximum spectral emissive power and the
wavelength at which this emission occurs. What is the irradiation incident on a
small object placed inside the enclosure?

SOLUTION
Known: Large isothermal enclosure at uniform temperature.
Find:
1. Emissive power of a small aperture on the enclosure.
2. Wavelengths below which and above which 10% of the radiation is
concentrated.
3. Spectral emissive power and wavelength associated with maximum emission.
4. Irradiation on a small object inside the enclosure.
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Schematic:
E = E b (T )

Eλ,b(T )

742

G = Eb(T )

10%

Small
object

Enclosure,

λ1 λmax

T = 2000 K

10%

λ2
λ(µ m)

Assumptions: Areas of aperture and object are very small relative to enclosure
surface.

Analysis:
1. Emission from the aperture of any isothermal enclosure will have the characteristics of blackbody radiation. Hence, from Equation 12.26,
E  E b(T)  T 4  5.670  108 W/m2  K 4(2000 K)4
E  9.07  105 W/m2



2. The wavelength 1 corresponds to the upper limit of the spectral band (0 → 1)
containing 10% of the emitted radiation. With F(0→1)  0.10 it follows from
Table 12.1 that 1T  2195 m  K. Hence
1  1.1 m



The wavelength 2 corresponds to the lower limit of the spectral band (2 → )
containing 10% of the emitted radiation. With
F(2l)  1  F(0l 2)  0.1
F(0l2)  0.9
it follows from Table 12.1 that 2T  9382 m  K. Hence
2  4.69 m



3. From Wien’s law, Equation 12.25, maxT  2898 m  K. Hence
max  1.45 m



The spectral emissive power associated with this wavelength may be computed
from Equation 12.24 or from the third column of Table 12.1. For maxT  2898
m  K it follows from Table 12.1 that
I,b (1.45 m, T)  0.722  104 T 5
Hence
I,b (1.45 m, 2000 K)  0.722  104 (1/m  K  sr) 5.67
 108 W/m2  K4(2000 K)5
I, b(1.45 m, 2000 K)  1.31  105 W/m2  sr  m
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Since the emission is diffuse, it follows from Equation 12.11 that
E,b  I,b  4.12  105 W/m2  m



4. Irradiation of any small object inside the enclosure may be approximated as
being equal to emission from a blackbody at the enclosure surface temperature.
Hence G  Eb(T ), in which case
G  9.07  105 W/m2



EXAMPLE 12.4
A surface emits as a blackbody at 1500 K. What is the rate per unit area (W/m2) at
which it emits radiation over all directions corresponding to 0°  60° and over
the wavelength interval 2 m  4 m?

SOLUTION
Known: Temperature of a surface that emits as a blackbody.
Find: Rate of emission per unit area over all directions between   0° and 60°
and over all wavelengths between   2 and 4 m.

Schematic:
n

θ = 60°

Blackbody at 1500 K

Assumptions: Surface emits as a blackbody.
Analysis: The desired emission may be inferred from Equation 12.10, with the
limits of integration restricted as follows:
E

 
4

2

2

0

/3

0

I,b cos  sin  d d d

or, since a blackbody emits diffusely,
E

 I  
4

2

E

2

,b

0

/3



cos  sin  d d d

0

 I 2 sin2    d  0.75  I
4

2

2

,b

/3
0

4

2

,b

d
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Substituting from Equation 12.11 and multiplying and dividing by Eb, this result
may be put in a form that allows for use of Table 12.1 in evaluating the spectral
integration. In particular,
E  0.75Eb

 EE
4

2

,b
b

d  0.75Eb [F(0l4)  F(0l2)]

where from Table 12.1
1T  2 m  1500 K  3000 m  K:

F(0l2)  0.273

2T  4 m  1500 K  6000 m  K:

F(0l4)  0.738

Hence
E  0.75(0.738  0.273)Eb  0.75(0.465)Eb
From Equation 12.26, it then follows that
E  0.75(0.465)5.67  108 W/m2  K4 (1500 K)4  105 W/m2



Comments: The total, hemispherical emissive power is reduced by 25% and
53.5% due to the directional and spectral restrictions, respectively.

12.4
Emission from Real Surfaces
Having developed the notion of a blackbody to describe ideal surface behavior, we
may now consider the behavior of real surfaces. Recall that the blackbody is an
ideal emitter in the sense that no surface can emit more radiation than a blackbody
at the same temperature. It is therefore convenient to choose the blackbody as a reference in describing emission from a real surface. A surface radiative property
known as the emissivity1 may then be defined as the ratio of the radiation emitted by
the surface to the radiation emitted by a blackbody at the same temperature.
It is important to acknowledge that, in general, the spectral radiation emitted by
a real surface differs from the Planck distribution (Figure 12.15a). Moreover, the
directional distribution (Figure 12.15b) may be other than diffuse. Hence the emissivity may assume different values according to whether one is interested in emission at a given wavelength or in a given direction, or in integrated averages over
wavelength and direction.
We define the spectral, directional emissivity ,(, , , T ) of a surface at the
temperature T as the ratio of the intensity of the radiation emitted at the wavelength 

1

In this text we use the -ivity, rather than the -ance, ending for material radiative properties
(e.g., “emissivity” rather than “emittance”). Although efforts are being made to reserve the -ivity
ending for optically smooth, uncontaminated surfaces, no such distinction is made in much of the
literature, and none is made in this text.
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θ
Blackbody, Iλ,b

Blackbody, T
Real surface, T

Real surface
Iλ (λ, θ ,T) =
ελ, θ Iλ,b (λ,T)

Eλ

Eλ,b (λ,T)

Eλ (λ,T ) = ε λ Eλ,b (λ,T )
λ
(a)

(b)

FIGURE 12.15 Comparison of blackbody and real surface emission. (a) Spectral
distribution. (b) Directional distribution.

and in the direction of  and  to the intensity of the radiation emitted by a blackbody at the same values of T and . Hence
,(,

, , T) 

I,e(, , , T)
I,b(, T)

(12.30)

Note how the subscripts  and  designate interest in a specific wavelength and
direction for the emissivity. In contrast, terms appearing within parentheses designate functional dependence on wavelength, direction, and/or temperature. The
absence of directional variables in the parentheses of the denominator in Equation
12.30 implies that the intensity is independent of direction, which is, of course, a
characteristic of blackbody emission. In like manner a total, directional emissivity
 , which represents a spectral average of , , may be defined as
(,

, T) 

Ie(, , T)
Ib(T)

(12.31)

For most engineering calculations, it is desirable to work with surface properties that represent directional averages. A spectral, hemispherical emissivity is
therefore defined as
(,

T) 

E(, T)
E,b(, T)

(12.32)

It may be related to the directional emissivity , by substituting the expression for
the spectral emissive power, Equation 12.8, to obtain

  I (, , , T) cos  sin  d d
(, T) 
  I (, T) cos  sin  d d
/2

2



0

0
2

0

,e

/2

0

,b

In contrast to Equation 12.8, the temperature dependence of emission is now
acknowledged. From Equation 12.30 and the fact that I,b is independent of  and ,
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it follows that

 
2

(, T) 

0

/2

0

,(,

 
2

0

, , T) cos  sin  d d

/2

(12.33)
cos  sin  d d

0

Assuming ,  to be independent of , which is a reasonable assumption for most
surfaces, and evaluating the denominator, we obtain
(,

T)  2



/2
,(,

0

, T) cos  sin  d

(12.34)

The total, hemispherical emissivity, which represents an average over all possible directions and wavelengths, is defined as
(T) 

E(T)
Eb(T)

(12.35)

Substituting from Equations 12.9 and 12.32, it follows that

(T) 





0

(,

T)E,b(, T) d
Eb(T)

(12.36)

If the emissivities of a surface are known, it is a simple matter to compute its
emission characteristics. For example, if (, T ) is known, it may be used with
Equations 12.24 and 12.32 to compute the spectral emissive power of the surface at
any wavelength and temperature. Similarly, if (T ) is known, it may be used with
Equations 12.26 and 12.35 to compute the total emissive power of the surface at any
temperature. Measurements have been performed to determine these properties for
many different materials and surface coatings.
The directional emissivity of a diffuse emitter is a constant, independent of
direction. However, although this condition is often a reasonable approximation, all
surfaces exhibit some departure from diffuse behavior. Representative variations of
 with  are shown schematically in Figure 12.16 for conducting and nonconducting
materials. For conductors  is approximately constant over the range   40°, after
which it increases with increasing  but ultimately decays to zero. In contrast, for
nonconductors  is approximately constant for   70°, beyond which it decreases
sharply with increasing . One implication of these variations is that, although there
are preferential directions for emission, the hemispherical emissivity will not differ
1

Nonconductor

θ

εθ

746

εθ

Conductor
0
0

45
θ (deg)

90

FIGURE 12.16
Representative directional distributions of
the total, directional emissivity.
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Spectral, normal emissivity, ε λ,n

1.0

0.8
Silicon
carbide,
1000 K

0.6

Aluminum
oxide,
1400 K

0.4
Stainless steel,1200 K
heavily oxidized
0.2

0
0.1

2800 K
Tungsten
1600 K
0.2

0.4

0.6

1

2
4
6
Wavelength, λ( µ m)

Stainless steel, 800 K
polished
10

20

FIGURE 12.17 Spectral dependence of the spectral, normal emissivity

,n

40

60

100

of selected materials.

markedly from the normal emissivity n, corresponding to   0. In fact the ratio
rarely falls outside the range 1.0 ( / n) 1.3 for conductors and the range of
0.95 ( / n) 1.0 for nonconductors. Hence to a reasonable approximation,


(12.37)

n

Note that, although the foregoing statements were made for the total emissivity,
they also apply to spectral components.
Since the spectral distribution of emission from real surfaces departs from the
Planck distribution (Figure 12.15a), we do not expect the value of the spectral emissivity  to be independent of wavelength. Representative spectral distributions of
 are shown in Figure 12.17. The manner in which  varies with  depends on
whether the solid is a conductor or nonconductor, as well as on the nature of the surface coating.

1.0

Total, normal emissivity, ε n

Silicon carbide
0.8
Stainless steel,
heavily oxidized
0.6
Aluminum oxide
0.4

Stainless steel
polished

0.2
Tungsten
0

300

700

1100

1500
1900
Temperature (K)

2300

FIGURE 12.18 Temperature dependence of the total, normal emissivity
materials.

2700

n

of selected

3100
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Highly polished metals, foils, films
Polished metals
Metals, as received
0

0.05 0.10 0.15

Metals, as received and unpolished
Metals, oxidized
Oxides, ceramics
Carbon, graphites
Minerals, glasses
Vegetation, water, skin
Special paints, anodized finishes
0

0.2

0.4
0.6
Total, normal emissivity, ε n

0.8

1.0

FIGURE 12.19 Representative values of the total, normal
emissivity n.

Representative values of the total, normal emissivity n are plotted in Figures
12.18 and 12.19 and listed in Table A.11. Several generalizations may be made.
1. The emissivity of metallic surfaces is generally small, achieving values as low
as 0.02 for highly polished gold and silver.
2. The presence of oxide layers may significantly increase the emissivity of metallic surfaces. From Figure 12.18, contrast the values of 0.3 and 0.7 for stainless
steel at 900 K, depending on whether it is polished or heavily oxidized.
3. The emissivity of nonconductors is comparatively large, generally exceeding 0.6.
4. The emissivity of conductors increases with increasing temperature; however,
depending on the specific material, the emissivity of nonconductors may either
increase or decrease with increasing temperature. Note that the variations of n
with T shown in Figure 12.18 are consistent with the spectral distributions of
,n shown in Figure 12.17. These trends follow from Equation 12.36. Although
the spectral distribution of ,n is approximately independent of temperature,
there is proportionately more emission at lower wavelengths with increasing
temperature. Hence, if ,n increases with decreasing wavelength for a particular material, n will increase with increasing temperature for that material.
It should be recognized that the emissivity depends strongly on the nature of
the surface, which can be influenced by the method of fabrication, thermal cycling,
and chemical reaction with its environment. More comprehensive surface emissivity compilations are available in the literature [2–5].

EXAMPLE 12.5
A diffuse surface at 1600 K has the spectral, hemispherical emissivity shown as
follows.
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1.0

ε λ (λ)

ε1

0.4

0

T = 1600 K
λ1 = 2 µ m
λ2 = 5 µ m

ε2

0.8

0

2

5

λ (µm)

Determine the total, hemispherical emissivity and the total emissive power. At what
wavelength will the spectral emissive power be a maximum?

SOLUTION
Known: Spectral, hemispherical emissivity of a diffuse surface at 1600 K.
Find:
1. Total, hemispherical emissivity.
2. Total emissive power.
3. Wavelength at which spectral emissive power will be a maximum.

Assumptions: Surface is a diffuse emitter.
Analysis:
1. The total, hemispherical emissivity is given by Equation 12.36, where the integration may be performed in parts as follows:






0

E
2

E,b

Eb

d

1



0

,b

E
5

d

Eb

2



2

,b

d

Eb

or


1F(0l2 m)



2[F(0l5 m)

 F(0l2 m)]

From Table 12.1 we obtain
1T  2 m  1600 K  3200 m  K:
2T  5 m  1600 K  8000 m  K:

F(0l2 m)  0.318
F(0l5 m)  0.856

Hence
 0.4  0.318  0.8[0.856  0.318]  0.558



2. From Equation 12.35 the total emissive power is
E  Eb  T 4
E  0.558(5.67  108 W/m2  K4)(1600 K)4  207 kW/m2



3. If the surface emitted as a blackbody or if its emissivity were a constant, independent of , the wavelength corresponding to maximum spectral emission
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could be obtained from Wien’s law. However, because  varies with , it is
not immediately obvious where peak emission occurs. From Equation 12.25 we
know that
2898 m  K
max 
 1.81 m
1600 K
The spectral emissive power at this wavelength may be obtained by using
Equation 12.32 with Table 12.1. That is,
E(max, T ) 

(max)E,b(max,

T)

or, since the surface is a diffuse emitter,
E(max, T )   (max)I,b(max, T )
I,b(max, T )
  (max)
 T5
T5
E(1.81 m, 1600 K)    0.4  0.722  104 (1/m  K  sr)5.67
 108 W/m2  K4  (1600 K)5  54 kW/m2  m
Since   0.4 from   0 to   2 m, the foregoing result provides the maximum spectral emissive power for the region  2 m. However, with the change
in  that occurs at   2 m, the value of E at   2 m may be larger than that
for   1.81 m. To determine whether this is, in fact, the case, we compute
E(1, T)   (1)

I,b(1, T )
T5

 T5

where, for 1T  3200 m  K, [I,b(1, T )/ T 5]  0.706  104 (m  K  sr)1.
Hence
E(2 m, 1600 K)    0.80  0.706  104 (1/m  K  sr)5.67
 108 W/m2  K4 (1600 K)5
E(2 m, 1600 K)  105.5 kW/m2  m  E(1.81 m, 1600 K)
and peak emission occurs at
  1  2 m



Comments: For the prescribed spectral distribution of
power will vary with wavelength as shown.

Eλ,b
Eλ,b, Eλ

750

Eλ

λmax = 1.81

λ1 = 2
λ (µ m)

λ2 = 5

,

the spectral emissive
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EXAMPLE 12.6
Measurements of the spectral, directional emissivity of a metallic surface at
T  2000 K and   1.0 m yield a directional distribution that may be approximated as follows:

ε λ,θ (θ )

0.6

λ = 1 µm

0.3
0
30

0

60

80 90

θ (deg)

Determine corresponding values of the spectral, normal emissivity; the spectral,
hemispherical emissivity; the spectral intensity of radiation emitted in the normal
direction; and the spectral emissive power.

SOLUTION
Known: Directional distribution of

,

at   1 m for a metallic surface at

2000 K.

Find:
1. Spectral, normal emissivity ,n and spectral, hemispherical emissivity
2. Spectral, normal intensity I,n and spectral emissive power E.

.

Analysis:
1. From the measurement of

,

,n

at   1 m, we see that



,(1



m, 0)  0.3

From Equation 12.34, the spectral, hemispherical emissivity is
(1

m)  2



/2

0

,

cos  sin  d

or

  cos  sin  d  0.6 
sin 
(1 m)  20.3
  0.6 sin2  
2
0.3
0.6
(0.97  0.75)
 2 (0.75) 
2
2

(1

m)  2 0.3

/3

/3

0

2



(1

/3
0

m)  0.36

4/9

2

cos  sin  d

4/9
/3
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2. From Equation 12.30 the spectral intensity of radiation emitted at   1 m in
the normal direction is
I,n(1 m, 0, 2000 K) 

,(1

m, 0) I,b(1 m, 2000 K)

where ,(1 m, 0°)  0.3 and I,b(1 m, 2000 K) may be obtained from Table
12.1. For T  2000 m  K, (I,b / T 5)  0.493  104 (m  K  sr)1 and
I,b  0.493  104 (m  K  sr)1  5.67  108 W/m2  K4(2000 K)5
I,b  8.95  104 W/m2  m  sr
Hence
I,n(1 m, 0, 2000 K)  0.3  8.95  104 W/m2  m  sr
I,n(1 m, 0, 2000 K)  2.69  104 W/m2  m  sr



From Equation 12.32 the spectral emissive power for   1 m and T 
2000 K is
E(1 m, 2000 K) 

(1

m)E,b(1 m, 2000 K)

where
E,b(1 m, 2000 K)  I,b(1 m, 2000 K)
E,b(1 m, 2000 K)   sr  8.95  104 W/m2  m  sr
 2.81  105 W/m2  m
Hence
E(1 m, 2000 K)  0.36  2.81  105 W/m2  m
or
E(1 m, 2000 K)  1.01  105 W/m2  m



12.5
Absorption, Reflection, and Transmission
by Real Surfaces
In Section 12.2.3 we defined the spectral irradiation G (W/m2  m) as the rate at
which radiation of wavelength  is incident on a surface per unit area of the surface
and per unit wavelength interval d about . It may be incident from all possible
directions, and it may originate from several different sources. The total irradiation
G (W/m2) encompasses all spectral contributions and may be evaluated from Equation 12.14. In this section we consider the processes resulting from interception of
this radiation by a solid (or liquid) medium.
In the most general situation the irradiation interacts with a semitransparent medium, such as a layer of water or a glass plate. As shown in Figure 12.20
for a spectral component of the irradiation, portions of this radiation may be
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Reflection

753

Irradiation

Gλ,ref

Gλ
Gλ = Gλ,abs + Gλ,ref + Gλ,tr

Semitransparent
medium

Absorption

Gλ,abs
Transmission

Gλ,tr

FIGURE 12.20
Absorption, reflection, and
transmission processes associated
with a semitransparent medium.

reflected, absorbed, and transmitted. From a radiation balance on the medium, it
follows that
G  G,ref  G,abs  G,tr

(12.38)

In general, determination of these components is complex, depending on the upper
and lower surface conditions, the wavelength of the radiation, and the composition
and thickness of the medium. Moreover, conditions may be strongly influenced by
volumetric effects occurring within the medium.
In a simpler situation, which pertains to most engineering applications, the
medium is opaque to the incident radiation. In this case, G,tr  0 and the remaining
absorption and reflection processes may be treated as surface phenomena. That is,
they are controlled by processes occurring within a fraction of a micrometer from
the irradiated surface. It is therefore appropriate to speak of irradiation being
absorbed and reflected by the surface, with the relative magnitudes of G,abs and
G,ref depending on  and the nature of the surface material. There is no net effect of
the reflection process on the medium, while absorption has the effect of increasing
the internal thermal energy of the medium.
It is interesting to note that surface absorption and reflection are responsible for
our perception of color. Unless the surface is at a high temperature (Ts 1000 K),
such that it is incandescent, color is in no way due to emission, which is concentrated
in the IR region, and is hence imperceptible to the eye. Color is instead due to selective
reflection and absorption of the visible portion of the irradiation that is incident from
the sun or an artificial source of light. A shirt is “red” because it contains a pigment that
preferentially absorbs the blue, green, and yellow components of the incident light.
Hence the relative contributions of these components to the reflected light, which is
seen, is diminished, and the red component is dominant. Similarly, a leaf is “green”
because its cells contain chlorophyll, a pigment that shows strong absorption in the
blue and the red and preferential reflection in the green. A surface appears “black” if it
absorbs all incident visible radiation, and it is “white” if it reflects this radiation. However, we must be careful how we interpret such visual effects. For a prescribed irradiation, the “color” of a surface may not indicate its overall capacity as an absorber or
reflector, since much of the irradiation may be in the IR region. A “white” surface such
as snow, for example, is highly reflective to visible radiation but strongly absorbs IR
radiation, thereby approximating blackbody behavior at long wavelengths.
In Section 12.4 we introduced a property, which we called the emissivity, to
characterize the process of surface emission. In the subsections that follow we shall
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introduce properties to characterize the absorption, reflection, and transmission
processes. In general these properties depend on surface material and finish, surface
temperature, and the wavelength and direction of the incident radiation.

12.5.1

Absorptivity

The absorptivity is a property that determines the fraction of the irradiation absorbed
by a surface. Determination of the property is complicated by the fact that, like
emission, it may be characterized by both a directional and spectral dependence.
The spectral, directional absorptivity, , (, , ), of a surface is defined as the
fraction of the spectral intensity incident in the direction of  and  that is absorbed
by the surface. Hence
,(, , ) 

I,i,abs(, , )
I,i(, , )

(12.39)

In this expression, we have neglected any dependence of the absorptivity on the surface temperature. Such a dependence is small for most spectral radiative properties.
It is implicit in the foregoing result that surfaces may exhibit selective absorption with respect to the wavelength and direction of the incident radiation. For most
engineering calculations, however, it is desirable to work with surface properties
that represent directional averages. We therefore define a spectral, hemispherical
absorptivity () as
() 

G,abs()
G()

(12.40)

which, from Equations 12.13 and 12.39, may be expressed as

   (, , )I (, , ) cos  sin  d d
 () 
  I (, , ) cos  sin  d d
2



0

/2

,

0

2

0

, i

/2

(12.41)

,i

0

Hence  depends on the directional distribution of the incident radiation, as well as
on the wavelength of the radiation and the nature of the absorbing surface. Note
that, if the incident radiation is diffusely distributed and , is independent of ,
Equation 12.41 reduces to
()  2



/2

0

,(, ) cos  sin  d

(12.42)

The total, hemispherical absorptivity, , represents an integrated average over
both direction and wavelength. It is defined as the fraction of the total irradiation
absorbed by a surface


Gabs
G

(12.43)
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and, from Equations 12.14 and 12.40, it may be expressed as







0

()G() d



(12.44)



0

G() d

Accordingly,  depends on the spectral distribution of the incident radiation, as
well as on its directional distribution and the nature of the absorbing surface.
Note that, although  is approximately independent of surface temperature, the
same may not be said for the total, hemispherical emissivity, . From Equation
12.36 it is evident that this property is strongly temperature dependent.
Because  depends on the spectral distribution of the irradiation, its value for a
surface exposed to solar radiation may differ appreciably from its value for the
same surface exposed to longer wavelength radiation originating from a source of
lower temperature. Since the spectral distribution of solar radiation is nearly proportional to that of emission from a blackbody at 5800 K, it follows from Equation
12.44 that the total absorptivity to solar radiation S may be approximated as

S 





0

()E,b(, 5800 K) d



(12.45)



0

E,b(, 5800 K) d

The integrals appearing in this equation may be evaluated by using the blackbody
radiation function F(0→) of Table 12.1.

12.5.2

Reflectivity

The reflectivity is a property that determines the fraction of the incident radiation
reflected by a surface. However, its specific definition may take several different
forms, because the property is inherently bidirectional [6]. That is, in addition to
depending on the direction of the incident radiation, it also depends on the direction
of the reflected radiation. We shall avoid this complication by working exclusively
with a reflectivity that represents an integrated average over the hemisphere associated with the reflected radiation and therefore provides no information concerning
the directional distribution of this radiation. Accordingly, the spectral, directional
reflectivity, , (, , ), of a surface is defined as the fraction of the spectral intensity incident in the direction of  and , which is reflected by the surface. Hence
,(,

, ) 

I,i,ref (, , )
I,i (, , )

(12.46)

The spectral, hemispherical reflectivity () is then defined as the fraction of the
spectral irradiation that is reflected by the surface. Accordingly,
()



G,ref ()
G()

(12.47)
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which is equivalent to

  (, , )I (, , ) cos  sin  d d
() 
  I (, , ) cos  sin  d d
2



0

/2

,

0

2

0

,i

/2

(12.48)

,i

0

The total, hemispherical reflectivity

is then defined as


Gref
G

(12.49)

in which case







0

()G()



d
(12.50)



0

G() d

Surfaces may be idealized as diffuse or specular, according to the manner in
which they reflect radiation (Figure 12.21). Diffuse reflection occurs if, regardless
of the direction of the incident radiation, the intensity of the reflected radiation is
independent of the reflection angle. In contrast, if all the reflection is in the direction
of 2, which equals the incident angle 1, specular reflection is said to occur.
Although no surface is perfectly diffuse or specular, the latter condition is more
closely approximated by polished, mirror-like surfaces and the former condition by
rough surfaces. The assumption of diffuse reflection is reasonable for most engineering applications.

12.5.3

Transmissivity

Although treatment of the response of a semitransparent material to incident radiation is a complicated problem [6], reasonable results may often be obtained through
the use of hemispherical transmissivities defined as



Incident
ray

Reflected
radiation of
uniform
intensity



Incident
ray

G,tr()
G()
θ1 = θ 2
θ1

FIGURE 12.21 Diffuse and specular reflection.

θ2

(12.51)

Reflected
ray
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and


Gtr
G

(12.52)

The total transmissivity is related to the spectral component

 G () d  ()G () d


 G () d  G () d




0



0

12.5.4

by



,tr

0









0

(12.53)



Special Considerations

We conclude this section by noting that, from the radiation balance of Equation
12.38 and the foregoing definitions,


  



1

(12.54)

for a semitransparent medium. For properties that are averaged over the entire spectrum, it also follows that
 1

(12.55)

Of course, if the medium is opaque, there is no transmission, and absorption and
reflection are surface processes for which
 



1

(12.56)

and
 1

(12.57)

Hence knowledge of one property implies knowledge of the other.
Spectral distributions of the normal reflectivity and absorptivity are plotted in
Figure 12.22 for selected opaque surfaces. A material such as glass or water, which
is semitransparent at short wavelengths, becomes opaque at longer wavelengths.
This behavior is shown in Figure 12.23, which presents the spectral transmissivity
of several common semitransparent materials. Note that the transmissivity of glass
is affected by its iron content and that the transmissivity of plastics, such as Tedlar,
is greater than that of glass in the IR region. These factors have an important bearing on the selection of cover plate materials for solar collector applications, design
and selection of windows for energy conservation, and specification of materials for
fabrication of the optical components of infrared imaging systems. Values for the
total transmissivity to solar radiation of common collector cover plate materials are
presented in Table A.12, along with surface solar absorptivities and low-temperature
emissivities.
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as received, dull
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0.6

0.4
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0.4

0.6

0.2
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FIGURE 12.22 Spectral dependence of the spectral, normal absorptivity ,n and
reflectivity , n of selected opaque materials.
1.0
Fused quartz, 6 mm

Tedlar, 0.03 mm
thick (polyvinyl
fluoride)

0.8

Spectral transmissivity, τ λ
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FIGURE 12.23 Spectral dependence of the spectral transmissivities
semitransparent materials.
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EXAMPLE 12.7
The spectral, hemispherical absorptivity of an opaque surface and the spectral irradiation at the surface are as shown.
1.0

αλ

Gλ (W/m2•µ m)

500

0.2
0

0

0 2 4 6 8 10 12 14 16
λ(µm)

0 2 4 6 8 10 12 14 16
λ(µm)

How does the spectral, hemispherical reflectivity vary with wavelength? What is the
total, hemispherical absorptivity of the surface? If the surface is initially at 500 K
and has a total, hemispherical emissivity of 0.8, how will its temperature change
upon exposure to the irradiation?

SOLUTION
Known: Spectral, hemispherical absorptivity and irradiation of a surface. Surface temperature (500 K) and total, hemispherical emissivity (0.8).

Find:
1. Spectral distribution of reflectivity.
2. Total, hemispherical absorptivity.
3. Nature of surface temperature change.

Schematic:
E = ε Eb

αG

Ts = 500 K, ε = 0.8

Assumptions:
1. Surface is opaque.
2. Surface convection effects are negligible.
3. Back surface is insulated.

Analysis:
1. From Equation 12.56,   1  . Hence from knowledge of (), the spectral distribution of  is as shown.
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1.0
0.8

ρ λ (λ)

760

0
0

2

4

6

8
λ( µ m)

10

12

14

16

2. From Equations 12.43 and 12.44,

  G d
G


G
 G d




0

abs







0

or, subdividing the integral into parts,

 G d  500   d  1.0  G d
 G d   G d   G d
6

0.2


8



2

6

6

2

16



12



6

8



16



12



  {0.2(2)500 W/m2  m (6  2) m
1

 500 W/m2  m [0.2(8  6) m  (1  0.2)(12)(8  6) m]
 [1  500 W/m2  m (12  8) m
 1(2)500 W/m2  m (16  12) m]}
1

 [(12)500 W/m2  m (6  2) m  500 W/m2  m (12  6) m
 (12)500 W/m2  m (16  12) m]
Hence


Gabs
(200  600  3000) W/m2
3800 W/m2


 0.76
2
G
(1000  3000  1000) W/m
5000 W/m2



3. Neglecting convection effects, the net heat flux to the surface is

  G  E  G 
qnet

T4

Hence

  0.76(5000 W/m2)  0.8  5.67  108 W/m2  K 4(500 K)4
q net
  3800  2835  965 W/m2
q net
Since qnet  0, the surface temperature will increase with time.
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EXAMPLE 12.8
The cover glass on a flat-plate solar collector has a low iron content, and its spectral
transmissivity may be approximated by the following distribution.
1.0

τλ

0.9

λ1 = 0.3 µ m
0

0

λ2 = 2.5 µm

1

2

3

λ (µ m)

What is the total transmissivity of the cover glass to solar radiation?

SOLUTION
Known: Spectral transmissivity of solar collector cover glass.
Find: Total transmissivity of cover glass to solar radiation.
Assumptions: Spectral distribution of solar irradiation is proportional to that of
blackbody emission at 5800 K.
Analysis: From Equation 12.53 the total transmissivity of the cover is






G

0

d



0

Gd

where the irradiation G is due to solar emission. Having assumed that the sun emits
as a blackbody at 5800 K, it follows that
G()  E,b(5800 K)
With the proportionality constant canceling from the numerator and denominator of
the expression for , we obtain






E,b(5800

0



E,b(5800 K) d

0

or, for the prescribed spectral distribution of

 0.90

K) d



(),

2.5

0.3

E ,b(5800 K) d
E b(5800 K)
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From Table 12.1
1  0.3 m, T  5800 K:

1T  1740 m  K, F(0l1)  0.0335

2  2.5 m, T  5800 K:

2T  14,500 m  K, F(0l2)  0.9664

Hence from Equation 12.29
 0.90[F(0l2 )  F(0l1)]  0.90(0.9660  0.1245)  0.84



Comments: It is important to recognize that the irradiation at the cover plate is
not equal to the emissive power of a blackbody at 5800 K, G  E,b (5800 K). It
is simply assumed to be proportional to this emissive power, in which case it is
assumed to have a spectral distribution of the same form. With G appearing in both
the numerator and denominator of the expression for , it is then possible to replace
G by E,b.

12.6
Kirchhoff’s Law
In the foregoing sections we separately considered real surface properties associated
with emission and absorption. In Sections 12.6 and 12.7 we consider conditions for
which these properties are equal.
Consider a large, isothermal enclosure of surface temperature Ts, within which
several small bodies are confined (Figure 12.24). Since these bodies are small relative to the enclosure, they have a negligible influence on the radiation field, which is
due to the cumulative effect of emission and reflection by the enclosure surface.
Recall that, regardless of its radiative properties, such a surface forms a blackbody
cavity. Accordingly, regardless of its orientation, the irradiation experienced by any
body in the cavity is diffuse and equal to emission from a blackbody at Ts.
G  Eb(Ts)
(12.58)
Under steady-state conditions, thermal equilibrium must exist between the bodies and the enclosure. Hence T1  T2    Ts, and the net rate of energy transfer

Ts
G
G = Eb (Ts)

A1

A2
E2
E1

A3
E3

FIGURE 12.24
Radiative exchange in an isothermal
enclosure.
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to each surface must be zero. Applying an energy balance to a control surface about
body 1, it follows that
1GA1  E1(Ts)A1  0
or, from Equation 12.58,
E1(Ts)
1  Eb(Ts)
Since this result must apply to each of the confined bodies, we then obtain
E1(Ts) E2(Ts) …
1  2   Eb(Ts)

(12.59)

This relation is known as Kirchhoff’s law. A major implication is that, since  1,
E(Ts) Eb(Ts). Hence no real surface can have an emissive power exceeding that of
a black surface at the same temperature, and the notion of the blackbody as an ideal
emitter is confirmed.
From the definition of the total, hemispherical emissivity, Equation 12.35, an
alternative form of Kirchhoff’s law, is
1  2 
1

2

…1

Hence, for any surface in the enclosure,


(12.60)

That is, the total, hemispherical emissivity of the surface is equal to its total, hemispherical absorptivity.
We will later find that calculations of radiative exchange between surfaces are
greatly simplified if Equation 12.60 may be applied to each of the surfaces. However,
the restrictive conditions inherent in its derivation should be remembered. In particular,
the surface irradiation has been assumed to correspond to emission from a blackbody
at the same temperature as the surface. In Section 12.7 we consider other, less restrictive, conditions for which Equation 12.60 is applicable.
The preceding derivation may be repeated for spectral conditions, and for any
surface in the enclosure it follows that


 

(12.61)

Conditions associated with the use of Equation 12.61 are less restrictive than those
associated with Equation 12.60. In particular, it will be shown that Equation 12.61
is applicable if the irradiation is diffuse or if the surface is diffuse. A form of
Kirchhoff ’s law for which there are no restrictions involves the spectral, directional
properties.
,

 ,

(12.62)

This equality is always applicable because , and , are inherent surface properties. That is, respectively, they are independent of the spectral and directional distributions of the emitted and incident radiation.
More detailed developments of Kirchhoff’s law are provided by Planck [1] and
Siegel and Howell [6].
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12.7
The Gray Surface
In Chapter 13 we will find that the problem of predicting radiant energy exchange
between surfaces is greatly simplified if Equation 12.60 may be assumed to apply
for each individual surface. It is therefore important to examine whether this equality may be applied to conditions other than those for which it was derived, namely,
irradiation due to emission from a blackbody at the same temperature as the surface.
Accepting the fact that the spectral, directional emissivity and absorptivity are
equal under any conditions, Equation 12.62, we begin by considering the conditions
associated with using Equation 12.61. According to the definitions of the spectral,
hemispherical properties, Equations 12.33 and 12.41, we are really asking under
what conditions, if any, the following equality will hold:

 

 

/2

2



0

,

0

2

0

/2

cos  sin  d d

   I cos  sin  d d
?


I
cos

sin

d
d
 
2

0

cos  sin  d d

0

/2

0
2

0

, ,i



/2

,i

0

(12.63)

Since ,  ,, it follows by inspection that Equation 12.61 is applicable if either
of the following conditions is satisfied:
1. The irradiation is diffuse (I,i is independent of  and ).
2. The surface is diffuse ( , and , are independent of  and ).
The first condition is a reasonable approximation for many engineering calculations; the second condition is reasonable for many surfaces, particularly for electrically nonconducting materials (Figure 12.16).
Assuming the existence of either diffuse irradiation or a diffuse surface, we
now consider what additional conditions must be satisfied for Equation 12.60 to be
valid. From Equations 12.36 and 12.44, the equality applies if







0

  G () d
?


E ,b(,

E b(T)

T) d



0





G



(12.64)

Since   , it follows by inspection that Equation 12.60 applies if either of the
following conditions is satisfied:
1. The irradiation corresponds to emission from a blackbody at the surface temperature T, in which case G()  E,b(, T ) and G  Eb(T ).
2. The surface is gray ( and  are independent of ).
Note that the first condition corresponds to the major assumption required for the
derivation of Kirchhoff ’s law (Section 12.6).
Because the total absorptivity of a surface depends on the spectral distribution of
the irradiation, it cannot be stated unequivocally that   . For example, a particular surface may be highly absorbing to radiation in one spectral region and virtually
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1.0

Gλ,2 (λ)

α1 ≈ 1
ρ1 ≈ 0

α2 ≈ 0
ρ2 ≈ 1

αλ

Gλ

Gλ,1 (λ)

0

λ1

λ

λ1

(a)

λ

(b)

FIGURE 12.25 Spectral distribution of (a) the spectral absorptivity of a
surface and (b) the spectral irradiation at the surface.

nonabsorbing in another region (Figure 12.25a). Accordingly, for the two possible
irradiation fields G,1() and G,2() of Figure 12.25b, the values of  will differ
drastically. In contrast, the value of is independent of the irradiation. Hence there is
no basis for stating that  is always equal to .
To assume gray surface behavior, hence the validity of Equation 12.60, it is not
necessary for  and  to be independent of  over the entire spectrum. Practically
speaking, a gray surface may be defined as one for which  and  are independent
of  over the spectral regions of the irradiation and the surface emission. From
Equation 12.64 it is readily shown that gray surface behavior may be assumed for
the conditions of Figure 12.26. That is, the irradiation and surface emission are concentrated in a region for which the spectral properties of the surface are approximately constant. Accordingly,

E
2

,o



1

,b(,

,o

T) d


Eb(T)

,o

and





4

3

G() d
G

 ,o

in which case    ,o. However, if the irradiation were in a spectral region
corresponding to  1 or   4, gray surface behavior could not be assumed.

ελ = αλ

ελ,o = α λ,o

λ1

Gλ

λ4

λ3

λ4

Eλ,b

λ1

λ1

λ2

λ4

FIGURE 12.26
A set of conditions for which gray surface behavior may
be assumed.
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A surface for which , and , are independent of  and  is termed a diffuse,
gray surface (diffuse because of the directional independence and gray because of
the wavelength independence). It is a surface for which both Equations 12.60 and
12.61 are satisfied. We assume such surface conditions in many of our subsequent
considerations. However, although the assumption of a gray surface is reasonable
for many practical applications, some caution should be exercised in its use, particularly if the spectral regions of the irradiation and emission are widely separated.

EXAMPLE 12.9
A diffuse, fire brick wall of temperature Ts  500 K has the spectral emissivity
shown and is exposed to a bed of coals at 2000 K.
1.0

ε λ,3

0.8

ε λ,2

ελ

766

0.5

0.1
0
0 1.5

ε λ,1
λ1

λ2
10

λ ( µ m)

Determine the total, hemispherical emissivity and emissive power of the fire brick
wall. What is the total absorptivity of the wall to irradiation resulting from emission
by the coals?

SOLUTION
Known: Brick wall of surface temperature Ts  500 K and prescribed
exposed to coals at Tc  2000 K.

Find:
1. Total, hemispherical emissivity of the fire brick wall.
2. Total emissive power of the brick wall.
3. Absorptivity of the wall to irradiation from the coals.

Schematic:
Ts = 500 K

Tc = 2000 K

Coals

Brick
wall

()

is
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Assumptions:
1. Brick wall is opaque and diffuse.
2. Spectral distribution of irradiation at the brick wall approximates that due to
emission from a blackbody at 2000 K.

Analysis:
1. The total, hemispherical emissivity follows from Equation 12.36.




()E,b(,

0

(Ts) 

Eb(Ts)

Breaking the integral into parts,



(Ts) 

,1



1

0

Ts) d

E,b d
Eb



1

,2



2

E,b d
Eb



,3



2

E,b d
Eb

and introducing the blackbody functions, it follows that
(Ts) 

,1

F(0l1) 

,2[F(0l2)

 F(0l1)] 

,3[1

 F(0l2)]

From Table 12.1
1Ts  1.5 m  500 K  750 m  K:

F(0l1)  0.000

2Ts  10 m  500 K  5000 m  K:

F(0l2)  0.634

Hence
(Ts)  0.1  0  0.5  0.634  0.8 (1  0.634)  0.610



2. From Equations 12.26 and 12.35, the total emissive power is
E(Ts)  (Ts)E b(Ts)  (Ts) T 4s
E(Ts)  0.61  5.67  108 W/m2  K 4(500 K)4  2162 W/m2



3. From Equation 12.44, the total absorptivity of the wall to radiation from the
coals is





0



()G() d





0

G() d

Since the surface is diffuse, ()  (). Moreover, since the spectral distribution of the irradiation approximates that due to emission from a blackbody at
2000 K, G()  E,b(, Tc). It follows that






0

()E,b(,



Tc) d



0

E,b(, Tc) d

Breaking the integral into parts and introducing the blackbody functions, we
then obtain


,1

F(0l1) 

,2[F(0l2)

 F(0l1)] 

,3[1

 F(0l2)]
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From Table 12.1
1Tc  1.5 m  2000 K  3000 m  K:

F(0l1)  0.273

2Tc  10 m  2000 K  20,000 m  K:

F(0l2)  0.986

Hence
  0.1  0.273  0.5(0.986  0.273)  0.8(1  0.986)  0.395



Comments:
1. The emissivity depends on the surface temperature Ts, while the absorptivity
depends on the spectral distribution of the irradiation, which depends on the
temperature of the source Tc.
2. The surface is not gray,   . This result is to be expected. Since emission is
associated with Ts  500 K, its spectral maximum occurs at max  6 m. In
contrast, since irradiation is associated with emission from a source at Tc 
2000 K, its spectral maximum occurs at max  1.5 m. Even though  and 
are equal, because they are not constant over the spectral ranges of both emission and irradiation,   . For the prescribed spectral distribution of   ,
and  decrease with increasing Ts and Tc, respectively, and it is only for Ts  Tc
that  . The foregoing expressions for and  may be used to determine
their equivalent variation with Ts and Tc, and the following result is obtained:
1.0
0.8

ε or α

768

0.6
0.4
0.2
0
500

1000

1500

2000

Ts or Tc (K)

EXAMPLE 12.10
A small, solid metallic sphere has an opaque, diffuse coating for which   0.8 for
 5 m and   0.1 for   5 m. The sphere, which is initially at a uniform
temperature of 300 K, is inserted into a large furnace whose walls are at 1200 K.
Determine the total, hemispherical absorptivity and emissivity of the coating for the
initial condition and for the final, steady-state condition.

SOLUTION
Known: Small metallic sphere with spectrally selective absorptivity, initially at
Ts  300 K, is inserted into a large furnace at Tƒ  1200 K.
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Find:
1. Total, hemispherical absorptivity and emissivity of sphere coating for the initial
condition.
2. Values of  and after sphere has been in furnace a long time.

Schematic:
1.0
0.8

α λ,1

αλ

αG

Furnace
enclosure, Tf

Sphere of mass, M,
area, As, temperature, Ts,
and specific heat, cp

ε Eb

0.1
0

α λ,2

λ1
0

5

λ (µ m)

Assumptions:
1. Coating is opaque and diffuse.
2. Since furnace surface is much larger than that of sphere, irradiation approximates emission from a blackbody at Tƒ.

Analysis:
1. From Equation 12.44 the total, hemispherical absorptivity is







0

()G() d





0

G() d

or, with G  E,b(Tƒ)  E,b(, 1200 K),







0

()E,b(, 1200 K) d
Eb(1200 K)

Hence

  ,1



1

0

E,b(, 1200 K) d
Eb(1200 K)

 ,2





1

E,b(, 1200 K) d
Eb(1200 K)

or
  ,1F(0l1)  ,2[1  F(0l1)]
From Table 12.1,
1Tf  5 m  1200 K  6000 m  K:

F(0l1)  0.738

Hence
  0.8  0.738  0.1 (1  0.738)  0.62
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The total, hemispherical emissivity follows from Equation 12.36.

(Ts) 
Since the surface is diffuse,

 ,1









0

E,b(,

Ts) d

Eb(Ts)

  and it follows that

1

0

E,b(, 300 K) d
Eb(300 K)

 ,2





1

E,b(, 300 K) d
Eb(300 K)

or,
 ,1F(0l1)  ,2[1  F(0l1)]
From Table 12.1,
1Ts  5 m  300 K  1500 m  K:

F(0l1)  0.014

Hence
 0.8  0.014  0.1 (1  0.014)  0.11



2. Because the spectral characteristics of the coating and the furnace temperature
remain fixed, there is no change in the value of  with increasing time. However, as Ts increases with time, the value of will change. After a sufficiently
long time, Ts  Tƒ, and   (  0.62).

Comments:
1. The equilibrium condition that eventually exists (Ts  Tƒ) corresponds precisely to the condition for which Kirchhoff’s law was derived. Hence  must
equal .
2. Approximating the sphere as a lumped capacitance and neglecting convection,
an energy balance for a control volume about the sphere yields
Ėin  Ė out  Ėst
dTs
dt
The differential equation could be solved to determine T(t) for t  0, and the
variation in that occurs with increasing time would have to be included in the
solution.
(G)As  (

T 4s )As  Mcp

12.8
Environmental Radiation
It would be inappropriate to conclude this chapter without commenting on the radiation that comprises our natural environment. Solar radiation is, of course, essential
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to all life on earth. Through the process of photosynthesis, it satisfies our need for
food, fiber, and fuel. Moreover, through thermal and photovoltaic processes, it has the
potential to satisfy much of our demand for space heat, process heat, and electricity.
The sun is a nearly spherical radiation source that is 1.39  109 m in diameter
and is located 1.50  1011 m from the earth. As noted previously, the sun emits
approximately as a blackbody at 5800 K. As the radiation emitted by the sun travels
through space, the radiation flux decreases because of the greater (spherical) area
through which it passes. At the outer edge of the earth’s atmosphere, the flux of
solar energy has decreased by a factor of (rs /rd)2, where rs is the radius of the sun
and rd is the distance from the sun to the earth. The solar constant, Sc, is defined as
the flux of solar energy incident on a surface oriented normal to the sun’s rays,
at the outer edge of the earth’s atmosphere, when the earth is at its mean distance
from the sun (Figure 12.27). It has a value of Sc  1353 W/m2. For a horizontal surface (that is, parallel to earth’s surface), solar radiation appears as a beam of nearly
parallel rays that form an angle , the zenith angle, relative to the surface normal.
The extraterrestrial solar irradiation GS,o, defined for a horizontal surface, depends
on the geographic latitude, as well as the time of day and year. It may be determined
from an expression of the form
GS,o  Sc  f  cos 

(12.65)

The quantity f is a small correction factor to account for the eccentricity of the
earth’s orbit about the sun (0.97  f  1.03).
The spectral distribution of solar radiation is significantly different from that
associated with emission by engineering surfaces. As shown in Figure 12.28, the
extraterrestrial distribution approximates that of a blackbody at 5800 K. The radiation is concentrated in the low wavelength region (0.2    3 m) of the thermal
spectrum, with the peak occurring at approximately 0.50 m. It is this short wavelength concentration that frequently precludes the assumption of graybody behavior
for solar irradiated surfaces, since emission is generally in the spectral region
beyond 4 m and it is unlikely that surface spectral properties would be constant
over such a wide spectral range.
As solar radiation passes through the earth’s atmosphere, its magnitude and its
spectral and directional distributions experience significant change. The change is
due to absorption and scattering of the radiation by the atmospheric constituents.
The effect of absorption by the atmospheric gases O3 (ozone), H2O, O2, and CO2 is
shown by the lower curve of Figure 12.28. Absorption by ozone is strong in the UV
Solar
rays

Sc
n

θ
GS,o
Earth
atmosphere
Earth
surface

FIGURE 12.27
Directional nature of solar radiation outside the
earth’s atmosphere.
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2500
5800 K Blackbody
Solar irradiation
2000

Spectral irradiation (W/m2• µm)
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Extraterrestrial
1500
O3
O2
1000
Earth's surface

H2 O

H2 O

O3

500

H2O
CO2

H2O
0
0

0.5

1.0

1.5

2.0

2.5

3.0

Wavelength (µm)

FIGURE 12.28 Spectral distribution of solar radiation.

region, providing considerable attenuation below 0.4 m and complete attenuation
below 0.3 m. In the visible region there is some absorption by O3 and O2; and in
the near and far IR regions, absorption is dominated by water vapor. Throughout the
solar spectrum, there is also continuous absorption of radiation by the dust and
aerosol content of the atmosphere.
Atmospheric scattering provides for redirection of the sun’s rays and consists
of two kinds (Figure 12.29). Rayleigh (or molecular) scattering by very small gas
molecules occurs when the ratio of the effective molecule diameter to the wavelength of the radiation, D/, is much less than unity and provides for nearly uniform scattering of radiation in all directions. Hence approximately half of the
scattered radiation is redirected to space, while the remaining portion strikes the
earth’s surface. At any point on this surface, the scattered radiation is incident from
all directions. In contrast, Mie scattering by larger dust and aerosol particles of the
atmosphere occurs when D/ is approximately unity and is concentrated in directions that are close to that of the incident rays. Hence virtually all this radiation
strikes the earth’s surface in directions close to that of the sun’s rays.
The cumulative effect of the scattering processes on the directional distribution
of solar radiation striking the earth’s surface is shown in Figure 12.30a. That portion of the radiation that has penetrated the atmosphere without having been scattered (or absorbed) is in the direction of the zenith angle and is termed the direct
radiation. The scattered radiation is incident from all directions, although its intensity is largest for directions close to that of the direct radiation. However, because the
radiation intensity is often assumed to be independent of direction (Figure 12.30b),
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Direct
solar
Particulates

Gas molecules

Mie
scattering

Rayleigh
scattering
Scattered
radiation

Earth's surface

FIGURE 12.29 Scattering of solar radiation in the earth’s
atmosphere.

the radiation is termed diffuse. The total solar radiation reaching the earth’s surface
is therefore the sum of direct and diffuse contributions. The diffuse contribution
may vary from approximately 10% of the total solar radiation on a clear day to
nearly 100% on a totally overcast day.
The foregoing discussion has focused on the nature of solar radiation. Heat transfer analyses related to its use are considered in many of the examples and problems of
the text. Detailed treatment of solar energy technologies is left to the literature [7–11].
Long wavelength forms of environmental radiation include emission from the
earth’s surface, as well as emission from certain atmospheric constituents. The
emissive power associated with the earth’s surface may be computed in the conventional manner. That is,
E

T4

(12.66)

where and T are the surface emissivity and temperature, respectively. Emissivities
are generally close to unity, and that of water, for example, is approximately 0.97.
θ

θ
Direct

Direct

Scattered

Scattered
(diffuse
approximation)

( a)

(b)

FIGURE 12.30 Directional distribution of solar radiation at
the earth’s surface. (a) Actual distribution. (b) Diffuse
approximation.
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TABLE 12.2 Solar Absorptivity S and Emissivity
of Surfaces Having Spectral Absorptivity
Given in Figure 12.22
Surface

S

 (300 K)

S/

Evaporated aluminum film
Fused quartz on aluminum film
White paint on metallic substrate
Black paint on metallic substrate
Stainless steel, as received, dull
Red brick
Human skin (Caucasian)
Snow
Corn leaf

0.09
0.19
0.21
0.97
0.50
0.63
0.62
0.28
0.76

0.03
0.81
0.96
0.97
0.21
0.93
0.97
0.97
0.97

3.0
0.24
0.22
1.0
2.4
0.68
0.64
0.29
0.78

Since temperatures typically range from 250 to 320 K, emission is concentrated in
the spectral region from approximately 4 to 40 m, with the peak occurring at
approximately 10 m.
Atmospheric emission is largely from the CO2 and H2O molecules and is concentrated in the spectral regions from 5 to 8 m and above 13 m. Although the
spectral distribution of atmospheric emission does not correspond to that of a blackbody, its contribution to irradiation of the earth’s surface can be estimated using
Equation 12.26. In particular, earth irradiation due to atmospheric emission may be
expressed in the form
4
Gatm  T sky

(12.67)

where Tsky is termed the effective sky temperature. Its value depends on atmospheric
conditions, ranging from a low of 230 K under a cold, clear sky to a high of approximately 285 K under warm, cloudy conditions. At night, atmospheric emission is the
only source of earth irradiation. When its value is small, as on a cool, clear night, an
exposed pool of water may freeze even though the air temperature exceeds 273 K.
We close by recalling that values of the spectral properties of a surface at short
wavelengths may be appreciably different from values at long wavelengths (Figures
12.17 and 12.22). Since solar radiation is concentrated in the short wavelength
region of the spectrum and surface emission is at much longer wavelengths, it follows that many surfaces may not be approximated as gray in their response to solar
irradiation. In other words, the solar absorptivity of a surface S may differ from its
emissivity . Values of S and the emissivity at moderate temperatures are presented
in Table 12.2 for representative surfaces. Note that the ratio S / is an important
engineering parameter. Small values are desired if the surface is intended to reject
heat; large values are required if the surface is intended to collect solar energy.

EXAMPLE 12.11
A flat-plate solar collector with no cover plate has a selective absorber surface of
emissivity 0.1 and solar absorptivity 0.95. At a given time of day the absorber surface
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temperature Ts is 120°C when the solar irradiation is 750 W/m2, the effective sky
temperature is 10°C, and the ambient air temperature T is 30°C. Assume that the
heat transfer convection coefficient for the calm day conditions can be estimated
from
h  0.22(Ts  T)1/3 W/m2  K
Calculate the useful heat removal rate (W/m2) from the collector for these conditions. What is the corresponding efficiency of the collector?

SOLUTION
Known: Operating conditions for a flat-plate solar collector.
Find:
1. Useful heat removal rate per unit area, qu (W/m2).
2. Efficiency

of the collector.

Schematic:

Tsky = –10°C
GS = 750 W/m

Gsky

2

Air

T∞ = 30°C
h = 0.22 (Ts – T∞)1/3 W/m2•K

ε = 0.1
α S = 0.95

Ts = 120°C

αS GS

αskyGsky q"conv

q"u, useful heat removal

q"u

Assumptions:
1. Steady-state conditions.
2. Bottom of collector well insulated.
3. Absorber surface diffuse.

Analysis:
1. Performing an energy balance on the absorber,
Ėin  Ėout  0
or, per unit surface area,

  E  qu  0
SGS  skyGsky  qconv

E
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From Equation 12.67,
Gsky  T 4sky
Since the sky radiation is concentrated in approximately the same spectral
region as that of surface emission, it is reasonable to assume that
sky   0.1
With

  h(Ts  T)  0.22 (Ts  T)4/3
qconv

and

E

T 4s

it follows that
q u  SGS 

T 4sky  0.22(Ts  T)4/3 

q u  SGS  0.22(Ts  T)4/3 

T 4s

4
(T 4s  T sky
)

q u  0.95  750 W/m2  0.22(120  30)4/3 W/m2
0.1  5.67  108 W/m2  K 4(3934  2634) K 4
q u  (712.5  88.7  108.1) W/m2  516 W/m2



2. The collector efficiency, defined as the fraction of the solar irradiation extracted
as useful energy, is then


qu 516 W/m2

 0.69
GS 750 W/m2



Comments:
1. Since the spectral range of Gsky is entirely different from that of GS, it would be
incorrect to assume that sky  S.
2. The convection heat transfer coefficient is extremely low (h  1 W/m2  K).
With a modest increase to h  5 W/m2  K, the useful heat flux and the efficiency are reduced to qu  154 W/m2 and  0.21. A cover plate can contribute significantly to reducing convection (and radiation) heat loss from the
absorber plate.

12.9
Summary
Many new and important ideas have been introduced in this chapter, and at this
stage you may well be confused, particularly by the terminology. However, the subject matter has been developed in a systematic fashion, and a careful rereading of
the material should make you more comfortable with its application. A glossary has
been provided in Table 12.3 to assist you in assimilating the terminology.
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TABLE 12.3 Glossary of Radiative Terms
Term

Definition

Absorption

The process of converting radiation intercepted by matter
to internal thermal energy.
Fraction of the incident radiation absorbed by matter.
Equations 12.39, 12.40, and 12.43.
Modifiers: directional, hemispherical, spectral, total.
The ideal emitter and absorber. Modifier referring to ideal
behavior.
Denoted by the subscript b.
Modifier referring to the directional independence of the
intensity associated with emitted, reflected, or incident radiation.
Modifier referring to a particular direction.
Denoted by the subscript .
Refers to variation with direction.
The process of radiation production by matter at a finite
temperature.
Modifiers: diffuse, blackbody, spectral.
Rate of radiant energy emitted by a surface in all directions per
unit area of the surface, E (W/m2).
Modifiers: spectral, total, blackbody.
Ratio of the radiation emitted by a surface to the radiation
emitted by a blackbody at the same temperature.
Equations 12.30, 12.31, 12.32, and 12.35.
Modifiers: directional, hemispherical, spectral, total.
A surface for which the spectral absorptivity and the
emissivity are independent of wavelength over the spectral
regions of surface irradiation and emission.
Modifier referring to all directions in the space above a
surface.
Rate of radiant energy propagation in a particular direction, per
unit area normal to the direction, per unit solid angle about the
direction, I (W/m2  sr).
Modifier: spectral.
Rate at which radiation is incident on a surface from all
directions per unit area of the surface, G (W/m2).
Modifiers: spectral, total, diffuse.
Relation between emission and absorption properties for
surfaces irradiated by a blackbody at the same temperature.
Equations 12.59, 12.60, 12.61, and 12.62.
Spectral distribution of emission from a blackbody.
Equations 12.23 and 12.24.
Rate at which radiation leaves a surface due to emission
and reflection in all directions per unit area of the
surface, J (W/m2).
Modifiers: spectral, total.
The process of redirection of radiation incident on a surface.
Modifiers: diffuse, specular.
Fraction of the incident radiation reflected by matter.
Equations 12.46, 12.47, and 12.49.
Modifiers: directional, hemispherical, spectral, total.

Absorptivity

Blackbody

Diffuse
Directional
Directional distribution
Emission

Emissive power

Emissivity

Gray surface

Hemispherical
Intensity

Irradiation

Kirchhoff’s law

Planck’s law
Radiosity

Reflection
Reflectivity
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TABLE 12.3 Continued
Term

Definition

Semitransparent

Refers to a medium in which radiation absorption is a
volumetric process.
Region subtended by an element of area on the surface of a
sphere with respect to the center of the sphere,  (sr).
Equations 12.2 and 12.3.

Solid angle

Spectral

Spectral distribution
Specular
Stefan–Boltzmann law
Thermal radiation

Total
Transmission
Transmissivity

Wien’s law

Modifier referring to a single-wavelength (monochromatic)
component.
Denoted by the subscript .
Refers to variation with wavelength.
Refers to a surface for which the angle of reflected radiation is
equal to the angle of incident radiation.
Emissive power of a blackbody.
Equation 12.26.
Electromagnetic energy emitted by matter at a finite
temperature and concentrated in the spectral region from
approximately 0.1 to 100 m.
Modifier referring to all wavelengths.
The process of thermal radiation passing through matter.
Fraction of the incident radiation transmitted by matter.
Equations 12.51 and 12.52.
Modifiers: hemispherical, spectral, total.
Locus of the wavelength corresponding to peak emission by a
blackbody.
Equation 12.25.

Test your understanding of the terms and concepts introduced in this chapter by
addressing the following questions.
• What is the nature of radiation? What two important features characterize
radiation?
• What is the physical origin of radiation emission from a surface? How does
emission affect the thermal energy of a material?
• In what region of the electromagnetic spectrum is thermal radiation
concentrated?
• What is the spectral intensity of radiation emitted by a surface? On what variables does it depend? How may knowledge of this dependence be used to
determine the rate at which matter loses thermal energy due to emission from
its surface?
• What is a steradian? How many steradians are associated with a hemisphere?
• What is the distinction between spectral and total radiation? Between directional and hemispherical radiation?
• What is total emissive power? What role does it play in a surface energy balance?
• What is a diffuse emitter? For such an emitter, how is the intensity related to
the total emissive power?
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• What is irradiation? How is it related to the intensity of incident radiation, if
the radiation is diffuse?
• What is radiosity? What role do the total radiosity and the total irradiation play
in a surface energy balance?
• What are the characteristics of a blackbody? Does such a thing actually exist in
nature? What is the principal role of blackbody behavior in radiation analysis?
• What is the Planck distribution? What is Wien’s displacement law?
• From memory, sketch the spectral distribution of radiation emission from a
blackbody at three temperatures, T1  T2  T3. Identify salient features of the
distributions.
• In what region of the electromagnetic spectrum is radiation emission from a
surface at room temperature concentrated? What is the spectral region of concentration for a surface at 1000C? For the surface of the sun?
• What is the Stefan–Boltzmann law? How would you determine the total intensity of radiation emitted by a blackbody at a prescribed temperature?
• How would you approximate the total irradiation of a small surface in a large
isothermal enclosure?
• In the term total, hemispherical emissivity, to what do the adjectives total and
hemispherical refer?
• How does the directional emissivity of a material change as the zenith angle
associated with emission approaches 90?
• If the spectral emissivity of a material increases with increasing wavelength,
how does its total emissivity vary with temperature?
• What is larger, the emissivity of a polished metal or an oxidized metal? A
refractory brick or ice?
• What processes accompany irradiation of a semitransparent material? An
opaque material?
• Are glass and water semitransparent or opaque materials?
• How is the perceived color of a material determined by its response to irradiation in the infrared portion of the spectrum? How is its color affected by its
temperature?
• Can snow be thought of as a good absorber or reflector of incident radiation?
• How is the thermal energy of a material affected by the absorption of incident
radiation? By the reflection of incident radiation?
• Can the total absorptivity of an opaque surface at a fixed temperature differ
according to whether irradiation is from a source at room temperature or from
the sun? Can its reflectivity differ? Its emissivity?
• What is a diffuse reflector? A specular reflector? How does the roughness of a
surface affect the nature of reflection for the surface?
• Under what conditions is there equivalence between the spectral, directional
emissivity of a surface and the spectral, directional absorptivity? The spectral,
hemispherical emissivity and the spectral, hemispherical absorptivity? The total,
hemispherical emissivity and the total, hemispherical absorptivity?
• What is a gray surface?
• What is the directional nature of solar radiation outside the earth’s atmosphere? At the surface of the earth?
• What are representative values of the total, hemispherical emissivity for constituents of the natural environment, such as vegetation, water, and ice?
• What is sky radiation?
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Problems
Intensity, Emissive Power, and Irradiation
12.1 What is the irradiation at surfaces A2, A3, and A4 of
Example 12.1 due to emission from A1?

to A1, while A2 rotates at an angular frequency of
˙ 2  d2/dt  2 rad/s.
•

θ2

12.2 Consider a small surface of area A1  104 m2, which
emits diffusely with a total, hemispherical emissive
power of E1  5  104 W/m2.

r

θ2

Ie
A1

n2

A2

n2

θ2 = 30°

A2

n1

r2 = 0.5 m

θ1 = 60°

A1

(a) At what rate is this emission intercepted by a small
surface of area A2  5  104 m2, which is oriented as shown?
(b) What is the irradiation G2 on A2?
(c) For zenith angles of 2  0, 30, and 60°, plot G2
as a function of the separation distance for
0.25 r2 1.0 m.
12.3 A small stationary surface of area A1  104 m2 emits
diffusely with a total intensity of Ie  100 W/m2  sr. A
second surface of equivalent area A2  104 m2 is located
at a fixed distance of r  0.5 m from A1. The connecting
line between the two surfaces remains perpendicular

What is the amount of energy intercepted by the two
sides of A2, during one complete revolution?
12.4 A furnace with an aperture of 20-mm diameter and
emissive power of 3.72  105 W/m2 is used to calibrate
a heat flux gage having a sensitive area of 1.6 
105 m2.
(a) At what distance, measured along a normal from
the aperture, should the gage be positioned to
receive irradiation of 1000 W/m2?
(b) If the gage is tilted off normal by 20, what will be
its irradiation?
(c) For tilt angles of 0, 20, and 60, plot the gage irradiation as a function of the separation distance for
values ranging from 100 to 300 mm.
12.5 A small radiant source A1 emits diffusely with an intensity I1  1.2  105 W/m2  sr. The radiation detector A2
is aligned normal to the source at a distance of Lo  0.2 m.
An opaque screen is positioned midway between A1 and
A2 to prevent radiation from the source reaching the
detector. The small surface Am is a perfectly diffuse
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s  6.74  105 sr. The intensity of the diffuse radiation is Idif  70 W/m2  sr.

mirror that permits radiation emitted from the source to
be reflected into the detector.
y

(a) What is the total solar irradiation at the earth’s
surface when the direct radiation is incident at
  30?

Opaque screen

A1

yo = 0.1 m

A2

θ1

θ2

(b) Verify the prescribed value for s, recognizing
that the diameter of the sun is 1.39  109 m and
the distance between the sun and the earth is
1.496  1011 m (1 astronomical unit).

A 2 = A1
A m = 2 A1
A1 = 1 × 10–4 m2
Am

x
Lo = 0.2 m

0

xo = 0.1 m

12.8

On an overcast day the directional distribution of the
solar radiation incident on the earth’s surface may be
approximated by an expression of the form Ii  In
cos , where In  80 W/m2  sr is the total intensity of
radiation directed normal to the surface and  is the
zenith angle. What is the solar irradiation at the earth’s
surface?

12.9

Determine the fraction of the total, hemispherical
emissive power that leaves a diffuse surface in the
directions /4  /2 and 0  .

(a) Calculate the radiant power incident on Am due to
emission from the source A1, q1lm(W).

(c) Calculate the radiant power incident on A2 due to
the reflected radiation leaving Am, qml2(W).
(d) Plot the radiant power qml2 as a function of the
lateral separation distance yo for the range
0 yo 0.2 m. Explain the features of the resulting curve.

12.10 The spectral distribution of the radiation emitted by a
diffuse surface may be approximated as follows.
Eλ (W/m2•µm)

(b) Assuming that the radiant power, q1lm, is perfectly
and diffusely reflected, calculate the intensity leaving Am, Im (W/m2  sr).

200

12.6 According to its directional distribution, solar radiation
incident on the earth’s surface may be divided into two
components. The direct component consists of parallel
rays incident at a fixed zenith angle , while the diffuse
component consists of radiation that may be approximated as being diffusely distributed with .
Direct

n

100

0

5

10
15
λ ( µm)

20

(a) What is the total emissive power?
(b) What is the total intensity of the radiation emitted
in the normal direction and at an angle of 30°
from the normal?

q"dir
Idif
Diffuse

Consider clear sky conditions for which the direct
radiation is incident at   30°, with a total flux
(based on an area that is normal to the rays) of qdir 
1000 W/m2, and the total intensity of the diffuse radiation is Idif  70 W/m2  sr. What is the total solar irradiation at the earth’s surface?

(c) Determine the fraction of the emissive power leaving the surface in the directions /4  /2.
12.11 Consider a 5-mm-square, diffuse surface Ao having a
total emissive power of Eo  4000 W/m2. The radiation
n
Hemispherical
surface, r = R1

P2

θ

12.7 Solar radiation incident on the earth’s surface may be
divided into the direct and diffuse components
described in Problem 12.6. Consider conditions for
a day in which the intensity of the direct solar
radiation is Idir  2.10  107 W/m2  sr in the solid angle
subtended by the sun with respect to the earth,

Io,e (θ , φ)

n

∆ A2 = 2 × 2 mm

P1

θ = 45°
φ

Eo, ∆ Ao

Eo, ∆ Ao
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field due to emission into the hemispherical space above
the surface is diffuse, thereby providing a uniform
intensity I(, ). Moreover, if the space is a nonparticipating medium (nonabsorbing, nonscattering,
and nonemitting), the intensity is independent of
radius for any (, ) direction. Hence intensities at any
points P1 and P2 would be equal.
(a) What is the rate at which radiant energy is emitted by Ao, qemit?
(b) What is the intensity Io,e of the radiation field
emitted from the surface Ao?
(c) Beginning with Equation 12.8 and presuming
knowledge of the intensity Io,e, obtain an expression for qemit.
(d) Consider the hemispherical surface located at
r  R1  0.5 m. Using the conservation of
energy requirement, determine the rate at which
radiant energy is incident on this surface due to
emission from Ao.
(e) Using Equation 12.6, determine the rate at which
radiant energy leaving Ao is intercepted by the
small area A2 located in the direction (45°, )
on the hemispherical surface. What is the irradiation on A2?
(f) Repeat part (e) for the location (0°, ). Are the
irradiations at the two locations equal?
(g) Using Equation 12.13, determine the irradiation
G1 on the hemispherical surface at r  R1.
12.12 During radiant heat treatment of a thin-film material,
its shape, which may be hemispherical (a) or spherical
(b), is maintained by a relatively low air pressure (as
in the case of a rubber balloon). Irradiation on the film
is due to emission from a radiant heater of area
Ah  0.0052 m2, which emits diffusely with an intensity of Ie,h  169,000 W/m2  sr.

(b) Based on the expressions derived in part (a),
which shape provides the more uniform irradiation G and hence provides better quality control
for the treatment process?
12.13 In order to initiate a process operation, an infrared
motion sensor (radiation detector) is employed to
determine the approach of a hot part on a conveyor
system. To set the sensor’s amplifier discriminator, the
engineer needs a relationship between the sensor output signal, S, and the position of the part on the conveyor. The sensor output signal is proportional to the
rate at which radiation is incident on the sensor.
Motion sensor, S

Ld = 1 m

Hot part
Conveyor

x

x1

0

(a) For Ld  1 m, at what location x1 will the sensor
signal S1 be 75% of the signal corresponding to the
position directly beneath the sensor, So (x  0)?
(b) For values of Ld  0.8, 1.0, and 1.2 m, plot the
signal ratio, S/So, versus part position, x, for signal ratios in the range from 1.0 to 0.2. Compare
the x-locations for which S/So  0.75.
12.14 A small radiant heat source of area A1  2  104 m2
emits diffusely with an intensity I1  1000 W/m2  sr.
A second small area, A2  1  104 m2, is located as
shown in the sketch.
A1
x
L2

R= 2 m

dAs

dAs

θ

Thin-film
material

θ

L1 = 1 m

A2

(a) Determine the irradiation of A2 for L 2  0.5 m.
(b) Plot the irradiation of A2 over the range 0
10 m.

Radiant heater,
Ah, Ie,h

R= 2 m
(a)

(b)

(a) Obtain an expression for the irradiation on the
film as a function of the zenith angle .

L2

Blackbody Radiation
12.15 Assuming blackbody behavior, determine the temperature of, and the energy emitted by, areas A1 in Example
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12.1 and Problems 12.3, 12.5, and 12.14, as well as
area Ah in Problem 12.12.
12.16 The dark surface of a ceramic stove top may be
approximated as a blackbody. The “burners,” which
are integral with the stove top, are heated from below
by electric resistance heaters.
Quiescent air, T∞
Burner, Ts

D

783
1.39  109 and 1.29  107 m, respectively, and the
distance between the sun and the earth is 1.5  1011 m.
(a) What is the emissive power of the sun?
(b) Approximating the sun’s surface as black, what is
its temperature?
(c) At what wavelength is the spectral emissive
power of the sun a maximum?
(d) Assuming the earth’s surface to be black and the
sun to be the only source of energy for the earth,
estimate the earth’s surface temperature.

Stove top

Heater, Pelec

(a) Consider a burner of diameter D  200 mm operating at a uniform surface temperature of Ts  250C
in ambient air at T  20C. Without a pot or pan
on the burner, what are the rates of heat loss by
radiation and convection from the burner? If the
efficiency associated with energy transfer from
the heaters to the burners is 90%, what is the electric power requirement? At what wavelength is
the spectral emission a maximum?
(b) Compute and plot the effect of the burner temperature on the heat rates for 100 Ts 350C.
12.17 A spherical aluminum shell of inside diameter D  2 m
is evacuated and is used as a radiation test chamber. If
the inner surface is coated with carbon black and
maintained at 600 K, what is the irradiation on a small
test surface placed in the chamber? If the inner surface
were not coated and maintained at 600 K, what would
the irradiation be?
12.18 An enclosure has an inside area of 100 m2, and its inside
surface is black and is maintained at a constant temperature. A small opening in the enclosure has an area of
0.02 m2. The radiant power emitted from this opening is
70 W. What is the temperature of the interior enclosure
wall? If the interior surface is maintained at this temperature, but is now polished, what will be the value of the
radiant power emitted from the opening?

12.21 A small flat plate is positioned just beyond the earth’s
atmosphere and is oriented such that the normal to the
plate passes through the center of the sun. Refer to
Problem 12.20 for pertinent earth–sun dimensions.
(a) What is the solid angle subtended by the sun
about a point on the surface of the plate?
(b) Determine the incident intensity, Ii, on the plate
using the known value of the solar irradiation
above the earth’s atmosphere (GS  1353 W/m2).
(c) Sketch the incident intensity Ii as a function of the
zenith angle , where  is measured from the normal to the plate.
12.22 Estimate the wavelength corresponding to maximum
emission from each of the following surfaces: the sun, a
tungsten filament at 2500 K, a heated metal at 1500 K,
human skin at 305 K, and a cryogenically cooled
metal surface at 60 K. Estimate the fraction of the
solar emission that is in the following spectral regions:
the ultraviolet, the visible, and the infrared.
12.23 The human eye, as well as the light-sensitive chemicals on color photographic film, respond differently to
lighting sources with different spectral distributions.
Daylight lighting corresponds to the spectral distribution of the solar disk, which may be approximated as a
blackbody at 5800 K. Incandescent lighting from the
usual household lamp bulb corresponds approximately
to the spectral distribution of a blackbody at 2900 K.
(a) Calculate the band emission fractions for the visible region, 0.47 m (blue) to 0.65 m (red), for
each of the two lighting sources.

12.19 Assuming the earth’s surface is black, estimate its temperature if the sun has an equivalent blackbody temperature of 5800 K. The diameters of the sun and earth are
1.39  109 and 1.29  107 m, respectively, and the distance between the sun and earth is 1.5  1011 m.

(b) Calculate the wavelength corresponding to the
maximum spectral intensity for each of the light
sources. Comment on the results of your calculation in terms of the rendering of true colors under
the different lighting conditions.

12.20 The energy flux associated with solar radiation incident on the outer surface of the earth’s atmosphere
has been accurately measured and is known to be
1353 W/m2. The diameters of the sun and earth are

12.24 Thermal imagers have radiation detectors that are
sensitive to a spectral region and provide white-black
or color images with shading to indicate relative
temperature differences in the scene. The imagers,
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which have appearances similar to a video camcorder,
have numerous applications, such as for equipment
maintenance to identify overheated motors or electrical transformers and for fire-fighting service to determine the direction of fire spread and to aid search and
rescue for victims. The most common operating spectral regions are 3 to 5 m and 8 to 14 m. The selection of a particular region typically depends on the
temperature of the scene, although the atmospheric
conditions (water vapor, smoke, etc.) may also be
important.
(a) Determine the band emission fractions for each of
the spectral regions, 3 to 5 m and 8 to 14 m, for
temperatures of 300 and 900 K.
(b) Using the IHT model builder Tools/Radiation/
Band Emission Factor, calculate and plot the
band emission factors for each of the spectral
regions for the temperature range 300 to 1000 K.
Identify the temperatures at which the fractions
are a maximum. What conclusions can you draw
from this graph concerning the choice of an
imager for an application?
(c) The noise-equivalent temperature (NET) is a
specification of the imager that indicates the minimum temperature change that can be resolved in
the image scene. Consider imagers operating at
the maximum-fraction temperatures identified in
part (b). For each of these conditions, determine
the sensitivity (%) required of the radiation detector in order to provide a NET of 5C. Explain the
significance of your results. Note: The sensitivity
(% units) can be defined as the difference in the
band emission fractions for two temperatures differing by the NET, divided by the band emission
fraction at one of the temperatures.
12.25 A furnace with a long isothermal, graphite tube of
diameter D  12.5 mm is maintained at Tf  2000 K
and is used as a blackbody source to calibrate heat flux
gages. Traditional heat flux gages are constructed as
blackened thin films with thermopiles to indicate the
temperature change caused by absorption of the incident radiant power over the entire spectrum. The
traditional gage of interest has a sensitive area of 5 mm2
and is mounted coaxial with the furnace centerline, but
Extension tube

Tube furnace,

Tf = 2000 K

D

L

Heat flux
gage

positioned at a distance of L  60 mm from the beginning of the heated section. The cool extension tube
serves to shield the gage from extraneous radiation
sources and to contain the inert gas required to prevent
rapid oxidation of the graphite tube.
(a) Calculate the heat flux (W/m2) on the traditional
gage for this condition, assuming that the extension tube is cold relative to the furnace.
(b) The traditional gage is replaced by a solid-state
(photoconductive) heat flux gage of the same
area, but sensitive only to the spectral region
between 0.4 and 2.5 m. Calculate the radiant
heat flux incident on the solid-state gage within
the prescribed spectral region.
(c) Calculate and plot the total heat flux and the heat
flux in the prescribed spectral region for the solidstate gage as a function of furnace temperature for
the range 2000 Tf 3000 K. Which gage will
have an output signal that is more sensitive to
changes in the furnace temperature?
12.26 An electrically powered, ring-shaped radiant heating
element is maintained at a temperature of Th  3000 K
and is used in a manufacturing process to heat a small
part having a surface area of Ap  0.007 m2. The surface of the heating element may be assumed to be
black.

θ2
W

Radiant
heater, Th

θ1

θ1

L

Ap

For 1  30°, 2  60°, L  3 m, and W  30 mm,
what is the rate at which radiant energy emitted by the
heater is incident on the part?
12.27 Approximations to Planck’s law for the spectral emissive power are the Wien and Rayleigh-Jeans spectral
distributions, which are useful for the extreme low and
high limits of the product T , respectively.
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(a) Show that Planck’s spectral distribution will have
the form
C1


5

 TC 

exp 

(a) What is the total hemispherical emissivity when
the filament temperature is 2900 K?

2

when C2/T  1 and determine the error (compared to Planck’s law) for the condition T 
2898 m  K. This form is known as Wien’s law.
(b) Show that the Planck distribution will have the form
E,b(, T ) 

C1 T
C2 4

12.28 Isothermal furnaces with small apertures approximating a blackbody are frequently used to calibrate heat
flux gages, radiation thermometers, and other radiometric devices. In such applications, it is necessary to
control power to the furnace such that the variation of
temperature and the spectral intensity of the aperture
are within desired limits.
(a) By considering the Planck spectral distribution,
Equation 12.24, show that the ratio of the fractional change in the spectral intensity to the fractional change in the temperature of the furnace has
the form
dI/I C2
1

dT/T T 1  exp (C2/T )
(b) Using this relation, determine the allowable variation in temperature of the furnace operating at
2000 K to ensure that the spectral intensity at
0.65 m will not vary by more than 0.5%. What is
the allowable variation at 10 m?

Properties: Emissivity
12.29 The spectral, hemispherical emissivity of tungsten
may be approximated by the distribution depicted
below. Consider a cylindrical tungsten filament that is
of diameter D  0.8 mm and length L  20 mm. The
filament is enclosed in an evacuated bulb and is heated

(c) Generate a plot of the emissivity as a function of
filament temperature for 1300 T 2900 K.

12.30 A zirconia-based ceramic has the spectral, hemispherical emissivity shown below and is being considered
for use as the filament of a light bulb.
1.0
Zirconia
0.8

0.2
0
0

1
0.4

ε λ = 0.10
2

λ ( µ m)

4

(c) With respect to the production of visible radiation,
which of the two filaments is the more efficient?
Justify your answer quantitatively.
12.31 For materials A and B, whose spectral hemispherical
emissivities vary with wavelength as shown below,

A

0.2

3

(b) Using the spectral distribution provided in Problem 12.29, determine the total hemispherical
emissivity of a tungsten filament at 3000 K and
compare the result with that obtained for zirconia.
For zirconia and tungsten operating at 3000 K in
an evacuated bulb, what filament requires the
larger power consumption?

ε λ = 0.45

0

2
λ ( µ m)

(a) What is the total, hemispherical emissivity of a
zirconia filament operating at 3000 K?

0.4

0

0.7

B

ελ

ελ

(b) Assuming the surroundings are at 300 K, what is
the initial rate of cooling of the filament when the
current is switched off?

(d) Estimate the time required for the filament to cool
from 2900 to 1300 K.

when C2/T  1 and determine the error (compared to Planck’s law) for the condition T 
100,000 m  K. This form is known as the
Rayleigh-Jeans law.

0.6

by an electrical current to a steady-state temperature of
2900 K.

ελ

E,b(, T ) 
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4

λ
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how does the total, hemispherical emissivity vary with
temperature? Explain briefly.

θ

12.32 Consider the metallic surface of Example 12.6. Additional measurements of the spectral, hemispherical
emissivity yield a spectral distribution which may be
approximated as follows:

45°

εθ

0.8

0

0

0.3

εθ

ε λ (λ)

0.4

0.2

0

0

2

4

λ (µm)

(a) Determine corresponding values of the total,
hemispherical emissivity and the total emissive
power E at 2000 K.
(b) Plot the emissivity as a function of temperature
for 500 T 3000 K. Explain the variation.
12.33 The spectral emissivity of unoxidized titanium at room
temperature is well described by the expression  
0.520.5 for 0.3 m  30 m.
(a) Determine the emissive power associated with an
unoxidized titanium surface at T  300 K. Assume
the spectral emissivity is   0.1 for   30 m.
(b) Determine the value of max for the emissive
power of the surface in part (a).
12.34 The spectral, directional emissivity of a diffuse material at 2000 K has the following distribution:

12.37 A sphere is suspended in air in a dark room and maintained at a uniform incandescent temperature. When
first viewed with the naked eye, the sphere appears to
be brighter around the rim. After several hours, however, it appears to be brighter in the center. Of what
type material would you reason the sphere is made?
Give plausible reasons for the nonuniformity of
brightness of the sphere and for the changing appearance with time.
12.38 A proposed proximity meter is based on the physical
arrangement of Problem 12.14. The sensing area of a
meter that is installed on a vehicle, A2, is irradiated by
a stationary warm object, A1. The sensor’s electrical
output signal is proportional to its irradiation.
(a) The object temperature and emissivity are 200C
and  0.85, respectively. Determine the distance,
L 2,crit, associated with the maximum sensor output
signal. Assume the object is a diffuse emitter.
(b) If the object emits as a nonmetallic material, the
total directional emissivity may be approximated
as   n cos , where n is the normal emissivity
(Problem 12.36). Determine the distance L 2,crit
associated with the maximum sensor output signal.

ε λ,θ

1.0

0

12.36 The directional total emissivity of nonmetallic materials may be approximated as   n cos , where n is
the normal emissivity. Show that the total hemispherical emissivity for such materials is 2/3 of the normal
emissivity.

1.5

λ ( µ m)

Determine the total, hemispherical emissivity at 2000 K.
Determine the emissive power over the spectral range
0.8 to 2.5 m and for the directions 0  30°.
12.35 Consider the directionally selective surface having the
directional emissivity  , as shown. Assuming that
the surface is isotropic in the  direction, calculate the
ratio of the normal emissivity n to the hemispherical
emissivity h.

(c) Calculate and plot the irradiation of A2 over the
range 0 L 2 10 m.
12.39 A radiation thermometer is a device that responds to a
radiant flux within a prescribed spectral interval and is
calibrated to indicate the temperature of a blackbody
that produces the same flux.
(a) When viewing a surface at an elevated temperature Ts and emissivity less than unity, the thermometer will indicate an apparent temperature
referred to as the brightness or spectral radiance
temperature T. Will T be greater than, less than,
or equal to Ts?
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(b) Write an expression for the spectral emissive
power of the surface in terms of Wien’s spectral
distribution (see Problem 12.27) and the spectral
emissivity of the surface. Write the equivalent
expression using the spectral radiance temperature
of the surface and show that


where  represents the wavelength at which the
thermometer operates.
(c) Consider a radiation thermometer that responds to
a spectral flux centered about the wavelength
0.65 m. What temperature will the thermometer indicate when viewing a surface with 
(0.65 m)  0.9 and Ts  1000 K? Verify that
Wien’s spectral distribution is a reasonable approximation to Planck’s law for this situation.
12.40 For a prescribed wavelength , measurement of the
spectral intensity I,e (, T )   I,b of radiation emitted by a diffuse surface may be used to determine the
surface temperature, if the spectral emissivity  is
known, or the spectral emissivity, if the temperature is
known.
(a) Defining the uncertainty of the temperature determination as dT/T, obtain an expression relating
this uncertainty to that associated with the intensity measurement, dI/I. For a 10% uncertainty in
the intensity measurement at   10 m, what is
the uncertainty in the temperature for T  500 K?
For T  1000 K?
(b) Defining the uncertainty of the emissivity determination as d / , obtain an expression relating
this uncertainty to that associated with the intensity measurement, dI/I. For a 10% uncertainity
in the intensity measurement, what is the uncertainty in the emissivity?
12.41 Sheet steel emerging from the hot roll section of a
steel mill has a temperature of 1200 K, a thickness of
  3 mm, and the following distribution for the spectral, hemispherical emissivity.

12.42 A large body of nonluminous gas at a temperature of
1200 K has emission bands between 2.5 and 3.5 m
and between 5 and 8 m. The effective emissivity in
the first band is 0.8 and in the second 0.6. Determine
the emissive power of this gas.

Absorptivity, Reflectivity, and Transmissivity
12.43 An opaque surface with the prescribed spectral, hemispherical reflectivity distribution is subjected to the
spectral irradiation shown.
1.0

ρλ


1
1
  ln
Ts T C2

The density and specific heat of the steel are 7900
kg/m3 and 640 J/kg  K, respectively. What is the total,
hemispherical emissivity? Accounting for emission
from both sides of the sheet and neglecting conduction, convection, and radiation from the surroundings,
determine the initial time rate of change of the sheet
temperature (dT/dt)i. As the steel cools, it oxidizes and
its total, hemispherical emissivity increases. If this
increase may be correlated by an expression of the
form  1200[1200 K/T (K)], how long will it take
for the steel to cool from 1200 to 600 K?

Gλ(W/m2•µm)



0.5
0

0

5

10

600

300

0

15

λ (µm)

(d) What is the total, hemispherical absorptivity of
this surface?
12.44 A small, opaque, diffuse object at Ts  400 K is suspended in a large furnace whose interior walls are at
Tƒ  2000 K. The walls are diffuse and gray and have
an emissivity of 0.20. The spectral, hemispherical emissivity for the surface of the small object is given below.

ελ

ελ

0.5

0

λ (µ m)

6

20

(c) Determine the radiant flux that is absorbed by the
surface.

0.25
1

15

(b) Determine the total irradiation on the surface.

0.7

0

10

(a) Sketch the spectral, hemispherical absorptivity
distribution.

0.6

0

5

λ (µm)

1.0

0.4

0

0

1

3

λ (µ m)
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(a) Determine the total emissivity and absorptivity of
the surface.
(b) Evaluate the reflected radiant flux and the net
radiative flux to the surface.
(c) What is the spectral emissive power at   2 m?
(d) What is the wavelength 1/2 for which one-half of
the total radiation emitted by the surface is in the
spectral region   1/2?
12.45 The spectral reflectivity distribution for white paint
(Figure 12.22) can be approximated by the following
stair-step function:

 (m)

0.75
0.4

0.15
0.4–3.0

Calculate the total radiant power from a 104 m2 area
of the surface that reaches a radiation detector positioned along the normal to the area. The aperture of
the detector is 105 m2, and its distance from the surface is 1 m.
12.48 A small disk 5 mm in diameter is positioned at the
center of an isothermal, hemispherical enclosure. The
disk is diffuse and gray with an emissivity of 0.7 and
is maintained at 900 K. The hemispherical enclosure,
maintained at 300 K, has a radius of 100 mm and an
emissivity of 0.85.

0.96
3.0

Aperture



 (m)

0.9
2.0

0.2
2.0

Calculate the radiant power leaving an aperture of
diameter 2 mm located on the enclosure as shown.
12.49 The spectral, hemispherical absorptivity of an opaque
surface is as shown.
1.0

αλ

α λ = 0.9

12.46 An opaque surface, 2 m by 2 m, is maintained at
400 K and is simultaneously exposed to solar irradiation with G  1200 W/m2. The surface is diffuse and
its spectral absorptivity is   0, 0.8, 0, and 0.9 for
0  0.5 m, 0.5 m 
1 m, 1 m 
2 m, and   2 m, respectively. Determine the
absorbed irradiation, emissive power, radiosity, and
net radiation heat transfer from the surface.

α λ = 0.1
0
0.3

q''λ(W/m2• µm)

What is the solar absorptivity, S? If it is assumed
that    and that the surface is at a temperature of
340 K, what is its total, hemispherical emissivity?
12.50 The spectral, hemispherical absorptivity of an opaque
surface and the spectral distribution of radiation incident on the surface are depicted below.
5000

Gλ(W/m2• µm)

q" = 1000 W/m2

0.6

0

200

0

2

4

λ (µm)
0

1

6

λ (µ m)

1.5

λ (µ m)

αλ

12.47 A diffuse, opaque surface at 700 K has spectral emissivities of   0 for 0  3 m,   0.5 for
3 m  10 m, and   0.9 for 10 m  .
A radiant flux of 1000 W/m2, which is uniformly distributed between 1 and 6 m, is incident on the surface at an angle of 30° relative to the surface normal.

L=1m

Hemispherical
enclosure

Disk

(a) Determine the total emissivity, , of the enclosure
surface.
(b) Determine the total emissivity, , and absorptivity, , of the plate.

30°

45°

R = 100 mm

A small flat plate coated with this paint is suspended
inside a large enclosure, and its temperature is maintained at 400 K. The surface of the enclosure is maintained at 3000 K and the spectral distribution of its
emissivity has the following characteristics:

6

0

0

2

λ (µm)

4

6

What is the total, hemispherical absorptivity of the
surface? If it is assumed that    and that the surface is at 1000 K, what is its total, hemispherical
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emissivity? What is the net radiant heat flux to the
surface?
12.51 Consider an opaque, diffuse surface for which the
spectral absorptivity and irradiation are as follows:
5000

0.4

0
0

1

2

3

4

0

5

(c) What is the radiosity of the surface when it is
maintained at 1000 K and subjected to the irradiation prescribed in part (b)?
(d) Determine the net radiation flux into the surface
for the conditions of part (c).

Gλ(W/m2• µm)

αλ

0.8

(b) What is the total, hemispherical absorptivity of
the surface when irradiated by large surroundings
of emissivity 0.8 and temperature 1500 K?

(e) Plot each of the parameters featured in parts
(a)–(d) as a function of the surface temperature
for 750 T 2000 K.
0

2

λ (µm)

4

6

8 10

λ (µm)

What is the total absorptivity of the surface for the
prescribed irradiation? If the surface is at a temperature of 1250 K, what is its emissive power? How will
the surface temperature vary with time, for the prescribed conditions?
12.52 The tungsten filament described in Problem 12.29 dissipates 75 W in an evacuated spherical light bulb of
75-mm diameter. The bulb is in quiescent air and large
surroundings at a temperature of 25C. The reflectivity
of the glass is negligible, while the spectral absorptivity is characterized by the following distribution.

12.54 Radiation leaves a furnace of inside surface temperature 1500 K through an aperture 20 mm in diameter. A
portion of the radiation is intercepted by a detector that
is 1 m from the aperture, has a surface area of 105 m2,
and is oriented as shown.
Aperture, D = 20 mm

Tf = 1500 K

30°

R=1m

n
45°

As = 10–5 m2

1

α3 = 1

αλ

α1 = 1

α2 = 0.1
0.1
0
0

0.4

1

λ (µ m)

2

If the aperture is open, what is the rate at which radiation leaving the furnace is intercepted by the detector?
If the aperture is covered with a diffuse, semitransparent material of spectral transmissivity   0.8 for
 2 m and   0 for   2 m, what is the rate at
which radiation leaving the furnace is intercepted by
the detector?
12.55 The spectral transmissivity of a 1-mm-thick layer of
liquid water can be approximated as follows:

What is the steady-state temperature of the glass bulb
for a tungsten filament operating at 3000 K?

1

12.53 The spectral emissivity of an opaque, diffuse surface
is as shown.

3

ελ

1.0

0
0

2

4

6

λ (µm)

(a) If the surface is maintained at 1000 K, what is the
total, hemispherical emissivity?

 0.99

0



1.2 m

2  0.54

1.2 m  

0

1.8 m  

1.8 m

(a) Liquid water can exist only below its critical temperature, Tc  647.3 K. Determine the maximum
possible total transmissivity of a 1-mm-thick layer
of liquid water when the water is housed in an
opaque container and boiling does not occur.
Assume the irradiation is that of a blackbody.
(b) Determine the transmissivity of a 1-mm-thick
layer of liquid water associated with melting the
platinum wire used in Nukiyama’s boiling experiment, as described in Section 10.3.1.
(c) Determine the total transmissivity of a 1-mmthick layer of liquid water exposed to solar
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(a) Sketch the spectral transmissivity

irradiation. Assume the sun emits as a blackbody
at Ts  5800 K.
12.56 The spectral transmissivity of plain and tinted glass
can be approximated as follows:
Plain glass:
Tinted glass:




 0.9
 0.9

0.3
0.5




2.5 m
1.5 m

Outside the specified wavelength ranges, the spectral
transmissivity is zero for both glasses. Compare the
solar energy that could be transmitted through the
glasses. With solar irradiation on the glasses, compare
the visible radiant energy that could be transmitted.
12.57 The research group of a glass manufacturer is working
on development of a coating that would render glass
highly transparent to radiation at wavelengths below
0.7 m and highly reflective to radiation above 0.7 m.
An application of special interest is to the inner surface of glass light bulbs.

(c) If the temperature of this material is 350 K, determine the emissivity .
(d) Determine the net heat flux by radiation to the
material.
12.60 Consider a large furnace with opaque, diffuse, gray
walls at 3000 K having an emissivity of 0.85. A small,
diffuse, spectrally selective object in the furnace is
maintained at 300 K.

1.0

12.59 The spectral absorptivity  and spectral reflectivity 
for a spectrally selective, diffuse material are as shown.

Object,

To = 300 K
ρλ, τ λ
Point B

ρλ = 0.1
0

0
0

1.38
λ (µm)

0

1.38
λ (µm)

0.4

τλ
0

5

λ (µm)

For the specified points on the furnace wall (A) and
the object (B), indicate values for , , E, G, and J.
12.61 Four diffuse surfaces having the spectral characteristics
shown are at 300 K and are exposed to solar radiation.
1
0.8

αλ

1
0.8
Surface A

Surface B

0.3
0

0

3

6
λ (µm)

0

9

0

3

6

9

λ (µm)

1

1
Surface D

0.7

0

ρλ

αλ

1.0

0.6
0.2
0

Surface C

0.3
1.0

ρλ

0.8

αλ

12.58 Referring to the distribution of the spectral transmissivity of low iron glass (Figure 12.23), describe briefly
what is meant by the “greenhouse effect.” That is, how
does the glass influence energy transfer to and from
the contents of a greenhouse?

Furnace, Tf = 3000 K
εf = 0.85

Point A

(a) Explain the advantages of having a light bulb
whose inner surface is perfectly transparent
(   1) to radiation for  0.7 m and perfectly
reflecting (   1) for   0.7 m.
(b) Consider such a light bulb with a tungsten filament whose spectral emissivity is characterized
by the distribution of Problem 12.29. What is the
electric power required to maintain a filament
temperature of 3000 K if the filament diameter
and length are D  0.8 mm and L  20 mm?
What is the power requirement if the coating can
only provide complete reflection for   2.0 m,
with complete transmission maintained at lower
wavelengths?

.

(b) If solar irradiation with GS  750 W/m2 and the
spectral distribution of a blackbody at 5800 K is
incident on this material, determine the fractions
of the irradiation that are transmitted, reflected,
and absorbed by the material.

ρλ, τ λ



αλ
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790

0

3

6
λ (µm)

0.3
9

0

0

3

6

9

λ (µm)

Which of the surfaces may be approximated as being
gray?
12.62 Consider a material that is gray, but directionally selective with (, )  0.5(1  cos ). Determine the
hemispherical absorptivity  when collimated solar
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2500 W/m2, of which 500 W/m2 is reflected. The plate
is at 227°C and has an emissive power of 1200 W/m2.
Air at 127°C flows over the plate with a heat transfer
convection coefficient of 15 W/m2  K. Determine the
emissivity, absorptivity, and radiosity of the plate.
What is the net heat transfer rate per unit area?

flux irradiates the surface of the material in the direction   45 and   0. Determine the hemispherical
emissivity of the material.
12.63 The spectral transmissivity of a 50-m-thick polymer
film is measured over the wavelength range 2.5 m
 15 m. The spectral distribution may be approximated as   0.80 for 2.5 m  7 m,   0.05
for 7 m  13 m, and   0.55 for 13 m
 15 m. Transmissivity data outside the range cannot be acquired due to limitations associated with the
instrumentation. An engineer wishes to determine the
total transmissivity of the film.
(a) Estimate the maximum possible total transmissivity of the film associated with irradiation from a
blackbody at T  30C.
(b) Estimate the minimum possible total transmissivity of the film associated with irradiation from a
blackbody at T  30C.
(c) Repeat parts (a) and (b) for a blackbody at T 
600C.

12.67 A horizontal, opaque surface at a steady-state temperature of 77°C is exposed to an airflow having a free
stream temperature of 27°C with a convection heat
transfer coefficient of 28 W/m2  K. The emissive
power of the surface is 628 W/m2, the irradiation is
1380 W/m2, and the reflectivity is 0.40. Determine the
absorptivity of the surface. Determine the net radiation
heat transfer rate for this surface. Is this heat transfer
to the surface or from the surface? Determine the combined heat transfer rate for the surface. Is this heat
transfer to the surface or from the surface?
12.68 A diffuse surface having the following spectral characteristics is maintained at 500 K when situated in a large
furnace enclosure whose walls are maintained at 1500 K:
0.8

ελ

Energy Balances and Properties
12.64 An opaque, horizontal plate has a thickness of L  21
mm and thermal conductivity k  25 W/m  K. Water
flows adjacent to the bottom of the plate and is at a
temperature of T,w  25C. Air flows above the plate
at T,a  260C with ha  40 W/m2  K. The top of the
plate is diffuse and is irradiated with G  1450 W/m2,
of which 435 W/m2 is reflected. The steady-state top
and bottom plate temperatures are Tt  43C and Tb 
35C, respectively. Determine the transmissivity,
reflectivity, absorptivity, and emissivity of the plate. Is
the plate gray? What is the radiosity associated with
the top of the plate? What is the convective heat transfer coefficient associated with the water flow?

0

(a) Sketch the spectral distribution of the surface
emissive power E and the emissive power E,b
that the surface would have if it were a blackbody.
(b) Neglecting convection effects, what is the net heat
flux to the surface for the prescribed conditions?
(c) Plot the net heat flux as a function of the surface
temperature for 500 T 1000 K. On the same
coordinates, plot the heat flux for a diffuse, gray
surface with total emissivities of 0.4 and 0.8.
(d) For the prescribed spectral distribution of , how
do the total emissivity and absorptivity of the surface vary with temperature in the range 500 T
1000 K?
12.69 Consider an opaque, diffuse surface whose spectral
reflectivity varies with wavelength as shown. The

(b) Determine the absorptivity of each surface.

0.4

12.66 Consider an opaque horizontal plate that is well insulated on its back side. The irradiation on the plate is

ρλ

0.6

(d) Determine the emissivity of each surface.

4

λ (µm)

(a) What are the net heat fluxes for each surface?
What are their temperatures?
(c) What are the emissive powers of each surface?

0

500

Gλ(W/m2•µ m)

12.65 Two small surfaces, A and B, are placed inside an
isothermal enclosure at a uniform temperature. The
enclosure provides an irradiation of 6300 W/m2 to
each of the surfaces, and surfaces A and B absorb incident radiation at rates of 5600 and 630 W/m2, respectively. Consider conditions after a long time has
elapsed.

0.4

0.2
0

0

1

2 3
λ (µm)

4

0

0

1

2

3

4

5

λ (µm)

6

7

8

c12.qxd 3/6/06 11:06 AM Page 792

Chapter 12



Radiation: Processes and Properties

h  40 W/m2  K. The total, hemispherical absorptivity of the plate to the irradiation is 0.40. Under steadystate conditions measurements made with a radiation
detector above the top surface indicate a radiosity
(which includes transmission, as well as reflection and
emission) of J  5000 W/m2, while the plate is at a
uniform temperature of T  350 K.
Determine the irradiation G and the total hemispherical emissivity of the plate. Is the plate gray for
the prescribed conditions?

surface is at 750 K, and irradiation on one side varies
with wavelength as shown. The other side of the surface is insulated.
What are the total absorptivity and emissivity of
the surface? What is the net radiative heat flux to the
surface?
12.70 A special diffuse glass with prescribed spectral radiative
properties is heated in a large oven. The walls of the
oven are lined with a diffuse, gray refractory brick having an emissivity of 0.75 and are maintained at Tw 
1800 K. Consider conditions for which the glass temperature is Tg  750 K.
(a) What are the total transmissivity , the total reflectivity , and the total emissivity of the glass?
(b) What is the net radiative heat flux, qnet,in (W/m2),
to the glass?
(c) For oven wall temperatures of 1500, 1800, and
2000 K, plot qnet,in as a function of glass temperature for 500 Tg 800 K.

Oven wall, Tw, εw
Glass, Tg, τ λ, ρ λ
Oven wall, Tw, ε w

1.0

0

0.5

0.90

0.05
0

0.2

12.73 The window of a large vacuum chamber is fabricated
from a material of prescribed spectral characteristics.
A collimated beam of radiant energy from a solar simulator is incident on the window and has a flux of 3000
W/m2. The inside walls of the chamber, which are
large compared to the window area, are maintained at
77 K. The outer surface of the window is subjected to
surroundings and room air at 25°C, with a convection
heat transfer coefficient of 15 W/m2  K.

0

1.6

0.15

τλ

τλ

ρλ

1.0
0.9

12.72 The 50-mm peephole of a large furnace operating at
450°C is covered with a material having  0.8 and
 0 for irradiation originating from the furnace. The
material has an emissivity of 0.8 and is opaque to irradiation from a source at room temperature. The outer
surface of the cover is exposed to surroundings and
ambient air at 27°C with a convection heat transfer
coefficient of 50 W/m2  K. Assuming that convection
effects on the inner surface of the cover are negligible,
calculate the heat loss by the furnace and the temperature of the cover.

ρλ

792

1.6

λ (µm)

0.05

λ (µm)
0

12.71 A horizontal semitransparent plate is uniformly irradiated from above and below, while air at T  300 K
flows over the top and bottom surfaces, providing
a uniform convection heat transfer coefficient of
Detector

J
T∞, h

G

Semitransparent
plate, T

T∞, h

J

G

0.10

0

0.38

1.9
λ (µm)

0

0

0.38

1.9

λ (µm)

(a) Determine the transmissivity of the window material to radiation from the solar simulator, which
approximates the solar spectral distribution.
(b) Assuming that the window is insulated from its
chamber mounting arrangement, what steadystate temperature does the window reach?
(c) Calculate the net radiation transfer per unit area of
the window to the vacuum chamber wall, excluding the transmitted simulated solar flux.
12.74 A thermocouple whose surface is diffuse and gray
with an emissivity of 0.6 indicates a temperature of
180°C when used to measure the temperature of a gas
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flowing through a large duct whose walls have an
emissivity of 0.85 and a uniform temperature of 450°C.
(a) If the convection heat transfer coefficient between
the thermocouple and the gas stream is h 
125 W/m2  K and there are negligible conduction
losses from the thermocouple, determine the temperature of the gas.
(b) Consider a gas temperature of 125°C. Compute
and plot the thermocouple measurement error as
a function of the convection coefficient for 10
h 1000 W/m2  K. What are the implications of
your results?
12.75 A thermocouple inserted in a 4-mm-diameter stainless
steel tube having a diffuse, gray surface with an emissivity of 0.4 is positioned horizontally in a large airconditioned room whose walls and air temperature are
30 and 20°C, respectively.
(a) What temperature will the thermocouple indicate
if the air is quiescent?
(b) Compute and plot the thermocouple measurement
error as a function of the surface emissivity for
0.1
1.0.
12.76 A temperature sensor imbedded in the tip of a small
tube having a diffuse, gray surface with an emissivity of
0.8 is centrally positioned within a large air-conditioned
room whose walls and air temperature are 30 and
20C, respectively.
(a) What temperature will the sensor indicate if the
convection coefficient between the sensor tube
and the air is 5 W/m2  K?
(b) What would be the effect of using a fan to induce
airflow over the tube? Plot the sensor temperature
as a function of the convection coefficient for
2 h 25 W/m2  K and values of  0.2, 0.5,
and 0.8.
12.77 A sphere (k  185 W/m  K,   7.25  105 m2/s) of
30-mm diameter whose surface is diffuse and gray with
an emissivity of 0.8 is placed in a large oven whose
walls are of uniform temperature at 600 K. The temperature of the air in the oven is 400 K, and the convection
heat transfer coefficient between the sphere and the
oven air is 15 W/m2  K.
(a) Determine the net heat transfer to the sphere when
its temperature is 300 K.
(b) What will be the steady-state temperature of the
sphere?
(c) How long will it take for the sphere, initially at
300 K, to come within 20 K of the steady-state
temperature?
(d) For emissivities of 0.2, 0.4, and 0.8, plot the
elapsed time of part (c) as a function of the convection coefficient for 10 h 25 W/m2  K.

Radiation Detection
12.78 A thermograph is a device responding to the radiant
power from the scene, which reaches its radiation
detector within the spectral region 9–12 m. The thermograph provides an image of the scene, such as the
side of a furnace, from which the surface temperature
can be determined.

Wall, Ts
Surroundings, Tsur
Thermograph

Furnace
interior

(a) For a black surface at 60°C, determine the emissive
power for the spectral region 9–12 m.
(b) Calculate the radiant power (W) received by the
thermograph in the same range (9–12 m) when
viewing, in a normal direction, a small black wall
area, 200 mm2, at Ts  60°C. The solid angle 
subtended by the aperture of the thermograph
when viewed from the target is 0.001 sr.
(c) Determine the radiant power (W) received by the
thermograph for the same wall area (200 mm2)
and solid angle (0.001 sr) when the wall is a
gray, opaque, diffuse material at Ts  60°C with
emissivity 0.7 and the surroundings are black at
Tsur  23°C.
12.79 A radiation thermometer is a radiometer calibrated to
indicate the temperature of a blackbody. A steel billet
having a diffuse, gray surface of emissivity 0.8 is heated
in a furnace whose walls are at 1500 K. Estimate the
temperature of the billet when the radiation thermometer viewing the billet through a small hole in the furnace
indicates 1160 K.
12.80 A radiation detector has an aperture of area Ad  106
m2 and is positioned at a distance of r  1 m from a surface of area As  104 m2. The angle formed by the normal to the detector and the surface normal is   30°.
n

Ad
θ

G

r

As
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The surface is at 500 K and is opaque, diffuse, and
gray with an emissivity of 0.7. If the surface irradiation is 1500 W/m2, what is the rate at which the
detector intercepts radiation from the surface?
12.81 A small anodized aluminum block at 35°C is heated in
a large oven whose walls are diffuse and gray with 
0.85 and maintained at a uniform temperature of 175°C.
The anodized coating is also diffuse and gray with 
0.92. A radiation detector views the block through a
small opening in the oven and receives the radiant
energy from a small area, referred to as the target, At,
on the block. The target has a diameter of 3 mm, and
the detector receives radiation within a solid angle
0.001 sr centered about the normal from the block.

indicate irradiations of GA,1  5.060 mW/m2 and GB,1 
5.000 mW/m2, respectively. At time t2  4 ms, detectors A and B indicate irradiations of GA,2  5.010
mW/m2 and GB,2  5.050 mW/m2, respectively. The
environment is at 300 K. Determine the velocity components of the particle, vx and vy. Determine when and
where the particle will strike a horizontal plane located
at y  0. Hint: The object is located at an elevation
above y  2 m when it is detected. Assume the object’s
trajectory is a straight line in the plane of the page.
Recall that the projected area of a sphere is a circle.

y

Object, T = 600 K, ε = 0.95

(a) If the radiation detector views a small, but deep,
hole drilled into the block, what is the total power
(W) received by the detector?
(b) If the radiation detector now views an area on the
block surface, what is the total power (W)
received by the detector?
12.82 Consider the diffuse, gray opaque disk A1, which has a
diameter of 10 mm, an emissivity of 0.3, and is at
a temperature of 400 K. Coaxial to the disk A1, there is
a black, ring-shaped disk A2 at 1000 K having the
dimensions shown in the sketch. The backside of A2 is
insulated and does not directly irradiate the cryogenically cooled detector disk A3, which is of diameter
10 mm and is located 2 m from A1.
A2

∆ r = 10 mm
ri = 500 mm

Detector A

Detector B

x

5m

12.84 A radiation detector having a sensitive area of Ad  4 
106 m2 is configured to receive radiation from a target
area of diameter Dt  40 mm when located a distance
of Lt  1 m from the target. For the experimental apparatus shown in the sketch, we wish to determine the
emitted radiation from a hot sample of diameter Ds 
20 mm. The temperature of the aluminum sample is Ts 
700 K and its emissivity is s  0.1. A ring-shaped cold
shield is provided to minimize the effect of radiation
from outside the sample area, but within the target area.
The sample and the shield are diffuse emitters.

Radiation detector, A3

A1

Tsur = 300 K

Radiation detector,
Ad = 4 × 10–6 m2

Insulation
1m

1m

Calculate the rate at which radiation is incident on A3
due to emission and reflection from A1.
12.83 A diffuse, spherical object of diameter and temperature 9 mm and 600 K, respectively, has an emissivity
of 0.95. Two very sensitive radiation detectors, each
with an aperture area of 300  106 m2, detect the
object as it passes over at high velocity from left to
right as shown in the schematic. The detectors capture
hemispherical irradiation and are equipped with filters
characterized by   0.9 for  2.5 m and   0
for   2.5 m. At time t1  0, detectors A and B

Lt = 1 m
Sample,

Ts = 700 K, εs
Cold shield,
Tsh, ε = 1

Ds
Dt
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(a) Assuming the shield is black, at what temperature,
Tsh, should the shield be maintained so that its
emitted radiation is 1% of the total radiant power
received by the detector?
(b) Subject to the parametric constraint that radiation
emitted from the cold shield is 0.05, 1, or 1.5% of
the total radiation received by the detector, plot
the required cold shield temperature, Tsh, as a
function of the sample emissivity for 0.05
0.35.
s
12.85 An infrared (IR) thermograph is a radiometer that provides an image of the target scene, indicating the
apparent temperature of elements in the scene by a
black–white brightness or blue–red color scale. Radiation originating from an element in the target scene is
incident on the radiation detector, which provides a
signal proportional to the incident radiant power. The
signal sets the image brightness or color scale for the
image pixel associated with that element. A scheme is
proposed for field calibration of an infrared thermograph having a radiation detector with a 3- to 5-m
spectral bandpass. A heated metal plate, which is
maintained at 327°C and has four diffuse, gray coatings with different emissivities, is viewed by the IR
thermograph in surroundings for which Tsur  87°C.

Tsur = 87°C
Coatings, εc

Ts = 327°C

IR thermograph, So or Sc
Black coating, εo = 1

(a) Consider the thermograph output when viewing
the black coating, o  1. The radiation reaching
the detector is proportional to the product of the
blackbody emissive power (or emitted intensity)
at the temperature of the surface and the band
emission fraction corresponding to the IR thermograph spectral bandpass. The proportionality constant is referred to as the responsivity, R(V 
m2/W). Write an expression for the thermograph
output signal, So, in terms of R, the coating blackbody emissive power, and the appropriate band
emission fraction. Assuming R  1 V  m2/W,
evaluate So (V).
(b) Consider the thermograph output when viewing
one of the coatings for which the emissivity c is

795
less than unity. Radiation from the coating
reaches the detector due to emission and the
reflection of irradiation from the surroundings.
Write an expression for the signal, Sc, in terms of
R, the coating blackbody emissive power, the
blackbody emissive power of the surroundings,
the coating emissivity, and the appropriate band
emission fractions. For the diffuse, gray coatings,
the reflectivity is c  1  c.
(c) Assuming R  1 V  m2/W, evaluate the thermograph signals, Sc (V), when viewing panels with
emissivities of 0.8, 0.5, and 0.2.
(d) The thermograph is calibrated so that the signal So
(with the black coating) will give a correct scale
indication of Ts  327°C. The signals from the
other three coatings, Sc, are less than So. Hence
the thermograph will indicate an apparent (blackbody) temperature less than Ts. Estimate the temperatures indicated by the thermograph for the
three panels of part (c).
12.86 A charge-coupled device (CCD) infrared imaging system (see Problem 12.85) operates in a manner similar
to a digital video camera. Instead of being sensitive to
irradiation in the visible part of the spectrum, however, each small sensor in the infrared system’s CCD
array is sensitive in the spectral region 9–12 m. Note
that the system is designed to only view radiation
coming from directly in front of it. An experimenter
wishes to use the infrared imaging system to map the
surface temperature distribution of a heated object in a
wind tunnel experiment. The air temperature in the
wind tunnel, as well as the surroundings temperature
in the laboratory, is 23C.
(a) In a preliminary test of the concept, the experimenter views a small aluminum billet located in
the wind tunnel that is at a billet temperature
of 50C. The aluminum is coated with a highemissivity paint,  0.96. If the infrared imaging
system is calibrated to indicate the temperature of
a blackbody, what temperature will be indicated
by the infrared imaging system as it is used to
view the aluminum billet through a 6-mm-thick
fused quartz window?
(b) In a subsequent experiment, the experimenter
replaces the quartz window with a thin (130-mthick) household polyethylene film with  0.78
within the spectral range of the imaging system.
What temperature will be indicated by the infrared
imaging system when it is used to view the aluminum billet through the polyethylene film?
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Tf  1000 K. A small aperture is located at the bottom
of the enclosure to permit sighting of the sample or the
enclosure wall. The spectral reflectivity  of an opaque,
diffuse sample material is as shown. The heat transfer
coefficient for convection between the sample and the
air within the cavity, which is also at 1000 K, is
h  10 W/m2  K.

12.87 A two-color pyrometer is a device that is used to measure the temperature of a diffuse surface, Ts. The device
measures the spectral, directional intensity emitted by
the surface at two distinct wavelengths separated by
. Calculate and plot the ratio of the intensities
I ,e(  , , , Ts) and I,e(, , , Ts) as a
function of the surface temperature over the range
500 K Ts 1000 K for   5 m and   0.1, 0.5,
and 1 m. Comment on the sensitivity to temperature
and on whether the ratio depends on the emissivity of
the surface. Discuss the tradeoffs associated with specification of the various values of . Hint: The change
in the emissivity over small wavelength intervals is
modest for most solids, as evident in Figure 12.17.

(a) Calculate the absorptivity of the sample.
(b) Calculate the emissivity of the sample.
(c) Determine the heat removal rate (W) by the
coolant.
(d) The ratio of the radiation in the A direction to that
in the B direction will give the reflectivity of the
sample. Briefly explain why this is so.

Applications
12.88 Square plates freshly sprayed with an epoxy paint must
be cured at 140C for an extended period of time. The
plates are located in a large enclosure and heated by a
bank of infrared lamps. The top surface of each plate has
an emissivity of  0.8 and experiences convection
with a ventilation airstream that is at T  27C and
provides a convection coefficient of h  20 W/m2  K.
The irradiation from the enclosure walls is estimated to
be Gwall  450 W/m2, for which the plate absorptivity
is wall  0.7.

Water-cooled housing

ρλ
0.2
0
0

B

2

4

6

8

10

λ (µm)

Enclosure
Lamp

Glamp
Painted plate

(a) Determine the irradiation that must be provided
by the lamps, Glamp. The absorptivity of the plate
surface for this irradiation is lamp  0.6.
(b) For convection coefficients of h  15, 20, and
30 W/m2  K, plot the lamp irradiation, Glamp, as
a function of the plate temperature, Ts, for
100 Ts 300C.
(c) For convection coefficients in the range from 10
to 30 W/m2  K and a lamp irradiation of Glamp 
3000 W/m2, plot the airstream temperature T
required to maintain the plate at Ts  140C.
12.89 An apparatus commonly used for measuring the reflectivity of materials is shown below. A water-cooled sample, of 30-mm diameter and temperature Ts  300 K, is
mounted flush with the inner surface of a large enclosure. The walls of the enclosure are gray and diffuse
with an emissivity of 0.8 and a uniform temperature

12.90 A very small sample of an opaque surface is initially
at 1200 K and has the spectral, hemispherical absorptivity shown.
0.8

αλ

T∞ , h

1
0.8

Tf

A
Ventilation
airstream

Sample

Ts

0.1
0

2

λ (µm)

The sample is placed inside a very large enclosure
whose walls have an emissivity of 0.2 and are maintained at 2400 K.
(a) What is the total, hemispherical absorptivity of
the sample surface?
(b) What is its total, hemispherical emissivity?
(c) What are the values of the absorptivity and emissivity after the sample has been in the enclosure a
long time?
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(a) Neglecting convection effects, obtain an expression from which the sample thermal conductivity
may be evaluated in terms of measured and
known quantities (Tw, Ts, Tc, s, L). The measurements are made under steady-state conditions. If
Tw  1400 K, Ts  1000 K, s  0.85, L  0.015
m, and Tc  300 K, what is the sample thermal
conductivity?

(d) For a 10-mm-diameter spherical sample in an
evacuated enclosure, compute and plot the variation of the sample temperature with time, as it is
heated from its initial temperature of 1200 K.
12.91 A manufacturing process involves heating long copper
rods, which are coated with a thin film, in a large furnace whose walls are maintained at an elevated temperature Tw. The furnace contains quiescent nitrogen
gas at 1-atm pressure and a temperature of T  Tw.
The film is a diffuse surface with a spectral emissivity
of   0.9 for  2 m and   0.4 for   2 m.
(a) Consider conditions for which a rod of diameter D
and initial temperature Ti is inserted in the furnace,
such that its axis is horizontal. Assuming validity of
the lumped capacitance approximation, derive an
equation that could be used to determine the rate of
change of the rod temperature at the time of insertion. Express your result in terms of appropriate
variables.
(b) If Tw  T  1500 K, Ti  300 K, and D 
10 mm, what is the initial rate of change of the
rod temperature? Confirm the validity of the
lumped capacitance approximation.
(c) Compute and plot the variation of the rod temperature with time during the heating process.
12.92 A procedure for measuring the thermal conductivity of
solids at elevated temperatures involves placement of
a sample at the bottom of a large furnace. The sample
is of thickness L and is placed in a square container of
width W on a side. The sides are well insulated. The
walls of the cavity are maintained at Tw, while the bottom surface of the sample is maintained at a much
lower temperature Tc by circulating coolant through
the sample container. The sample surface is diffuse
and gray with an emissivity s. Its temperature Ts is
measured optically.

(b) If W  0.10 m and the coolant is water with a
flow rate of ṁc  0.1 kg/s, is it reasonable to
assume a uniform bottom surface temperature Tc?
12.93 One scheme for extending the operation of gas turbine
blades to higher temperatures involves applying a
ceramic coating to the surfaces of blades fabricated
from a superalloy such as inconel. To assess the reliability of such coatings, an apparatus has been developed for testing samples under laboratory conditions.
The sample is placed at the bottom of a large vacuum
chamber whose walls are cryogenically cooled and
which is equipped with a radiation detector at the top
surface. The detector has a surface area of Ad 
105 m2, is located at a distance of Ls–d  1 m from the
sample, and views radiation originating from a portion
of the ceramic surface having an area of Ac  104
m2. An electric heater attached to the bottom of the
sample dissipates a uniform heat flux, qh, which is
transferred upward through the sample. The bottom of
the heater and sides of the sample are well insulated.
Radiation detector, Ad
Vacuum
chamber

L s–d

Tw

T2, εc
T1

Ceramic

Lc

Substrate

Ls

Sample
Heater

Tw = 1400 K

Furnace

Ts = 1000 K, εs = 0.85

W

Sample, k

L

Tc = 300 K
•
Coolant, mc

Consider conditions for which a ceramic coating
of thickness Lc  0.5 mm and thermal conductivity
kc  6 W/m  K has been sprayed on a metal substrate of thickness Ls  8 mm and thermal conductivity ks  25 W/m  K. The opaque surface of the
ceramic may be approximated as diffuse and gray,
with a total, hemispherical emissivity of c  0.8.
(a) Consider steady-state conditions for which the
bottom surface of the substrate is maintained at
T1  1500 K, while the chamber walls (including the surface of the radiation detector) are
maintained at Tw  90 K. Assuming negligible
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thermal contact resistance at the ceramic–substrate
interface, determine the ceramic top surface temperature T2 and the heat flux qh.
(b) For the prescribed conditions, what is the rate at
which radiation emitted by the ceramic is intercepted by the detector?
(c) After repeated experiments, numerous cracks
develop at the ceramic–substrate interface, creating an interfacial thermal contact resistance. If
Tw and qh are maintained at the conditions associated with part (a), will T1 increase, decrease, or
remain the same? Similarly, will T2 increase,
decrease, or remain the same? In each case, justify your answer.
12.94 The equipment for heating a wafer during a semiconductor manufacturing process is shown schematically.
The wafer is heated by an ion beam source (not
shown) to a uniform, steady-state temperature. The
large chamber contains the process gas, and its walls are
at a uniform temperature of Tch  400 K. A 5  5 mm
target area on the wafer is viewed by a radiometer,
whose objective lens has a diameter of 25 mm and is
located 500 mm from the wafer. The line-of-sight of
the radiometer is 30 off the wafer normal.

to the inner wall of the oven is 500 K, and the convection heat transfer coefficient is 25 W/m2. Find the wall
surface temperature if the heat loss through the wall is
negligible. If the brick wall is 0.1 m thick and of thermal conductivity kb  1.0 W/m  K, and is insulated
with a 0.1-m-thick layer of thermal conductivity ki 
0.05 W/m  K, what is the steady-state interior wall
surface temperature if the temperature of the external
surface of the insulation is 300 K?
12.96 A laser-materials-processing apparatus encloses a
sample in the form of a disk of diameter D  25 mm
and thickness w  1 mm. The sample has a diffuse
surface for which the spectral distribution of the emissivity, (), is prescribed. To reduce oxidation, an
inert gas stream of temperature T  500 K and convection coefficient h  50 W/m2  K flows over the
sample upper and lower surfaces. The apparatus enclosure is large, with isothermal walls at Tenc  300 K.
To maintain the sample at a suitable operating temperature of Ts  2000 K, a collimated laser beam with an
operating wavelength of   0.5 m irradiates its
upper surface.
Laser beam
Window for laser beam

Objective, 25 mm dia.
Window

Apparatus
enclosure

Glaser

Black panel
or wafer

Inert gas

1

Ts, ε λ, D

T∞, h

ελ

Radiometer

Tenc
Chamber,
Tch = 400 K

(a) In a preproduction test of the equipment, a black
panel (  1.0) is mounted in place of the wafer.
Calculate the radiant power (W) received by the
radiometer if the temperature of the panel is 800 K.
(b) The wafer, which is opaque, diffuse-gray with an
emissivity of 0.7, is now placed in the equipment,
and the ion beam is adjusted so that the power
received by the radiometer is the same as that
found for part (a). Calculate the temperature of the
wafer for this heating condition.
12.95 The fire brick of Example 12.9 is used to construct the
walls of a brick oven. The irradiation on the interior
surface of the wall is G  50,000 W/m2 and has a
spectral distribution proportional to that of a blackbody at 2000 K. The temperature of the gases adjacent

Sample
0

0

3

λ (µm)

(a) Determine the total emissivity of the sample.
(b) Determine the total absorptivity  of the sample
for irradiation from the enclosure walls.
(c) Perform an energy balance on the sample and
determine the laser irradiation, Glaser, required to
maintain the sample at Ts  2000 K.
(d) Consider a cool-down process, when the laser and
the inert gas flow are deactivated. Sketch the total
emissivity as a function of the sample temperature, Ts(t), during the process. Identify key features, including the emissivity for the final
condition (t → ).
(e) Estimate the time to cool a sample from its operating condition at Ts(0)  2000 K to a safe-to-touch
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temperature of Ts(t)  40°C. Use the lumped
capacitance method and include the effect of convection to the inert gas with h  50 W/m2  K and
T  Tenc  300 K. The thermophysical properties
of the sample material are  3900 kg/m3, cp 
760 J/kg  K, and k  45 W/m  K.
12.97 A cylinder of 30-mm diameter and 150-mm length is
heated in a large furnace having walls at 1000 K,
while air at 400 K is circulating at 3 m/s. Estimate the
steady-state cylinder temperature under the following
specified conditions.
(a) The cylinder is in cross flow, and its surface is diffuse and gray with an emissivity of 0.5.
(b) The cylinder is in cross flow, but its surface is
spectrally selective with   0.1 for 
3 m
and   0.5 for   3 m.
(c) The cylinder surface is positioned such that the
airflow is longitudinal and its surface is diffuse
and gray.

exposed surface area of 0.040 m2 and the mass of the
PCM is 1.6 kg. Furthermore, it is known that the
power dissipated by the electronics is 50 W. Consider the situation when the pod enters the furnace at
a uniform temperature of 87°C and all the PCM is in
the solid state. How long will it take before all the
PCM changes to the liquid state?
12.99

To simulate materials processing under the microgravity conditions of space, a niobium sphere of
diameter 3 mm is levitated by an acoustical technique
in a vacuum chamber. Initially the sphere is at 300 K
and is suddenly irradiated with a laser providing an
irradiation of 10 W/mm2 to raise its temperature as
quickly as possible to its melting point (2741 K).
When the melting point is reached, the laser is
switched off and a radio frequency (RF) heater is
energized, causing uniform internal volumetric generation q̇ to occur within the sphere. Assume that the
niobium sphere is isothermal and diffuse and gray
with an emissivity of 0.6, and that the chamber walls
are at 300 K.

(d) For the conditions of part (a), compute and plot
the cylinder temperature as a function of the air
velocity for 1 V 20 m/s.
12.98 An instrumentation transmitter pod is a box containing
electronic circuitry and a power supply for sending
sensor signals to a base receiver for recording. Such a
pod is placed on a conveyor system, which passes
through a large vacuum brazing furnace as shown in
the sketch. The exposed surfaces of the pod have a
special diffuse, opaque coating with spectral emissivity as shown.
Layer of PCM
Vacuum furnace walls,

Tw = 1200 K, εw = 0.7

Pod

Coating, ε λ

Interior has
electronic
circuitry, 50 W
dissipation

Insulation
Conveyor system

Niobium
sphere

RF heater
coil

Surroundings
Acoustic
levitators

(a) How much time is required to reach the melting
point? Hint: See Section 5.3 and modify the
lumped capacitance analysis accordingly.
(b) How much power must be provided by the RF
heater to maintain the sphere at its melting point?
(c) Is the spacewise isothermal assumption realistic
for the conditions of parts (a) and (b)?

0.9

ελ

T = 87°C

Irradiation from
laser

0.05
0

5

λ (µm)

To stabilize the temperature of the pod and prevent
overheating of the electronics, the inner surface of
the pod is surrounded by a layer of a phase-change
material (PCM) having a fusion temperature of 87°C
and a heat of fusion of 25 kJ/kg. The pod has an

12.100 A spherical niobium droplet of diameter D  3 mm
is levitated by an acoustical technique in a vacuum
chamber having walls that are diffuse and gray with
an emissivity of w  0.8 and a temperature of Tw 
300 K. The niobium surface is diffuse and has the
prescribed spectral emissivity distribution.
Two heating methods for maintaining the drop
at its melting temperature, Tmp  2741 K, are to be
investigated.
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(b) Compute and plot the plate temperature as a
function of ho for 50 ho 250 W/m2  K.
12.102 A thin coating, which is applied to long, cylindrical
copper rods of 10-mm diameter, is cured by placing
the rods horizontally in a large furnace whose walls
are maintained at 1300 K. The furnace is filled with
nitrogen gas, which is also at 1300 K and at a pressure of 1 atm. The coating is diffuse, and its spectral
emissivity has the distribution shown.

Chamber, Tw = 300 K
ε w = 0.8

ελ

0.4

0.2

0

0

1.0

1
λ (µm)

0.8

ελ

Levitated drop
D = 3 mm,
Tmp = 2741 K

0.4

(a) The effect of applying a radio frequency (RF)
field to the drop is to create a uniform internal
generation rate, q̇ (W/m3), within the drop. Calculate the value of q̇ required to maintain the
drop at its melting temperature.
(b) A laser beam, having a diameter larger than that of
the drop and operating at 10.6 m, irradiates the
drop. Determine the irradiation, Glaser (W/mm2),
required to maintain the drop at its melting temperature. What irradiation would be required if
the laser operating wavelength were 0.632 m?
(c) Estimate the time it would take for the drop to
cool to 400 K if the RF field or laser heating
were terminated.
12.101 A thin-walled plate separates the interior of a large
furnace from surroundings at 300 K. The plate is fabricated from a ceramic material for which diffuse surface behavior may be assumed and the exterior
surface is air cooled. With the furnace operating at
2400 K, convection at the interior surface may be
neglected.

0

0

2

4

6

8

10

λ (µm)

(a) What are the emissivity and absorptivity of the
coated rods when their temperature is 300 K?
(b) What is the initial rate of change of their
temperature?
(c) What are the emissivity and absorptivity of the
coated rods when they reach a steady-state
temperature?
(d) Estimate the time required for the rods to reach
1000 K.
12.103 A large combination convection–radiation oven is
used to heat-treat a small cylindrical product of diameter 25 mm and length 0.2 m. The oven walls are at a
uniform temperature of 1000 K, and hot air at 750 K
is in cross flow over the cylinder with a velocity of
5 m/s. The cylinder surface is opaque and diffuse
with the spectral emissivity shown.
1.0

Tsur = 300 K

0.8

αλ

Tw = 2400 K

ελ

0.8
Ceramic
Ts = 1800 K

0.3
0
0

0.2
3

λ (µm)

Air

ho,T∞ = 300 K

(a) If the temperature of the ceramic plate is not to
exceed 1800 K, what is the minimum value of
the outside convection coefficient, ho, that must
be maintained by the air-cooling system?

0

0

2

4

6

8

10

λ (µm)

(a) Determine the rate of heat transfer to the cylinder when it is first placed in the oven at 300 K.
(b) What is the steady-state temperature of the
cylinder?
(c) How long will it take for the cylinder to reach a
temperature that is within 50°C of its steadystate value?
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12.104 A 10-mm-thick workpiece, initially at 25C, is to be
annealed at a temperature above 725C for a period
of at least 5 minutes and then cooled. The workpiece
is opaque and diffuse, and the spectral distribution
of its emissivity is shown schematically. Heating
is effected in a large furnace with walls and circulating air at 750C and a convection coefficient of
100 W/m2  K. The thermophysical properties of the
workpiece are  2700 kg/m3, c  885 J/kg  K, and
k  165 W/m  K.
1

ελ

0.8

0.3

2.5

801

Problems

Is the lumped-capacitance method of analysis
justified?
12.105 After being cut from a large single-crystal boule and
polished, silicon wafers undergo a high-temperature
annealing process. One technique for heating the
wafer is to irradiate its top surface using high-intensity,
tungsten-halogen lamps having a spectral distribution
approximating that of a blackbody at 2800 K. To
determine the lamp power and the rate at which radiation is absorbed by the wafer, the equipment designer
needs to know its absorptivity as a function of temperature. Silicon is a semiconductor material that
exhibits a characteristic band edge, and its spectral
absorptivity may be idealized as shown schematically. At low and moderate temperatures, silicon is
semitransparent at wavelengths larger than that of the
band edge, but becomes nearly opaque above 600C.
0.8

λ (µ m)

Band edge

0.7

900°C

(a) Calculate the emissivity and the absorptivity of
the workpiece when it is placed in the furnace at
its initial temperature of 25C.

(c) Using the Tools/Radiation/Band Emission model of
IHT, calculate and plot the emissivity of the
workpiece as a function of temperature for the
range from 25 to 750C.
(d) Assuming applicability of the lumped capacitance method, calculate the time required for the
workpiece to reach 725C. Use the DER function in IHT to represent the temperature-time
derivative in your energy balance. Also use the
IHT code of part (c) to represent the emissivity
as a function of workpiece temperature.
(e) Calculate the time for the workpiece to cool
from 750C to a safe-to-touch temperature of
40C, if the surroundings and cooling air temperature are 25C and the convection coefficient
is 100 W/m2  K.
(f) Assuming that the workpiece temperature
increases from 725C to 750C during a
5 minute annealing period, after which cooling
is initiated, sketch the temperature history of
the workpiece from the start of heating to the
end of cooling. Identify key features of the
process and determine the total time requirement.

600°C

0.5

αλ

(b) Determine the net heat flux into the workpiece
for this initial condition. What is the corresponding rate of change in temperature, dT/dt, for the
workpiece?

0.6

500°C

0.4
0.3
400°C
0.2

300°C

30°C

0.1
0

0

1

2

3

6
4
5
Wavelength (µ m)

7

8

9

10

(a) What are the 1% limits of the spectral band that
includes 98% of the blackbody radiation corresponding to the spectral distribution of the lamps?
Over what spectral region do you need to know
the spectral absorptivity?
(b) How do you expect the total absorptivity of silicon
to vary as a function of its temperature? Sketch the
variation and explain its key features.
(c) Calculate the total absorptivity of the silicon
wafer for the lamp irradiation and each of the five
temperatures shown schematically. From the data,
calculate the emissivity of` the wafer at 600 and
900C. Explain your results and why the emissivity changes with temperature. Hint: Within IHT,
create a look-up table to specify values of the
spectral properties and the LOOKUPVAL and
INTEGRAL functions to perform the necessary
integrations.
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(d) If the wafer is in a vacuum and radiation exchange
only occurs at one face, what is the irradiation
needed to maintain a wafer temperature of 600C?

Environmental Radiation
12.106 Solar irradiation of 1100 W/m2 is incident on a large,
flat, horizontal metal roof on a day when the wind
blowing over the roof causes a convection heat transfer coefficient of 25 W/m2  K. The outside air temperature is 27°C, the metal surface absorptivity for
incident solar radiation is 0.60, the metal surface
emissivity is 0.20, and the roof is well insulated from
below.
(a) Estimate the roof temperature under steady-state
conditions.
(b) Explore the effect of changes in the absorptivity,
emissivity, and convection coefficient on the
steady-state temperature.
12.107 A deep cavity of 50-mm diameter approximates a
blackbody and is maintained at 250°C while exposed
to solar irradiation of 800 W/m2 and surroundings
and ambient air at 25°C. A thin window of spectral
transmissivity and reflectivity 0.9 and 0, respectively, for the spectral range 0.2 to 4 m is placed
over the cavity opening. In the spectral range beyond
4 m, the window behaves as an opaque, diffuse,
gray body of emissivity 0.95. Assuming that the
convection coefficient on the upper surface of the
window is 10 W/m2  K, determine the temperature
of the window and the power required to maintain
the cavity at 250°C.

Tsur = 25°C

GS = 800 W/m2
Window

12.109 Solar flux of 900 W/m2 is incident on the top side of
a plate whose surface has a solar absorptivity of 0.9
and an emissivity of 0.1. The air and surroundings
are at 17°C and the convection heat transfer coefficient between the plate and air is 20 W/m2  K.
Assuming that the bottom side of the plate is insulated, determine the steady-state temperature of the
plate.
12.110 Consider an opaque, gray surface whose directional
absorptivity is 0.8 for 0  60° and 0.1 for
  60°. The surface is horizontal and exposed to
solar irradiation comprised of direct and diffuse
components.
(a) What is the surface absorptivity to direct solar
radiation that is incident at an angle of 45° from
the normal? What is the absorptivity to diffuse
irradiation?
(b) Neglecting convection heat transfer between the
surface and the surrounding air, what would be the
equilibrium temperature of the surface if the direct
and diffuse components of the irradiation were
600 and 100 W/m2, respectively? The back side of
the surface is insulated.
12.111 The absorber plate of a solar collector may be coated
with an opaque material for which the spectral, directional absorptivity is characterized by relations of the
form
,(, )  1 cos

  c

,(, )  2

  c

The zenith angle  is formed by the sun’s rays and
the plate normal, and 1 and 2 are constants.
(a) Obtain an expression for the total, hemispherical
absorptivity, S, of the plate to solar radiation
incident at   45. Evaluate S for 1  0.93,
2  0.25, and a cut-off wavelength of c  2 m.
(b) Obtain an expression for the total, hemispherical
emissivity of the plate. Evaluate for a plate
temperature of Tp  60C and the prescribed
values of 1, 2, and c.

D = 50 mm

12.108 Consider the evacuated tube solar collector described
in part (d) of Problem 1.73 of Chapter 1. In the interest of maximizing collector efficiency, what spectral
radiative characteristics are desired for the outer tube
and for the inner tube?

(c) For a solar flux of qS  1000 W/m2 incident at
  45 and the prescribed values of 1, 2, c,
 , to
and Tp, what is the net radiant heat flux, qnet
the plate?
(d) Using the prescribed conditions and the Radiation/Band Emission Factor option in the Tools
section of IHT to evaluate F(0lc), explore the
effect of c on S, , and qnet for the wavelength
range 0.7 c 5 m.
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12.112 A contractor must select a roof covering material
from the two diffuse, opaque coatings with () as
shown. Which of the two coatings would result in a
lower roof temperature? Which is preferred for summer use? For winter use? Sketch the spectral distribution of  that would be ideal for summer use. For
winter use.

(a) Assuming steady-state conditions, with all radiative fluxes uniformly distributed over the surfaces and the glass characterized by a uniform
temperature Tg, write an appropriate energy balance for a unit area of the glass.

1.0
Coating A

0.8

αλ

0.6
0.4
Coating B

0.2
0

0

8

4

12

λ (µm)

16

12.113 It is not uncommon for the night sky temperature in
desert regions to drop to 40°C. If the ambient air
temperature is 20°C and the convection coefficient
for still air conditions is approximately 5 W/m2  K,
can a shallow pan of water freeze?
12.114 Radiation from the atmosphere or sky can be estimated as a fraction of the blackbody radiation corresponding to the air temperature near the ground, Tair.
That is, irradiation from the sky can be expressed as
Gsky  sky T 4air and for a clear night sky, the emissivity is correlated by an expression of the form
sky  0.741  0.0062Tdp, where Tdp is the dew point
temperature (C). Consider a flat plate exposed to the
night sky and in ambient air at 15C with a relative
humidity of 70%. Assume the back side of the plate
is insulated, and that the convection coefficient on
the front side can be estimated by the correlation
h(W/m2  K)  1.25 T1/3, where T is the absolute
value of the plate-to-air temperature difference. Will
dew form on the plate if the surface is (a) clean and
metallic with  0.23, and (b) painted with  0.85?
12.115 A thin sheet of glass is used on the roof of a greenhouse and is irradiated as shown.
GS

Tg

Gatm

Outside
ambient
T∞,o, ho

tion), and the flux Gi due to emission from interior
surfaces. The fluxes Gatm and Gi are concentrated in
the far IR region (
8 m). The glass may also
exchange energy by convection with the outside and
inside atmospheres. The glass may be assumed to be
totally transparent for 
1 m (   1.0 for
 1 m) and opaque, with   1.0 for   1 m.

Gi
Greenhouse
interior
T∞,i, hi

The irradiation comprises the total solar flux GS, the
flux Gatm due to atmospheric emission (sky radia-

(b) For Tg  27°C, hi  10 W/m2  K, GS  1100
W/m2, T,o  24°C, ho  55 W/m2  K, Gatm 
250 W/m2, and Gi  440 W/m2, calculate the
temperature of the greenhouse ambient air, T,i.
12.116 A solar furnace consists of an evacuated chamber
with transparent windows, through which concentrated solar radiation is passed. Concentration may be
achieved by mounting the furnace at the focal point
of a large curved reflector that tracks radiation incident directly from the sun. The furnace may be used
to evaluate the behavior of materials at elevated temperatures, and we wish to design an experiment to
assess the durability of a diffuse, spectrally selective
coating for which   0.95 in the range  4.5 m
and   0.03 for   4.5 m. The coating is
applied to a plate that is suspended in the furnace.
Transparent window

Direct solar
radiation

Plate, T

GS

GS

Vacuum
Concentrating
solar reflector

(a) If the experiment is to be operated at a steady-state
plate temperature of T  2000 K, how much solar
irradiation GS must be provided? The irradiation
may be assumed to be uniformly distributed over
the plate surface, and other sources of incident
radiation may be neglected.
(b) The solar irradiation may be tuned to allow operation over a range of plate temperatures. Compute
and plot GS as a function of temperature for
500 T 3000 K. Plot the corresponding values
of  and as a function of T for the designated
range.
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12.117 In the central receiver concept of solar energy collection, a large number of heliostats (reflectors) provide a
concentrated solar flux of qS  80,000 W/m2 to the
receiver, which is positioned at the top of a tower.
Ts,i

Tower

Receiver
wall

uniformly distributed over the receiver surface and
the surface temperature is Ts  800 K. Determine
the rate at which energy is collected by the receiver
and the corresponding collector efficiency.
(b) The surface temperature is affected by conditions internal to the receiver. For GS  80,000
W/m2, compute and plot the rate of energy collection and the collector efficiency for 600
Ts 1000 K.

Ts,o
q"S

Central
receiver

T∞,o, ho

T∞,i, hi

Working
fluid

Atmospheric
air

L

Heliostats

The receiver wall is exposed to the solar flux at its
outer surface and to atmospheric air for which T,o 
300 K and ho  25 W/m2  K. The outer surface is
opaque and diffuse, with a spectral absorptivity of
  0.9 for  3 m and   0.2 for   3 m.
The inner surface is exposed to a working fluid (a
pressurized liquid) for which T,i  700 K and hi 
1000 W/m2  K. The outer surface is also exposed to
surroundings for which Tsur  300 K. If the wall is
fabricated from a high-temperature material for
which k  15 W/m  K, what is the minimum thickness L needed to ensure that the outer surface temperature does not exceed Ts,o  1000 K? What is the
collection efficiency associated with this thickness?
12.118 Consider the central receiver of Problem 12.117 to be a
cylindrical shell of outer diameter D  7 m and length
L  12 m. The outer surface is opaque and diffuse,
with a spectral absorptivity of   0.9 for  3 m
and   0.2 for   3 m. The surface is exposed
to quiescent ambient air for which T  300 K.
D
T ∞, h

L
GS

12.119 The flat roof on the refrigeration compartment of a
food delivery truck is of length L  5 m and width
W  2 m. It is fabricated from thin sheet metal to
which a fiberboard insulating material of thickness
t  25 mm and thermal conductivity k  0.05 W/m 
K is bonded. During normal operation, the truck
moves at a velocity of V  30 m/s in air at T  27°C,
with a rooftop solar irradiation of GS  900 W/m2
and with the interior surface temperature maintained
at Ts,i  13°C.
GS

Sheet metal,
αS, ε

Air

V, T∞
Ts,o

W
L

Ts,i

Insulation, k

Ts,o
Insulation, k

t

Ts,i

(a) The owner has the option of selecting a roof coating from one of the three paints listed in Table
A.12 (Parsons Black, Acrylic White, or Zinc
Oxide White). Which should be chosen and why?
(b) For the preferred paint of part (a), determine the
steady-state value of the outer surface temperature Ts, o. The boundary layer is tripped at the
leading edge of the roof, and turbulent flow may
be assumed to exist over the entire roof. Properties of the air may be taken to be   15  106
m2/s, k  0.026 W/m  K, and Pr  0.71.
(c) What is the load (W) imposed on the refrigeration system by heat transfer through the roof?

Ts
Heliostats

(a) Consider representative operating conditions for
which solar irradiation at GS  80,000 W/m2 is

(d) Explore the effect of the truck velocity on the
outer surface temperature and the heat load.
12.120 Growers use giant fans to prevent grapes from freezing when the effective sky temperature is low. The
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grape, which may be viewed as a thin skin of negligible thermal resistance enclosing a volume of sugar
water, is exposed to ambient air and is irradiated
from the sky above and ground below. Assume the
grape to be an isothermal sphere of 15-mm diameter,
and assume uniform blackbody irradiation over its
top and bottom hemispheres due to emission from the
sky and the earth, respectively.

Sky, Tsky

Gsky
Air

V, T∞

average free convection heat transfer coefficient
at the upper surface of the disk.
(d) Show that a disk temperature of 340 K does indeed
yield a steady-state condition for the disk.
12.122 The neighborhood cat likes to sleep on the roof of our
shed in the backyard. The roofing surface is weathered galvanized sheet metal (  0.65, S  0.8).
Consider a cool spring day when the ambient air temperature is 10C and the convection coefficient can
be estimated from an empirical correlation of the form
h  1.0 T1/3, where T is the difference between the
surface and ambient temperatures. Assume the sky
temperature is 40C.
(a) Assuming the backside of the roof is well insulated, calculate the roof temperature when the
solar irradiation is 600 W/m2. Will the cat enjoy
sleeping under these conditions?

Grape

Gea

Earth, T∞

(b) Consider the case when the backside of the roof
is not insulated, but is exposed to ambient air
with the same convection coefficient relation
and experiences radiation exchange with the
ground, also at the ambient air temperature. Calculate the roof temperature and comment on
whether the roof will be a comfortable place for
the cat to snooze.

(a) Derive an expression for the rate of change of
the grape temperature. Express your result in
terms of a convection coefficient and appropriate
temperatures and radiative quantities.

(c) With all conditions remaining the same, except
that the fans are now operating with V  1 m/s,
will the grapes freeze?
12.121 A circular metal disk having a diameter of 0.4 m is
placed firmly against the ground in a barren horizontal
region where the earth is at a temperature of 280 K.
The effective sky temperature is also 280 K. The disk
is exposed to quiescent ambient air at 300 K and
direct solar irradiation of 745 W/m2. The surface of
the disk is diffuse with   0.9 for 0

1 m
and   0.2 for   1 m. After some time has
elapsed, the disk achieves a uniform, steady-state
temperature. The thermal conductivity of the soil is
0.52 W/m  K.
(a) Determine the fraction of the incident solar irradiation that is absorbed.
(b) What is the emissivity of the disk surface?
(c) For a steady-state disk temperature of 340 K,
employ a suitable correlation to determine the

12.123 The exposed surface of a power amplifier for an earth
satellite receiver of area 130 mm by 130 mm has a
diffuse, gray, opaque coating with an emissivity of
0.5. For typical amplifier operating conditions, the
surface temperature is 58°C under the following
environmental conditions: air temperature, T 
27°C; sky temperature, Tsky  20°C; convection
coefficient, h  15 W/m2  K; and solar irradiation,
GS  800 W/m2.
(a) For the above conditions, determine the electrical power being generated within the amplifier.
(b) It is desired to reduce the surface temperature by
applying one of the diffuse coatings (A, B, C)
shown as follows.

ελ

(b) Under conditions for which Tsky  235 K, T 
273 K, and the fan is off (V  0), determine
whether the grapes will freeze. To a good
approximation, the skin emissivity is 1 and the
grape thermophysical properties are those of
sugarless water. However, because of the sugar
content, the grape freezes at 5°C.

1.0
0.8
0.6
0.4
0.2
0

A

0

3.0

λ (µm)

B

λ (µm)

C

3.0

λ (µm)

Which coating will result in the coolest surface temperature for the same amplifier operating and environmental conditions?
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12.124 Consider a thin opaque, horizontal plate with an electrical heater on its backside. The front side is exposed
to ambient air that is at 20°C and provides a convection heat transfer coefficient of 10 W/m2  K, solar
irradiation of 600 W/m2, and an effective sky temperature of 40°C.

Tsky
T∞, h

1.0
Plate

Ts

0.7

ρλ

GS

0.2
0
Electrical
heater

Insulation

0

2

λ (µm)

What is the electrical power (W/m2) required to
maintain the plate surface temperature at Ts  60°C
if the plate is diffuse and has the designated spectral,
hemispherical reflectivity?
12.125 The oxidized-aluminum wing of an aircraft has a
chord length of Lc  4 m and a spectral, hemispherical
emissivity characterized by the following distribution.
1.0

Space Radiation
12.126 Two plates, one with a black painted surface and the
other with a special coating (chemically oxidized copper) are in earth orbit and are exposed to solar radiation. The solar rays make an angle of 30 with the
normal to the plate. Estimate the equilibrium temperature of each plate assuming they are diffuse and that
the solar flux is 1353 W/m2. The spectral absorptivity
of the black painted surface can be approximated by
  0.95 for 0   and that of the special coating by   0.95 for 0   3 m and   0.05 for
  3 m.
12.127 A spherical satellite of diameter D is in orbit about
the earth and is coated with a diffuse material for which
the spectral absorptivity is   0.6 for  3 m and
  0.3 for   3 m. When it is on the “dark” side
of the earth, the satellite sees irradiation from the
earth’s surface only. The irradiation may be assumed
to be incident as parallel rays, and its magnitude is
GE  340 W/m2. On the “bright” side of the earth the
satellite sees the earth irradiation GE plus the solar
irradiation GS  1353 W/m2. The spectral distribution of radiation from the earth may be approximated
as that of a blackbody at 280 K, and the temperature
of the satellite may be assumed to remain below
500 K.

0.8
0.6

ελ

GS
0.4
0.2
0
0

1

2

3
λ (µ m)

4

5

(a) Consider conditions for which the plane is on the
ground where the air temperature is 27C, the
solar irradiation is 800 W/m2, and the effective
sky temperature is 270 K. If the air is quiescent,
what is the temperature of the top surface of the
wing? The wing may be approximated as a horizontal, flat plate.
(b) When the aircraft is flying at an elevation of
approximately 9000 m and a speed of 200 m/s,
the air temperature, solar irradiation, and effective sky temperature are 40C, 1100 W/m2, and
235 K, respectively. What is the temperature of
the wing’s top surface? The properties of the air
may be approximated as
 0.470 kg/m3,
5
2
  1.50  10 N  s/m , k  0.021 W/m  K,
and Pr  0.72.

Earth

GE
Satellite

What is the steady-state temperature of the satellite
when it is on the dark side of the earth and when it is
on the bright side?
12.128 A radiator on a proposed satellite solar power station
must dissipate heat being generated within the satellite
by radiating it into space. The radiator surface has a
solar absorptivity of 0.5 and an emissivity of 0.95.
What is the equilibrium surface temperature when the
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solar irradiation is 1000 W/m2 and the required heat
dissipation is 1500 W/m2?
12.129 A spherical satellite in near-earth orbit is exposed to
solar irradiation of 1353 W/m2. To maintain a desired
operating temperature, the thermal control engineer
intends to use a checker pattern for which a fraction
F of the satellite surface is coated with an evaporated
aluminum film (  0.03, S  0.09) and the fraction (1-F) is coated with a white, zinc-oxide paint
(  0.85, S  0.22). Assume the satellite is isothermal and has no internal power dissipation. Determine
the fraction F of the checker pattern required to maintain the satellite at 300 K.
12.130 An annular fin of thickness t is used as a radiator to
dissipate heat for a space power system. The fin is
insulated on the bottom and may be exposed to solar
irradiation GS. The fin is coated with a diffuse, spectrally selective material whose spectral reflectivity is
specified.
GS

0.8

ρλ
t
ri

0.1

ro

GS = 1353 W/m2

t = 12 mm

Tb = 80°C
W=6m

L=1m

(a) If the base of the radiator is maintained at
Tb  80C, what is its tip temperature and the
rate of heat rejection? Use a computer-based,
finite-difference method with a space increment
of 0.1 m to obtain your solution.
(b) Repeat the calculation of part (a) for the case
when the space ship is on the dark side of the
earth and is not exposed to the sun.

Fin

Insulating
material

and an emissivity of 0.9. The radiator is exposed to
solar radiation only on its top surface, while both
surfaces are exposed to deep space at a temperature
of 4 K.

0

2

4

λ (µm)

6

8

Heat is conducted to the fin through a solid rod of
radius ri, and the exposed upper surface of the fin
radiates to free space, which is essentially at absolute
zero temperature.
(a) If conduction through the rod maintains a fin
base temperature of T(ri)  Tb  400 K and the
fin efficiency is 100%, what is the rate of heat
dissipation for a fin of radius ro  0.5 m? Consider two cases, one for which the radiator is
exposed to the sun with GS  1000 W/m2 and the
other with no exposure (GS  0).
(b) In practice, the fin efficiency will be less than
100% and its temperature will decrease with
increasing radius. Beginning with an appropriate control volume, derive the differential equation that determines the steady-state, radial
temperature distribution in the fin. Specify
appropriate boundary conditions.
12.131 A rectangular plate of thickness t, length L, and width
W is proposed for use as a radiator in a spacecraft
application. The plate material has a thermal conductivity of 300 W/m  K, a solar absorptivity of 0.45,

(c) Use your computer code to calculate the heat rate
and tip temperature for GS = 0 and an extremely
large value of the thermal conductivity. Compare
your results to those obtained from a hand calculation that assumes the radiator to be at a uniform
temperature Tb. What other approach might you
use to validate your code?
12.132 The directional absorptivity of a gray surface varies
with  as follows.
0.9

θ = 60°

αθ



0

0.1

αθ

(a) What is the ratio of the normal absorptivity n to
the hemispherical emissivity of the surface?
(b) Consider a plate with these surface characteristics on both sides in earth orbit. If the solar flux
incident on one side of the plate is qS 
1353 W/m2, what equilibrium temperature will
the plate assume if it is oriented normal to the
sun’s rays? What temperature will it assume if it
is oriented at 75° to the sun’s rays?
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12.133 Two special coatings are available for application to
an absorber plate installed below the cover glass
described in Example 12.8. Each coating is diffuse and
is characterized by the spectral distributions shown.
Coating A

Coating B

αλ

0.85

0.05
0

0

2

4
λ (µm)

6

Which coating would you select for the absorber
plate? Explain briefly. For the selected coating, what
is the rate at which radiation is absorbed per unit
area of the absorber plate if the total solar irradiation
at the cover glass is GS  1000 W/m2?
12.134 Consider the spherical satellite of Problem 12.127.
Instead of the entire satellite being coated with a
material that is spectrally selective, half of the satellite is covered with a diffuse gray coating characterized by 1  0.6. The other half of the satellite is
coated with a diffuse gray material with 2  0.3.
(a) Determine the steady-state satellite temperature
when the satellite is on the bright side of the
earth with the high-absorptivity coating facing
the sun. Determine the steady-state satellite temperature when the low-absorptivity coating faces
the sun. Hint: Assume one hemisphere of the
satellite is irradiated by the sun and the opposite
hemisphere is irradiated by the earth.
(b) Determine the steady-state satellite temperature
when the satellite is on the dark side of the earth
with the high-absorptivity coating facing the
earth. Determine the steady-state satellite temperature when the low-absorptivity coating faces
the earth.
(c) Identify a scheme to minimize the temperature
variations of the satellite as it travels between
the bright and dark sides of the earth.
12.135 A spherical capsule of 3-m radius is fired from a
space platform in earth orbit, such that it travels
toward the center of the sun at 16,000 km/s. Assume
that the capsule is a lumped capacitance body with a
density–specific heat product of 4  106 J/m3  K and
that its surface is black.
(a) Derive a differential equation for predicting the
capsule temperature as a function of time. Solve
this equation to obtain the temperature as a
function of time in terms of capsule parameters
and its initial temperature Ti.

(b) If the capsule begins its journey at 20C, predict
the position of the capsule relative to the sun at
which its destruction temperature, 150C, is
reached.
12.136 Consider the spherical satellite of Problem 12.127.
By changing the chemistry of the diffuse material
used for the coating, engineers can control the cutoff
wavelength that marks the boundary between   0.6
and   0.3.
(a) What cutoff wavelength will minimize the
steady-state temperature of the satellite when it is
on the bright side of the earth? Using this coating, what will the steady-state temperature on the
dark side of the earth be?
(b) What cutoff wavelength will maximize the steadystate temperature of the satellite when it is on the
dark side of the earth? What will the corresponding steady-state temperature be on the bright side?
12.137 A solar panel mounted on a spacecraft has an area of
1 m2 and a solar-to-electrical power conversion efficiency of 12%. The side of the panel with the photovoltaic array has an emissivity of 0.8 and a solar
absorptivity of 0.8. The back side of the panel has an
emissivity of 0.7. The array is oriented normal to
solar irradiation of 1500 W/m2.
(a) Determine the steady-state temperature of the
panel and the electrical power (W) produced for
the prescribed conditions.
(b) If the panel were a thin plate without the solar
cells, but with the same radiative properties,
determine the temperature of the plate for the
prescribed conditions. Compare this result with
that from part (a). Are they the same or different? Explain why.
(c) Determine the temperature of the solar panel
1500 s after the spacecraft is eclipsed by the
earth. The thermal capacity of the panel per unit
area is 9000 J/m2  K.

Heat and Mass Transfer
12.138 It is known that on clear nights a thin layer of water
on the ground will freeze before the air temperature
drops below 0°C. Consider such a layer of water on a
clear night for which the effective sky temperature is
30°C and the convection heat transfer coefficient
due to wind motion is h  25 W/m2  K. The water
may be assumed to have an emissivity of 1.0 and to
be insulated from the ground as far as conduction is
concerned. Neglecting evaporation, determine the
lowest temperature that the air can have without the
water freezing. Accounting now for the effect of
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evaporation, what is the lowest temperature that the
air can have without the water freezing? Assume the
air to be dry.

0.96 and a solar absorptivity of 0.65. As a first
approximation the properties of the atmospheric air
may be evaluated at a temperature of 300 K.

12.139 A shallow layer of water is exposed to the natural
environment as shown.
GS

GA

Air

φ∞
T∞

Sky
Air-water
interface

Gsky

Water,
Tw = 27°C

Gsky
GS

Bottom

Consider conditions for which the solar and atmospheric irradiations are GS  600 W/m2 and GA 
300 W/m2, respectively, and the air temperature and
relative humidity are T  27°C and   0.50,
respectively. The reflectivities of the water surface to
the solar and atmospheric irradiation are S  0.3
and A  0, respectively, while the surface emissivity is  0.97. The convection heat transfer coefficient at the air–water interface is h  25 W/m2  K. If
the water is at 27°C, will this temperature increase or
decrease with time?
12.140 A roof-cooling system, which operates by maintaining
a thin film of water on the roof surface, may be used to
reduce air-conditioning costs or to maintain a cooler
environment in nonconditioned buildings. To determine the effectiveness of such a system, consider a
sheet metal roof for which the solar absorptivity S is
0.50 and the hemispherical emissivity is 0.3. Representative conditions correspond to a surface convection coefficient h of 20 W/m2  K, a solar irradiation GS
of 700 W/m2, a sky temperature of 10°C, an atmospheric temperature of 30°C, and a relative humidity of
65%. The roof may be assumed to be well insulated
from below. Determine the roof surface temperature
without the water film. Assuming the film and roof
surface temperatures to be equal, determine the surface
temperature with the film. The solar absorptivity and
the hemispherical emissivity of the film–surface combination are S  0.8 and  0.9, respectively.
12.141 A wet towel hangs on a clothes line under conditions
for which one surface receives solar irradiation of
GS  900 W/m2 and both surfaces are exposed to
atmospheric (sky) and ground radiation of Gsky 
200 W/m2 and Gg  250 W/m2, respectively. Under
moderately windy conditions, air flow at a temperature of 27°C and a relative humidity of 60% maintains
a convection heat transfer coefficient of 20 W/m2  K
at both surfaces. The wet towel has an emissivity of

Air
(T∞, φ∞, h)
Towel (Ts, ε, α s)

Gg
Gg

Ground

Determine the temperature Ts of the towel. What is
the corresponding evaporation rate for a towel that is
0.75 m wide by 1.50 m long?
12.142 Our students perform a laboratory experiment to determine mass transfer from a wet paper towel experiencing forced convection and irradiation from radiant
lamps. For the values of T and Twb prescribed on the
sketch, the towel temperature was found to be Ts 
310 K. In addition, flat-plate correlations yielded
average heat and mass transfer convection coefficients
of h  28.7 W/m2  K and hm  0.027 m/s, respectively. The towel has dimensions of 92.5 mm 
92.5 mm and is diffuse and gray with an emissivity
of 0.96.

Radiant lamps

Air

T∞ = 290 K
Twb = 290 K

G

Water-soaked
paper towel
Insulation

(a) From the foregoing results, determine the vapor
densities, A,s and A,, the evaporation rate,
nA (kg/s), and the net rate of radiation transfer to
the towel, qrad (W).
(b) Using results from part (a) and assuming that the
irradiation G is uniform over the towel, determine the emissive power E, the irradiation G,
and the radiosity J.
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H

aving thus far restricted our attention to radiative processes that occur at a
single surface, we now consider the problem of radiative exchange between two or
more surfaces. This exchange depends strongly on the surface geometries and orientations, as well as on their radiative properties and temperatures. Initially, we
assume that the surfaces are separated by a nonparticipating medium. Since such a
medium neither emits, absorbs, nor scatters, it has no effect on the transfer of radiation between surfaces. A vacuum meets these requirements exactly, and most gases
meet them to an excellent approximation.
Our first objective is to establish geometrical features of the radiation exchange
problem by developing the notion of a view factor. Our second objective is to
develop procedures for predicting radiative exchange between surfaces that form an
enclosure. We conclude our consideration of radiation exchange between surfaces
by considering the effects of a participating medium, namely, an intervening gas
that emits and absorbs radiation.

13.1
The View Factor
To compute radiation exchange between any two surfaces, we must first introduce
the concept of a view factor (also called a configuration or shape factor).

13.1.1 The View Factor Integral
The view factor Fij is defined as the fraction of the radiation leaving surface i that is
intercepted by surface j. To develop a general expression for Fij, we consider the arbitrarily oriented surfaces Ai and Aj of Figure 13.1. Elemental areas on each surface,
dAi and dAj, are connected by a line of length R, which forms the polar angles i and
j, respectively, with the surface normals ni and nj. The values of R, i, and j vary
with the position of the elemental areas on Ai and Aj.
dAj

nj

θj

dAj cos θj

Aj, Tj
R
ni

ni

dj–i

θi
dAi

dAi
Ai , Ti

FIGURE 13.1 View factor associated with radiation exchange between elemental
surfaces of area dAi and dAj.
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From the definition of the radiation intensity, Section 12.2.2, and Equation
12.6, the rate at which radiation leaves dAi and is intercepted by dAj may be
expressed as
dqilj  Ier, i cos i dAi dji
where Ier,i is the intensity of radiation leaving surface i by emission and reflection
and dji is the solid angle subtended by dAj when viewed from dAi. With
dji  (cos j dAj)/R2 from Equation 12.2, it follows that
dqilj  Ier, i

cos i cos j
R2

dAi dAj

Assuming that surface i emits and reflects diffusely and substituting from Equation
12.22, we then obtain
dqilj  Ji

cos i cos j
R2

dAi dAj

The total rate at which radiation leaves surface i and is intercepted by j may then be
obtained by integrating over the two surfaces. That is,
qilj  Ji

 cos 
dA dA
  cos R
i

Ai

j

i

2

Aj

j

where it is assumed that the radiosity Ji is uniform over the surface Ai. From the definition of the view factor as the fraction of the radiation that leaves Ai and is intercepted by Aj,
Fij 

qilj
Ai Ji

it follows that
Fij  1
Ai

 cos 
dA dA
  cos R
i

Ai

j

i

2

Aj

j

(13.1)

Similarly, the view factor Fji is defined as the fraction of the radiation that leaves Aj
and is intercepted by Ai. The same development then yields
Fji  1
Aj

 cos 
dA dA
  cos R
i

Ai

Aj

j

2

i

j

(13.2)

Either Equation 13.1 or 13.2 may be used to determine the view factor associated with
any two surfaces that are diffuse emitters and reflectors and have uniform radiosity.

13.1.2

View Factor Relations

An important view factor relation is suggested by Equations 13.1 and 13.2. In particular, equating the integrals appearing in these equations, it follows that
AiFij  Aj Fji

(13.3)

This expression, termed the reciprocity relation, is useful in determining one view
factor from knowledge of the other.
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TN

T1

JN

J1

T2
J2
Ji

FIGURE 13.2
Radiation exchange in an enclosure.

Ti

Another important view factor relation pertains to the surfaces of an enclosure
(Figure 13.2). From the definition of the view factor, the summation rule
N

F

ij

1

(13.4)

j1

may be applied to each of the N surfaces in the enclosure. This rule follows from the
conservation requirement that all radiation leaving surface i must be intercepted by
the enclosure surfaces. The term Fii appearing in this summation represents the fraction of the radiation that leaves surface i and is directly intercepted by i. If the surface is concave, it sees itself and Fii is nonzero. However, for a plane or convex
surface, Fii  0.
To calculate radiation exchange in an enclosure of N surfaces, a total of N 2
view factors is needed. This requirement becomes evident when the view factors are
arranged in the matrix form:



F11 F12
F21 F22


FN1 FN2

…
…
…



F1N
F2N

FNN

However, all the view factors need not be calculated directly. A total of N view
factors may be obtained from the N equations associated with application of the

J1
J2

F12 = 1
A
F21 = ___1
A2

F11 = 0

A
F22 = 1 – ___1
A2

1

2

FIGURE 13.3
View factors for the enclosure
formed by two spheres.
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summation rule, Equation 13.4, to each of the surfaces in the enclosure. In addition,
N(N  1)/2 view factors may be obtained from the N(N  1)/2 applications of the
reciprocity relation, Equation 13.3, which are possible for the enclosure. Accordingly, only [N 2  N  N(N  1)/2]  N(N  1)/2 view factors need be determined
directly. For example, in a three-surface enclosure this requirement corresponds to

TABLE 13.1 View Factors for Two-Dimensional Geometries [4]
Geometry

Relation

Parallel Plates with Midlines
Connected by Perpendicular
wi
i

Fij 

[(Wi  Wj)2  4]1/2  [(Wj  Wi)2  4]1/2
2Wi

Wi  wi /L, Wj  wj /L

L
j
wj

Inclined Parallel Plates of Equal
Width and a Common Edge
j

Fij  1  sin

w

α

2 

i
w

Perpendicular Plates with a
Common Edge
j

Fij 

1  (wj /wi)  [1  (wj /wi)2]1/2
2

Fij 

wi  wj  wk
2wi

wj

i
wi

Three-Sided Enclosure

wk

wj
k

j
i
wi

(continues)
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TABLE 13.1 Continued
Geometry

Relation

Parallel Cylinders of
Different Radii
Fij 
rj

ri



1
  [C 2  (R  1)2]1/2
2
 [C 2 (R  1)2]1/2

j

i

 (R  1) cos1
s

 (R  1) cos1

CR  C1 
CR  C1 

R  rj /ri, S  s/ri
C1RS
Cylinder and Parallel Rectangle





s1
s2
r
Fij  s  s tan1  tan1
1
2
L
L

r
j
L

i
s2
s1

Infinite Plane and Row of Cylinders
s

D
j

  
s D
D
  s  tan 
D  

D
Fij  1  1  s

1

2 1/2

2 1/2

2

2

i

only 3(3  1)/2  3 view factors. The remaining six view factors may be obtained
by solving the six equations that result from use of Equations 13.3 and 13.4.
To illustrate the foregoing procedure, consider a simple, two-surface enclosure
involving the spherical surfaces of Figure 13.3. Although the enclosure is characterized by N 2  4 view factors (F11, F12, F21, F22), only N(N  1)/2  1 view factor
need be determined directly. In this case such a determination may be made by
inspection. In particular, since all radiation leaving the inner surface must reach the
outer surface, it follows that F12  1. The same may not be said of radiation leaving

c13.qxd 3/6/06 11:07 AM Page 817

13.1



817

The View Factor

TABLE 13.2 View Factors for Three-Dimensional Geometries [4]
Geometry

Relation

Aligned Parallel
Rectangles

X  X/L, Y  Y/L

(Figure 13.4)

Fij 

j
L

 



(1  X 2) (1  Y 2)
2
ln
X Y
1 X2 Y 2
 X (1  Y 2)1/2 tan1

X
(1  Y 2)1/2

 Y (1  X 2)1/2 tan1

Y
 X tan1 X  Y tan1 Y
(1  X 2)1/2

i

Y

X

Coaxial Parallel Disks
(Figure 13.5)
j
ri

L



Ri  ri /L, Rj  rj /L
S1

rj

1/2

1  R2j

R2i
1
Fij  {S  [S 2  4(rj /ri)2]1/2}
2

i

Perpendicular Rectangles
with a Common Edge
(Figure 13.6)

H  Z/X, W  Y/X
Fij 

j
Z
i
Y

X



1
1
1
W tan1  H tan1
W
W
H
1
 (H 2  W 2)1/2 tan1 2
(H  W 2)1/2
(1  W 2)(1  H 2) W 2(1  W 2  H 2)
1
 ln
4
1  W2  H2
(1  W 2)(W 2  H 2)


H (1  H  W )

(1  H )(H  W ) 

2

2

2

2

2

H



W2

2

2

the outer surface, since this surface sees itself. However, from the reciprocity relation, Equation 13.3, we obtain
F21 

AA F  AA 
1

1

12

2

2

From the summation rule, we also obtain
F11  F12  1
in which case F11  0, and
F21  F22  1
in which case
F22  1 

AA 
1
2
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1.0
0.7
0.5
0.4
0.3

10

L
Y

∞

j

4
2

i
X

1.0
0.6
0.4

0.1

0.2

Fij

0.2

0.07
0.05
0.04

Y/L = 0.1

0.03
0.02

0.01
0.1

0.2 0.3

0.5

1.0

2

3 4 5

10

20

X/L

FIGURE 13.4 View factor for aligned parallel rectangles.

For more complicated geometries, the view factor may be determined by solving the double integral of Equation 13.1. Such solutions have been obtained for
many different surface arrangements and are available in equation, graphical, and
tabular form [1–4]. Results for several common geometries are presented in Tables
13.1 and 13.2 and Figures 13.4 through 13.6. The configurations of Table 13.1 are
assumed to be infinitely long (in a direction perpendicular to the page) and are
hence two-dimensional. The configurations of Table 13.2 and Figures 13.4 through
13.6 are three-dimensional.
It is useful to note that the results of Figures 13.4 through 13.6 may be used to
determine other view factors. For example, the view factor for an end surface of a
1.0

rj

8

j
6

ri L

0.8
5

i
4
0.6
3

Fij
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rj /L
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1.0
0.8

0.2
0.6

0.4
0.3

0
0.1
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0.6 0.8 1
L/ri

2

FIGURE 13.5 View factor for coaxial parallel disks.
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Y/X =
0.02

j
Z

i
X

Y

0.05
0.4
0.1
0.2

Fij

0.3
0.4
0.6
0.2
1.0
1.5
0.1

2.0

4
10
20

0
0.1

0.2

0.4

0.6 0.8 1
Z/X

2

4

6

8 10

FIGURE 13.6 View factor for perpendicular rectangles with a
common edge.

cylinder (or a truncated cone) relative to the lateral surface may be obtained by using
the results of Figure 13.5 with the summation rule, Equation 13.4. Moreover, Figures 13.4 and 13.6 may be used to obtain other useful results if two additional view
factor relations are developed.
The first relation concerns the additive nature of the view factor for a subdivided surface and may be inferred from Figure 13.7. Considering radiation from
surface i to surface j, which is divided into n components, it is evident that
Fi( j) 

n

F

ik

(13.5)

k1

where the parentheses around a subscript indicate that it is a composite surface, in
which case ( j) is equivalent to (1, 2, . . . , k, . . . , n). This expression simply states that
radiation reaching a composite surface is the sum of the radiation reaching its parts.
Although it pertains to subdivision of the receiving surface, it may also be used to
obtain the second view factor relation, which pertains to subdivision of the originating

Ai
An
Ak
A1
n

Aj =

Σ

k=1

Ak

FIGURE 13.7
Areas used to illustrate view factor relations.
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surface. Multiplying Equation 13.5 by Ai and applying the reciprocity relation, Equation 13.3, to each of the resulting terms, it follows that
n

AF

AjF( j)i 

(13.6)

k ki

k1

or

n

AF

k ki

F( j)i 

k1
n



(13.7)

Ak

k1

Equations 13.6 and 13.7 may be applied when the originating surface is composed
of several parts.
For problems involving complicated geometries, analytical solutions to Equation 13.1 may not be obtainable, in which case values of the view factors must be
estimated using numerical methods. In situations involving extremely complex
structures that may have hundreds or thousands of radiative surfaces, considerable
error may be associated with the numerically calculated view factors. In such situations, Equation 13.3 should be used to check the accuracy of individual view factors, and Equation 13.4 should be used to determine whether the conservation of
energy principle is satisfied [5].

EXAMPLE 13.1
Consider a diffuse circular disk of diameter D and area Aj and a plane diffuse surface of area Ai  Aj. The surfaces are parallel, and Ai is located at a distance L from
the center of Aj. Obtain an expression for the view factor Fij.

SOLUTION
Known: Orientation of small surface relative to large circular disk.
Find: View factor of small surface with respect to disk, Fij.
Schematic:
D

dr
dAj
Aj

θj
R

θi
Ai

Assumptions:
1. Diffuse surfaces.
2. Ai  Aj.

L

c13.qxd 3/6/06 11:07 AM Page 821

13.1



821

The View Factor

Analysis: The desired view factor may be obtained from Equation 13.1.
Fij 

1
Ai

 cos 
dA dA
  cos R
i

Ai

j

i

2

Aj

j

Recognizing that i, j, and R are approximately independent of position on Ai, this
expression reduces to
 cos 
dA
 cos R
i

Fij 

j

or, with i  j

,
Fij 

j

2

Aj

 cosR  dA
2

Aj

j

2

With R2  r 2  L2, cos   (L/R), and dAj  2r dr, it follows that
Fij  2L2



D/2

0

r dr
D2
 2
2 2
(r  L )
D  4L2



2

(13.8)

Comments:
1. Equation 13.8 may be used to quantify the asymptotic behavior of the curves in
Figure 13.5 as the radius of the lower circle, ri, approaches zero.
2. The preceding geometry is one of the simplest cases for which the view factor
may be obtained from Equation 13.1. Geometries involving more detailed integrations are considered in the literature [1, 3].

EXAMPLE 13.2
Determine the view factors F12 and F21 for the following geometries:
D

A1

A1
A2
A3

L

L=D
A2

(1)

(2)

A1
A2
A3

L=D

(3)

1. Sphere of diameter D inside a cubical box of length L  D.
2. One side of a diagonal partition within a long square duct.
3. End and side of a circular tube of equal length and diameter.

SOLUTION
Known: Surface geometries.
Find: View factors.

c13.qxd 3/6/06 11:07 AM Page 822

822

Chapter 13



Radiation Exchange Between Surfaces

Assumptions: Diffuse surfaces with uniform radiosities.
Analysis: The desired view factors may be obtained from inspection, the reciprocity rule, the summation rule, and/or use of the charts.
1. Sphere within a cube:
F12  1
By inspection,
By reciprocity,

F21 



A1
D2

F12  2  1 
A2
6
6L



2. Partition within a square duct:
From summation rule,
where
By symmetry,
Hence
By reciprocity,

F11  F12  F13  1
F11  0
F12  F13
F12  0.50
F21 

A1
F 
A2 12

2L
 0.5  0.71
L




3. Circular tube:
From Table 13.2 or Figure 13.5, with (r3/L)  0.5 and (L/r1)  2, F13  0.172
From summation rule, F11  F12  F13  1
or, with F11  0, F12  1  F13  0.828
From reciprocity,

F21 

A1
D2/4
F12 
 0.828  0.207
DL
A2




13.2
Radiation Exchange Between Opaque,
Diffuse, Gray Surfaces in an Enclosure
In general, radiation may leave an opaque surface due to both reflection and emission, and on reaching a second opaque surface, experience reflection as well as
absorption. In an enclosure, such as that of Figure 13.8a, radiation may experience
multiple reflections off all surfaces, with partial absorption occurring at each.
Analyzing radiation exchange in an enclosure may be simplified by making
certain assumptions. Each surface of the enclosure is assumed to be isothermal and
to be characterized by a uniform radiosity and a uniform irradiation. Opaque, diffuse, gray surface behavior is also assumed, and the medium within the enclosure is
taken to be nonparticipating. The problem is generally one in which either the temperature Ti or the net radiative heat flux qi associated with each of the surfaces is
known. The objective is to use this information to determine the unknown radiative
heat fluxes and temperatures associated with each of the surfaces.
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13.2.1 Net Radiation Exchange at a Surface
The term qi, which is the net rate at which radiation leaves surface i, represents the
net effect of radiative interactions occurring at the surface (Figure 13.8b). It is the
rate at which energy would have to be transferred to the surface by other means to
maintain it at a constant temperature. It is equal to the difference between the surface radiosity and irradiation and may be expressed as
qi  Ai ( Ji  Gi)

(13.9)

From Equation 13.9 and the definition of the radiosity Ji,
Ji  Ei  i Gi

(13.10)

The net radiative transfer from the surface may also be expressed in terms of the
surface emissive power and the absorbed irradiation:
qi  Ai (Ei  iGi)

(13.11)

where use has been made of the relationship i  1  i for an opaque surface. This
relationship is illustrated in Figure 13.8c. Substituting from Equation 12.35 and recognizing that i  1  i  1  i for an opaque, diffuse, gray surface, the radiosity may also be expressed as
Ji  i Ebi  (1  i)Gi

T1, A1, ε1

(13.12)

Tj, Aj, εj
Ji

qi

(a)

Gi

Ti, Ai, εi

Gi Ai

Ji Ai

E i Ai

ρi Gi Ai

G i Ai

Ji
1____
– εi

ε i Ai

αiGi Ai

Ebi

qi

qi
qi

(b)

( c)

(d)

FIGURE 13.8 Radiation exchange in an enclosure of diffuse, gray
surfaces with a nonparticipating medium. (a) Schematic of the
enclosure. (b) Radiative balance according to Equation 13.9.
(c) Radiative balance according to Equation 13.11. (d) Network
element representing the net radiation transfer from a surface.
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Solving for Gi and substituting into Equation 13.9, it follows that



qi  Ai Ji 

Ji  iEbi
1  i



or
qi 

Ebi  Ji
(1  i)/i Ai

(13.13)

Equation 13.13 provides a convenient representation for the net radiative heat
transfer rate from a surface. This transfer, which may be represented by the network
element of Figure 13.8d, is associated with the driving potential (Ebi  Ji) and a surface radiative resistance of the form (1  i)/i Ai. Hence, if the emissive power that
the surface would have if it were black exceeds its radiosity, there is net radiation
heat transfer from the surface; if the inverse is true, the net transfer is to the surface.
It is sometimes the case that one of the surfaces is very large relative to the
other surfaces under consideration. For example, the system might consist of multiple small surfaces in a large room. In this case, the area of the large surface is effectively infinite ( Ai l ), and we see that its surface radiative resistance, (1  i)/i Ai,
is effectively zero, just as it would be for a black surface (i  1). Hence, Ji  Ebi,
and a surface which is large relative to all other surfaces under consideration can
be treated as if it were a blackbody. This important conclusion was reached in Section 12.6 based on a physical argument and has now been confirmed from our treatment of gray surface radiation exchange. Again, the physical explanation is that,
even though the large surface may reflect some of the irradiation incident upon it, it
is so big that there is a high probability that the reflected radiation reaches another
point on the same large surface. After many such reflections, all the radiation that
was originally incident on the large surface is absorbed by the large surface, and
none ever reaches any of the smaller surfaces.

13.2.2 Radiation Exchange Between Surfaces
To use Equation 13.13, the surface radiosity Ji must be known. To determine this
quantity, it is necessary to consider radiation exchange between the surfaces of the
enclosure.
The irradiation of surface i can be evaluated from the radiosities of all the surfaces in the enclosure. In particular, from the definition of the view factor, it follows
that the total rate at which radiation reaches surface i from all surfaces, including i, is
Ai Gi 

N

F

ji

Aj Jj

j1

or from the reciprocity relation, Equation 13.3,
AiGi 

N

AF
i

ij

Jj

j1

Canceling the area Ai and substituting into Equation 13.9 for Gi,



qi  Ai Ji 

 F J
N

ij j

j1

c13.qxd 3/6/06 11:07 AM Page 825

13.2



Radiation Exchange Between Opaque, Diffuse, Gray Surfaces

825

or, from the summation rule, Equation 13.4,

 F J   F J 

qi  Ai

N

N

ij i

ij j

j1

j1

Hence
qi 

N

N

 A F (J  J )   q
i ij

i

j

(13.14)

ij

j1

j1

This result equates the net rate of radiation transfer from surface i, qi, to the sum of
components qij related to radiative exchange with the other surfaces. Each component
may be represented by a network element for which (Ji  Jj) is the driving potential
and (AiFij)1 is a space or geometrical resistance (Figure 13.9).
Combining Equations 13.13 and 13.14, we then obtain
N
Ji  Jj
Ebi  Ji

(1  i)/i Ai j1 (Ai Fij)1



(13.15)

As shown in Figure 13.9, this expression represents a radiation balance for the
radiosity node associated with surface i. The rate of radiation transfer (current flow)
to i through its surface resistance must equal the net rate of radiation transfer (current
flows) from i to all other surfaces through the corresponding geometrical resistances.
Note that Equation 13.15 is especially useful when the surface temperature Ti
(hence Ebi) is known. Although this situation is typical, it does not always apply.
In particular, situations may arise for which the net radiation transfer rate at the
surface qi, rather than the temperature Ti, is known. In such cases the preferred
form of the radiation balance is Equation 13.14, rearranged as
qi 

N

Ji  Jj

j1

i ij

 (A F )

(13.16)

1

qi1
qi 2

J1
J2
(Ai Fi1)–1

qi 3

(Ai Fi 2)–1

J3
qi

Ebi

(Ai Fi 3)–1

Ji

JN–1

1– ε i
____

Node corresponding
to the surface i

qi (N–1)

(Ai Fi(N–1))–1

ε i Ai

(Ai FiN)–1

JN
qiN

FIGURE 13.9 Network representation of radiative exchange
between surface i and the remaining surfaces of an enclosure.
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Use of network representations was first suggested by Oppenheim [6]. The network is built by first identifying nodes associated with the radiosities of each of the
N surfaces of the enclosure. The method provides a useful tool for visualizing radiation exchange in the enclosure and, at least for simple enclosures, may be used as
the basis for predicting this exchange.
An alternative direct approach to solving radiation enclosure problems
involves writing Equation 13.15 for each surface at which Ti is known, and writing
Equation 13.16 for each surface at which qi is known. The resulting set of N linear,
algebraic equations is solved for J1, J2, . . . , JN. With knowledge of the Ji, Equation
13.13 may then be used to determine the net radiation heat transfer rate qi at each
surface of known Ti or the value of Ti at each surface of known qi. For any number
N of surfaces in the enclosure, the foregoing problem may readily be solved by the
iteration or matrix inversion methods of Chapter 4.

EXAMPLE 13.3
In manufacturing, the special coating on a curved solar absorber surface of area A2 
15 m2 is cured by exposing it to an infrared heater of width W  1 m. The absorber
and heater are each of length L  10 m and are separated by a distance of H  1 m.
The upper surface of the absorber and the lower surface of the heater are insulated.
Room walls,

Tsur
Absorber
surface, A2, T2, ε 2

H
Heater, A1, T1, ε 1

W

The heater is at T1  1000 K and has an emissivity of 1  0.9, while the absorber is
at T2  600 K and has an emissivity of 2  0.5. The system is in a large room whose
walls are at 300 K. What is the net rate of heat transfer to the absorber surface?

SOLUTION
Known: A curved, solar absorber surface with a special coating is being cured by
use of an infrared heater in a large room.

Find: Net rate of heat transfer to the absorber surface.
Schematic:
Collector, L = 10 m

A'2

T3 = Tsur = 300 K
ε3= 1

H=1m

T2 = 600 K, A2 = 25 m2,
ε 2 = 0.5
A'3
T1 = 1000 K, A1 = 10 m2,
ε 1 = 0.9

W=1m

Heater, L = 10 m
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Assumptions:
1.
2.
3.
4.

Steady-state conditions exist.
Convection effects are negligible.
Absorber and heater surfaces are diffuse and gray.
The surrounding room is large and therefore behaves as a blackbody.

Analysis: The system may be viewed as a three-surface enclosure, with the third
surface being the large surrounding room, which behaves as a blackbody. We are
interested in obtaining the net rate of radiation transfer to surface 2. We solve the
problem using both the radiation network and direct approaches.
Radiation Network Approach

The radiation network is constructed by first
identifying nodes associated with the radiosities of each surface, as shown in step 1
in the schematic below. Then each radiosity node is connected to each of the other
radiosity nodes through the appropriate space resistance, as shown in step 2. We
will treat the surroundings as having a large but unspecified area, which introduces
difficulty in expressing the space resistances (A3F31)1 and (A3F32)1. Fortunately,
from the reciprocity relation (Equation 13.3), we can replace A3F31 with A1F13 and
A3F32 with A2F23, which are more readily obtained. The final step is to connect the
blackbody emissive powers associated with the temperature of each surface to the
radiosity nodes, using the appropriate form of the surface resistance.
Eb3 =  T34
1 – ε3

ε 3 A3

J3

J3
(A1F13)–1
J2

J1

J1

J3
(A2F23)–1

(A1F12)–1

J2

(A1F13)–1
1 – ε1

(A2F23)–1
J2

J1

ε1A1

(A1F12)–1

Eb1 =  T14
Step 1

Step 2

1 – ε2

ε 2 A2

Eb2 =  T24
Step 3

In this problem, the surface resistance associated with surface 3 is zero according to assumption 4; therefore, J3  Eb3  T 43  459 W/m2.
Summing currents at the J1 node yields
T14  J1
J  J2 J1  T34
 1

(1  1)/1A1 1/A1F12
1/A1F13

(1)

while summing the currents at the J2 node results in
T24  J2
J2  J1 J2  T34


(1  2)/2 A2 1/A1F12
1/A2F23

(2)

The view factor F12 may be obtained by recognizing that F12  F12, where A2 is
shown in the schematic as the rectangular base of the absorber surface. Then, from
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Figure 13.4 or Table 13.2, with Y/L  10/1  10 and X/L  1/1  1,
F12  0.39
From the summation rule, and recognizing that F11  0, it also follows that
F13  1  F12  1  0.39  0.61
The last needed view factor is F23. We recognize that, since radiation propagating
from surface 2 to surface 3 must pass through the hypothetical surface A2,
A2F23  A2F23
and from symmetry F23  F13. Thus
F23 

A2
10 m2
F13 
 0.61  0.41
A2
15 m2

We may now solve Equations 1 and 2 for J1 and J2. Recognizing that Eb1  T14 
56,700 W/m2 and canceling the area A1, we can express Equation 1 as
56,700  J1 J1  J2 J1  459


(1  0.9)/0.9 1/0.39
1/0.61
or
10J1  0.39J2  510,582
Noting that Eb2 
Equation 2 as

T 42

(3)

 7348 W/m and dividing by the area A2, we can express
2

7348  J2
J2  J1
J2  459


2
2
1/0.41
(1  0.5)/0.5 15 m /(10 m  0.39)
or
0.26J1  1.67J2  7536

(4)

Solving Equations 3 and 4 simultaneously yields J2  12,487 W/m2.
An expression for the net rate of heat transfer from the absorber surface, q2,
may be written upon inspection of the radiation network and is
q2 

T 24  J2
(12)/2 A2

resulting in
q2 

(7348  12,487)W/m2
 77.1 kW
(1  0.5)/(0.5  15 m2)

Hence, the net heat transfer rate to the absorber is qnet  q2  77.1 kW.



Direct Approach

Using the direct approach, we write Equation 13.15 for each
of the three surfaces. We use reciprocity to rewrite the space resistances in terms of
the known view factors from above and to eliminate A3.
Surface 1
T14  J1
J  J2 J1  J3
 1

(1  1)/1A1 1/A1F12 1/A1F13

(5)
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Surface 2
J2  J3
J2  J3
T24  J2
J2  J1
J2  J1




(1  2)/2 A2 1/A2 F21 1/A2 F23 1/A1F12 1/A2 F23

(6)

Surface 3
T34  J3
J3  J1
J3  J2
J3  J1
J3  J2




(7)
(1  3)/3 A3 1/A3 F31 1/A3 F32 1/A1F13 1/A2 F23
Substituting values of the areas, temperatures, emissivities, and view factors into
Equations 5 through 7 and solving them simultaneously, we obtain J1  51,541
W/m2, J2  12,487 W/m2, and J3  459 W/m2. Equation 13.13 may then be written
for surface 2 as
T24  J2
q2 
(12)/2 A2
This expression is identical to the expression that was developed using the radiation
network. Hence, q2  77.1 kW.

Comments:
1. In order to solve Equations 5 through 7 simultaneously, we must first multiply
both sides of Equation 7 by (1  3)/3 A3  0 to avoid division by zero, resulting in the simplified form of Equation 7, which is J3  T34.
2. If we substitute J3  T34 into Equations 5 and 6, it is evident that Equations 5
and 6 are identical to Equations 1 and 2, respectively.
3. The direct approach is recommended for problems involving N  4 surfaces, since
radiation networks become quite complex as the number of surfaces increases.
4. As will be seen in Section 13.3, the radiation network approach is particularly
useful when thermal energy is transferred to or from surfaces by additional
means, that is, by conduction and/or convection. In these multimode heat transfer situations, the additional energy delivered to or taken from the surface can
be represented by additional current into or out of a node.
5. Recognize the utility of using a hypothetical surface ( A2) to simplify the evaluation of view factors.
6. We could have approached the solution in a slightly different manner. Radiation leaving surface 1 must pass through the openings (hypothetical surface 3)
in order to reach the surroundings. Thus, we can write.
F13  F13
A1F13  A1F13  A3F31
A similar relationship can be written for exchange between surface 2 and the surroundings, that is, A2F23  A3F32. Thus, the space resistances which connect to
radiosity node 3 in the radiation network above can be replaced by space resistances pertaining to surface 3. The resistance network would be unchanged, and
the space resistances would have the same values as those determined in the foregoing solution. However, it may be more convenient to calculate the view factors
by utilizing the hypothetical surfaces 3. With the surface resistance for surface 3
equal to zero, we see that openings of enclosures that exchange radiation with
large surroundings may be treated as hypothetical, nonreflecting black surfaces
(3  1) whose temperature is equal to that of the surroundings (T3  Tsur).
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13.2.3 Blackbody Radiation Exchange
In Example 13.3, we saw that large surroundings may be treated as hypothetical
black surfaces. Real surfaces, such as those that are charred or coated with highemissivity finishes, also exhibit near-black behavior. Matters are simplified significantly when all the surfaces of the enclosure are black. Since the absorptivity of a
black surface is unity, there is no reflection and the radiosity is composed solely of
the emitted energy. Hence, Equation 13.14 reduces to
qi 

N

 A F (T
i

ij

4
i

 Tj4)

(13.17)

j1

EXAMPLE 13.4
A furnace cavity, which is in the form of a cylinder of 75-mm diameter and 150mm length, is open at one end to large surroundings that are at 27°C. The sides and
bottom may be approximated as blackbodies, are heated electrically, are well insulated, and are maintained at temperatures of 1350 and 1650°C, respectively.
D

Side, T1

Heater wire

L

Insulation
Bottom, T2

How much power is required to maintain the furnace conditions?

SOLUTION
Known: Surface temperatures of cylindrical furnace and surroundings.
Find: Power required to maintain prescribed temperatures.
Schematic:

q

Tsur = 300 K
A3, T3 = Tsur
A1, T1 = 1350°C

L = 0.15 m
A2, T2 = 1650°C
D = 0.075 m
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Assumptions:
1.
2.
3.
4.

Interior surfaces behave as blackbodies.
Heat transfer by convection is negligible.
Outer surface of furnace is adiabatic.
Treat opening as a hypothetical black surface at Tsur.

Analysis: The power needed to operate the furnace at the prescribed conditions
must balance heat losses from the furnace. The heat loss may then be expressed as
q  q13  q23
or, from Equation 13.17,

q  A1F13(T 41  T 43)  A2F23(T 42  T 43)
From Table 13.2 (or Figure 13.5), with (ri /L)  (rj /L)  (0.0375 m/0.15 m)  0.25,
F23  0.056. From the summation rule
F21  1  F23  1  0.056  0.944
and from reciprocity
F12 

A2
(0.075 m)2/4
F21 
 0.944  0.118
A1
(0.075 m)(0.15 m)

Hence, since F13  F12 from symmetry,
q  (  0.075 m  0.15 m) 0.118  5.67  108 W/m2  K4
 [(1623 K)4  (300 K)4] 

4 (0.075 m)  0.056
2

 5.67  108 W/m2  K4 [(1923 K )4  (300 K)4]
q  1639 W  191 W  1830 W

13.2.4

The Two-Surface Enclosure

The simplest example of an enclosure is one involving two surfaces that exchange
radiation only with each other. Such a two-surface enclosure is shown schematically in Figure 13.10a. Since there are only two surfaces, the net rate of radiation
transfer from surface 1, q1, must equal the net rate of radiation transfer to surface 2,
q2, and both quantities must equal the net rate at which radiation is exchanged
between 1 and 2. Accordingly,
q1   q2  q12
The radiation transfer rate may be determined by applying Equation 13.15 to surfaces 1 and 2 and solving the resulting two equations for J1 and J2. The results could
then be used with Equation 13.13 to determine q1 (or q2). However, in this case the
desired result is more readily obtained by working with the network representation
of the enclosure shown in Figure 13.10b.
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A2, T2, ε 2
q12
A1, T1, ε1
(a)
1 – ε1
_____

q1

Eb1

ε1A1

Eb1– J1
q1 = __________
(1 – ε1)/ε 1A1

1
– ε2
_____

1
______

J1

A1F12
q12

J2

ε 2 A2

Eb2

–q2

J2 – Eb2 __
–q2 = ________
(1 – ε 2)/ε2A2

(b)

FIGURE 13.10 The two-surface enclosure. (a) Schematic.
(b) Network representation.

From Figure 13.10b we see that the total resistance to radiation exchange between
surfaces 1 and 2 is comprised of the two surface resistances and the geometrical
resistance. Hence, substituting from Equation 12.26, the net radiation exchange
between surfaces may be expressed as

q12  q1   q2 

(T 41  T 42)
1  1
1  2
 1 
1A1
A1F12
2 A2

(13.18)

The foregoing result may be used for any two diffuse, gray surfaces that form
an enclosure. Important special cases are summarized in Table 13.3.

13.2.5

Radiation Shields

Radiation shields constructed from low emissivity (high reflectivity) materials can
be used to reduce the net radiation transfer between two surfaces. Consider placing a
radiation shield, surface 3, between the two large, parallel planes of Figure 13.11a.
Without the radiation shield, the net rate of radiation transfer between surfaces 1 and
2 is given by Equation 13.19. However, with the radiation shield, additional resistances are present, as shown in Figure 13.11b, and the heat transfer rate is reduced.
Note that the emissivity associated with one side of the shield (3,1) may differ from
that associated with the opposite side (3,2) and the radiosities will always differ.
Summing the resistances and recognizing that F13  F32  1, it follows that
q12 

A1(T 41  T 42)
1
1 1  3,1 1  3,2
1  2  3,1  3,2

(13.23)

Note that the resistances associated with the radiation shield become very large
when the emissivities 3,1 and 3,2 are very small.
Equation 13.23 may be used to determine the net heat transfer rate if T1 and T2
are known. From knowledge of q12 and the fact that q12  q13  q32, the value of T3
may then be determined by expressing Equation 13.19 for q13 or q32.
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TABLE 13.3 Special Diffuse, Gray, Two-Surface Enclosures
Large (Infinite) Parallel Planes
A1, T1, ε1

A1  A2  A
F12  1

A2, T2, ε 2

q12 

A(T 41  T 42)

(13.19)

1
1

1
1
2

Long (Infinite) Concentric
Cylinders
r1

A1 r1

A2 r2
F12  1

r2

q12 

A1(T 41  T 42)



1 1  2 r1
 1  2
r2

(13.20)

Concentric Spheres
A1 r 21

A2 r 22

r1

q12 

F12  1

r2

A1(T 41  T 42)



1 1  2 r1
1   2
r2

2

(13.21)

Small Convex Object in a Large Cavity
A1, T1, ε1

A1
0
A2
F12  1

A2 , T 2 , ε 2

q12  A11(T 41  T 42)

Radiation
shield

q1

q13

ε 3,1

A1, T1, ε 1

J1

Eb1
q1

1
– ε1
_____

ε 1A1

q32

–q2

ε 3,2
A2, T2, ε 2

A3, T3

J3,1
1
_____

A1F13

( a)

Eb3
1_____
– ε 3,1

ε 3,1A3

1______
– ε 3,2

ε 3,2 A3

J3,2

J2
1
_____

A3F32

(b)

FIGURE 13.11 Radiation exchange between large
parallel planes with a radiation shield. (a) Schematic.
(b) Network representation.

Eb2
1
– ε2
_____

ε 2 A2

(13.22)
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The foregoing procedure may readily be extended to problems involving multiple radiation shields. In the special case for which all the emissivities are equal, it
may be shown that, with N shields,
(q12)N 

1 (q )
N  1 12 0

(13.24)

where (q12)0 is the radiation transfer rate with no shields (N  0).

EXAMPLE 13.5
A cryogenic fluid flows through a long tube of 20-mm diameter, the outer surface
of which is diffuse and gray with 1  0.02 and T1  77 K. This tube is concentric
with a larger tube of 50-mm diameter, the inner surface of which is diffuse and gray
with 2  0.05 and T2  300 K. The space between the surfaces is evacuated. Calculate the heat gain by the cryogenic fluid per unit length of tubes. If a thin radiation
shield of 35-mm diameter and 3  0.02 (both sides) is inserted midway between
the inner and outer surfaces, calculate the change (percentage) in heat gain per unit
length of the tubes.

SOLUTION
Known: Concentric tube arrangement with diffuse, gray surfaces of different
emissivities and temperatures.

Find:
1. Heat gain by the cryogenic fluid passing through the inner tube.
2. Percentage change in heat gain with radiation shield inserted midway between
inner and outer tubes.

Schematic:
T2 = 300 K
D2 = 50 mm
ε 2 = 0.05

Shield

D3 = 35 mm
ε 3 = 0.02

T1 = 77 K
D1 = 20 mm
ε 1 = 0.02
Without shield (wo)

With shield (w)

Assumptions:
1.
2.
3.
4.

Surfaces are diffuse and gray.
Space between tubes is evacuated.
Conduction resistance for radiation shield is negligible.
Concentric tubes form a two-surface enclosure (end effects are negligible).
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Analysis:
1. The network representation of the system without the shield is shown in Figure
13.10, and the desired heat rate may be obtained from Equation 13.20, where
q

(D1L)(T 41  T 42)

 

1 1  2 D1
 1  2
D2

Hence
q 

q 5.67  108 W/m2  K4 (  0.02 m)[(77 K)4  (300 K)4]

L
1  1  0.05 0.02 m
0.02
0.05 0.05 m





q  0.50 W/m



2. The network representation of the system with the shield is shown in Figure
13.11, and the desired heat rate is now
q

Eb1  Eb2 (T 41  T 42)

Rtot
Rtot

where
Rtot 





1  3
1  1
1  2
1
1

2


1(D1L) (D1L)F13
3(D3L)
(D3L)F32 2(D2L)

or



1  0.02
1
Rtot  1

L 0.02(  0.02 m) (  0.02 m)1
1  0.05
1


0.02(1 0.02
0.035 m) (  0.035 m)1 0.05(  0.05 m)
1817 1
 1 (779.9  15.9  891.3  9.1  121.0) 
L
L m 
2

Rtot

2

Hence
q 

q 5.67  108 W/m2  K4 [(77 K)4  (300 K)4]

 0.25 W/m
L
1817 (1/m)



The percentage change in the heat gain is then
qw  qwo
(0.25 W/m)  (0.50 W/m)
 100 
 100  50%
0.50 W/m
qwo

13.2.6

The Reradiating Surface

The assumption of a reradiating surface is common to many industrial applications.
This idealized surface is characterized by zero net radiation transfer (qi  0). It is
closely approached by real surfaces that are well insulated on one side and for
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qR = 0
1 – εR
______

EbR

ε R AR

AR, TR, εR

JR = EbR
1 – ε1
______

ε 1A1

A2, T2, ε 2

A1, T1, ε 1

q1 E
b1

1
____

1
____

A1F1R
q1R qR2
J1

1
____

A2 F2R ______
1 – ε2
ε 2 A2
J2

Eb2 – q2

A1F12
( a)

(b)

FIGURE 13.12 A three-surface enclosure with one surface reradiating. (a) Schematic.
(b) Network representation.

which convection effects may be neglected on the opposite (radiating) side. With
qi  0, it follows from Equations 13.9 and 13.13 that Gi  Ji  Ebi. Hence, if the
radiosity of a reradiating surface is known, its temperature is readily determined. In
an enclosure, the equilibrium temperature of a reradiating surface is determined by
its interaction with the other surfaces, and it is independent of the emissivity of the
reradiating surface.
A three-surface enclosure, for which the third surface, surface R, is reradiating,
is shown in Figure 13.12a, and the corresponding network is shown in Figure
13.12b. Surface R is presumed to be well insulated, and convection effects are
assumed to be negligible. Hence, with qR  0, the net radiation transfer from surface 1 must equal the net radiation transfer to surface 2. The network is a simple
series–parallel arrangement, and from its analysis it is readily shown that
q1  q2 

Eb1  Eb2
1  1
1  2
1


1
1A1
2 A2
A1F12  [(1/A1F1R)  (1/A2F2R)]

(13.25)

Knowing q1  q2, Equation 13.13 may be applied to surfaces 1 and 2 to determine their radiosities J1 and J2. Knowing J1, J2, and the geometrical resistances, the
radiosity of the reradiating surface JR may be determined from the radiation balance
J1  JR
J  J2
 R
0
(1/A1F1R) (1/A2F2R)

(13.26)

The temperature of the reradiating surface may then be determined from the
requirement that T 4R  JR.
Note that the general procedure described in Section 13.2.2 may be applied to
enclosures with reradiating surfaces. For each such surface, it is appropriate to use
Equation 13.16 with qi  0.

EXAMPLE 13.6
A paint baking oven consists of a long, triangular duct in which a heated surface is
maintained at 1200 K and another surface is insulated. Painted panels, which are maintained at 500 K, occupy the third surface. The triangle is of width W  1 m on a side,
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and the heated and insulated surfaces have an emissivity of 0.8. The emissivity of the
panels is 0.4. During steady-state operation, at what rate must energy be supplied to the
heated side per unit length of the duct to maintain its temperature at 1200 K? What is
the temperature of the insulated surface?

SOLUTION
Known: Surface properties of a long triangular duct that is insulated on one side
and heated and cooled on the other sides.

Find:
1. Rate at which heat must be supplied per unit length of duct.
2. Temperature of the insulated surface.

Schematic:
q1
Eb1
1 – ε1
______

Equilateral
triangle

ε R = 0.8
TR

ε 1 A1

T1 = 1200 K
ε1 = 0.8

1/A1F1R

J1

JR = EbR

1/A1F12

q12

qR = 0
T2 = 500 K
ε 2 = 0.4
W=1m

1/A2F2R

J2
1 – ε2
______

ε 2 A2

Eb2
q2

Assumptions:
1.
2.
3.
4.
5.

Steady-state conditions exist.
All surfaces are opaque, diffuse, gray, and of uniform radiosity.
Convection effects are negligible.
Surface R is reradiating.
End effects are negligible.

Analysis:
1. The system may be modeled as a three-surface enclosure with one surface reradiating. The rate at which energy must be supplied to the heated surface may
then be obtained from Equation 13.25:
q1 

Eb1  Eb2
1  1
1  2
1


1
1A1
2 A2
A1F12  [(1/A1F1R)  (1/A2F2R)]
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From symmetry, F12  F1R  F2R  0.5. Also, A1  A2  W  L, where L is
the duct length. Hence
q1 

q1
5.67  108 W/m2  K4 (12004  5004) K4

L
1  0.8
1  0.4
1


0.8  1 m 1 m  0.5  (2  2)1 m 0.4  1 m

or

q1  37 kW/m  q2



2. The temperature of the insulated surface may be obtained from the requirement
that JR  EbR, where JR may be obtained from Equation 13.26. However, to use
this expression J1 and J2 must be known. Applying the surface energy balance,
Equation 13.13, to surfaces 1 and 2, it follows that
1  1
q  5.67  108 W/m2  K4 (1200 K)4
1W 1
1  0.8

 37,000 W/m  108,323 W/m2
0.8  1 m
1  2
J2  Eb2 
q  5.67  108 W/m2  K4 (500 K)4
2W 2
1  0.4

(37,000 W/m)  59,043 W/m2
0.4  1 m

J1  Eb1 

From the energy balance for the reradiating surface, Equation 13.26, it follows
that
108,323  JR JR  59,043

0
1
1
W  L  0.5 W  L  0.5
Hence
JR  83,683 W/m2  EbR  T R4
TR 

W/m
5.67 83,683
 10 W/m  K 
2

8

2

1/4

4

 1102 K



Comments:
1. Note that temperature and radiosity discontinuities cannot exist at the corners, and
the assumptions of uniform temperature and radiosity are weakest in these regions.
2. The results are independent of the value of R.
3. This problem may also be solved using the direct approach. The solution involves
first determining the three unknown radiosities J1, J2, and JR. The governing
equations are obtained by writing Equation 13.15 for the two surfaces of known
temperature, 1 and 2, and Equation 13.16 for surface R. The three equations are
Eb1  J1
J  J2
J  JR
 1
 1
(1  1)/1A1 (A1F12)1 (A1F1R)1
Eb2  J2
J  J1
J  JR
 2
 2
(1  2)/2 A2 (A2F21)1 (A2F2R)1
J  J1
J  J2
0 R
 R
1
(ARFR1)
(ARFR2)1
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Canceling the area A1, the first equation reduces to
117,573  J1 J1  J2 J1  JR


2
2
0.25
or
10J1  J2  JR  940,584

(1)

Similarly, for surface 2,
3544  J2 J2  J1 J2  JR


2
2
1.50
or
J1  3.33J2  JR  4725

(2)

and for the reradiating surface
0

JR  J1 JR  J2

2
2

or
J1  J2  2JR  0

(3)

Solving Equations 1, 2, and 3 simultaneously yields
J1  108,328 W/m2

J2  59,018 W/m2

JR  83,673 W/m2

and

Recognizing that JR  T 4R, it follows that
W/m
   5.67 83,673
 10 W/m  K 

JR
TR  

2

1/4

8

2

1/4

4

 1102 K

13.3
Multimode Heat Transfer
Thus far, radiation exchange in an enclosure has been considered under conditions
for which conduction and convection could be neglected. However, in many applications, convection and/or conduction are comparable to radiation and must be considered in the heat transfer analysis.
Consider the general surface condition of Figure 13.13a. In addition to exchanging
energy by radiation with other surfaces of the enclosure, there may be external heat
addition to the surface, as, for example, by electric heating, and heat transfer from the
surface by convection and conduction. From a surface energy balance, it follows that
qi,ext  qi,rad  qi,conv  qi,cond

(13.27)

where qi,rad, the net rate of radiation transfer from the surface, is determined by standard procedures for an enclosure. Hence, in general, qi,rad may be determined from
Equation 13.13 or 13.14, while for special cases such as a two-surface enclosure
and a three-surface enclosure with one reradiating surface, it may be determined
from Equations 13.18 and 13.25, respectively. The surface network element of the
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Ji
Enclosure

qi,rad
qi,ext

1 – εi
_____

qi,rad

qi,conv

ε i Ai

qi,ext

qi,conv

Ebi

qi,cond

qi,cond

(a)

(b)

FIGURE 13.13 Multimode heat transfer from a surface in
an enclosure. (a) Surface energy balance. (b) Circuit
representation.

radiation circuit is modified according to Figure 13.13b, where qi,ext, qi,cond, and
qi,conv represent current flows to or from the surface node. Note, however, that while
qi,cond and qi,conv are proportional to temperature differences, qi,rad is proportional to
the difference between temperatures raised to the fourth power. Conditions are simplified if the back of the surface is insulated, in which case qi,cond  0. Moreover, if
there is no external heating and convection is negligible, the surface is reradiating.

EXAMPLE 13.7
Consider an air heater consisting of a semicircular tube for which the plane surface
is maintained at 1000 K and the other surface is well insulated. The tube radius is
20 mm, and both surfaces have an emissivity of 0.8. If atmospheric air flows
through the tube at 0.01 kg/s and Tm  400 K, what is the rate at which heat must
be supplied per unit length to maintain the plane surface at 1000 K? What is the
temperature of the insulated surface?

SOLUTION
Known: Airflow conditions in tubular heater and heater surface conditions.
Find: Rate at which heat must be supplied and temperature of insulated surface.
Schematic:
Air

p = 1 atm
Tm = 400 K
m• = 0.01 kg/s

T2, ε 2 = 0.8
ro = 20 mm

T1 = 1000 K, ε1 = 0.8

q'1
q1,conv
Eb1
q1,ext

q2,conv
J1

1
– ε1
_____

ε 1A1

J2
1
_____

A1F12

Eb2
1
– ε2
_____

εε2 A2

q2, ext = 0
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Assumptions:
1.
2.
3.
4.

Steady-state conditions.
Diffuse, gray surfaces.
Negligible tube end effects and axial variations in gas temperature.
Fully developed flow.

Properties: Table A.4, air (1 atm, 400 K): k  0.0338 W/m  K,
107 kg/s  m, cp  1014 J/kg  K, Pr  0.69.

 230 

Analysis: Since the semicircular surface is well insulated and there is no external
heat addition, a surface energy balance yields
q2,rad  q2,conv
Since the tube constitutes a two-surface enclosure, the net radiation transfer to surface 2 may be evaluated from Equation 13.18. Hence
(T 41  T 42)
1  1
1  2
 1 
1A1
A1F12
2 A2

 hA2(T2  Tm)

where the view factor is F12  1 and, per unit length, the surface areas are A1  2ro
and A2  ro. With
ReD 

umDh



ṁDh
ṁDh

Ac
(r 2o /2)

the hydraulic diameter is
Dh 
Hence
ReD 

4Ac
2ro
0.04 m


 0.0244 m
P
2
2

0.01 kg/s  0.0244 m
 16,900
(/2) (0.02 m)2  230  107 kg/s  m

From the Dittus–Boelter equation,
0.4
NuD  0.023Re4/5
D Pr

NuD  0.023(16,900)4/5(0.69)0.4  47.8
0.0338 W/m  K
k
h  NuD 
47.8  66.2 W/m2  K
Dh
0.0244 m
Dividing both sides of the energy balance by A1, it follows that
5.67  108 W/m2  K4 [(1000)4  T 42] K4

 66.2 (T2  400) W/m2
1  0.8
1  0.8 2
2
1
0.8
0.8 
or

5.67  108 T 42  146.5T2  115,313  0

A trial-and-error solution yields
T2  696 K
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From an energy balance at the heated surface,
q1,ext  q1,rad  q1,conv  q2,conv  q1,conv
Hence, on a unit length basis,

  hro(T2  Tm)  h2ro(T1  Tm)
q1,ext
q1,ext  66.2  0.02[ (696  400)  2(1000  400)] W/m
q1,ext  (1231  1589) W/m  2820 W/m



Comments: Applying an energy balance to a differential control volume about
the air, it follows that
q1
dTm
2820 W/m


 278 K/m
dx
0.01
kg/s
(1014 J/kg  K)
ṁcp
Hence the air temperature change is significant, and a more representative analysis
would subdivide the tube into axial zones and would allow for variations in air and
insulated surface temperatures between zones. Moreover, a two-surface analysis of
radiation exchange would no longer be appropriate.

13.4
Radiation Exchange with Participating Media
Although we have developed means for predicting radiation exchange between surfaces, it is important to be cognizant of the inherent limitations. Recall that we have
considered isothermal, opaque, gray surfaces that emit and reflect diffusely and that
are characterized by uniform surface radiosity and irradiation. For enclosures we
have also considered the medium that separates the surfaces to be nonparticipating;
that is, it neither absorbs nor scatters the surface radiation, and it emits no radiation.
The foregoing conditions and the related equations may often be used to obtain
reliable first estimates and, in most cases, highly accurate results for radiation transfer
in an enclosure. Sometimes, however, the assumptions are grossly inappropriate and
more refined prediction methods are needed. Although beyond the scope of this text,
the methods are discussed in more advanced treatments of radiation transfer [3, 7–12].
We have said little about gaseous radiation, having confined our attention to
radiation exchange at the surface of an opaque solid or liquid. For nonpolar gases,
such as O2 or N2, such neglect is justified, since the gases do not emit radiation and
are essentially transparent to incident thermal radiation. However, the same may not
be said for polar molecules, such as CO2, H2O (vapor), NH3, and hydrocarbon
gases, which emit and absorb over a wide temperature range. For such gases matters
are complicated by the fact that, unlike radiation from a solid or a liquid, which is
distributed continuously with wavelength, gaseous radiation is concentrated in specific wavelength intervals (called bands). Moreover, gaseous radiation is not a surface phenomenon, but is instead a volumetric phenomenon.
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Iλ (x)

Iλ,0 = Iλ (0)

x
0

13.4.1

843

dx

FIGURE 13.14
Absorption in a gas or liquid layer.

L

Volumetric Absorption

Spectral radiation absorption in a gas (or in a semitransparent liquid or solid) is a
function of the absorption coefficient
(1/m) and the thickness L of the medium
(Figure 13.14). If a monochromatic beam of intensity I ,0 is incident on the medium,
the intensity is reduced due to absorption, and the reduction occurring in an infinitesimal layer of thickness dx may be expressed as
dI (x)  

I (x) dx

(13.28)

Separating variables and integrating over the entire layer, we obtain



I

where

I

,L

,0

 dx
L

dI (x)

I (x)

0

is assumed to be independent of x. It follows that
I
I

,L
,0

 e

L

(13.29)

This exponential decay, termed Beer’s law, is a useful tool in approximate radiation
analysis. It may, for example, be used to infer the overall spectral absorptivity of the
medium. In particular, with the transmissivity defined as


I
I

,L
,0

 e

L

(13.30)

the absorptivity is
 1

 1  e

L

(13.31)

If Kirchhoff’s law is assumed to be valid,    , Equation 13.31 also provides the
spectral emissivity of the medium.

13.4.2

Gaseous Emission and Absorption

A common engineering calculation is one that requires determination of the radiant
heat flux from a gas to an adjoining surface. Despite the complicated spectral and
directional effects inherent in such calculations, a simplified procedure may be
used. The method was developed by Hottel [13] and involves determining radiation
emission from a hemispherical gas mass of temperature Tg to a surface element dA1,
which is located at the center of the hemisphere’s base. Emission from the gas per
unit area of the surface is expressed as
Eg  gT 4g

(13.32)
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where the gas emissivity g was determined by correlating available data. In particular, g was correlated in terms of the temperature Tg and total pressure p of the gas,
the partial pressure pg of the radiating species, and the radius L of the hemisphere.
Results for the emissivity of water vapor are plotted in Figure 13.15 as a function of the gas temperature, for a total pressure of 1 atm, and for different values of
the product of the vapor partial pressure and the hemisphere radius. To evaluate the
emissivity for total pressures other than 1 atm, the emissivity from Figure 13.15
must be multiplied by the correction factor Cw from Figure 13.16. Similar results
were obtained for carbon dioxide and are presented in Figures 13.17 and 13.18.
The foregoing results apply when water vapor or carbon dioxide appear separately in a mixture with other species that are nonradiating. However, the results
may readily be extended to situations in which water vapor and carbon dioxide
appear together in a mixture with other nonradiating gases. In particular, the total
gas emissivity may be expressed as
g  w  c  

(13.33)

where the correction factor  is presented in Figure 13.19 for different values of
the gas temperature. This factor accounts for the reduction in emission associated
with the mutual absorption of radiation between the two species.
Recall that the foregoing results provide the emissivity of a hemispherical gas
mass of radius L radiating to an element of area at the center of its base. However,

0.8
0.6
20
10
5
3
2

0.4
0.3
0.2
1

Emissivity, ε w

844

0.6
0.4

0.1
0.08

0.2
0.06
0.1
0.04
0.06
0.03

0.04

0.02
0.02
0.015
0.01
0.01
0.008
0.006
300

0.007

pw L = 0.005 ft-atm
600

900
1200
1500
Gas temperature, Tg (K)

1800

2100

FIGURE 13.15 Emissivity of water vapor in a mixture with nonradiating
gases at 1-atm total pressure and of hemispherical shape [13]. Used with
permission.
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1.2
1.0
0.8
0.6
0.4
0.2
0

0

0.2

0.4

0.6
0.8
(pw + p)/2 (atm)

1.0

1.2

FIGURE 13.16 Correction factor for obtaining water vapor
emissivities at pressures other than 1 atm (w,p 1atm  Cww,p1atm) [13].
Used with permission.
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FIGURE 13.17 Emissivity of carbon dioxide in a mixture with
nonradiating gases at 1-atm total pressure and of hemispherical
shape [13]. Used with permission.
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FIGURE 13.18 Correction factor for obtaining carbon dioxide emissivities at pressures other
than 1 atm (c,p 1atm  Ccc,p1atm) [13]. Used with permission.

the results may be extended to other gas geometries by introducing the concept of a
mean beam length, Le. The quantity was introduced to correlate, in terms of a single
parameter, the dependence of gas emissivity on both the size and the shape of the
gas geometry. It may be interpreted as the radius of a hemispherical gas mass whose
emissivity is equivalent to that for the geometry of interest. Its value has been determined for numerous gas shapes [13], and representative results are listed in Table 13.4.
Replacing L by Le in Figures 13.15 through 13.19, the emissivity associated with
the geometry of interest may then be determined.
Using the results of Table 13.4 with Figures 13.15 through 13.19, it is possible
to determine the rate of radiant heat transfer to a surface due to emission from an
adjoining gas. This heat rate may be expressed as
q  g AsT 4g

(13.34)

0.07

Tg ≥ 930°C
L (pw + pc) =

Tg ≈ 540°C
L (pw + pc) =

Tg ≈ 125°C
L (pw + pc) =

0.06
Mixture correction, ∆ε

846

5 ft-atm

5 ft-atm

5 ft-atm
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3
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FIGURE 13.19 Correction factor associated with mixtures of water vapor and carbon dioxide
[13]. Used with permission.
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TABLE 13.4 Mean Beam Lengths Le for Various Gas Geometries
Geometry
Sphere (radiation to surface)
Infinite circular cylinder (radiation to curved surface)
Semi-infinite circular cylinder (radiation to base)
Circular cylinder of equal height and
diameter (radiation to entire surface)
Infinite parallel planes (radiation to planes)
Cube (radiation to any surface)
Arbitrary shape of volume V (radiation to
surface of area A)

Characteristic
Length
Diameter (D)
Diameter (D)
Diameter (D)
Diameter (D)

Le
0.65D
0.95D
0.65D
0.60D

Spacing between planes (L)
Side (L)
Volume to area ratio (V/A)

1.80L
0.66L
3.6V/A

where As is the surface area. If the surface is black, it will, of course, absorb all this
radiation. A black surface will also emit radiation, and the net rate at which radiation is exchanged between the surface at Ts and the gas at Tg is
qnet  As(gT 4g  gT 4s )

(13.35)

For water vapor and carbon dioxide the required gas absorptivity g may be evaluated from the emissivity by expressions of the form [13]
Water:
w  Cw

 

 w Ts, pw Le

c  Cc

T 

 c Ts, pc Le

Tg
Ts

0.45



Ts
Tg



(13.36)



Ts
Tg



(13.37)

Carbon dioxide:
Tg
s

0.65

where w and c are evaluated from Figures 13.15 and 13.17, respectively, and Cw
and Cc are evaluated from Figures 13.16 and 13.18, respectively. Note, however, that
in using Figures 13.15 and 13.17, Tg is replaced by Ts and pw Le or pc Le is replaced
by pw Le(Ts /Tg) or pc Le(Ts /Tg), respectively. Note also that, in the presence of both
water vapor and carbon dioxide, the total gas absorptivity may be expressed as
g  w  c  

(13.38)

where    is obtained from Figure 13.19.

13.5
Summary
In this chapter we focused on the analysis of radiation exchange between the surfaces of an enclosure, and in treating this exchange we introduced the concept of a
view factor. Because knowledge of this geometrical quantity is essential to determining radiation exchange between any two diffuse surfaces, you should be familiar
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with the means by which it may be determined. You should also be adept at performing radiation calculations for an enclosure of isothermal, opaque, diffuse, and
gray surfaces of uniform radiosity and irradiation. Moreover, you should be familiar with the results that apply to simple cases such as an enclosure of black surfaces,
a two-surface enclosure, or a three-surface enclosure with a reradiating surface.
Test your understanding of pertinent concepts by addressing the following
questions.
• What is a view factor? What assumptions are typically associated with computing the view factor between two surfaces?
• What is the reciprocity relation for view factors? What is the summation
rule?
• Can the view factor of a surface with respect to itself be nonzero? If so, what
kind of surface exhibits such behavior?
• What is a nonparticipating medium?
• What assumptions are inherent in treating radiation exchange between surfaces of an enclosure that may not be approximated as blackbodies? Comment on the validity of the assumptions and when or where they are most
likely to break down.
• How is the radiative resistance of a surface in an enclosure defined? What is
the driving potential that relates this resistance to the net rate of radiation
transfer from the surface? What is the resistance if the surface may be
approximated as a blackbody?
• How is the geometrical resistance associated with radiative exchange
between two surfaces of an enclosure defined? What is the driving potential
that relates this resistance to the net rate of radiation transfer between the
surfaces?
• What is a radiation shield and how is net radiation transfer between two surfaces affected by an intervening shield? Is it advantageous for a shield to
have a large surface absorptivity or reflectivity?
• What is a reradiating surface? Under what conditions may a surface be
approximated as reradiating? What is the relation between radiosity, blackbody emissive power, and irradiation for a reradiating surface? Does the temperature of such a surface depend on its radiative properties?
• What can be said about a surface of an enclosure for which net radiation heat
transfer to the surface is balanced by convection heat transfer from the surface to a gas in the enclosure? Is the surface reradiating? Is the back side of
the surface adiabatic?
• Consider a surface in an enclosure for which net radiation transfer from the
surface exceeds convection heat transfer from a gas in the enclosure. What
other process or processes must occur at the surface, either independently or
collectively?
• What molecular features render a gas nonemitting and nonabsorbing? What
features allow for emission and absorption of radiation by a gas?
• What features distinguish emission and absorption of radiation by a gas from
that of an opaque solid?
• How does the intensity of radiation propagating through a semitransparent
medium vary with distance in the medium? What can be said about this variation if the absorption coefficient is very large? If the coefficient is very small?
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Problems
View Factors

(c)

Long duct. What is F22 for this case?

13.1 Determine F12 and F21 for the following configurations
using the reciprocity theorem and other basic shape factor relations. Do not use tables or charts.
(a)

A2
A1
(c)

Long duct

(d)

A2
A1

Long inclined plates (point B is directly above
the center of A1)
B

90°
100 mm

(a)

A1

A2

200 mm

(b)

Small sphere of area A1 under a concentric
hemisphere of area A2 = 2A1

(d)

(e)

Sphere lying on infinite plane

A2

A1
A1
(b)

(e)

A2
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Hemisphere–disk arrangement
A2
A2, hemisphere,
diameter D
A1, disk,
diameter D/2

A3

A2
A1

A1

θ

(f )

(g)

Long, open channel
(a)

A1

(a) A circular disk and a coaxial, ring-shaped disk.
2m

(b) A circular disk and a coaxial, right-circular cone.
Sketch the variation of F12 with  for 0  /2,
and explain the key features.

(g)

(h)

(b)

A2

1m

Long concentric cylinders
D1
A1
A2

D2

13.4 A right-circular cone and a right-circular cylinder of the
same diameter and length (A2) are positioned coaxially
at a distance Lo from the circular disk (A1) shown
schematically. The inner base and lateral surfaces of
the cylinder may be treated as a single surface, A2. The
hypothetical area corresponding to the opening of the
cone and cylinder is identified as A3.

(h)

D3

D3

13.2 Consider the following grooves, each of width W, that
have been machined from a solid block of material.

2

L
A1

W

H

2

A2

A2
A1

A1
A3

θ θ

Lo

W

3

3

1

1

D1

W

(a) Right-circular cone
Semicircular
groove

Rectangular
groove

D1
(b) Right-circular cylinder

V groove

(a) For each case obtain an expression for the view
factor of the groove with respect to the surroundings outside the groove.
(b) For the V groove, obtain an expression for the
view factor F12, where A1 and A2 are opposite
surfaces.
(c) If H  2W in the rectangular groove, what is the
view factor F12?
13.3 Derive expressions for the view factor F12 associated
with the following arrangements. Express your results
in terms of A1, A2 and any appropriate hypothetical surface area, as well as the view factor for coaxial parallel
disks (Table 13.2, Figure 13.5).

(a) Show that, for both arrangements, F21  (A1/A2)F13
and F22  1  (A3/A2), where F13 is the view factor
between two coaxial, parallel disks (Table 13.2).
(b) For L  Lo  50 mm and D1  D3  50 mm, calculate F21 and F22 for the conical and cylindrical
configurations and compare their relative magnitudes. Explain any similarities and differences.
(c) Do the relative magnitudes of F21 and F22 change
for the conical and cylindrical configurations as L
increases and all other parameters remain fixed? In
the limit of very large L, what do you expect will
happen? Sketch the variations of F21 and F22 with
L, and explain the key features.
13.5 Consider the two parallel, coaxial, ring-shaped disks
shown schematically.
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(a) Show that the view factor between the base of the
cylinder and the inner surface has the form
F12  2H[(1  H2)1/2  H], where H  L/D.
4

(b) Show that the view factor for the inner surface to
itself has the form F22  1  H  (1  H 2)1/2.

2

13.8 Consider the parallel rectangles shown schematically.
3

1

1
4
3

Show that F12 can be expressed as
1
F12  {A(1,3)F(1,3)(2,4)  A3F3(2,4)  A4(F4(1,3)  F43)}
A1
where all view factors on the right-hand side of the
equation can be evaluated from Figure 13.5 or Table
13.2 for coaxial parallel disks.
13.6 The “crossed-strings” method of Hottel [13] provides a
simple means to calculate view factors between surfaces
that are of infinite extent in one direction. For two such
surfaces (a) with unobstructed views of one another, the
view factor is of the form
1
F12 
[(ac  bd )  (ad  bc)]
2w1
4m

d

c

A2

A2
b

w1

Show that the view factor F12 can be expressed as
1
F12 
[A F
 A1F13  A4F42]
2A1 (1,4) (1,4)(2,3)
where all view factors on the right-hand side of the
equation can be evaluated from Figure 13.4 (see Table
13.2) for aligned parallel rectangles.
13.9 Consider the perpendicular rectangles shown schematically.

1m

A1

A2

A1

A1
a

1m

Za = 0.4 m

4m
1

(a)

( b)

(c)

Use this method to evaluate the view factors F12 for
sketches (b) and (c). Compare your results with those
from the appropriate graphs and analytical expressions.
13.7 Consider the right-circular cylinder of diameter D,
length L, and the areas A1, A2, and A3 representing the
base, inner, and top surfaces, respectively.
D

A3
A2
A1

2

L

Y = 0.3 m

Zb = 0.2 m
2

X = 0.5 m

(a) Determine the shape factor F12.
(b) For rectangle widths of X  0.5, 1.5, and 5 m,
plot F12 as a function of Zb for 0.05 Zb
0.4 m. Compare your results with the view factor obtained from the two-dimensional relation
for perpendicular plates with a common edge
(Table 13.1).
13.10 The reciprocity relation, the summation rule, and
Equations 13.5 to 13.7 can be used to develop view
factor relations that allow for applications of Figure
13.4 and/or 13.6 to more complex configurations.
Consider the view factor F14 for surfaces 1 and 4 of
the following geometry. These surfaces are perpendicular but do not share a common edge.
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2m

W

L4
L3

A4
A3

L1 = L2 = L4 = W/2
L3 = W
L2

1m

L1
2m

A2
A1

(a)

(b)

Obtain the following expression for the view
factor F14:
1
F14  [(A1  A2)F(1,2)(3,4)  A2F23
A1
 (A1  A2)F(1,2)3  A2F2(3,4)]
If L1  L2  L4  (W/2) and L3  W, what is
the value of F14?

(a) Using appropriate view factor relations and the
results for opposing parallel planes, develop an
expression for the view factor F12.
(b) Use Hottel’s crossed-string method described in
Problem 13.6 to determine the view factor.
13.14 Consider two diffuse surfaces A1 and A2 on the inside
of a spherical enclosure of radius R. Using the following methods, derive an expression for the view factor
F12 in terms of A2 and R.

13.11 Determine the shape factor, F12, for the rectangles
shown.
A2

1
3m

6m

1m

A1
6m

Spherical
surface

R

2
0.5 m
2

6m

1m

1

1m

(a) Perpendicular rectangles
without a common edge.

(b) Parallel rectangles of
unequal areas.

13.12 Consider parallel planes of infinite extent normal to
the page as shown in the sketch.
(a) Determine F12 using the results of Figure 13.4.
(b) Determine F12 using the first case of Table 13.1.
(c) Determine F12 using Hottel’s crossed-string method
described in Problem 13.6.
(d) Determine F12 using the second case of Table 13.1.
(e) Determine F12 using the results of Figure 13.4 if
the dimensions are increased to w  L  2 m.

(a) Find F12 by beginning with the expression Fij 
qilj /Ai Ji.
(b) Find F12 using the view factor integral, Equation 13.1.
13.15 As shown in the sketch, consider the disk A1 located
coaxially 1 m distant, but tilted 30° off the normal,
from the ring-shaped disk A2.
A2, T2 = 600 K, ε 2 = 0.7
A1, D1 = 4 mm
30°
1m

ri = 2 mm

Tsur = 400 K

ro = 6 mm
A2
L=1m
A1
w=1m

13.13

Consider the parallel planes of infinite extent normal
to the page having opposite edges aligned as shown
in the sketch.

What is the irradiation on A1 due to radiation from A2,
which is a diffuse, gray surface with an emissivity of 0.7?
13.16 A heat flux gage of 4-mm diameter is positioned normal to and 1 m from the 5-mm-diameter aperture of a
blackbody furnace at 1000 K. The diffuse, gray cover
shield (  0.2) of the furnace has an outer diameter
of 100 mm and its temperature is 350 K. The furnace
and gage are located in a large room whose walls have
an emissivity of 0.8 and are at 300 K.
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Furnace, Tf = 1000 K
Cover, Tc = 350 K, ε = 0.2
Gage,
4–mm
diameter

D = 100 mm

13.20 A long, V-shaped part is heat treated by suspending it
in a tubular furnace with a diameter of 2 m and a wall
temperature of 1000 K. The “vee” is 1-m long on a
side and has an angle of 60.
Furnace, Tw = 1000 K,

D=2m

θ = 60°

Aperture, 5-mm diameter

Part, Tp = 300 K

1m

L=1m

(a) What is the irradiation on the gage, Gg (W/m2), considering only emission from the aperture of the
furnace?
(b) What is the irradiation on the gage due to radiation
from the cover and aperture?

Blackbody Radiation Exchange
13.17 A circular ice rink 25 m in diameter is enclosed by a
hemispherical dome 35 m in diameter. If the ice and
dome surfaces may be approximated as blackbodies
and are at 0 and 15 C, respectively, what is the net
rate of radiative transfer from the dome to the rink?

If the wall of the furnace and the surfaces of the part
may be approximated as blackbodies and the part is at
an initial temperature of 300 K, what is the net rate of
radiation heat transfer per unit length to the part?
13.21 Consider coaxial, parallel, black disks separated a distance of 0.20 m. The lower disk of diameter 0.40 m
is maintained at 500 K and the surroundings are at
300 K. What temperature will the upper disk of diameter 0.20 m achieve if electrical power of 17.5 W is
supplied to the heater on the back side of the disk?

13.18 A drying oven consists of a long semicircular duct of
diameter D  1 m.
Heater

T1 = 1200 K
0.20 m

T2 = 325 K

0.20 m
500 K

D=1m

0.40 m

Materials to be dried cover the base of the oven while
the wall is maintained at 1200 K. What is the drying
rate per unit length of the oven (kg/s  m) if a watercoated layer of material is maintained at 325 K
during the drying process? Blackbody behavior may
be assumed for the water surface and the oven wall.

13.22 A tubular heater with a black inner surface of uniform
temperature Ts  1000 K irradiates a coaxial disk.
Insulation

13.19 Consider the arrangement of the three black surfaces
shown, where A1 is small compared to A2 or A3.

Heater surface, Ts

A2

2m

D2 = 100 mm

Disk

D1 = 50 mm

A3
A1

3m

Determine the value of F13. Calculate the net radiation heat transfer from A1 to A3 if A1  0.05 m2,
T1  1000 K, and T3  500 K.

L2 = 100 mm

L1 = 100 mm

(a) Determine the radiant power from the heater,
which is incident on the disk, qsl1. What is the
irradiation on the disk, G1?
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(b) For disk diameters of D1  25, 50, and 100 mm,
plot qsl1 and G1 as a function of the separation
distance L1 for 0 L1 200 mm.
13.23 A long cylindrical rod of very high emissivity is heat
treated within a long, evacuated oven of square cross
section as shown in the sketch. The oven walls exhibit
blackbody behavior. Due to nonuniform heat losses,
the temperatures of the oven walls are slightly different and are T2  600 K, T3  575 K, T4  555 K, and
T5  585 K, respectively.
(a) Determine the steady-state temperature of the D 
0.2-m-diameter rod if each wall of the oven is w 
1 m wide and a  b  0.5 m.
(b) Determine the steady-state temperature of the rod
when a  0.5 m and b  0.25 m.
T3

a

D
T2

T1

(b) What is the electrical power that would be
required to maintain the circular plate at 600 K?
13.25 Two furnace designs, as illustrated and dimensioned in
Problem 13.4, are used to heat a disk-shaped work
piece (A1). The power supplied to the conical and
cylindrical furnaces (A2) is 50 W. The work piece is
located in a large room at a temperature of 300 K, and
its back side is well insulated. Assuming all surfaces
are black, determine the temperature of the work
piece, T1, and the temperature of the furnace inner surface, T2, for each of the designs. In your analysis, use
the expressions provided in Problem 13.4 for the view
factors, F21 and F22.
13.26 A furnace is constructed in three sections, which include
insulated circular (2) and cylindrical (3) sections, as
well as an intermediate cylindrical section (1) with
imbedded electrical resistance heaters. The overall
length and diameter are 200 mm and 100 mm, respectively, and the cylindrical sections are of equal length.
The surroundings are at 0 K.

w

A1

T4

b

D
T5

A2

13.24 A circular plate of 500-mm diameter is maintained at
T1  600 K and is positioned coaxial to a conical shape.
The back side of the cone is well insulated. The plate
and the cone, whose surfaces are black, are located in a
large, evacuated enclosure whose walls are at 300 K.

Cone with
insulated
back side

T2
Surroundings

Tsur = 300 K

L = 500 mm
D = 500 mm

T1 = 600 K

Plate with
electrical heater

(a) What is the temperature of the conical surface, T2?

A3

L

(a) If all the surfaces are black, determine the electrical power, q1, required to maintain the heated
section at 1000 K.
(b) What are the temperatures of the insulated sections, T2 and T3?
(c) For D  100 mm, generate a plot of q1, T2, and
T3 as functions of the length-to-diameter ratio,
with 1 L/D 5.
13.27 To enhance heat rejection from a spacecraft, an engineer proposes to attach an array of rectangular fins to
the outer surface of the spacecraft and to coat all surfaces with a material that approximates blackbody
behavior.
Consider the U-shaped region between adjoining
fins and subdivide the surface into components
associated with the base (1) and the side (2). Obtain
an expression for the rate per unit length at which
radiation is transferred from the surfaces to deep
space, which may be approximated as a blackbody at
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Di
Deep space, Tsur = 0 K

W

A2, T2

2

L
A1, T1

T
L
1
Spacecraft

Do

13.31
absolute zero temperature. The fins and the base may
be assumed to be isothermal at a temperature T. Comment on your result. Does the engineer’s proposal
have merit?
13.28 A cylindrical cavity of diameter D and depth L is
machined in a metal block, and conditions are such
that the base and side surfaces of the cavity are maintained at T1  1000 K and T2  700 K, respectively.
Approximating the surfaces as black, determine the
emissive power of the cavity if L  20 mm and
D  10 mm.

A radiometer views a small target (1) that is being
heated by a ring-shaped disk heater (2). The target
has an area of A1  0.0004 m2, a temperature of T1 
500 K, and a diffuse, gray emissivity of 1  0.8.
The heater operates at T2  1000 K and has a black
surface. The radiometer views the entire sample area
with a solid angle of   0.0008 sr.
Radiometer

13.29 In the arrangement shown, the lower disk has a diameter of 30 mm and a temperature of 500 K. The upper
surface, which is at 1000 K, is a ring-shaped disk with
inner and outer diameters of 0.15 m and 0.2 m. This
upper surface is aligned with and parallel to the lower
disk and is separated by a distance of 1 m.
Do = 0.2 m

Do = 0.5 m
Di = 0.25 m

Heater, A2
T2 = 1000 K, ε 2 = 1

L = 0.25 m

Di = 0.15 m
Ring-shaped disk,
A2, T2 = 1000 K
1m
Disk, A1, T1 = 500 K

Assuming both surfaces to be blackbodies, calculate
their net radiative heat exchange.
13.30 Two plane coaxial disks are separated by a distance
L  0.20 m. The lower disk (A1) is solid with a diameter Do  0.80 m and a temperature T1  300 K. The
upper disk (A2), at temperature T2  1000 K, has the
same outer diameter but is ring-shaped with an inner
diameter Di  0.40 m. Assuming the disks to be
blackbodies, calculate the net radiative heat exchange
between them.

ω
Sample, A1 = 0.0004 m2
T1 = 500 K, ε 1 = 0.8

(a) Write an expression for the radiant power leaving the target, which is collected by the radiometer, in terms of the target radiosity J1 and relevant
geometric parameters. Leave in symbolic form.
(b) Write an expression for the target radiosity J1
in terms of its irradiation, emissive power, and
appropriate radiative properties. Leave in symbolic form.
(c) Write an expression for the irradiation on the
target, G1, due to emission from the heater in
terms of the heater emissive power, the heater
area, and an appropriate view factor. Use this
expression to numerically evaluate G1.
(d) Use the foregoing expressions and results to
determine the radiant power collected by the
radiometer.
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(a) Determine the electrical power, Pe, required to
maintain the sample at Ts  500 K.

A meter to measure the optical power of a laser beam
is constructed with a thin-walled, black conical cavity that is well insulated from its housing. The cavity
has an opening of D  10 mm and a depth of L 
12 mm. The meter housing and surroundings are at a
temperature of 25.0C.

Laser beam,
Go (W/m2)

Tc

D = 10 mm
L = 12 mm

(b) Considering both emission and reflected irradiation from the sample, determine the radiant
power that is incident on the detector within the
spectral region from 3 to 5 m.
13.34 The arrangement shown is to be used to calibrate a
heat flux gage. The gage has a black surface that is
10 mm in diameter and is maintained at 17°C by
means of a water-cooled backing plate. The heater,
200 mm in diameter, has a black surface that is maintained at 800 K and is located 0.5 m from the gage.
The surroundings and the air are at 27°C and the convection heat transfer coefficient between the gage and
the air is 15 W/m2  K.

A fine-wire thermocouple attached to the surface indicates a temperature rise of 10.1ºC when a laser beam is
incident upon the meter. What is the optical (radiant)
flux of the laser beam, Go (W/m2)?
13.33 An electrically heated sample is maintained at a surface
temperature of Ts  500 K. The sample coating is diffuse but spectrally selective, with the spectral emissivity
distribution shown schematically. The sample is irradiated by a furnace located coaxially at a distance of Lsf 
750 mm. The furnace has isothermal walls with an
emissivity of f  0.7 and a uniform temperature of
Tf  3000 K. A radiation detector of area Ad 
8  105 m2 is positioned at a distance of Lsd  1.0 m
from the sample along a direction that is 45° from the
sample normal. The detector is sensitive to spectral
radiant power only in the spectral region from 3 to
5 m. The sample surface experiences convection with
a gas for which T  300 K and h  20 W/m2  K. The
surroundings of the sample mount are large and at a
uniform temperature of Tsur  300 K.
Furnace,
isothermal walls
εf = 0.7

Tsur = 300 K
Tf = 3000 K,
Df = 25 mm
Lsf = 750 mm

Heated plate, Tp
Gage surface

0.5 m

Cooling
water
Heat flux gage, Tg

(a) Determine the net radiation exchange between
the heater and the gage.
(b) Determine the net transfer of radiation to the
gage per unit area of the gage.
(c) What is the net heat transfer rate to the gage per
unit area of the gage?
(d) If the gage is constructed according to the
description of Problem 3.98, what heat flux will
it indicate?
13.35 A long, cylindrical heating element of 20-mm diameter operating at 700 K in vacuum is located 40 mm
from an insulated wall of low thermal conductivity.
Heater element

D = 20 mm
Ad = 8 × 10–5 m2
Lsd = 1 m
40 mm

Inert
Gas

1

θs = 45°

0.8

T∞ = 300 K

h = 20 W/m K

Pe

x

ελ

2•

Ts = 500 K
Ds = 20 mm, ελ
Sample mount with
electrical heater

0.2
4

λ (µm)

(a) Assuming both the element and the wall are
black, estimate the maximum temperature reached
by the wall when the surroundings are at 300 K.
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(b) Calculate and plot the steady-state wall temperature distribution over the range 100 mm x
100 mm.
13.36 Water flowing through a large number of long, circular, thin-walled tubes is heated by means of hot parallel plates above and below the tube array. The space
between the plates is evacuated, and the plate and tube
surfaces may be approximated as blackbodies.

(c) The heating process may be accelerated by routing combustion gases, also at 1650 K, through
the oven. For convection coefficients of 10, 100,
and 500 W/m2  K, determine the time required
for the rods to reach 1000 K.
13.39 Consider the very long, inclined black surfaces (A1, A2)
maintained at uniform temperatures of T1  1000 K
and T2  800 K.

Tp = 1000 K

Water flow
Tm = 300 K
m• = 0.20 kg/s

S = 20 mm

D = 15 mm
A2, T2

Vacuum

Ts

100 mm

Tp = 1000 K
A1, T1

(a) Neglecting axial variations, determine the tube
surface temperature, Ts, if water flows through
each tube at a mass rate of ṁ  0.20 kg/s and a
mean temperature of Tm = 300 K.
(b) Compute and plot the surface temperature as a
.
function of flow rate for 0.05 m 0.25 kg/s.
13.37 A row of regularly spaced, cylindrical heating elements is used to maintain an insulated furnace wall at
500 K. The opposite wall is at a uniform temperature
of 300 K.

Wall, 300 K
Heating element
20 mm

10 mm

Insulated wall, 500 K

The insulated wall experiences convection with air at
450 K and a convection coefficient of 200 W/m2  K.
Assuming the walls and elements are black, estimate
the required operating temperature for the elements.
13.38 A manufacturing process calls for heating long copper
rods, which are coated with a thin film having   1,
by placing them in a large evacuated oven whose surface is maintained at 1650 K. The rods are of 10-mm
diameter and are placed in the oven with an initial
temperature of 300 K.
(a) What is the initial rate of change of the rod
temperature?
(b) How long must the rods remain in the oven to
achieve a temperature of 1000 K?

60°

100 mm

Determine the net radiation exchange between the surfaces per unit length of the surfaces. Consider the configuration when a black surface (A3), whose back side
is insulated, is positioned along the dashed line shown.
Calculate the net radiation transfer to surface A2 per
unit length of the surface and determine the temperature of the insulated surface A3.
13.40 Many products are processed in a manner that requires
a specified product temperature as a function of time.
Consider a product in the shape of long, 10-mmdiameter cylinders that are conveyed slowly through a
processing oven as shown in the schematic. The product exhibits near-black behavior and is attached to the
conveying apparatus at the product’s ends. The surroundings are at 300 K, while the radiation panel
heaters are each isothermal at 500 K and have surfaces
that exhibit near-black behavior. An engineer proposes
a novel oven design with a tilting top surface so as to
be able to quickly change the thermal response of the
product.
L=2m
Infrared
panel heaters



Product,

a = 20 mm

D = 10 mm

L=2m
x

b = 40 mm
Conveyor
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(a) Determine the radiation per unit length incident
upon the product at x  0.5 m and x  1 m for
  0.
(b) Determine the radiation per unit length incident
upon the product at x  0.5 m and x  1 m for
  /15. Hint: The view factor from the cylinder to the left-hand side surroundings can be
found by summing the view factors from the
cylinder to the two surfaces shown as red dashed
lines in the schematic.

effective emissivity of the cavity, as defined in
Problem 13.42.
13.44 In Problems 12.19 and 12.20, we estimated the earth’s
surface temperature, assuming the earth is black. Most
of the earth’s surface is water, which has a hemispherical emissivity of   0.96. In reality, the water surface is not flat but has waves and ripples.
(a) Assuming the wave geometry can be closely
approximated as two-dimensional and as shown in
the schematic, determine the effective emissivity
of the water surface, as defined in Problem 13.42,
for   3/4.

Two-Surface Enclosures

(b) Calculate and plot the effective emissivity of the
water surface, normalized by the hemispherical
emissivity of water (eff /) over the range /2
 .

13.41 Consider two very large parallel plates with diffuse,
gray surfaces.
T1 = 1000 K, ε1 = 1
T2 = 500 K, ε 2 = 0.8

Determine the irradiation and radiosity for the upper
plate. What is the radiosity for the lower plate? What
is the net radiation exchange between the plates per
unit area of the plates?
a

13.42 A flat-bottomed hole 6 mm in diameter is bored to a
depth of 24 mm in a diffuse, gray material having an
emissivity of 0.8 and a uniform temperature of 1000 K.

´1 = 0.96

(a) Determine the radiant power leaving the opening of the cavity.
(b) The effective emissivity e of a cavity is defined
as the ratio of the radiant power leaving the cavity to that from a blackbody having the area
of the cavity opening and a temperature of the
inner surfaces of the cavity. Calculate the effective emissivity of the cavity described above.

Wave surface

13.45

(c) If the depth of the hole were increased, would e
increase or decrease? What is the limit of e as
the depth increases?

Consider the cavities formed by a cone, cylinder, and
sphere having the same opening size (d ) and major
dimension (L), as shown in the diagram.
d

d

d

13.43 Consider a long V groove 10 mm deep machined on a
block that is maintained at 1000 K.
40°

L

D=L

L

10 mm
Cone

If the groove surfaces are diffuse and gray with an
emissivity of 0.6, determine the radiant flux leaving
the groove to its surroundings. Also determine the

Cylinder

Sphere

(a) Find the view factor between the inner surface of
each cavity and the opening of the cavity.
(b) Find the effective emissivity of each cavity,
e, as defined in Problem 13.42, assuming the
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inner walls are diffuse and gray with an emissivity of w.
(c) For each cavity and wall emissivities of w 
0.5, 0.7, and 0.9, plot e as a function of the
major dimension-to-opening size ratio, L/d,
over a range from 1 to 10.
13.46 A t  5 mm thick sheet of anodized aluminum is used
to reject heat in a space power application. The edge
of the sheet is attached to a hot source, and the sheet is
maintained at nearly isothermal conditions at T  300 K.
The sheet is not subjected to irradiation.
(a) Determine the net radiation heat transfer from both
sides of the 200 mm  200 mm sheet to deep
space.
(b) An engineer suggests boring 3-mm-diameter holes
through the sheet. The holes are spaced 5 mm
apart. The interior surfaces of the holes are
anodized after they are bored. Determine the net
radiation heat transfer from both sides of the sheet
to deep space.
(c) As an alternative design, the 3-mm-diameter flatbottomed holes are not bored completely through
the sheet but are bored to depths of 2 mm on each
side, leaving a 1-mm-thick web of aluminum separating the bottoms of the holes located on opposite
sides of the sheet. Determine the net radiation heat
transfer from both sides of the sheet to deep space.
(d) Compare the ratio of the net radiation heat transfer
to the mass of the sheet for the three designs.
13.47 Consider the spacecraft heat rejection scheme of Problem 13.27, but under conditions for which surfaces 1
and 2 may not be approximated as blackbodies.
(a) For isothermal surfaces of temperature T  325 K
and emissivity   0.7 and a U-section of width
W  25 mm and length L  125 mm, determine
the rate per unit length (normal to the page) at
which radiation is transferred from a section to
deep space.
(b) Explore the effect of the emissivity on the rate of
heat rejection, and contrast your results with those
for emission exclusively from the base of the
section.
13.48 An electronic device dissipating 50 W is attached to
the inner surface of an isothermal cubical container
that is 120 mm on a side. The container is located
in the much larger service bay of the space shuttle,
which is evacuated and whose walls are at 150 K. If
the outer surface of the container has an emissivity of
0.8 and the thermal resistance between the surface and

the device is 0.1 K/W, what are the temperatures of
the surface and the device? All surfaces of the container may be assumed to exchange radiation with the
service bay, and heat transfer through the container
restraint may be neglected.
13.49 A long, thin-walled horizontal tube 100 mm in diameter is maintained at 120°C by the passage of steam
through its interior. A radiation shield is installed
around the tube, providing an air gap of 10 mm
between the tube and the shield, and reaches a surface
temperature of 35°C. The tube and shield are diffuse,
gray surfaces with emissivities of 0.80 and 0.10,
respectively. What is the radiant heat transfer from
the tube per unit length?
13.50 A very long electrical conductor 10 mm in diameter
is concentric with a cooled cylindrical tube 50 mm in
diameter whose surface is diffuse and gray with an
emissivity of 0.9 and temperature of 27°C. The electrical conductor has a diffuse, gray surface with an
emissivity of 0.6 and is dissipating 6.0 W per meter
of length. Assuming that the space between the two
surfaces is evacuated, calculate the surface temperature of the conductor.
13.51 An arrangement for direct conversion of thermal
energy to electrical power is shown. The inner cylinder of diameter Di  25 mm is heated internally by a
combustion process that brings the ceramic cylinder
(i  0.9) to a surface temperature of Ti  1675°C.
The outer cylinder of diameter Do  0.38 m consists
of a semiconductor material (o  0.5) that converts
absorbed incident irradiation to electrical current; the
backing material for the semiconductor is a highly
conducting metal that is water cooled to 20°C. The
converter is assumed to be very long compared to the
outer diameter. The space between the two concentric
cylinders is evacuated.

Ti
To
Water
cooling
coils

Semiconductor
surface

Di
Do

Assuming diffuse, gray surfaces, determine the heat
transfer rate per unit area of the outer cylinder.
The electrical output of the semiconductor surface is
10% of the absorbed irradiation in the wavelength
region 0.6 to 2.0 m. For the prescribed conditions,
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determine the power generation in watts per unit of
outer surface area.
13.52 Liquid oxygen is stored in a thin-walled, spherical
container 0.8 m in diameter, which is enclosed within
a second thin-walled, spherical container 1.2 m in
diameter. The opaque, diffuse, gray container surfaces
have an emissivity of 0.05 and are separated by an
evacuated space. If the outer surface is at 280 K and
the inner surface is at 95 K, what is the mass rate of
oxygen lost due to evaporation? (The latent heat of
vaporization of oxygen is 2.13  105 J/kg.)
13.53 Two concentric spheres of diameter D1  0.8 m and
D2  1.2 m are separated by an air space and have surface temperatures of T1  400 K and T2  300 K.
(a) If the surfaces are black, what is the net rate of
radiation exchange between the spheres?
(b) What is the net rate of radiation exchange between
the surfaces if they are diffuse and gray with
1  0.5 and 2  0.05?
(c) What is the net rate of radiation exchange if D2 is
increased to 20 m, with 2  0.05, 1  0.5, and
D1  0.8 m? What error would be introduced by
assuming blackbody behavior for the outer surface
(2  1), with all other conditions remaining the
same?
(d) For D2  1.2 m and emissivities of 1  0.1, 0.5,
and 1.0, compute and plot the net rate of radiation
exchange as a function of 2 for 0.05 2 1.0.
13.54 Determine the steady-state temperatures of two radiation shields placed in the evacuated space between
two infinite planes at temperatures of 600 and 325 K.
All the surfaces are diffuse and gray with emissivities
of 0.7.
13.55 Consider two large (infinite) parallel planes that are
diffuse-gray with temperatures and emissivities of
T1, 1 and T2, 2. Show that the ratio of the radiation
transfer rate with multiple shields, N, of emissivity s
to that with no shields, N  0, is
q12, N
[1/1  1/2  1]
q12, 0  [1/1  1/2  1]  N[2/s  1]
where q12, N and q12,0 represent the radiation heat transfer rates for N shields and no shields, respectively.
13.56 Consider two large, diffuse, gray, parallel surfaces separated by a small distance. If the surface emissivities are
0.8, what emissivity should a thin radiation shield have
to reduce the radiation heat transfer rate between the
two surfaces by a factor of 10?

13.57 Heat transfer by radiation occurs between two large
parallel plates, which are maintained at temperatures
T1 and T2, with T1  T2. To reduce the rate of heat
transfer between the plates, it is proposed that they be
separated by a thin shield that has different emissivities on opposite surfaces. In particular, one surface has
the emissivity s  0.5, while the opposite surface has
an emissivity of 2s.
(a) How should the shield be oriented to provide the
larger reduction in heat transfer between the
plates? That is, should the surface of emissivity
s or that of emissivity 2s be oriented toward
the plate at T1?
(b) What orientation will result in the larger value
of the shield temperature Ts?
13.58 The end of a cylindrical liquid cryogenic propellant tank
in free space is to be protected from external (solar) radiation by placing a thin metallic shield in front of the
tank. Assume the view factor Fts between the tank and
the shield is unity; all surfaces are diffuse and gray, and
the surroundings are at 0 K.
Tt

Shield, Ts

Tt = 100 K
ε1 = ε 2 = 0.05
ε t = 0.10
GS = 1250 W/m2

Tank
Solar
irradiation

GS

εt

ε2

ε1

Find the temperature of the shield Ts and the heat flux
(W/m2) to the end of the tank.
13.59 At the bottom of a very large vacuum chamber whose
walls are at 300 K, a black panel 0.1 m in diameter is
maintained at 77 K. To reduce the heat gain to this
panel, a radiation shield of the same diameter D and an
emissivity of 0.05 is placed very close to the panel.
Calculate the net heat gain to the panel.
Vacuum
chamber,
300 K

Radiation
shield
Panel, D, 77K

13.60 A furnace is located next to a dense array of cryogenic
fluid piping. The ice-covered piping approximates a
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plane surface with an average temperature
of Tp  0C and an emissivity of p  0.6. The furnace
wall has a temperature of Tf  200C and an emissivity of f  0.9. To protect the refrigeration equipment
and piping from excessive heat loading, reflective
aluminum radiation shielding with an emissivity of
s  0.1 is placed between the piping and the furnace
wall, as shown in the schematic. Assume all surfaces
are diffuse-gray.
Dense piping
array,
Tp = 0°C,
εp = 0.6

Furnace wall
Tf = 200°C, ε f = 0.9

region interior to the shield is evacuated. The exterior
surface of the shield is exposed to a large room whose
walls are at 17°C and experiences convection with air
at 27°C and a convection heat transfer coefficient of
10 W/m2  K. Determine the operating temperature for
the inner tube if the shield temperature is maintained
at 42°C.

Enclosures with a Reradiating Surface
13.63 Consider the three-surface enclosure shown. The
lower plate (A1) is a black disk of 200-mm diameter
and is supplied with a heat rate of 10,000 W. The
upper plate (A2), a disk coaxial to A1, is a diffuse, gray
surface with 2  0.8 and is maintained at T2  473 K.
The diffuse, gray sides between the plates are perfectly
insulated. Assume convection heat transfer is negligible.

Installation criterion
Ts,N ≤ 30°C

D = 0.2 m

Radiation shields, N
ε s = 0.1

If the temperature of the shield closest to the piping
Ts, N must be less than 30C, how many radiation
shields, N, must be installed between the piping and
the furnace wall?
13.61 A cryogenic fluid flows through a tube 20 mm in
diameter, the outer surface of which is diffuse and
gray with an emissivity of 0.02 and temperature of
77 K. This tube is concentric with a larger tube of
50-mm diameter, the inner surface of which is diffuse
and gray with an emissivity of 0.05 and temperature of
300 K. The space between the surfaces is evacuated.
Determine the heat gain by the cryogenic fluid per unit
length of the inner tube. If a thin-walled radiation
shield that is diffuse and gray with an emissivity of
0.02 (both sides) is inserted midway between the inner
and outer surfaces, calculate the change (percentage)
in heat gain per unit length of the inner tube.

A2, T2 = 473 K, ε 2 = 0.8
L = 0.2 m

A3, T3, insulated
A1, T1, black surface

P = 10,000 W

Determine the operating temperature of the lower
plate T1 and the temperature of the insulated side T3.
13.64 A furnace has the form of a truncated conical section, as shown in the schematic. The floor of the furnace has an emissivity of 1  0.7 and is maintained at
1000 K with a heat flux of 2200 W/m2. The lateral wall
is perfectly insulated with an emissivity of 3  0.3.
Assume that all the surfaces are diffuse-gray.

13.62 A diffuse, gray radiation shield of 60-mm diameter
and emissivities of 2,i  0.01 and 2,o  0.1 on the
inner and outer surfaces, respectively, is concentric
with a long tube transporting a hot process fluid. The
tube surface is black with a diameter of 20 mm. The

D2 = 20 mm

A2

Shield, D2 = 60 mm

A3

ε 2,o
ε 2,i

A1

Heated tube, D1 = 20 mm
Evacuated

D1 = 40 mm

L = 50 mm
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(a) Determine the temperature of the upper surface, T2
if its emissivity is 2  0.5. What is the temperature of the lateral wall, T3?
(b) If conditions for the furnace floor remain unchanged, but all surfaces are black instead of
diffuse-gray, determine T2 and T3. From the diffuse and blackbody enclosure analyses, what can
you say about the influence of 2 on your results?
13.65 Consider two aligned, parallel, square planes (0.4 m 
0.4 m) spaced 0.8 m apart and maintained at T1 
500 K and T2  800 K. Calculate the net radiative
heat transfer from surface 1 for the following special
conditions:

diffuse and gray with 1  0.9 and 2  0.4. Assuming
the oven to be well insulated at all but the strip surfaces
and neglecting convection effects, determine the heater
power requirement per unit length (W/m).
13.68 A molten aluminum alloy at 900 K is poured into a
cylindrical container that is well insulated from large
surroundings at 300 K. The inner diameter of the container is 250 mm, and the distance from the surface of
the melt to the top of the container is 100 mm.

Tsur = 300 K

(a) Both planes are black and the surroundings are
at 0 K.
(b) Both planes are black with connecting, reradiating walls.

Molten metal
T = 900 K, ε = 0.55

L = 100 mm

(c) Both planes are diffuse and gray with 1  0.6,
2  0.8, and the surroundings at 0 K.
(d) Both planes are diffuse and gray (1  0.6 and
2  0.8) with connecting, reradiating walls.
13.66 Two parallel, aligned disks, 0.4 m in diameter and separated by 0.1 m, are located in a large room whose
walls are maintained at 300 K. One of the disks is
maintained at a uniform temperature of 500 K with an
emissivity of 0.6, while the backside of the second
disk is well insulated. If the disks are diffuse, gray surfaces, determine the temperature of the insulated disk.
13.67 Coatings applied to long metallic strips are cured by
installing the strips along the walls of a long oven of
square cross section.

D = 250 mm

If the oxidized aluminum at the surface of the melt has
an emissivity of 0.55, what is the net rate of radiation
heat transfer from the melt?
13.69 The proposed design for a blackbody simulator consists of a diffuse, gray, circular plate with an emissivity
of 0.9 maintained at Tp  600 K and mounted over a
well-insulated hemispherical cavity of radius ro 
100 mm. The opening in the circular plate is ro /2.
ro /2
Opening

Tp
ro
D

s1
s2

Strips,

T2
Heating
element,

T1

L

Thermal conditions in the oven are maintained by a
long silicon carbide rod (heating element), which is of
diameter D  20 mm and is operated at T1  1700 K.
Each of two strips on one side wall has the same orientation relative to the rod (s1  60 mm, s2  20 mm, L 
80 mm) and is operated at T2  600 K. All surfaces are

(a) Calculate the radiant power leaving the opening
when the surroundings are at 300 K.
(b) Calculate the effective emissivity of the cavity,
c, which is defined as the ratio of the radiant
power leaving the cavity to the rate at which the
heated circular plate would emit radiation if it
were black.
(c) Determine the surface temperature of the hemispherical cavity, Thc.
(d) For plate emissivities of p  0.5, 0.7, and 0.9,
plot e and Thc as a function of the opening in
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the circular plate over a range from ro /8 to ro /2.
All other conditions remain the same.
13.70 A long, hemicylindrical (1-m radius) shaped furnace
used to heat treat sheet metal products is comprised of
three zones. The heating zone (1) is constructed from a
ceramic plate of emissivity 0.85 and is operated at
1600 K by gas burners. The load zone (2) consists of
sheet metal products, assumed to be black surfaces,
that are to be maintained at 500 K. The refractory zone
(3) is fabricated from insulating bricks having an
emissivity of 0.6. Assume steady-state conditions, diffuse, gray surfaces, and negligible convection.
Insulating brick (3),

ε3 = 0.6

Ceramic plate (1)
T1 = 1600 K, ε1 = 0.85

Metal products (2)

T2 = 500 K, ε 2 = 1

(a) By what factor could the vapor production rate
be increased if the cylindrical sides (dashed surface) were insulated rather than open to the surroundings maintained at 27°C?
(b) For heater temperatures of 600, 800, and 1000°C,
plot the net rate of radiation heat transfer to the
still as a function of the separation distance over
the range from 25 to 100 mm. Consider the
cylindrical sides to be insulated and all other
conditions to remain the same.
13.72 A long cylindrical heater element of diameter D  10
mm, temperature T1  1500 K, and emissivity 1  1
is used in a furnace. The bottom area A2 is a diffuse,
gray surface with 2  0.6 and is maintained at T2 
500 K. The side and top walls are fabricated from an
insulating, refractory brick that is diffuse and gray with
  0.9. The length of the furnace normal to the page is
very large compared to the width w and height h.
Furnace walls

Heating element, A1
T 1, ε 1

1m

Insulating wall
separating zones

Gas
burners

(a) What is the heat rate per unit length of the furnace
(normal to the page) that must be supplied by the gas
burners for the prescribed conditions?
(b) What is the temperature of the insulating brick surface for the prescribed conditions?
13.71 The bottom of a steam-producing still of 200-mm
diameter is heated by radiation. The heater, maintained at 1000°C and separated 100 mm from the still,
has the same diameter as the still bottom. The still bottom and heater surfaces are black.
Vapor

h = 0.87 m

60°
Bottom, A2
T2, ε 2

w = 1.0 m

Neglecting convection and treating the furnace walls
as isothermal, determine the power per unit length that
must be provided to the heating element to maintain
steady-state conditions. Calculate the temperature of
the furnace wall.
13.73 A radiative heater consists of a bank of ceramic tubes
with internal heating elements. The tubes are of diameter
D  20 mm and are separated by a distance s  50 mm.
A reradiating surface is positioned behind the heating
tubes as shown in the schematic. Determine the net
radiative heat flux to the heated material when the heating tubes (h  0.87) are maintained at 1000 K. The
heated material (m  0.26) is at a temperature of 500 K.
Reradiating

Heating element
T = 1000 K
ε h = 0.87

Water, 100°C
D = 20 mm

D = 200 mm
100 mm
Heater, 1000°C

Material
T = 500 K
εm = 0.26

s = 50 mm
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13.74 Consider a long duct constructed with diffuse, gray
walls 1 m wide.

consist of a well-insulated refractory material, while
the bottom consists of the steel plate, which has an
emissivity of 0.4. Assume diffuse, gray surface behavior for the heater and the plate, and consider conditions for which the plate is at 300 K. What are the
corresponding temperatures of the heater surface and
the sidewalls?

A2, T2 = 700 K, ε2 = 0.5

A1, T1 = 1000 K, ε1 = 0.33

A3, T3 , ε3 = 0.8

(a) Determine the net radiation transfer from surface
A1 per unit length of the duct.
(b) Determine the temperature of the insulated surface A3.
(c) What effect would changing the value of 3 have
on your result? After considering your assumptions, comment on whether you expect your results
to be exact.
13.75 The coating on a 1 m by 2 m metallic surface is cured
by placing it 0.5 m below an electrically heated surface of equivalent dimensions, and the assembly is
exposed to large surroundings at 300 K. The heater is
well insulated on its top side and is aligned with the
coated surface. Both the heater and coated surfaces
may be approximated as blackbodies. During the curing procedure, the heater and coated surfaces are
maintained at 700 and 400 K, respectively. Convection effects may be neglected.
2m
1m

0.5 m

Heated surface

Coated surface
Surroundings

(a) What is the electric power, qelec, required to
operate the heater?
(b) What is qelec if the surfaces are connected with
reradiating sidewalls?
(c) The facility may be used to cure different surface coatings. With the heater still approximated
as a blackbody, compute and plot qelec as a function of the coating’s emissivity for values ranging from 0.1 to 1.0. Perform the calculations for
both open and reradiating sides.
13.76 A cubical furnace 2 m on a side is used for heat treating steel plate. The top surface of the furnace consists
of electrical radiant heaters that have an emissivity of
0.8 and a power input of 1.5  10 5 W. The sidewalls

13.77 An electric furnace consisting of two heater sections,
top and bottom, is used to heat treat a coating that is
applied to both surfaces of a thin metal plate inserted
midway between the heaters.
Heater, 2 m × 2 m,
800 K, ε = 0.9
Plate, ε = 0.6
Sidewalls,
400 K, ε = 0.3

1m

Heater, 2 m × 2 m,
800 K, ε = 0.9

The heaters and the plate are 2 m by 2 m on a side,
and each heater is separated from the plate by a distance of 0.5 m. Each heater is well insulated on its
back side and has an emissivity of 0.9 at its exposed
surface. The plate and the sidewalls have emissivities of 0.6 and 0.3, respectively. Sketch the equivalent radiation network for the system and label all
pertinent resistances and potentials. For the prescribed conditions, obtain the required electrical
power and the plate temperature.
13.78 A solar collector consists of a long duct through which
air is blown; its cross section forms an equilateral triangle 1 m on a side. One side consists of a glass cover
of emissivity 1  0.9, while the other two sides are
absorber plates with 2  3  1.0.
Glass
cover

ε 2, T2
ε 1, T1

Absorber
plates

ε 3, T3

During operation the surface temperatures are known
to be T1  25°C, T2  60°C, and T3  70°C. What
is the net rate at which radiation is transferred to the
cover due to exchange with the absorber plates?
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13.79 The cylindrical peephole in a furnace wall of thickness
L  250 mm has a diameter of D  125 mm. The
furnace interior has a temperature of 1300 K, and the
surroundings outside the furnace have a temperature
of 300 K.

view factor F23 of the shield with respect to the upper
disk is 0.3.
D3
T3, ε 3

Refractory
material

Furnace
interior
T1 = 1300 K

Surroundings,
T2 = 300 K

ε4

D = 125 mm
L = 250 mm

Determine the heat loss by radiation through the
peephole.
13.80 A composite wall is comprised of two large plates
separated by sheets of refractory insulation, as shown
in the schematic. In the installation process, the sheets
of thickness L  50 mm and thermal conductivity
k  0.05 W/m  K are separated at 1-m intervals by
gaps of width w  10 mm. The hot and cold plates
have temperatures and emissivities of T1  400C,
1  0.85 and T2  35C, 2  0.5, respectively.
Assume that the plates and insulation are diffuse-gray
surfaces.
Hot side

Gap

w = 10 mm
T1 = 400°C
L = 50 mm
T2 = 35°C

Cold side

1m

Insulation, k = 0.05 W/m•K

(a) Determine the heat loss by radiation through the
gap per unit length of the composite wall (normal
to the page).
(b) Recognizing that the gaps are located on a 1-m
spacing, determine what fraction of the total heat
loss through the composite wall is due to transfer
by radiation through the insulation gap.
13.81 A small disk of diameter D1  50 mm and emissivity
1  0.6 is maintained at a temperature of T1  900 K.
The disk is covered with a hemispherical radiation
shield of the same diameter and an emissivity of
2  0.02 (both sides). The disk and cap are located at
the bottom of a large evacuated refractory container
(4  0.85), facing another disk of diameter D3  D1,
emissivity 3  0.4, and temperature T3  400 K. The

T1, ε 1

ε2

D1

(a) Construct an equivalent thermal circuit for the above
system. Label all nodes, resistances, and currents.
(b) Find the net rate of heat transfer between the hot
disk and the rest of the system.

Enclosures: Three or More Surfaces
13.82 Consider a cylindrical cavity of diameter D  100 mm
and depth L  50 mm whose sidewall and bottom are
diffuse and gray with an emissivity of 0.6 and are at a
uniform temperature of 1500 K. The top of the cavity
is open and exposed to surroundings that are large and
at 300 K.
(a) Calculate the net radiation heat transfer from the
cavity, treating the bottom and sidewall of the cavity as one surface (qA).
(b) Calculate the net radiation heat transfer from the
cavity, treating the bottom and sidewall of the cavity as two separate surfaces (qB).
(c) Plot the percentage difference between qA and qB as
a function of L over the range 5 mm L 100 mm.
13.83 Consider a circular furnace that is 0.3 m long and
0.3 m in diameter. The two ends have diffuse, gray
surfaces that are maintained at 400 and 500 K with
emissivities of 0.4 and 0.5, respectively. The lateral
surface is also diffuse and gray with an emissivity of
0.8 and a temperature of 800 K. Determine the net
radiative heat transfer from each of the surfaces.
13.84 Consider two very large metal parallel plates. The top
plate is at a temperature Tt  400 K while the bottom
plate is at Tb  300 K. The desired net radiation heat
flux between the two plates is q  330 W/m2.
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(a) If the two surfaces have the same radiative properties, show that the required surface emissivity is
  0.5.

13.87 Work Problem 13.23, part (b), except with wall and
cylinder emissivities of w  0.95 and c  0.12,
respectively.

(b) Metal surfaces at relatively low temperatures tend
to have emissivities much less than 0.5 (see Table
A.11). An engineer proposes to apply a checker
pattern, similar to that of Problem 12.129, onto
each of the metal surfaces so that half of each surface is characterized by the low emissivity of the
bare metal and the other half is covered with the
high-emissivity paint. If the average of the high
and low emissivities is 0.5, will the net radiative
heat flux between the surfaces be the desired value?

13.88 A cylindrical furnace for heat-treating materials in a
spacecraft environment has a 90-mm diameter and an
overall length of 180 mm. Heating elements in the
135-mm-long section (1) maintain a refractory lining
of 1  0.8 at 800°C. The linings for the bottom
(2) and upper (3) sections are made of the same refractory material, but are insulated.

Tsur = 23°C

13.85 Consider the diffuse, gray, four-surface enclosure with
all sides equal as shown. The temperatures of three
surfaces are specified, while the fourth surface is
well insulated and can be treated as a reradiating
surface. Determine the temperature of the reradiating
surface (4).

A1, T1 = 800°C
ε 1 = 0.8

A3
D = 90 mm

A2

2

1

3

T1 = 700 K, ε1 = 0.7

L1 = 135 mm

T2 = 500 K, ε 2 = 0.5
4

Determine the power required to maintain the furnace
operating conditions with the surroundings at 23°C.

T3 = 300 K, ε 3 = 0.3

13.86 A room is represented by the following enclosure,
where the ceiling (1) has an emissivity of 0.8 and is
maintained at 40C by embedded electrical heating
elements. Heaters are also used to maintain the floor
(2) of emissivity 0.9 at 50C. The right wall (3) of
emissivity 0.7 reaches a temperature of 15C on a cold
winter day. The left wall (4) and end walls (5A) and
(5B) are very well insulated. To simplify the analysis,
treat the two end walls as a single surface (5).

L2 =
45 mm

13.89 In manufacturing semiconductors, rapid thermal processing (RTP) is used to rapidly heat a silicon wafer to
an elevated temperature in order to induce effects such
as ion diffusion, annealing, and oxidation. One type of
RTP device consists of a cylindrical enclosure with a
coaxially positioned wafer. The top side of the wafer
Radiant lamp bank

Glamp

1
Wafer, A1, T1, ε1

10 m

4

5B
4m

Enclosure, lateral
surface, A2, T2, ε 2

L
3

Enclosure, bottom
surface, A3, T3, ε 3

2
6m
5A

Assuming the surfaces are diffuse and gray, find the
net radiation heat transfer from each surface.

Cooling
coil
Aperture, A4
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experiences uniform irradiation from a lamp bank,
Glamp. The enclosure lateral (A2) and bottom (A3) surfaces have a low emissivity 2  3  0.07 and are
maintained at 300 K by coolant passages. The wafer
(A1) diameter is D  300 mm and the height of the
enclosure is L  300 mm. The aperture (A4) diameter
is Da  30 mm and provides for optical access to the
wafer.
(a) What lamp irradiation, Glamp, is required to maintain the wafer at 1300 K if the wafer emissivity is
1  0.8? What is the heat removal rate by the
cooling coil? Assume there are no heat losses
from the top side of the wafer.
(b) If the enclosure were perfectly reflecting, the
radiosity of the wafer, J1, would be equal to its
blackbody emissive power, Eb1. As such, the
radiosity would be independent of the wafer
emissivity, thereby minimizing effects due to
variation of that property from wafer-to-wafer.
For wafer emissivities of 1  0.75, 0.8, and 0.85,
plot the fractional difference, (Eb1  J1)/Eb1, as a
function of the aspect ratio for 0.5 L/D 2.5.
How sensitive is this parameter to the enclosure
surface emissivity, 2?
13.90

An observation cabin is located in a hot-strip mill
directly over the line, as shown in the schematic. The
cabin floor is exposed to a portion of the hot strip that
is at a temperature of Tss  920C and has an emissivity of ss  0.85, as well as to surroundings within
the mill (not shown) at a temperature of Tsur  80C.
To protect the operating personnel in the cabin, the
floor must be maintained at Tf  50C.

Observation cabin

Cabin floor maintained
at Tf = 50°C

2.0 m

Tf

2.5 m

(a) Without shield

1.5 m

Tf, εf = 0.6
Shield, εs = 0.10
Portion of steel strip
seen by cabin floor

(b) With shield
Steel strip

Tss = 920°C, ε ss = 0.85

Determine the coolant system heat removal rate
required to maintain the cabin floor at 50C for the
following conditions: (a) when the floor, with an
emissivity of f  0.6, is directly exposed to the strip;

and (b) when a radiation shield of emissivity s  0.1
is installed between the floor and the strip.

Multimode Heat Transfer: Introductory
13.91 An opaque, diffuse, gray (200 mm by 200 mm) plate
with an emissivity of 0.8 is placed over the opening of
a furnace and is known to be at 400 K at a certain instant.
The bottom of the furnace, having the same dimensions
as the plate, is black and operates at 1000 K. The sidewalls of the furnace are well insulated. The top of the
plate is exposed to ambient air with a convection coefficient of 25 W/m2  K and to large surroundings. The
air and surroundings are each at 300 K.

Air

200 mm

T∞ = 300 K
h = 25 W/m2•K

Tsur = 300 K
Plate, 400 K, ε = 0.8

Insulated sidewalls

Furnace bottom,
1000 K

(a) Evaluate the net radiative heat transfer to the
bottom surface of the plate.
(b) If the plate has mass and specific heat of 2 kg
and 900 J/kg  K, respectively, what will be the
change in temperature of the plate with time,
dTp /dt? Assume convection to the bottom surface of the plate to be negligible.
(c) Extending the analysis of part (b), generate a
plot of the change in temperature of the plate
with time, dTp /dt, as a function of the plate temperature for 350
Tp
900 K and all other
conditions remaining the same. What is the
steady-state temperature of the plate?
13.92 A tool for processing silicon wafers is housed within a
vacuum chamber whose walls are black and maintained by a coolant at Tvc  300 K. The thin silicon
wafer is mounted close to, but not touching, a chuck,
which is electrically heated and maintained at the temperature Tc. The surface of the chuck facing the wafer
is black. The wafer temperature is Tw  700 K, and its
surface is diffuse and gray with an emissivity of w 
0.6. The function of the grid, a thin metallic foil positioned coaxial with the wafer and of the same diameter,
is to control the power of the ion beam reaching the
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lation are 0.3 m and 0.035 W/m  K, respectively, and
the temperature of the outdoor air is 5C. Assume
that the ceiling is a diffuse-gray surface and that the
walls and ice may be approximated as blackbodies.

wafer. The grid surface is black with a temperature
of Tg  500 K. The effect of the ion beam striking
the wafer is to apply a uniform heat flux of qib 
600 W/m2. The top surface of the wafer is subjected to
the flow of a process gas for which T  500 K and
h  10 W/m2  K. Since the gap between the wafer and
chuck, , is very small, flow of the process gas in this
region may be neglected.

(a) Consider a flat ceiling having an emissivity of 0.05
(highly reflective panels) or 0.94 (painted panels).
Perform an energy balance on the ceiling to calculate the corresponding values of the ceiling temperature. If the relative humidity of the rink air is
70%, will condensation occur for either or both of
the emissivities?

Ion beam generator
Grid, Tg
Vacuum chamber, Tvc = 300 K
Gas

L=
200 mm

T∞, h

Gas flow

(b) For each of the emissivities, calculate and plot the
ceiling temperature as a function of the insulation
thickness for 0.1 t 1 m. Identify conditions for
which condensation will occur on the ceiling.

q"ib
Tw, ε w

Wafer
Chuck, Tc

Tc

δ << D

D = 200 mm

(a) Represent the wafer schematically, showing a
control surface and all relevant thermal processes.
(b) Perform an energy balance on the wafer and
determine the chuck temperature Tc.
13.93 Most architects know that the ceiling of an ice-skating
rink must have a high reflectivity. Otherwise, condensation may occur on the ceiling, and water may drip
onto the ice, causing bumps on the skating surface.
Condensation will occur on the ceiling when its
surface temperature drops below the dew point of the
rink air. Your assignment is to perform an analysis to
determine the effect of the ceiling emissivity on
the ceiling temperature, and hence the propensity for
condensation.

13.94 Boiler tubes exposed to the products of coal combustion in a power plant are subject to fouling by the ash
(mineral) content of the combustion gas. The ash
forms a solid deposit on the tube outer surface, which
reduces heat transfer to a pressurized water/steam
mixture flowing through the tubes. Consider a thinwalled boiler tube (Dt  0.05 m) whose surface is
maintained at Tt  600 K by the boiling process. Combustion gases flowing over the tube at T  1800 K provide a convection coefficient of h  100 W/m2  K,
while radiation from the gas and boiler walls to the
tube may be approximated as that originating from
large surroundings at Tsur  1500 K.

Combustion
gas

Tt, ε t

Td, εd
Dt

T∞, h
Insulation, k = 0.035 W/m•K, thickness t = 0.3 m

Outdoor air

T∞,o

Ceiling, Tc, ε = 0.05 or 0.94

Ash
deposit

Dd
Tsur

Walls,
Tw = 15°C

Rink air

L

T∞,i, hi

L

Ice,

D

Tice = –5°C

The rink has a diameter of D  50 m and a height of
L  10 m, and the temperatures of the ice and walls are
5C and 15°C, respectively. The rink air temperature
is 15C, and a convection coefficient of 5 W/m2  K
characterizes conditions on the ceiling surface. The
thickness and thermal conductivity of the ceiling insu-

(a) If the tube surface is diffuse and gray, with t  0.8,
and there is no ash deposit layer, what is the rate
of heat transfer per unit length, q, to the boiler
tube?
(b) If a deposit layer of diameter Dd  0.06 m and
thermal conductivity k  1 W/m  K forms on the
tube, what is the deposit surface temperature, Td?
The deposit is diffuse and gray, with d  0.9, and
Tt , T , h, and Tsur remain unchanged. What is the
net rate of heat transfer per unit length, q, to the
boiler tube?
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apart. The plates are exposed to large isothermal surroundings at Tsur  300 K. The conductor (1) and
ceramic (2) surfaces are diffuse and gray with emissivities of 1  0.8 and 2  0.6, respectively. For a prescribed operating current in the conductors, their
temperature is T1  500 K.

(c) Explore the effect of variations in Dd and h on
q, as well as on relative contributions of convection and radiation to the net heat transfer
rate. Represent your results graphically.
13.95 Consider two very large parallel plates. The bottom
plate is warmer than the top plate, which is held at a
constant temperature of T1  330 K. The plates are
separated by L  0.1 m, and the gap between the two
surfaces is filled with air at atmospheric pressure. The
heat flux from the bottom plate is q  250 W/m2.

(a) Determine the electrical power dissipated in a conductor plate per unit length, q1, considering only
radiation exchange. What is the temperature of the
insulated base, T2?
(b) Determine q1 and T2 when the surfaces experience
convection with an airstream at 300 K and a convection coefficient of h  25 W/m2  K.

(a) Determine the temperature of the bottom plate and
the ratio of the convective to radiative heat fluxes for
1  2  0.5. Evaluate air properties at T  350 K.
(b) Repeat part (a) for 1  2  0.25 and 0.75.
13.96 Coated metallic disks are cured by placing them at the
top of a cylindrical furnace whose bottom surface is
electrically heated and whose sidewall may be approximated as a reradiating surface. Curing is accomplished
by maintaining a disk at T2  400 K for an extended
period. The electrically heated surface is maintained at
T1  800 K and is mounted on a ceramic base material
of thermal conductivity k  20 W/m  K. The bottom
of the base material, as well as the ambient air and
large surroundings above the disk, are maintained at a
temperature of 300 K. Emissivities of the heater and
the disk inner and outer surfaces are 1  0.9, 2,i  0.5,
and 2,o  0.9, respectively.
Assuming steady-state operation and neglecting convection within the cylindrical cavity, determine the
electric power that must be supplied to the heater and
the convection coefficient h that must be maintained at
the outer surface of the disk in order to satisfy the prescribed conditions.

Surroundings, Tsur

w

Plate
conductor, (1)

1

Ceramic insulated
base, (2)

2

L

13.98 The spectral absorptivity of a large diffuse surface is
  0.9 for  1 m and   0.3 for  1 m.
The bottom of the surface is well insulated, while the
top may be exposed to one of two different conditions.
(a) In case (a) the surface is exposed to the sun, which
provides an irradiation of GS  1200 W/m2, and to
an airflow for which T  300 K. If the surface
temperature is Ts  320 K, what is the convection
coefficient associated with the airflow?

Tsur = 300 K
T∞, h

T2, ε2,i, ε 2,o

ε p , Tp
h, T∞

Lc = 200 mm

GS

Ts
T 1, ε 1

Lb = 25 mm
D=
120 mm

kb = 20 W/m•K
Tb = 300 K

13.97 Electrical conductors, in the form of parallel plates of
length L  40 mm, have one edge mounted to a ceramic
insulated base and are spaced a distance w  10 mm

h, T ∞
Ts

Case (a)

Case (b)

(b) In case (b) the surface is shielded from the sun by a
large plate and an airflow is maintained between the
plate and the surface. The plate is diffuse and gray
with an emissivity of p  0.8. If T  300 K and
the convection coefficient is equivalent to the result
obtained in part (a), what is the plate temperature Tp
that is needed to maintain the surface at Ts  320 K?

c13.qxd 3/6/06 11:07 AM Page 870

870

Chapter 13



Radiation Exchange Between Surfaces

13.99 A long uniform rod of 50-mm diameter with a thermal
conductivity of 15 W/m  K is heated internally by volumetric energy generation of 20 kW/m3. The rod is positioned coaxially within a larger circular tube of 60-mm
diameter whose surface is maintained at 500C. The
annular region between the rod and the tube is evacuated, and their surfaces are diffuse and gray with an
emissivity of 0.2.

occurs at surfaces 1 and 2, with h1  10 W/m2  K
and h2  2 W/m2  K. (Convection at the insulated
panel may be neglected.)

1
Gas, Tm

(a) Determine the center and surface temperatures of
the rod.
(b) Determine the center and surface temperatures of
the rod if atmospheric air occupies the annular
space.
(c) For tube diameter of 60, 100, and 1000 mm and for
both the evacuated and atmospheric conditions,
compute and plot the center and surface temperatures as a function of equivalent surface emissivities
in the range from 0.1 to 1.0.
13.100 The cross section of a long circular tube, which is
divided into two semicylindrical ducts by a thin wall,
is shown below.

Gas

Gas

Tg,1, h1

Tg,2, h2
T2

T1
Tw

Sides 1 and 2 are maintained at temperatures of T1 
600 K and T2  400 K, respectively, while the mean
temperatures of gas flows through ducts 1 and 2 are
Tg, 1  571 K and Tg, 2  449 K, respectively. The foregoing temperatures are invariant in the axial direction.
The gases provide surface convection coefficients of
h1  h2  5 W/m2  K, while all duct surfaces may
be approximated as blackbodies (1  2  w  1).
What is the duct wall temperature, Tw? By performing an energy balance on the gas in side l, verify that
Tg,1 is, in fact, equal to 571 K.
13.101 A row of regularly spaced, cylindrical heating elements (1) is used to cure a surface coating that is
applied to a large panel (2) positioned below the elements. A second large panel (3), whose top surface is
well insulated, is positioned above the elements. The
elements are black and maintained at T1  600 K,
while the panel has an emissivity of 2  0.5 and is
maintained at T2  400 K. The cavity is filled with
a nonparticipating gas and convection heat transfer

3

D = 25 mm s = 50 mm

q2

T1, ε1, h1

q'1

2

T2, ε 2, h2

(a) Evaluate the mean gas temperature, Tm.
(b) What is the rate per unit axial length at which
electrical energy must be supplied to each element to maintain its prescribed temperature?
(c) What is the rate of heat transfer to a portion of the
coated panel that is 1 m wide by 1 m long?
13.102 In recent years there has been considerable interest in
developing flat-plate solar collectors for home heating needs. The typical collector configuration consists
of an absorbing surface that is thermally insulated on
the edges and on the back side. Solar radiation is
transmitted through one or more glass cover plates
before reaching the absorber. The collected energy is
removed by circulating water through tubes that are
in good thermal contact with the absorber.
Identify all the energy exchange processes that influence the performance of the collector. Suggest design
features that would increase collection efficiency.

Wind

Incident
solar
radiation
Cover
plates

Water
out

Absorber

Water
in

13.103 Applying high-emissivity paints to radiating surfaces
is a common technique used to enhance heat transfer
by radiation.
(a) For large parallel plates, determine the radiation
heat flux across the gap when the surfaces are at
T1  350 K, T2  300 K, 1  2  s  0.85.
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(b) Determine the radiation heat flux when a very
thin layer of high-emissivity paint, p  0.98, is
applied to both surfaces.
(c) Determine the radiation heat flux when the paint
layers are each L  2 mm thick and the thermal
conductivity of the paint is k  0.21 W/m  K.
(d) Plot the heat flux across the gap for the bare surface as a function of s, with 0.05
s
0.95.
Show on the same plot the heat flux for the
painted surface with very thin paint layers and the
painted surface with L  2-mm thick paint layers.

Multimode Heat Transfer: Advanced
13.104 Options for thermally shielding the top ceiling of a
large furnace include the use of an insulating material
of thickness L and thermal conductivity k, case (a), or
an air space of equivalent thickness formed by
installing a steel sheet above the ceiling, case (b).
Tsur

Air

Air

T∞, ho

T∞, ho

Ts,o, εo

Ts,o, εo

Insulation, k

L
Furnace
cavity
(a)

Ts,i

Air space
Furnace
cavity

Ts,i, ε i

(b)

(a) Develop mathematical models that could be used
to assess which of the two approaches is better.
In both cases the interior surface is maintained at
the same temperature, Ts,i, and the ambient air
and surroundings are at equivalent temperatures
(T  Tsur).
(b) If k  0.090 W/m  K, L  25 mm, h0 
25 W/m2  K, the surfaces are diffuse and gray
with i  o  0.50, Ts,i  900 K, and T 
Tsur  300 K, what is the outer surface temperature Ts,o and the heat loss per unit surface area
associated with each option?
(c) For each case, assess the effect of surface radiative properties on the outer surface temperature
and the heat loss per unit area for values of i  o
ranging from 0.1 to 0.9. Plot your results.
13.105 The composite insulation shown, which was
described in Chapter 1 (Problem 1.72e), is being considered as a ceiling material.

g

Ts,o
Ts,i > Ts,o

Surface
slabs

L1
L2

q

t

W

L3
Ts,i

Cellular
air spaces

It is proposed that the outer and inner slabs be made
from low-density particle board of thicknesses
L1  L3  12.5 mm and that the honeycomb core be
constructed from a high-density particle board. The
square cells of the core are to have length L2  50
mm, width W  10 mm, and wall thickness t  2
mm. The emissivity of both particle boards is
approximately 0.85, and the honeycomb cells are
filled with air at 1-atm pressure. To assess the
effectiveness of the insulation, its total thermal
resistance must be evaluated under representative
operating conditions for which the bottom (inner)
surface temperature is Ts,i  25°C and the top
(outer) surface temperature is Ts,o  10°C. To
assess the effect of free convection in the air space,
assume a cell temperature difference of 20°C and
evaluate air properties at 7.5°C. To assess the effect
of radiation across the air space, assume inner surface temperatures of the outer and inner slabs to be
5 and 15°C, respectively.
13.106 Hot coffee is contained in a cylindrical thermos bottle that is of length L  0.3 m and is lying on its side
(horizontally).
ε 2, T2
D2 D1

ε 1, T1

Coffee
Air space

Insulation
strip

L

The coffee container consists of a glass flask of
diameter D1  0.07 m, separated from an aluminum
housing of diameter D2  0.08 m by air at atmospheric pressure. The outer surface of the flask and
the inner surface of the housing are silver coated to
provide emissivities of 1  2  0.25. If these surface temperatures are T1  75°C and T2  35°C,
what is the heat loss from the coffee?
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Consider conditions for which the incident solar
radiation is collimated at an angle of 60° relative to
the horizontal and the solar flux is 900 W/m2. The
cover plate is perfectly transparent to solar radiation
(
3 m) and is opaque to radiation of larger
wavelengths. The cover and absorber plates are diffuse surfaces having the spectral absorptivities shown.

13.107 A vertical air space in the wall of a home is 0.1 m
thick and 3 m high. The air separates a brick exterior
from a plaster board wall, with each surface having
an emissivity of 0.9. Consider conditions for which
the temperatures of the brick and plaster surfaces
exposed to the air are 10 and 18°C, respectively.
What is the rate of heat loss per unit surface area?
What would be the heat loss per unit area if the space
were filled with urethane foam?

(a) What is the conduction heat flux across the air gap
for the optimal spacing Lop between the panes?
(b) If the glass has an emissivity of g  0.90, what
is the total heat flux across the gap?
(c) What is the total heat flux if a special, lowemissivity coating (c  0.10) is applied to one of
the panes at its air–glass interface? What is the
total heat flux if both panes are coated?
13.109 Consider the double-pane window of Problem 9.97,
for which 1 m  1 m panes are separated by a 25-mm
gap of atmospheric air. The window panes are
approximately isothermal and separate quiescent
room air at T,i  20C from quiescent ambient air at
T,o  20C.

0.9
0.75

αλ

13.108 Consider a vertical, double-pane window for the conditions prescribed in Problem 9.96. That is, vertical
panes at temperatures of T1  22 and T2  20C are
separated by atmospheric air, and the critical Rayleigh
number for the onset of convection is RaL,c  2000.
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The length and width of the absorber and cover
plates are much larger than the plate spacing L. What
is the rate at which solar radiation is absorbed per
unit area of the absorber plate? With the absorber
plate well insulated from below and absorber and
cover plate temperatures Ta and Tc of 70 and 27°C,
respectively, what is the heat loss per unit area of the
absorber plate?
13.111 Consider the tube and radiation shield of Problem
13.49, but now account for free convection in the gap
between the tube and the shield.
(a) What is the total rate of heat transfer per unit
length between the tube and the shield?

(a) For glass panes of emissivity g  0.90, determine the temperature of each pane and the rate
of heat transfer through the window.

(b) Explore the effect of variations in the shield
diameter on the total heat rate, as well as on the
contributions due to convection and radiation.

(b) Quantify the improvements in energy conservation that may be effected if the space between
the panes is evacuated and/or a low emissivity
coating (c  0.1) is applied to the surface of
each pane adjoining the gap.

13.112 Consider the tube and radiation shield of Problem
13.49, but now account for free convection in the gap
between the tube and the shield, as well as for the fact
that the temperature of the shield may not be arbitrarily prescribed but, in fact, depends on the nature of the
surroundings. If the radiation shield is exposed to quiescent ambient air and large surroundings, each at a
temperature of 20C, what is the temperature of the
shield? What is the rate of heat loss from the tube per
unit length?

13.110 A flat-plate solar collector, consisting of an absorber
plate and single cover plate, is inclined at an angle of
 60° relative to the horizontal.
q"S = 900 W/m2

L = 0.02 m

Air space, p = 1 atm

Absorber plate, Ta
Cover plate, Tc

τ = 60°

13.113 Consider the flat-plate solar collector of Problem 9.100.
The absorber plate has a coating for which 1  0.96,
and the cover plate has an emissivity of 2  0.92.
With respect to radiation exchange, both plates may
be approximated as diffuse, gray surfaces.
(a) For the conditions of Problem 9.100, what is the
rate of heat transfer by free convection from the
absorber plate and the net rate of radiation
exchange between the plates?
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(b) The temperature of the absorber plate varies
according to the flow rate of the working fluid
routed through the coiled tube. With all other
parameters remaining as prescribed, compute
and plot the free convection and radiant heat
rates as a function of the absorber plate temperature for 50 T1 100°C.
13.114 The lower side of a 400-mm-diameter disk is heated
by an electric furnace, while the upper side is exposed to quiescent, ambient air and surroundings at
300 K. The radiant furnace (negligible convection) is
of circular construction with the bottom surface (1 
0.6) and cylindrical side surface (2  1.0) maintained at T1  T2  500 K. The surface of the disk
facing the radiant furnace is black (d, 1  1.0), while
the upper surface has an emissivity of d, 2  0.8.
Assume the plate and furnace surfaces to be diffuse
and gray.

Tsur
Quiescent
Air

Td
Disk

T2, ε 2 = 1

εd,2 = 0.8
εd,1 = 1.0

Tw = 400 K

Shield, ρ s = 0.95

Surroundings
Wall

Ambient
air

Insulating
material
25 mm thickness

shield reflectivity, s, and insulation thermal
conductivity, k. What influence do these parameters have on the heat loss from the hot wall?
What is the effect of an increased overall coefficient on the heat loss? Show the results of your
analysis in a graphical format.
13.116 The fire tube of a hot water heater consists of a long
circular duct of diameter D  0.07 m and temperature Ts  385 K, through which combustion gases
flow at a temperature of Tm,g  900 K. To enhance
heat transfer from the gas to the tube, a thin partition
is inserted along the midplane of the tube. The gases
may be assumed to have the thermophysical properties of air and to be radiatively nonparticipating.
Gas

200 mm

Tm,g, m• g

T1, ε 1 = 0.6
D
400 mm

Tube, Ts, εs
Partition, Tp, εp

(a) Determine the net heat transfer rate to the disk,
qnet,d, when Td  400 K.
(b) Plot qnet,d as a function of the disk temperature
for 300 Td 500 K, with all other conditions
remaining the same. What is the steady-state
temperature of the disk?
13.115 The surface of a radiation shield facing a black hot
wall at 400 K has a reflectivity of 0.95. Attached to the
back side of the shield is a 25-mm-thick sheet of insulating material having a thermal conductivity of 0.016
W/m  K. The overall heat transfer coefficient (convection and radiation) at the surface exposed to the ambient air and surroundings at 300 K is 10 W/m2  K.
(a) Assuming negligible convection in the region
between the wall and the shield, estimate the
heat loss per unit area from the hot wall.
(b) Perform a parameter sensitivity analysis on the
insulation system, considering the effects of

(a) With no partition and a gas flow rate of ṁg 
0.05 kg/s, what is the rate of heat transfer per
unit length, q, to the tube?
(b) For a gas flow rate of ṁg  0.05 kg/s and emissivities of s  p  0.5, determine the partition
temperature Tp and the total rate of heat transfer
q to the tube.
(c) For ṁg  0.02, 0.05, and 0.08 kg/s and equivalent emissivities p  s , compute and plot
Tp and q as a function of  for 0.1  1.0.
For ṁg  0.05 kg/s and equivalent emissivities,
plot the convective and radiative contributions
to q as a function of .
13.117 Consider Problem 9.95 with N  4 sheets of thin aluminum foil (f  0.07), equally spaced throughout
the 50-mm gap so as to form five individual air gaps
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each 10 mm thick. The hot and cold surfaces of the
enclosure are characterized by   0.85.
(a) Neglecting conduction or convection in the air,
determine the heat flux through the system.
(b) Accounting for conduction but neglecting radiation, determine the heat flux through the system.
The effect of variable properties is important.
Calculate the air properties for each gap independently, based on the average gap temperature.

Surroundings
T4 = 300 K
Reflector

D2, T2
Heater
D1, ε1, T1

H

Coating

(c) Accounting for both conduction and radiation,
determine the heat flux through the system. Calculate the air properties for each gap independently.
(d) Is natural convection negligible in part (c)?
Explain why or why not.
13.118 Consider the conditions of Problem 9.105. Accounting for radiation, as well as convection, across the
helium-filled cavity, determine the mass rate at
which gaseous nitrogen is vented from the system.
The cavity surfaces are diffuse and gray with emissivities of i  o  0.3. If the cavity is evacuated,
how may surface conditions be altered to further
reduce the evaporation? Support your recommendation with appropriate calculations.
13.119 A special surface coating on a square panel that is
5 m by 5 m on a side is cured by placing the panel
directly under a radiant heat source having the same
dimensions. The heat source is diffuse and gray and
operates with a power input of 75 kW. The top surface of the heater, as well as the bottom surface of
the panel, may be assumed to be well insulated, and
the arrangement exists in a large room with air and
wall temperatures of 25°C. The surface coating is
diffuse and gray, with an emissivity of 0.30 and an
upper temperature limit of 400 K. Neglecting convection effects, what is the minimum spacing that
may be maintained between the heater and the panel
to ensure that the panel temperature will not exceed
400 K? Allowing for convection effects at the coated
surface of the panel, what is the minimum spacing?
13.120 A long rod heater of diameter D1  10 mm and emissivity 1  1.0 is coaxial with a well-insulated, semicylindrical reflector of diameter D2  1 m. A long
panel of width W  1 m is aligned with the reflector
and is separated from the heater by a distance of H 
1 m. The panel is coated with a special paint (3 
0.7), which is cured by maintaining it at 400 K. The
panel is well insulated on its back side, and the entire
system is located in a large room where the walls and
the atmospheric, quiescent air are at 300 K. Heat
transfer by convection may be neglected for the
reflector surface.

ε3, T3 = 400 K

Air

p = 1 atm
T∞ = 300 K

W

(a) Sketch the equivalent thermal circuit for the
system and label all pertinent resistances and
potentials.
(b) Expressing your results in terms of appropriate
variables, write the system of equations needed
to determine the heater and reflector temperatures, T1 and T2, respectively. Determine these
temperatures for the prescribed conditions.
(c) Determine the rate at which electrical power must
be supplied per unit length of the rod heater.
13.121 A radiant heater, which is used for surface treatment
processes, consists of a long cylindrical heating
element of diameter D1  0.005 m and emissivity
1  0.80. The heater is partially enveloped by a long,
thin parabolic reflector whose inner and outer surface
emissivities are 2i  0.10 and 2o  0.80, respectively. Inner and outer surface areas per unit length of
the reflector are each A2i  A2o  0.20 m, and the
average convection coefficient for the combined inner
and outer surfaces is h2(i, o)  2 W/m2  K. The system
may be assumed to be in an infinite, quiescent

Surroundings

Tsur

Heater

ε1, D1, T1, q'1
Air, T∞

135°

ε2o, A'2o

ε 2i, A'2i

Reflector

Air, T∞
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medium of atmospheric air at T  300 K and to be
exposed to large surroundings at Tsur  300 K.
(a) Sketch the appropriate radiation circuit, and write
expressions for each of the network resistances.
(b) If, under steady-state conditions, electrical
power is dissipated in the heater at P1  1500
W/m and the heater surface temperature is T1 
1200 K, what is the net rate at which radiant
energy is transferred from the heater?
(c) What is the net rate at which radiant energy is
transferred from the heater to the surroundings?
(d) What is the temperature, T2, of the reflector?
13.122 A steam generator consists of an in-line array of
tubes, each of outer diameter D  10 mm and length
L  1 m. The longitudinal and transverse pitches are
each SL  ST  20 mm, while the numbers of longitudinal and transverse rows are NL  20 and NT  5.
Saturated water (liquid) enters the tubes at a pressure
of 2.5 bars, and its flow rate is adjusted to ensure that
it leaves the tubes as saturated vapor. Boiling that
occurs in the tubes maintains a uniform tube wall
temperature of 400 K.
Combustion
gases

V, Tm,i
Electrically heated plate

Ts

Tp

Ts

SL
ST

(b) An alternative steam generator design, case (b),
consists of the same tube arrangement, but the
gas flow is replaced by an evacuated space with
electrically heated plates inserted between each
line of tubes. If the plates are maintained at a uniform temperature of Tp  1200 K, what is the
rate of steam production? The plate and tube surfaces may be approximated as blackbodies.
(c) Consider conditions for which the plates are
installed, as in case (b), and the high-temperature
products of combustion flow over the tubes, as in
case (a). The plates are no longer electrically
heated, but their thermal conductivity is sufficiently
large to ensure a uniform plate temperature. Comment on factors that influence the plate temperature
and the gas temperature distribution. Contrast (qualitatively) the gas outlet temperature and the steam
generation rate with the results of case (a).
13.123 The sketch shows a gas-fired radiant tube of the singleended recuperative (SER) type. A mixture of air and
natural gas is injected at the left end of the central
tube, and combustion is essentially complete while
the gases are still in the inner tube. The products of
combustion are exhausted through the annulus. Thermocouple measurements at a particular axial location
indicate an inner tube wall temperature of 1200 K
and a gas temperature of 1050 K in the annulus. The
radiant tube is located in a furnace, the walls of
which are 950 K, and the furnace atmosphere is quiescent and also at 950 K. The thin-walled tubes are
made of silicon carbide with an emissivity of 0.6.
The gas mass flow rate is 0.13 kg/s, and the gas pressure is 101.5 kPa.
Ts,i = 1200 K

Flame

Tm,o
(a)

Do = 0.20 m
Di = 0.10 m

Air and
natural gas

D

Tm,g = 1050 K

(b)

(a) Consider case (a) for which products of combustion enter the tube bank with velocity and temperature of V  10 m/s and Tm,i  1200 K,
respectively. Determine the average gas-side
convection coefficient, the gas outlet temperature, and the rate of steam production in kg/s.
Properties of the gas may be approximated to be
those of atmospheric air at an average temperature of 900 K.

Calculate the temperature of the outer tube at the
axial location where thermocouple measurements are
being made. Assume the gas to be radiatively nonparticipating and to have the following thermophysical
properties:   0.32 kg/m3,   130  106 m2/s,
k  70  103 W/m  K, and Pr  0.72.
13.124 A wall-mounted natural gas heater uses combustion
on a porous catalytic pad to maintain a ceramic plate
of emissivity c  0.95 at a uniform temperature of
Tc  1000 K. The ceramic plate is separated from a
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glass plate by an air gap of thickness L  50 mm.
The surface of the glass is diffuse, and its spectral
transmissivity and absorptivity may be approximated
as  0 and   1 for 0
0.4 m,  1
and   0 for 0.4 
1.6 m, and  0 and
  0.9 for  1.6 m. The exterior surface of the
glass is exposed to quiescent ambient air and large
surroundings for which T  Tsur  300 K. The
height and width of the heater are H  W  2 m.
Combustion products
Catalytic pad

Ceramic plate
Tc , ε c
Glass plate, Tg
Air gap

H

Tsur

Air

T ∞ , ho
Fuel and air
mixture

L

(a) What is the total transmissivity of the glass to
irradiation from the ceramic plate? Can the glass
be approximated as opaque and gray?
(b) For the prescribed conditions, evaluate the glass
temperature, Tg, and the rate of heat transfer
from the heater, qh.
(c) A fan may be used to control the convection
coefficient ho at the exterior surface of the glass.
Compute and plot Tg and qh as a function of ho
for 10 ho 100 W/m2  K.

13.127 A flue gas at 1-atm total pressure and a temperature
of 1400 K contains CO2 and water vapor at partial
pressures of 0.05 and 0.10 atm, respectively. If the
gas flows through a long flue of 1-m diameter and
400 K surface temperature, determine the net radiative heat flux from the gas to the surface. Blackbody
behavior may be assumed for the surface.
13.128 A furnace consists of two large parallel plates separated by 0.75 m. A gas mixture comprised of O2, N2,
CO2, and water vapor, with mole fractions of 0.20,
0.50, 0.15, and 0.15, respectively, flows between the
plates at a total pressure of 2 atm and a temperature
of 1300 K. If the plates may be approximated as
blackbodies and are maintained at 500 K, what is the
net radiative heat flux to the plates?
13.129 In an industrial process, products of combustion at a
temperature and pressure of 2000 K and 1 atm,
respectively, flow through a long, 0.25-m-diameter
pipe whose inner surface is black. The combustion
gas contains CO2 and water vapor, each at a partial
pressure of 0.10 atm. The gas may be assumed to
have the thermophysical properties of atmospheric
air and to be in fully developed flow with ṁ  0.25
kg/s. The pipe is cooled by passing water in cross
flow over its outer surface. The upstream velocity
and temperature of the water are 0.30 m/s and 300 K,
respectively. Determine the pipe wall temperature
and heat flux. Hint: Emission from the pipe wall may
be neglected.
13.130 Waste heat recovery from the exhaust (flue) gas of a
melting furnace is accomplished by passing the gas
through a vertical metallic tube and introducing saturated water (liquid) at the bottom of an annular
region around the tube.

Gaseous Radiation

D=
1m

13.125 A furnace having a spherical cavity of 0.5-m diameter
contains a gas mixture at 1 atm and 1400 K. The mixture consists of CO2 with a partial pressure of 0.25 atm
and nitrogen with a partial pressure of 0.75 atm. If the
cavity wall is black, what is the cooling rate needed
to maintain its temperature at 500 K?
13.126 A gas turbine combustion chamber may be approximated as a long tube of 0.4-m diameter. The combustion gas is at a pressure and temperature of 1 atm
and 1000°C, respectively, while the chamber surface
temperature is 500°C. If the combustion gas contains CO2 and water vapor, each with a mole fraction
of 0.15, what is the net radiative heat flux between
the gas and the chamber surface, which may be
approximated as a blackbody?

m• s
Saturated
vapor

Tg
p = 1 atm

L=7m
p = 2.455 bars

Saturated
liquid

m• s
Flue gas

•

mg

c13.qxd 3/6/06 11:07 AM Page 877



877

Problems

The tube length and inside diameter are 7 and 1 m,
respectively, and the tube inner surface is black. The
gas in the tube is at atmospheric pressure, with CO2
and H2O(v) partial pressures of 0.1 and 0.2 atm,
respectively, and its mean temperature may be
approximated as Tg  1400 K. The gas flow rate is
ṁg  2 kg/s. If saturated water is introduced at a
pressure of 2.455 bars, estimate the water flow rate
ṁs for which there is complete conversion from saturated liquid at the inlet to saturated vapor at the outlet. Thermophysical properties of the gas may be
approximated as
 530  107 kg/s  m, k 
0.091 W/m  K, and Pr  0.70.

Heat and Mass Transfer
13.131 A radiant oven for drying newsprint consists of a
long duct (L  20 m) of semicircular cross section.
The newsprint moves through the oven on a conveyor belt at a velocity of V  0.2 m/s. The
newsprint has a water content of 0.02 kg/m2 as it
enters the oven and is completely dry as it exits. To
assure quality, the newsprint must be maintained at
room temperature (300 K) during drying. To aid in
maintaining this condition, all system components
and the air flowing through the oven have a temperature of 300 K. The inner surface of the semicircular
duct, which is of emissivity 0.8 and temperature T1,
provides the radiant heat required to accomplish the
drying. The wet surface of the newsprint can be considered to be black. Air entering the oven has a temperature of 300 K and a relative humidity of 20%.
Air

T = 300 K T = 300 K
∞
p = 1 atm φ = 0.20
∞
φ = 0.20 u
∞

T∞, φ∞,
u∞

Dry
newsprint

Wet
newsprint

T1, ε1 = 0.8
T2 = 300 K,
ε 2 = 1.0
V = 0.2 m/s

W=1m

L = 20 m

which has an emissivity of g  0.9. In a batch drying process for which the temperature of the grain is
Tg  330 K, 2.50 kg of water are to be removed per
meter of duct length over a 1-hour period.

Refractory
oven wall

Heater
plate
Tp, ε p

Grain,

Tg, εg

(a) Neglecting convection heat transfer, determine
the required temperature Tp of the heater plate.
(b) If the water vapor is swept from the duct by the
flow of dry air, what convection mass transfer
coefficient hm must be maintained by the flow?
(c) If the air is at 300 K, is the assumption of negligible convection justified?
13.133 A novel infrared recycler has been proposed for
reclaiming the millions of kilograms of waste plastics
produced by the dismantling and shredding of automotive vehicles following their retirement. To
address the problem of sorting mixed plastics into
components such as polypropylene and polycarbonate, a washed stream of the mixed plastics is routed
to an infrared heating system, where it is dried and
subsequently heated to a temperature for which one
of the components begins to soften, while the others
remain rigid. The mixed stream is then routed
through steel rollers, to which the softened plastic
sticks and is removed from the stream. Heating of the
stream is then continued to facilitate removal of a
second component, and the heating/removal process
is repeated until all of the components are separated.
Inner surface
of drum (Td)

V

Since the velocity of the air is large, its temperature
and relative humidity can be assumed to be constant
over the entire duct length. Calculate the required
evaporation rate, air velocity u , and temperature T1
that will ensure steady-state conditions for the process.
13.132 A grain dryer consists of a long semicircular duct of
radius R  1 m. One-half of the base surface consists
of an electrically heated plate of emissivity p  0.8,
while the other half supports the grain to be dried,

Infrared heater (Dh , Th , ε h )

Rotating drum (Dd )

Wet plastic pellets (Tp )

Consider the initial drying stage for a system comprised of a cylindrical heater aligned coaxially with a
rotating drum of diameter Dd  1 m. Shortly after
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entering the drum, wet plastic pellets may be assumed
to fully cover the bottom semicylindrical section and
to remain at a temperature of Tp  325 K during the
drying process. The surface area of the pellets may be
assumed to correspond to that of the semicylinder
and to have an emissivity of p  0.95.
(a) If the flow of dry air through the drum maintains a convection mass transfer coefficient of
0.024 m/s on the surface of the pellets, what is
the evaporation rate per unit length of the drum?
(b) Neglecting convection heat transfer, determine
the temperature Th that must be maintained by a
heater of diameter Dh  0.10 m and emissivity

h  0.8 to sustain the foregoing evaporation
rate. What is the corresponding value of the temperature Td for the top surface of the drum? The
outer surface of the drum is well insulated, and
its length-to-diameter ratio is large. As applied to
the top (d) or bottom (p) surface of the drum, the
view factor of an infinitely long semicylinder to
itself, in the presence of a concentric, coaxial
cylinder, may be expressed as
2
Fii  1   {[1  (Dh/Dd)2]1/2
 (Dh /Dd)sin1 (Dh /Dd)}
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W

e have learned that heat is transferred if there is a temperature difference in a
medium. Similarly, if there is a difference in the concentration of some chemical
species in a mixture, mass transfer must occur.1
Mass transfer is mass in transit as the result of a species concentration difference in a
mixture.

Just as a temperature gradient constitutes the driving potential for heat transfer, a
species concentration gradient in a mixture provides the driving potential for transport of that species.
It is important to clearly understand the context in which the term mass transfer
is used. Although mass is certainly transferred whenever there is bulk fluid motion,
this is not what we have in mind. For example, we do not use the term mass transfer
to describe the motion of air that is induced by a fan or the motion of water being
forced through a pipe. In both cases, there is gross or bulk fluid motion due to
mechanical work. We do, however, use the term to describe the relative motion of
species in a mixture due to the presence of concentration gradients. One example is
the dispersion of oxides of sulfur released from a power plant smoke stack into the
environment. Another example is the transfer of water vapor into dry air, as in a
home humidifier.
There are modes of mass transfer that are similar to the conduction and convection modes of heat transfer. In Chapters 6 through 8 we considered mass transfer by
convection, which is analogous to convection heat transfer; in this chapter we consider mass transfer by diffusion, which can be analogous to conduction heat transfer.

14.1
Physical Origins and Rate Equations
From the standpoint of physical origins and the governing rate equations, strong
analogies exist between heat and mass transfer by diffusion.

14.1.1

Physical Origins

Consider a chamber in which two different gas species at the same temperature and
pressure are initially separated by a partition. If the partition is removed, both species
will be transported by diffusion. Figure 14.1 shows the situation as it might exist
shortly after removal of the partition. A higher concentration means more molecules
per unit volume, and the concentration of species A (light dots) decreases with
increasing x, while the concentration of B increases with x. Since mass diffusion is in

1
A species is an identifiable molecule, such as carbon dioxide, CO2, that can be transported by diffusion and advection and/or converted to some other form by a chemical reaction. A species may
be a single atom or a complex polyatomic molecule. It can also be appropriate to identify a mixture
(such as air) as a species.
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Concentration
of species A

CA

x

Concentration
of species B

CB

xo

B
A

FIGURE 14.1 Mass transfer by diffusion in a binary gas
mixture.

the direction of decreasing concentration, there is net transport of species A to the
right and of species B to the left. The physical mechanism may be explained by considering the imaginary plane shown as a dashed line at xo. Since molecular motion is
random, there is equal probability of any molecule moving to the left or the right.
Accordingly, more molecules of species A cross the plane from the left (since this is
the side of higher A concentration) than from the right. Similarly, the concentration
of B molecules is higher to the right of the plane than to the left, and random motion
provides for net transfer of species B to the left. Of course, after a sufficient time,
uniform concentrations of A and B are achieved, and there is no net transport of
species A or B across the imaginary plane.
Mass diffusion occurs in liquids and solids, as well as in gases. However, since
mass transfer is strongly influenced by molecular spacing, diffusion occurs more
readily in gases than in liquids and more readily in liquids than in solids. Examples
of diffusion in gases, liquids, and solids, respectively, include nitrous oxide from an
automobile exhaust in air, dissolved oxygen in water, and helium in Pyrex.

14.1.2

Mixture Composition

Throughout this chapter we will be concerned with the transfer of mass in mixtures.
We first review various concepts from thermodynamics. A mixture consists of two
or more chemical constituents (species), and the amount of any species i may be
quantified in terms of its mass density i (kg/m3) or its molar concentration Ci
(kmol/m3). The mass density and molar concentration are related through the
species molecular weight, i (kg/kmol), such that
i  iCi

(14.1)

With i representing the mass of species i per unit volume of the mixture, the mixture mass density is




i

i

(14.2)
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Similarly, the total number of moles per unit volume of the mixture is
C

C

i

(14.3)

i

The amount of species i in a mixture may also be quantified in terms of its mass
fraction
i
mi  

(14.4)

Ci
C

(14.5)2

or its mole fraction
xi 

From Equations 14.2 and 14.3, it follows that

m 1
i

(14.6)

x 1

(14.7)

i

and
i

i

For a mixture of ideal gases, the mass density and molar concentration of any
constituent are related to the partial pressure of the constituent through the ideal gas
law. That is,
i 

pi
RiT

(14.8)

Ci 

pi
T

(14.9)

and

where Ri is the gas constant for species i and  is the universal gas constant. Using
Equations 14.5 and 14.9 with Dalton’s law of partial pressures,

p

(14.10)

Ci pi

C p

(14.11)

p

i

i

it follows that
xi 

14.1.3

Fick’s Law of Diffusion

Since similar physical mechanisms are associated with heat and mass transfer by
diffusion, it is not surprising that the corresponding rate equations are of the same
form. The rate equation for mass diffusion is known as Fick’s law, and for the
2
Do not confuse xi, the mole fraction of species i, with the spatial coordinate x. The former variable
will always be subscripted with the species designation.
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transfer of species A in a binary mixture of A and B, it may be expressed in vector
form as
jA  DAB mA

(14.12)3

J*
A  CDAB xA

(14.13)3

or

The form of these expressions is similar to that of Fourier’s law, Equation 2.3.
Moreover, just as Fourier’s law serves to define one important transport property,
the thermal conductivity, Fick’s law defines a second important transport property,
namely, the binary diffusion coefficient or mass diffusivity, DAB.
The quantity jA (kg/s  m2) is defined as the diffusive mass flux of species A. It is
the amount of A that is transferred by diffusion per unit time and per unit area perpendicular to the direction of transfer, and it is proportional to the mixture mass density,
  A  B (kg/m3), and to the gradient in the species mass fraction, mA  A/. The
species flux may also be evaluated on a molar basis, where JA* (kmol/s  m2) is the diffusive molar flux of species A. It is proportional to the total molar concentration of
the mixture, C  CA  CB (kmol/m3), and to the gradient in the species mole fraction,
xA  CA/C. The foregoing forms of Fick’s law may be simplified when the total mass
density  or the total molar concentration C is a constant.

14.1.4

Mass Diffusivity

Considerable attention has been given to predicting the mass diffusivity DAB for the
binary mixture of two gases, A and B. Assuming ideal gas behavior, kinetic theory
may be used to show that
DAB  p1T 3/2

(14.14)

where T is expressed in kelvins. This relation applies for restricted pressure and temperature ranges and is useful for estimating values of the mass diffusivity at conditions other than those for which data are available. Bird et al. [1–3] provide detailed
discussions of available theoretical treatments and comparisons with experiment.
For binary liquid solutions, it is necessary to rely exclusively on experimental
measurements. For small concentrations of A (the solute) in B (the solvent), DAB is
known to increase with increasing temperature. The mechanism of diffusion of
gases, liquids, and solids in solids is extremely complicated and generalized theories are not available. Furthermore, only limited experimental results are available
in the literature.
Data for binary diffusion in selected mixtures are presented in Table A.8.
Skelland [4] and Poling et al. [5] provide more detailed treatments of this subject.

3

Inherent in Equations 14.12 and 14.13 is the assumption that mass diffusion results only from a
concentration gradient. In fact, mass diffusion may also result from a temperature gradient, a pressure gradient, or an external force. In most problems, these effects are negligible and the dominant
driving potential is the species concentration gradient. This condition is referred to as ordinary diffusion. Treatment of the other (higher-order) effects is presented by Bird et al. [1–3].
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EXAMPLE 14.1
Consider the diffusion of hydrogen (species A) in air, liquid water, or iron (species B)
at T  293 K. Calculate the species flux on both molar and mass bases if the concentration gradient at a particular location is dCA/dx  1 kmol/m3  m. Compare the value
of the mass diffusivity to the thermal diffusivity. The mole fraction of the hydrogen,
xA, is much less than unity.

SOLUTION
Known: Concentration gradient of hydrogen in air, liquid water, or iron at T  293 K.
Find: Molar and mass fluxes of hydrogen and the relative values of the mass and
thermal diffusivities for the three cases.
Schematic:

dCA
dx
x

CA(x)

Assumptions: Steady-state conditions.
Properties: Table A.8, hydrogen–air (298 K): DAB  0.41  104 m2/s, hydrogen–

water (298 K): DAB  0.63  108 m2/s, hydrogen–iron (293 K): DAB  0.26  1012
m2/s. Table A.4, air (293 K):   21.6  106 m2/s; Table A.6, water (293 K):
k  0.603 W/m  K,   998 kg/m3, cp  4182 J/kg  K. Table A.1, iron (300 K):
  23.1  106 m2/s.

Analysis: Using Equation 14.14, we find that the mass diffusivity of hydrogen in
air at T  293 K is
DAB,T  DAB,298 K 



T
298 K



3/2

 0.41  104 m2/s 



293 K
298 K



3/2

 0.40  104 m2/s

For the case where hydrogen is a dilute species, that is, xA  1, the thermal properties of the medium can be taken to be those of the host medium consisting of
species B. The thermal diffusivity of water is
k
  c 
p

0.603 W/m  K
 0.144  106 m2/s
998 kg/m3  4182 J/kg  K

The ratio of the thermal diffusivity to the mass diffusivity is the Lewis number, Le,
defined in Equation 6.50.
The molar flux of hydrogen is described by Fick’s law, Equation 14.13,
dxA
J*
A  CDAB
dx
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The total molar concentration, C, is approximately constant since A is a dilute species;
therefore
dCA
JA*  DAB
dx
Hence, for the hydrogen–air mixture,
kmol
kmol
 4  105
m3  m
s  m2
The mass flux of hydrogen in air is found from the expression
JA*  0.40  104 m2/s  1

jA  AJ*
A2





kg
kg
kmol
 4  105
 8  105
2
kmol
sm
s  m2

The results for the three different mixtures are summarized in the following table.
Species B

  106 (m2/s)

DAB  106 (m2/s)

Le

jA  106 (kg/s  m2)

Air
Water
Iron

21.6
0.14
23.1

40
6.3  103
260  109

0.54
23
89  106

80
13  103
0.52  106

Comments:
1. The thermal diffusivities of the three media vary by two orders of magnitude.
We saw in Chapter 5 that this relatively broad range of thermal diffusivities is
responsible for the different rates at which objects respond thermally during
transient conduction processes. In mass transfer, mass diffusivities can vary by
8 or more orders of magnitude, with the highest diffusivities associated with
diffusion of gases in gases and the lowest diffusivities associated with diffusion
in solids. Different materials respond to mass transfer at very different rates,
depending on whether the host medium is a gas, liquid, or solid.
2. The ratio of the thermal diffusivity to the mass diffusivity, the Lewis number, is
typically of order unity for gases. This implies that changes in the thermal and
species distributions progress at approximately the same rates in gases that
undergo simultaneous transient heat conduction and species diffusion processes.
In solids or liquids, thermal energy is conducted much more readily than chemical species can be transferred by diffusion.

14.2
Mass Transfer in Nonstationary Media 4
14.2.1

Absolute and Diffusive Species Fluxes

We have seen that diffusion mass transfer is similar to conduction heat transfer and
that the diffusive fluxes, as given by Equations 14.12 and 14.13, are analogous to
the heat flux as expressed by Fourier’s law. If there is bulk motion, then, like heat
4

If only problems involving stationary media are of interest, the reader may proceed directly to
Section 14.3.
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transfer, mass transfer can also occur by advection. Unlike conduction heat transfer,
however, the diffusion of a species always involves the movement of molecules or
atoms from one location to another. In many cases, this molecular scale motion
results in bulk motion. In this section we define the total or absolute flux of a
species, which includes both diffusive and advective components.
The absolute mass (or molar) flux of a species is defined as the total flux relative to a fixed coordinate system. To obtain an expression for the absolute mass
flux, consider species A in a binary mixture of A and B. The absolute mass flux nA
is related to the species absolute velocity vA by
nA  A vA

(14.15)

A value of vA may be associated with any point in the mixture, and it is interpreted
as the average velocity of all the A particles in a small volume element about the
point. An average, or aggregate, velocity may also be associated with the particles
of species B, in which case
nB  BvB

(14.16)

A mass-average velocity for the mixture may then be obtained from the requirement
that
v  n  nA  nB  AvA  BvB

(14.17)

v  mAvA  mBvB

(14.18)

giving

It is important to note that we have defined the velocities (vA, vB, v) and the fluxes
(nA, nB, n) as absolute quantities. That is, they are referred to axes that are fixed in
space. The mass-average velocity v is a useful parameter of the binary mixture, for
two reasons. First, it need only be multiplied by the total mass density to obtain the
total mass flux with respect to fixed axes. Second, it is the mass-average velocity
which is required in the equations expressing conservation of mass, momentum,
and energy such as those presented and discussed in Chapter 6.
We may now define the mass flux of species A relative to the mixture massaverage velocity as
jA  A(vA  v)

(14.19)

Whereas nA is the absolute flux of species A, jA is the relative or diffusive flux of the
species and is the quantity previously given by Fick’s law, Equation 14.12. It represents the motion of the species relative to the average motion of the mixture. It follows
from Equations 14.15 and 14.19 that
nA  jA  Av

(14.20)

This expression delineates the two contributions to the absolute flux of species A: a
contribution due to diffusion (i.e., due to the motion of A relative to the mass-average
motion of the mixture) and a contribution due to advection (i.e., due to motion of A
with the mass-average motion of the mixture). Substituting from Equations 14.12 and
14.17, we obtain
nA  DABmA  mA(nA  nB)

(14.21)
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If the second term on the right-hand side of Equation 14.21 is zero, mass transfer
of species A occurs purely by diffusion, and the situation is analogous to heat transfer
purely by conduction. We will later identify special situations for which this occurs.
The foregoing considerations may be extended to species B. The mass flux of B
relative to the mixture mass-average velocity (the diffusive flux) is
jB  B(vB  v)

(14.22)

jB  DBA mB

(14.23)

where
It follows from Equations 14.17, 14.19, and 14.22 that the diffusive fluxes in a
binary mixture are related by
jA  jB  0

(14.24)

If Equations
 14.12 and
 14.23 are substituted into Equation 14.24, and it is recognized that mA   mB, since mA  mB  1 for a binary mixture, it follows that
DBA  DAB

(14.25)

Hence, as in Equation 14.21, the absolute flux of species B may be expressed as
nB   DAB mB  mB(nA  nB)

(14.26)

Although the foregoing expressions pertain to mass fluxes, the same procedures
can be used to obtain results on a molar basis. The absolute molar fluxes of species
A and B may be expressed as
NA  CAvA

and

NB  CBvB

(14.27)

and a molar-average velocity for the mixture, v*, is obtained from the requirement
that
N  NA  NB  Cv*  CAvA  CBvB

(14.28)

v*  xAvA  xBvB

(14.29)

giving
Note that the molar-average velocity is not the same as the mass-average velocity and
is therefore not appropriate for use in the conservation equations of Chapter 6.
The significance of the molar-average velocity is that, when multiplied by the
total molar concentration C, it provides the total molar flux N with respect to a
fixed coordinate system. Equation 14.27 provides the absolute molar flux of species
A and B. In contrast, the molar flux of A relative to the mixture molar average
velocity J *A, termed the diffusive flux, may be obtained from Equation 14.13 or from
the expression
JA*  CA(vA  v*)

(14.30)

To determine an expression similar in form to Equation 14.21, we combine Equations 14.27 and 14.30 to obtain
NA  JA*  CA v*

(14.31)

or, from Equations 14.13 and 14.28,
NA  CDAB xA  xA(NA  NB)

(14.32)
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Note that Equation 14.32 represents the absolute molar flux as the sum of a diffusive flux and an advective flux. Again, if the second term on the right-hand side is
zero, mass transfer is purely by diffusion and is analogous to heat conduction, when
formulated in molar quantities instead of mass quantities. For the binary mixture, it
also follows that
J*
A  J*
B 0

14.2.2

(14.33)

Evaporation in a Column

Let us now consider diffusion in the binary gas mixture of Figure 14.2. Fixed species
concentrations xA,L and xB,L are maintained at the top of a tube containing a liquid
layer of species A, and the system is at constant pressure and temperature. Since
equilibrium exists between the vapor and liquid phases at the liquid interface, the
vapor concentration corresponds to saturated conditions. With xA,0 xA,L, species A
evaporates from the liquid interface and is transferred upward by diffusion. For
steady, one-dimensional conditions with no chemical reactions, species A cannot
accumulate in the control volume of Figure 14.2, and the absolute molar flux of A
must be constant throughout the column. Hence


dN A,x
0
dx

(14.34)

From the definition of the total molar concentration, C  CA  CB, xA  xB  1
throughout the column. Knowing that xA,0
xA,L, we immediately conclude that
xB,L xB,0. Therefore, dxB/dx is positive, and gas B must diffuse from the top of the column to the liquid interface. However, if species B cannot be absorbed into liquid A,

Binary gas mixture,
A+B

xA,L, xB,L
x=L
N''A, x

L
xA
x

xB

1

xA,0, xB,0

xi

0

0

x

Liquid A

FIGURE 14.2 Evaporation of liquid A into a binary gas
mixture, A  B.
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  0 everywhere within the
steady-state conditions can be maintained only if NB,x
control volume of Figure 14.2. The only way this can be possible is if the downward
diffusion of gas B is exactly balanced by upward advection of gas B. The implication
of this important conclusion is that we must account for the advection of the gases in
the column in order to successfully predict the species distributions xA(x) and xB(x),
 may
as well as the evaporation rate of liquid A. An appropriate expression for NA,x

be obtained by substituting the requirement that NB,x  0 into Equation 14.32, giving
 x  CDAB
N A,

dxA

 xAN A,x
dx

(14.35)

dxA
 CAv*
x
dx

(14.36)

or, from Equation 14.28,

 x  CDAB
N A,

From this equation it is evident that the diffusive transport of species A
[CDAB (dxA/dx)] is augmented by bulk motion (CAv*x ). Rearranging Equation
14.35, we obtain

 x
N A,

CDAB dxA
1  xA dx

(14.37)

For constant p and T, C and DAB are also constant. Substituting Equation 14.37
into Equation 14.34, we then obtain





d
1 dxA  0
dx 1  xA dx
Integrating twice, we have
ln (1  xA)  C1x  C2
Applying the conditions xA(0)  xA,0 and xA(L)  xA,L, the constants of integration
may be evaluated and the concentration distribution becomes
1  xA,L
1  xA

1  xA,0
1  xA,0





x/L

(14.38)

Since 1  xA  xB, we also obtain

 

xB,L
xB
xB,0  xB,0

x/L

(14.39)

To determine the evaporation rate of species A, Equation 14.38 is first used to
evaluate the concentration gradient (dxA/dx). Substituting the result into Equation
14.37, it follows that

 x
N A,

1  xA,L
CDAB
ln
L
1  xA,0





(14.40)
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EXAMPLE 14.2
A water-resistant sheet used for water-proofing applications is formed from an impermeable polymeric material. The microstructure of the sheet is engineered to provide
open pores of diameter D  10 m that extend through the entire thickness of the
L  100-m-thick sheet. The pore diameter is large enough to allow water vapor to be
transferred through the pore but is sufficiently small to prohibit liquid water from penetrating through the sheet. Determine the rate at which water vapor is transmitted
through a single pore when saturated liquid exists on the top of the sheet and moist air
at   50% relative humidity exists on the bottom side of the sheet. Evaluate the
transfer rate at a temperature of T  298 K and a pressure of p  1 atm. Investigate the
sensitivity of the transfer rate to the temperature, and compare the transfer rates to rates
that are predicted by neglecting the molar-average motion of the mixture in the pore.
Water droplet

Water-resistant
sheet

x
D = 10 mm

L = 100 mm

Moist air, f∞ = 0.50

SOLUTION
Known: Thickness and pore diameter of a porous sheet, thermal conditions, and
humidity.

Find: Evaporation rate through a single pore.
Assumptions:
1. Steady-state, isothermal, one-dimensional conditions.
2. No chemical reactions.
3. Pore penetrates the thickness of the sheet in a perpendicular manner and is of
circular cross section.
4. Binary system consisting of water vapor (A) and air (B).

Properties: Table A.6, saturated water, vapor (298 K): psat  0.03165 bar.
Table A.8, water vapor–air (298 K): DAB  0.26  104 m2/s.
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Analysis:
1. Equation 14.40 may be used to determine the water vapor transferred through a
single pore, accounting for the effects of the nonzero molar-averaged velocity.
Hence,
NA, x  Apore NA, x 

1  xA,L
D2CDAB
ln
4L
1  xA,0





(1)

where the total concentration is
p

T

1.0133 bar
 40.9  103 kmol/m3
3
2 m  bar
8.314  10
 298 K
kmol  K
From Section 6.7.2, the mole fraction at x  0 is
C

pA,sat 0.03165 bar
xA,0  p 
 31.23  103
1.0133 bar
while at x  L the mole fraction is
xA,L 

 pA,sat 0.5  0.03165 bar

 15.62  103
p
1.0133 bar

Therefore, the evaporation rate per pore may be evaluated using Equation 1 as
NA, x 

  (10  106 m)2  40.9  103 kmol/m3  0.26  104 m2/s
4  100  106 m
 ln

 10
11  15.62
31.23  10 
3
3

 13.4  1015 kmol/s



2. Neglecting the effects of the molar-averaged velocity, we see that Equation
14.32 reduces to
dx
NA, x  CDAB A
dx
where the total concentration, C, is constant, and the flux of water vapor is independent of x. Hence, the species transfer rate per pore may be expressed as
D2CDAB
(xA,0  xA,L)
4L
6
2
  (10  10 m)  40.9  103 kmol/m3  0.26  104 m2/s

4  100  106 m
3
 (31.23  10  15.62  103)
 13.0  1015 kmol/s

NA, x  Apore NA, x 

(2)



Advection effects associated with the nonzero molar-average velocity augment
the diffusive flux, and a slightly increased evaporation rate is predicted to occur
when advection is considered.
3. The temperature dependence of the evaporation rate is determined by accounting for the sensitivity of the binary diffusion coefficient to temperature (Equation 14.14), DAB  T 3/2, and repeating the calculations over the range 300 T
360 K. The results, shown below in graphical form, indicate a significant dependence of the evaporation rate on the temperature. This strong dependence is due
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primarily to the significant variation of the saturation pressure of water vapor
with temperature, as evident in Table A.6.
600
With advection
Without advection

NA,x  1015 (kmol/s)

892

400

200

0
300

310

320

330

340

350

360

T (K)

Comments:
1. As the temperature and, in turn, the saturation pressure and mole fraction of the
water vapor increase, the molar-average velocity becomes large, and advection
effects become important. Alternatively, the molar-average velocity may be
neglected when the concentration of water vapor is small. It is the existence of
the two conditions NB, x  0 and xA  1 that will be implied in future use of the
stationary medium approximation.
2. The total evaporation rate per area of the packaging material could be determined by multiplying the number of pores per unit area by the evaporation rate
per pore.
3. The pressure was assumed constant in developing this solution. Since the molaraverage velocity is nonzero, there must be a pressure gradient to overcome friction at the pore walls. If the pore is oriented vertically, there is also a static
pressure gradient. The pressure gradient to overcome friction can be estimated
by first determining the mass-average velocity. From Equation 14.17
vx 


 A NA, x A
nA,x  nB, x nA,x
NA,x
  



Apore 

Then the pressure gradient can be estimated by treating the flow as if it were a
fully developed flow in a circular pipe. From Equation 8.14

 

32vx 32NA,x 
dp


dx
D2
Apore D2

Since the mixture is mostly air, we use the kinematic viscosity of air. Then taking the worst case of T  360 K, NA,x  530  1015 kmol/s,

 

32  22.0  106 m2/s  530  1015 kmol/s  18 kg/kmol
dp

dx
(10  106 m)4/4
 860  103 Pa/m

c14.qxd 3/6/06 11:10 AM Page 893

14.3



893

The Stationary Medium Approximation

Thus the pressure drop to overcome friction is
pfriction  860  103 Pa/m  100  106 m  86 Pa
If the pore is vertical, the static pressure drop is
pstatic  air gL  0.970 kg/m3  9.8 m/s2  100  106 m  0.001 Pa
Both of these pressure drops are negligible relative to atmospheric pressure, so
the assumption of constant pressure was appropriate.

14.3
The Stationary Medium Approximation
Fick’s law for the diffusive flux of a species was introduced in Equations 14.12 and
14.13. In Section 14.2, we saw that the molecular motion associated with mass
transfer can induce bulk motion within an otherwise stagnant fluid. In this case the
total or absolute species flux (given by Equation 14.21 or 14.32) includes both a diffusive component (given by Equation 14.12 or 14.13) and an advective component
associated with the bulk motion. In this section we consider a scenario for which it
is appropriate to neglect the advective contribution to mass transfer.
When the diffusion of a very small amount of species A occurs within a stagnant species B, the molecular motion associated with the mass transfer will not
induce significant bulk motion of the medium. This situation is common when one
considers the diffusion of a dilute gas or liquid within a stagnant liquid or a solid
host medium, such as when water vapor is transferred through the solid wall of a
room. In these cases, the medium can be assumed to be stationary, and advection
can be neglected. For situations where this stationary medium approximation is
appropriate, the diffusive mass and molar fluxes of Equations 14.12 and 14.13 are
identical to the absolute mass and molar fluxes.5 That is,
nA  jA  DABmA

(14.41)

NA  J*A  CDABxA

(14.42)

Furthermore, since the concentration of species A is small, the total density () or
concentration (C) is approximately that of the host medium, species B. The important conclusion is that the stationary medium approximation allows one to utilize
the results of Chapters 2 through 5 by employing an analogy between conduction
heat transfer and diffusion mass transfer.

5

For readers who skipped Section 14.2 on mass transfer in nonstationary media, the absolute flux
of species A measured relative to fixed coordinates is denoted by n A (mass flux) or N A (molar
flux). For those who read Section 14.2, note that the stationary medium approximation is equivalent to saying that the host medium (B) is stationary, n B  0 and N B  0, and species A is dilute,
mA  1 and xA  1. Thus, in Equations 14.21 and 14.32, the advective component is negligible,
resulting in Equations 14.41 and 14.42.
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14.4
Conservation of Species for
a Stationary Medium
Just as the first law of thermodynamics (the law of conservation of energy) plays an
important role in heat transfer analyses, the law of conservation of species plays an
important role in the analysis of mass transfer problems. In this section we consider
a general statement of this law, as well as application of the law to species diffusion
in a stationary medium.

14.4.1

Conservation of Species for a Control Volume

A general formulation of the energy conservation requirement, Equation 1.11c, was
expressed for the control volume of Figure 1.7b. We may now express an analogous
species mass conservation requirement for the control volume of Figure 14.3.
The rate at which the mass of some species enters a control volume, plus the rate at
which the species mass is generated within the control volume, minus the rate at which
this species mass leaves the control volume must equal the rate of increase of the species
mass stored within the control volume.

For example, any species A may enter and leave the control volume due to both
fluid motion and diffusion across the control surface; these processes are surface
phenomena represented by ṀA,in and ṀA,out. The same species A may also be generated, ṀA,g, and accumulated or stored, ṀA,st, within the control volume. The
conservation equation may then be expressed on a rate basis as
ṀA,in  ṀA,g  ṀA,out 

dMA
 ṀA,st
dt

(14.43)

Species generation exists when chemical reactions occur in the system. For example, for a dissociation reaction of the form AB → A  B, there would be net production of species A and B, as well as net reduction of the species AB.

14.4.2

The Mass Diffusion Equation

The foregoing result may be used to obtain a mass, or species, diffusion equation that
is analogous to the heat equation of Chapter 2. We will consider a medium that is a
binary mixture of species A and B for which the stationary medium approximation
holds. That is, mass transfer may be approximated as occurring only by diffusion

•

•

MA,in

MA,st

•

MA,g
•

MA,out

FIGURE 14.3
Conservation of species for a control
volume.
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n''A,z+dz

n''A,y+dy
z
y
x
dz
•

MA,g

n''A,x

n''A,x+dx

•

MA,st

n''A,y

FIGURE 14.4
Differential control volume, dx
dy dz, for species diffusion
analysis in Cartesian
coordinates.

dy
dx
n''A,z

because advection is negligible. The resulting equation could be solved for the
species concentration distribution, which could, in turn, be used with Fick’s law to
determine the species diffusion rate at any point in the medium.
Allowing for concentration gradients in each of the x, y, and z coordinate directions, we first define a differential control volume, dx dy dz, within the medium
(Figure 14.4) and consider the processes that influence the distribution of species A.
With the concentration gradients, diffusion must result in the transport of species A
through the control surfaces. Moreover, relative to stationary coordinates, the species
transport rates at opposite surfaces must be related by
nA,xdx dy dz  nA,x dy dz 

[nA, x dy dz]
dx
x

(14.44a)


nA,ydy
dx dz  nA,y dx dz 

[nA, y dx dz]
dy
y

(14.44b)

nA,zdz dx dy  nA, z dx dy 

[nA,z dx dy]
dz
z

(14.44c)

In addition, there may be volumetric (also referred to as homogeneous) chemical
reactions occurring throughout the medium, perhaps nonuniformly. The rate at
which species A is generated within the control volume due to such reactions may be
expressed as
ṀA,g  ṅA dx dy dz

(14.45)

where ṅA is the rate of increase of the mass of species A per unit volume of the mixture (kg/s  m3). Finally, these processes may change the mass of species A stored
within the control volume, and the rate of change is
ṀA,st 

A
dx dy dz
t

(14.46)
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With mass inflow rates determined by nA,x, nA,y, and nA,z and the outflow rates
determined by Equations 14.44, Equations 14.44 through 14.46 may be substituted
into Equation 14.43 to obtain


A
nA nA nA


 ṅA 
x
y
z
t

In the remainder of the chapter we restrict our attention to cases where the stationary medium approximation is appropriate. Then, substituting the x, y, and z
components of Equation 14.41, we obtain













A
mA
mA
mA



DAB

DAB

DAB
 ṅA 
x
x
y
y
z
z
t

(14.47a)

In terms of the molar concentration, a similar derivation yields













xA
xA
xA
CA



CDAB

CDAB

CDAB
 ṄA 
x
x
y
y
z
z
t

(14.48a)

In subsequent treatments of species diffusion phenomena, we shall work with
simplified versions of the foregoing equations. In particular, if DAB and  are constant, Equation 14.47a may be expressed as
2A 2A 2A
A
ṅA
 2  2 
 1
DAB DAB t
x 2
y
z

(14.47b)

Similarly, if DAB and C are constant, Equation 14.48a may be expressed as
2CA 2CA 2CA
ṄA
CA



 1
DAB DAB t
x 2
y 2
z 2

(14.48b)

Equations 14.47b and 14.48b are analogous to the heat equation, Equation 2.19.
As for the heat equation, two boundary conditions must be specified for each coordinate needed to describe the system. Conditions are also needed at an initial time
if the problem of interest is transient. Hence it follows that, for analogous boundary
and initial conditions, the solution to Equation 14.47b for A(x, y, z, t) or to Equation 14.48b for CA(x, y, z, t) is of the same form as the solution to Equation 2.19 for
T(x, y, z, t).
The species diffusion equations may also be expressed in cylindrical and spherical
coordinates. These alternative forms can be inferred from the analogous expressions
for heat transfer, Equations 2.24 and 2.27, and in terms of the molar concentration have
the following forms:
Cylindrical Coordinates:













1  CD r xA  1  CD xA   CD xA  Ṅ  CA
AB
AB
AB
A
r r
r
z
z
t

r 2 
(14.49)
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Spherical Coordinates:







xA
xA

1 
CDABr 2
 2 12
CDAB
2 r
r


r
r sin 








xA
CA

1
CDAB sin 
 ṄA 
t

r sin  
2

(14.50)

Simpler forms are, of course, associated with the absence of chemical reactions
(ṅ  Ṅ  0) and with one-dimensional, steady-state conditions.

14.4.3 Stationary Media with Specified Surface
Concentrations
A and B

xA,s1

xA,s2
N''A,x
L
x

FIGURE 14.5 Mass
transfer in a stationary
planar medium.

Consider, for example, one-dimensional diffusion of species A through a planar
medium of A and B, as shown in Figure 14.5. For steady-state conditions with no
homogeneous chemical reactions, the molar form of the species diffusion equation
(14.48a) reduces to
dxA
d
CDAB
0
(14.51)
dx
dx





Assuming the total molar concentration and the diffusion coefficient to be constant,
Equation 14.51 may be solved and the boundary conditions illustrated in Figure 14.5
may be applied to yield
x
xA(x)  (xA,s2  xA,s1)  xA,s1
(14.52)
L
From Equation 14.42, it follows that
xA,s2  xA,s1
NA, x  CDAB
(14.53)
L
Multiplying by the surface area A and substituting for xA  CA/C, the molar rate
is then
NA, x 

DABA
(CA,s1  CA,s2)
L

(14.54)

From this expression we can define a resistance to species transfer by diffusion in a
planar medium as
Rm,dif 

CA,s1  CA,s2
 L
NA,x
DABA

(14.55)

Comparing the foregoing results with those obtained for one-dimensional, steadystate conduction in a plane wall with no generation (Section 3.1), it is evident that a
direct analogy exists between heat and mass transfer by diffusion.
The analogy also applies to cylindrical and spherical systems. For one-dimensional,
steady diffusion in a cylindrical, nonreacting medium, Equation 14.49 reduces to





dx
d
rCDAB A  0
dr
dr

(14.56)
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TABLE 14.1 Summary of Species Diffusion Solutions for Stationary
Media with Specified Surface Concentrationsa
Species Concentration
Distribution, xA(x) or xA(r)

Geometry

Species Diffusion
Resistance, Rm, dif

x
 xA,s1
L

Rm,dif 

L b
DAB A

xA(r) 

xA, s1 xA, s2
r
ln r  xA, s2
2
ln (r1/r2)

Rm,dif 

ln (r2/r1)c
2LDAB

xA(r) 

xA, s1 xA, s2 1 1

 xA, s2
1/r1  1/r2 r r2

Rm,dif 

1
1
1

4DAB r1 r2

xA(x)  (xA,s2  xA,s1)
A

xA,s1

L

xA,s2

x

r2



r1
r

L

xA,s2
xA,s1
r1
r2









c

xA,s2
r
xA,s1
a

Assuming C and DAB are constant.
NA,x  (CA,s1  CA,s2)/Rm,dif.
c
NA,r  (CA,s1  CA,s2)/Rm,dif.
b

Similarly, for a spherical medium,





dx
d 2
r CDAB A  0
dr
dr

(14.57)

Equations 14.56 and 14.57, as well as Equation 14.51, dictate that the molar transfer
rate, NA,r or NA, x, is constant in the direction of transfer (r or x). Assuming C and DAB
to be constant, it is a simple matter to obtain general solutions to Equations 14.56
and 14.57. For prescribed surface species concentrations, the corresponding solutions and diffusion resistances are summarized in Table 14.1.

EXAMPLE 14.3
The efficacy of pharmaceutical products is reduced by prolonged exposure to high
temperature, light, and humidity. For water vapor–sensitive consumer products that
are in tablet or capsule form, and might be stored in humid environments such as
bathroom medicine cabinets, blister packaging is used to limit the direct exposure
of the medicine to humid conditions until immediately before their use.
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Consider tablets that are contained in a blister package composed of a flat lidding
sheet and a second, formed sheet that includes troughs to hold each tablet. The formed
sheet is L  50 m thick and is fabricated of a polymer material. Each trough is of
diameter D  5 mm and depth h  3 mm. The lidding sheet is fabricated of aluminum
foil. The binary diffusion coefficient for water vapor in the polymer is DAB  6 
1014 m2/s while the aluminum may be assumed to be impermeable to water vapor. For
molar concentrations of water vapor in the polymer at the outer and inner surfaces of
CA,s1  4.5  103 kmol/m3 and CA, s2  0.5  103 kmol/m3, respectively, determine
the rate at which water vapor is transferred through the trough wall to the tablet.

SOLUTION
Known: Molar concentrations of water vapor at the inner and outer surfaces of a
polymer sheet and trough geometry.

Find: Rate of water vapor molar diffusive transfer through the trough wall.
Schematic:
Formed sheet

x

Aluminum lidding
Tablet
A

Lidding
sheet

A

h

L

Polymer sheet

D
Tablet

Blister package

Section A-A

Assumptions:
1.
2.
3.
4.

Steady-state, one-dimensional conditions.
Stationary medium.
No chemical reactions.
Polymer sheet is thin relative to the dimensions of the trough, and diffusion
may be analyzed as though it occurs through a plane wall.

Analysis:
The total water vapor transfer rate is the summation of the transfer rate through the
cylindrical walls of the trough and the bottom, circular surface of the trough. From
Equation 14.54 we may write
NA, x 





DAB A
D
D2
(CA,s1  CA,s2)  AB
 Dh (CA,s1  CA,s2)
L
L
4

Hence
NA, x 





3
2
6  1014 m2/s (5  10 m)
 (5  103 m)(3  103 m)
4
50  106 m

 (4.5  103  0.5  103) kmol/m3
 0.32  1015 kmol/s
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Comments:
1. The mass diffusion rate of water vapor is nA,x  ANA,x  18 kg/kmol  0.32 
1015 kmol/s  5.8  1015 kg/s.
2. The shelf life of the medicine is inversely proportional to the rate at which water
vapor is transferred through the polymer sheet. Shelf life may be extended by
increasing the thickness of the sheet, resulting in increased cost of the package.
Specification of materials for use in blister packaging involves tradeoffs between
shelf life, cost, formability, and recyclability of the polymer material.

14.5
Boundary Conditions and Discontinuous
Concentrations at Interfaces
In the previous section, expressions for mass transfer resistances were developed by
applying constant surface concentration boundary conditions. For a surface at x  0,
the constant surface species concentration boundary condition is expressed as
xA(0, t)  xA, s

(14.58)

We have already used Equation 14.58 in Examples 14.2 and 14.3. A constant surface
concentration boundary condition can equivalently be expressed in terms of a mass
or molar fraction or density. While the form of Equation 14.58 is simple, determination of the appropriate value of xA,s can be complicated, as discussed below.
The second boundary condition that is analogous to the conduction heat transfer
* , at a surface. Using
conditions of Table 2.2 is that of a constant species flux, JA,s
Fick’s law, Equation 14.13, the condition is expressed for a surface at x  0 as
CDAB



x
*
 J,s
x x0

(14.59)

A special case of this condition corresponds to the impermeable surface for which
xA/x|x0  0 when a stationary medium is considered. A constant species flux
boundary condition can also be expressed on a mass basis.
One phenomenon that makes mass transfer more complex than heat transfer is
that species concentrations are typically discontinuous at the interface between two
materials, whereas temperature is continuous. To take a familiar example, consider a
pool of water that is exposed to air. If we are interested in determining the rate at
which water vapor is transferred into the air, we would need to specify the water
vapor concentration in the air at the air–water interface. We know that the mole fraction of water in the pool is essentially unity (neglecting the small amount of dissolved oxygen or nitrogen in the water). But it would be incorrect to specify xA,s  1
for the water vapor mole fraction in the air at the interface. Clearly, the concentration
of water is discontinuous across the interface. In general, concentration boundary
conditions at the interface that separates two materials describe a relationship
between the concentrations on either side of the interface. The relationships are
either based on theory or are deduced from experiments. They can be expressed in a
variety of forms, a few of which are now introduced.
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Evaporation and Sublimation

A common mass transfer scenario is the transfer of a species A into a gas stream
due to evaporation or sublimation from a liquid or solid surface, respectively (Figure 14.6a). Conditions within the gas phase are of interest, and the concentration (or
partial pressure) of species A in the gas phase at the interface (located at x  0) may
readily be determined from Raoult’s law,
pA(0)  xA(0)pA,sat

(14.60)

where pA is the partial pressure of A in the gas phase, xA is the mole fraction of
species A in the liquid or solid, and pA,sat is the saturation pressure of species A at
the surface temperature. Raoult’s law applies if the gas phase can be approximated
as ideal and the liquid or solid phase has a high concentration of species A. If the
liquid or solid is a pure species A, that is, xA  1, Equation 14.60 simplifies to
pA(0)  pA,sat. That is, the partial pressure of the vapor at the interface corresponds
to saturated conditions at the temperature of the interface and may be determined
from standard thermodynamic tables. This boundary condition was utilized in the
solution of Example 14.2 and in Section 6.7.2.

14.5.2

Solubility of Gases in Liquids and Solids

Another common mass transfer problem is similar to the evaporation or sublimation
problem, except mass transfer within the liquid or solid phase is of interest. We
consider the transfer of species A from a gas stream into a liquid or solid, species B
(Figure 14.6b).
If species A is only weakly soluble (xA is small) in a liquid, Henry’s law may
be used to relate the mole fraction of A in the liquid to the partial pressure of A in
the gas phase outside the liquid:
xA(0) 

x

Gas phase including
species A
pA(0)
N''

pA(0)
H

Gas–liquid
or
gas–solid
interface

Gas phase including
species A
pA(0)
N''

A,x

xA(0)
Liquid or solid,
high concentration
of species A
(a )

(14.61)

Gas–liquid
or
gas–solid
interface

A,x

x

xA(0)
Liquid or solid, species B,
low concentration of
species A
(b)

FIGURE 14.6 Species concentration at a gas–liquid or gas–solid interface. (a) Evaporation or
sublimation of species A from a liquid or solid into a gas. (b) Transfer of weakly soluble species
A from the gas to a liquid or solid.
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The coefficient H is known as Henry’s constant, and values for selected aqueous
solutions are listed in Table A.9. Although H depends on temperature, its pressure
dependence may generally be neglected for values of p up to 5 bars.
Conditions at a gas–solid interface may also be determined if the gas, species A,
dissolves in a solid, species B, and a solution is formed. In such cases mass transfer
in the solid is independent of the structure of the solid and may be treated as a diffusion process. In contrast, there are many situations for which the porosity of the solid
strongly influences gas transport through the solid. Treatment of such cases is left to
more advanced texts [2, 4].
Treating the gas and solid as a solution, we can obtain the concentration of the
gas in the solid at the interface through use of a property known as the solubility, S.
It is defined by the expression
CA(0)  SpA(0)

(14.62)

where pA(0) is once again the partial pressure (bars) of the gas adjoining the interface. The molar concentration of A in the solid at the interface, CA(0), is in units of
kilomoles of A per cubic meter of solid, in which case the units of S must be kilomoles of A per cubic meter of solid per bar (or atm) partial pressure of A. Values of
S for several gas–solid combinations are given in Table A.10. Values of solubility
are often presented in units of cubic meters of species A (at STP, Standard Temperature and Pressure, of 0 C and 1 atm) per cubic meter of solid per atm partial pressure
of A. Denoting this solubility value as S̃, and recognizing that at STP one kilomole
occupies 22.414 m3, we find that the unit conversion is given by S  S̃/(22.414 m3/
kmol). (Additional conversion between bar and atm may be needed.)

EXAMPLE 14.4
Helium gas is stored at 20°C in a spherical container of fused silica (SiO2), which has
a diameter of 0.20 m and a wall thickness of 2 mm. If the container is charged to an
initial pressure of 4 bars, what is the rate at which this pressure decreases with time?

SOLUTION
Known: Initial pressure of helium in a spherical, fused silica container of prescribed diameter D and wall thickness L.

Find: The rate of change of the helium pressure, dpA/dt.
Schematic:
A–helium
B–fused silica

L = 2 mm

D = 0.2 m
Helium
pA = 4 bars
T = 20°C

dMA
____
dt

ρA,1

ρA,2

•

MA,out

x

c14.qxd 3/6/06 11:10 AM Page 903

14.5



Boundary Conditions and Discontinuous Concentrations

903

Assumptions:
1. Since D L, diffusion may be approximated as being one-dimensional through
a plane wall.
2. Quasisteady diffusion (pressure variation is sufficiently slow to permit assuming steady-state conditions for diffusion through the fused silica at any instant).
3. Stationary medium has uniform density .
4. Pressure of helium in outside air is negligible.
5. Helium exhibits ideal gas behavior.

Properties: Table A.8, helium-fused silica (293 K): DAB  0.4  1013 m2/s.
Table A.10, helium-fused silica (293 K): S  0.45  103 kmol/m3  bar.

Analysis: The rate of change of the helium pressure may be obtained by applying the species conservation requirement, Equation 14.43, to a control volume about
the helium. It follows that
ṀA,out  ṀA,st
or, since the helium outflow is due to diffusion through the fused silica,

 A
ṀA,out  nA,x
and the change in mass storage is
ṀA,st 

dMA d(A V )

dt
dt

the species balance reduces to

 xA
nA,

d(A V )
dt

Recognizing that A  ACA and applying the ideal gas law
CA 

pA
T

the species balance becomes
dpA
T

An
dt
A V A,x
For a stationary medium the absolute flux of species A through the fused silica is
equal to the diffusion flux, nA,x  jA,x, in which case, from Fick’s law, Equation 14.12,

  DAB
nA,x

dA
dmA
 DAB
dx
dx

or, for the assumed conditions,

  DAB
nA,x

,1  ,2
L

The species densities A,1 and A,2 pertain to conditions within the fused silica at its
inner and outer surfaces, respectively, and may be evaluated from knowledge of the
solubility through Equation 14.62. Hence with A  ACA,
,1  ASp,i  ASpA

and

,2  ASp,o  0
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where pA,i and pA,o are helium pressures at the inner and outer surfaces, respectively.
Hence
D  Sp
 x  AB A A
nA,
L
and substituting into the species balance it follows that
dpA
TADABS

pA
LV
dt
or with A  D2 and V  D3/6
dpA
6TDABS

pA
LD
dt
Substituting numerical values, the rate of change of the pressure is
dpA
 [6(0.08314 m3  bar/kmol  K) 293 K (0.4  1013 m2/s)
dt
 0.45  103 kmol/m3  bar  4 bar]  [0.002 m (0.2 m)]
dpA
 2.63  108 bar/s
dt



Comments: The foregoing result provides the initial (maximum) leakage rate
for the system. The leakage rate decreases as the inside pressure decreases.

EXAMPLE 14.5
Hydrogen gas is maintained at 3 bars and 1 bar on opposite sides of a plastic membrane, which is 0.3 mm thick. The temperature is 25°C, and the binary diffusion
coefficient of hydrogen in the plastic is 8.7  108 m2/s. The solubility of hydrogen
in the membrane is 1.5  103 kmol/m3  bar. What is the mass diffusive flux of
hydrogen through the membrane?

SOLUTION
Known: Pressure of hydrogen on opposite sides of a membrane.
Find: The hydrogen mass diffusive flux nA,x (kg/s  m2).
Schematic:
A hydrogen
B plastic
DAB = 8.7 × 10–8 m2/s
SAB = 1.5 × 10–3 kmol/m3•bar
Hydrogen

Hydrogen

CA,1
pA,1 = 3 bar

CA,2
pA,2 = 1 bar

CA,s1

CA,s2
0.3 mm

x
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Assumptions:
1. Steady-state, one-dimensional conditions exist.
2. Membrane is a stationary, nonreacting medium of uniform total molar
concentration.

Analysis: For the prescribed conditions, Equation 14.42 reduces to Equation 14.53,
which may be expressed as
NA, x  CDAB

xA,s1  xA, s2 DAB

(CA,s1  CA, s2 )
L
L

The surface molar concentrations of hydrogen may be obtained from Equation 14.62,
where
CA,s1  1.5  103 kmol/m3  bar  3 bars  4.5  103 kmol/m3
CA,s2  1.5  103 kmol/m3  bar  1 bar  1.5  103 kmol/m3
Hence
8.7  108 m2/s
(4.5  103  1.5  103) kmol/m3
0.3  103 m
 x  8.7  107 kmol/s  m2
NA,

 x
NA,

On a mass basis,
nA,x  NA, x A
where the molecular weight of hydrogen is 2 kg/kmol. Hence
nA, x  8.7  107 kmol/s  m2  2 kg/ kmol  1.74  106 kg/s  m2



Comments: The molar concentrations of hydrogen in the gas phase, CA,1 and
CA,2, differ from the surface concentrations in the membrane and may be calculated
from the ideal gas equation of state
CA 

pA
T

where   8.314  102 m3  bar/kmol  K. It follows that CA,1  0.121 kmol/m3
and CA,2  0.040 kmol/m3. Even though CA,s2 CA,2, hydrogen transport will occur
from the membrane to the gas at pA,2  1 bar. This seemingly anomalous result may
be explained by recognizing that the two concentrations are based on different volumes; in one case the concentration is per unit volume of the membrane and in the
other case it is per unit volume of the adjoining gas phase. For this reason it is not
possible to infer the direction of hydrogen transport from a simple comparison of
the numerical values of CA,s2 and CA,2.

14.5.3

Catalytic Surface Reactions

Many mass transfer problems involve specification of the species flux, rather than
the species concentration, at a surface. One such problem relates to the process of
catalysis, which involves the use of special surfaces to promote heterogeneous
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Flow of species A in
gas mixture B

N''A,x (0)

xA,L

x=L

•

N"A

Diffusion of A from

N''A,x the catalytic surface
Surface species
conservation
requirement

x
xA,s

x=0

Catalytic surface for the
production or consumption
of species A

FIGURE 14.7 One-dimensional diffusion with heterogeneous
catalysis.

chemical reactions. A heterogeneous chemical reaction occurs at the surface of a
material, can be viewed as a surface phenomenon, and can be treated as a boundary
condition.6 Often a one-dimensional diffusion analysis may be used to approximate
the performance of a catalytic reactor.
Consider the system of Figure 14.7. A catalytic surface is placed in a gas stream
to promote a heterogeneous chemical reaction
involving species A. Assume that the
.
reaction produces species A at a rate NA, which is defined as the molar rate of production per unit surface area of the catalyst. Once steady-state conditions are
reached, the rate of species transfer from the surface, NA,x, must equal the surface
reaction rate:
N  (0)  N˙ 
(14.63)
A, x

A

It is also assumed that species A leaves the surface as a result of one-dimensional
transfer through a thin film of thickness L and that no reactions occur within the film
itself. Although bulk motion influences transfer of A through the film, it is reasonable
to assume, as a first estimate, that the effect is negligible and that transfer occurs
exclusively by diffusion. The mole fraction of A at x  L, xA, L, corresponds to conditions in the mainstream of the mixture and is presumed to be known. Representing the
remaining species of the mixture as a single species B and assuming the medium to be
stationary, Equation 14.48a reduces to





dxA
d
CDAB
0
dx
dx

(14.64)

where DAB is the binary diffusion coefficient for A in B and B may be a multicomponent mixture. Assuming C and DAB to be constant, Equation 14.64 may be solved
subject to the conditions that
xA(L)  xA,L
6

The generation terms that appear in Equations 14.47 through 14.50 are due to chemical reactions
that occur volumetrically. These volumetric reactions are referred to as homogeneous chemical
reactions and will be treated in Section 14.6.
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and
dxA
dx

N A,x(0)  CDAB



 N˙ A

907

(14.65)

x0

This expression follows from Equation 14.63 and the substitution of Fick’s law,
Equation 14.42.
For a catalytic surface, the surface reaction rate ṄA generally depends on the
surface concentration CA(0). For a first-order reaction that results in species consumption at the surface, the reaction rate is of the form
ṄA   k1CA (0)

(14.66)

where k1 (m/s) is the reaction rate constant. Accordingly, the surface boundary condition, Equation 14.65, reduces to
DAB

dxA
dx



 k1xA (0)

(14.67)

x0

Solving Equation 14.64 subject to the above conditions, it is readily verified that the
concentration distribution is linear and of the form
xA(x) 1  (xk1/DAB)
xA,L  1  (Lk/D )
1

(14.68)

AB

At the catalytic surface this result reduces to
xA(0)
1
xA,L  1  (Lk/D )
1
AB
and the molar flux is
NA(0)  CDAB

dxA
dx



x0

(14.69)

 k1Cx(0)

or
NA(0)  

k1Cx,L
1  (Lk1/DAB)

(14.70)

The negative sign implies mass transfer to the surface.
Two limiting cases of the foregoing results are of special interest. For the limit
k1 → 0, (Lk1/DAB)  1 and Equations 14.69 and 14.70 reduce to
xA,s
xA,L  1

and

NA(0)  k1CxA, L

In such cases the rate of reaction is controlled by the reaction rate constant, and the
limitation due to diffusion is negligible. The process is said to be reaction limited.
Conversely, for the limit k1 → , (Lk1/DAB)
1 and Equations 14.69 and 14.70
reduce to
xA,s  0

and

NA(0)  

CDAB xA,L
L

In this case the reaction is controlled by the rate of diffusion to the surface, and the
process is said to be diffusion limited.
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14.6
Mass Diffusion with Homogeneous
Chemical Reactions
Just as heat diffusion may be influenced by internal sources of energy, species transfer by diffusion may be influenced by homogeneous chemical reactions. We restrict
our attention to stationary media, in which case Equation 14.41 or 14.42 determines
the absolute species flux. If we also assume steady, one-dimensional transfer in the x
direction and that DAB and C are constant, Equation 14.48b reduces to
DAB

d 2CA
 ṄA  0
dx 2

(14.71)

The volumetric production rate, Ṅ, is often described using one of the following
forms.
Zero-Order Reaction:
ṄA  k0
First-Order Reaction:
ṄA  k1 CA
That is, the reaction may occur at a constant rate (zero order) or at a rate that is proportional to the local concentration
(first order). The units of k0 and k1 are kmol/s  m3
.
1
and s , respectively. If NA is positive, the reaction results in the generation of
species A; if it is negative, it results in the consumption of A.
In many applications the species of interest is converted to another form
through a first-order chemical reaction, and Equation 14.71 becomes
DAB

d 2CA
 k1CA  0
dx2

(14.72)

This linear, homogeneous differential equation has the general solution
CA(x)  C1emx  C2emx

(14.73)

where m  (k1/DAB)1/2 and the constants C1 and C2 depend on the prescribed boundary conditions. The form of this equation is identical to that characterizing heat conduction in an extended surface, Equation 3.66.
Consider the situation illustrated in Figure 14.8. Gas A is soluble in liquid B,
where it is transferred by diffusion and experiences a first-order chemical reaction.
The solution is dilute, and the concentration of A in the liquid at the interface is a
known constant CA,0. If the bottom of the container is impermeable to A, the boundary conditions are
CA(0)  CA,0

and

dCA
dx



0

xL

These species boundary conditions are analogous to the thermal boundary conditions
of case B in Table 3.4. Since Equation 14.73 is of the same form as Equation 3.66, it
follows that
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Gas A

CA(x)
CA,0

CA,0

0

x

Liquid B
•

NA = –k1CA

x

N''A,x

L

L

Impermeable boundary

FIGURE 14.8
Diffusion and homogeneous
reaction of gas A in liquid B.

cosh m(L  x)
(14.74)
cosh mL
Quantities of special interest are the concentration of A at the bottom and the flux of
A across the gas–liquid interface. Applying Equation 14.74 at x  L, we obtain
CA(x)  CA,0

CA(L) 
Moreover,

 x(0)  DAB
N A,

dCA
dx

 DABCA,0 m



CA,0
cosh mL

x0

sinh m(L  x)
cosh mL

(14.75)



x0

or
N A, x(0)  DABCA,0 m tanh mL

(14.76)

Results for a container with its bottom held at a fixed concentration or an infinitely
deep container may be obtained by analogy to cases C and D, respectively, of
Table 3.4.

EXAMPLE 14.6
Biofilms, which are colonies of bacteria that can cling to living or inert surfaces, can
cause a wide array of human infections. Infections caused by bacteria living within
biofilms are often chronic because antibiotics that are applied to the surface of a
biofilm have difficulty penetrating through the film thickness. Consider a biofilm that
is associated with a skin infection. An antibiotic (species A) is applied to the top layer
of a biofilm (species B) so that a fixed concentration of medication, CA,0  4  103
kmol/m3, exists at the upper surface of the biofilm. The diffusion coefficient of the
medication within the biofilm is DAB  2  1012 m2/s. The antibiotic is consumed by
biochemical reactions within the film, and the consumption rate depends on the local
concentration of medication expressed as ṄA  k1CA where k1  0.1 s1. To eradicate the bacteria, the antibiotic must be consumed at a rate of at least 0.2  103
kmol/s  m3 (ṄA  0.2  103 kmol/s  m3) since, at smaller absolute consumption
rates, the bacteria will be able to grow back faster than it is destroyed. Determine the
maximum thickness of a biofilm, L, that may be treated successfully by the antibiotic.
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SOLUTION
Known: Topical antibiotic and biofilm properties, surface concentration of the
medication, and required minimum consumption rate of antibiotic.

Find: Maximum thickness of a bacteria-laden biofilm, L, that may be successfully
treated.

Schematic:
Distribution

CA,0

•

NA

dx

CA(x)
x
L

Biofilm

Impermeable
substrate

Assumptions:
1.
2.
3.
4.

Steady-state, one-dimensional conditions.
Stationary, homogeneous medium.
Constant properties.
Impermeable bottom of the biofilm.

Analysis: The absolute antibiotic consumption rate will be smallest at x  L,
where the antibiotic concentration is smallest. Thus, we require ṄA(L)  0.2 
103 kmol/s  m3. The expression for the first-order reaction may be combined with
Equation 14.74 to write
ṄA(L)  k1CA(L)  k1

CA,0
cosh mL

(1)

where
m  (k1/DAB)1/2 

s
2 0.1
10

m /s

1

12

1/2

2

 2.24  105 m1

Equation 1 may be solved for the maximum allowable thickness:
L  m1 cosh1[k1CA,0 /ṄA(L)]

(2)

Substituting values into Equation 2 yields
L  (2.24  105 m1)1 cosh1[0.1 s1  4  103 kmol/m3/
(0.2  103 kmol/s  m3)]
 5.9  106 m  5.9 m



Comment: The ability of the antibiotic agent to kill bacteria in thicker biofilms
is hampered by the high rate at which the agent is consumed and the slow rate at
which it can be diffused through the complex, polymeric matrix of the biofilm [6].
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14.7
Transient Diffusion
Results analogous to those of Chapter 5 may be obtained for the transient diffusion
of a dilute species A in a stationary medium. Assuming no homogeneous reactions,
constant DAB and C, and one-dimensional transfer in the x direction, Equation 14.48b
reduces to
DAB

2CA CA

t
x 2

(14.77)

Assuming an initial uniform concentration,
CA (x, 0)  CA,i

(14.78)

Equation 14.77 may be solved for boundary conditions that depend on the particular
geometry and surface conditions. If, for example, the geometry is a plane wall of
thickness 2L with surface convection, the boundary conditions are
CA
x



0

(14.79)

x0

CA(L, t)  CA,s

(14.80)

Equation 14.79 describes the symmetry requirement at the midplane. Equation 14.80
represents the surface convection condition if the mass transfer Biot number, Bim 
hm L/DAB, is much larger than unity. In this case the resistance to species transfer by
diffusion in the medium is much larger than the resistance to species transfer by convection at the surface. If this situation is taken to the limit of Bim → , or Bi m1 → 0,
it follows that the species concentration in the fluid is essentially uniform, equal to
the free stream species concentration. Then CA,s, the species concentration in the
medium at its surface, can be found from Equation 14.60 or 14.61, where pA is the
free stream partial pressure of species A.
The analogy between heat and mass transfer may conveniently be applied if we
nondimensionalize the above equations. Introducing a dimensionless concentration
and time, as follows,
CA  CA,s

*   
i
CA,i  CA,s
D t
tm*  AB
 Fom
L2

(14.81)
(14.82)

and substituting into Equation 14.77, we obtain
2*
*

2
Fom
x*

(14.83)

where x*  x/L. Similarly, the initial and boundary conditions are
*(x*, 0)  1

(14.84)

*
x*

(14.85)



x*0

0
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and
*(1, t*
m)  0

(14.86)

One need only compare Equations 14.83 through 14.86 with Equations 5.34
through 5.36 and Equation 5.37 for the case of Bi → to confirm the existence of
the analogy. Note that for Bi → , Equation 5.37 reduces to *(1, t*)  0, which is
analogous to Equation 14.86. Hence the two systems of equations must have equivalent solutions.
The correspondence between variables for transient heat and mass diffusion is
summarized in Table 14.2. From this correspondence it is possible to use many of the
previous heat transfer results to solve transient mass diffusion problems. For example,
replacing *o and Fo by *o and Fom, Equation 5.41 could be used, with Bi → (1 
1.5707; C1  1.2733), to determine the midplane concentration CA,o. The remaining
equations may be applied in a similar fashion, along with results obtained for the
semi-infinite solid.
The results of Sections 5.5 and 5.6 should be used with care because, as illustrated in Example 14.1 and in Table A.8, the mass diffusivities associated with many
liquid and solid host media are extremely small relative to their thermal diffusivities.
Therefore, values of the mass transfer Fourier number, Fom, are usually many orders
of magnitude smaller than the values of the heat transfer Fourier number, Fo. Hence,
the approximate solutions of Sections 5.5.2 and 5.6.2 are often of little value in analyzing mass transfer within stationary media, since the approximate solutions are
valid only for Fom 0.2. Recourse to solution of the exact expressions of Sections
5.5.1 and 5.6.1 may be required. The infinite series solutions of Equations 5.39, 5.47,
and 5.48 may necessitate evaluation of many terms before convergence is obtained.
The semi-infinite solid solutions of Section 5.7, on the other hand, are often applicable
in mass transfer problems because of the slow diffusion rates of boundary condition
information into the host medium. The approximate results of Section 5.8 are also
applicable, since results are presented over the entire Fourier number range.

TABLE 14.2 Correspondence Between
Heat and Mass Transfer Variables
for Transient Diffusion
Heat Transfer
* 

T  T
Ti  T

1  * 

T  Ti
T  Ti

Mass Transfer
* 

CA  CA,s
CA,i  CA,s

1  * 

CA  CA,i
CA,s  CA,i

Fo 

t
L2

Fom 

DABt

Bi 

hL
k

Bim 

hm L
DAB

x

2t

L2

x

2DABt
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EXAMPLE 14.7
Transdermal drug delivery involves the controlled time-release of medication through
the skin to the bloodstream, usually from a patch that is adhered to the body. Advantages include steady and mild drug delivery rates that reduce shock to the system as
might occur with intravenous infusions, the ability to deliver medication to nauseated
or unconscious patients that would be otherwise delivered in oral form, and ease of use.
Consider a square patch of length and width L  50 mm that consists of a host
medium containing an initial, uniform density of medication, A,p,i  100 kg/m3. The
patch is applied to the skin, which contains an initial drug concentration of A,s,i  0.
At the patch–skin interface located at x  0, the ratio of the medication density on
the patch side to the medication density on the patient side is described by a partition
coefficient of K  0.5.
1. Determine the total amount of medication (dosage) delivered to the patient over a
treatment period of one week. Nominal values of the diffusion coefficients of the
medication within the patch and skin are DAp  0.1  1012 m2/s and DAs  0.2 
1012 m2/s, respectively.
2. Investigate the sensitivity of the total dosage delivered to the patient to the mass
diffusivity of the patch, DAp, and the mass diffusivity of the patient’s skin, DAs.

SOLUTION
Known: Initial densities of a drug within a transdermal patch, size of the patch,
partition coefficient, and mass diffusivities.

Find: Total dosage of medicine delivered to the patient over a one-week time
period, sensitivity of the dosage to the mass diffusivity of the patch and skin.
Schematic:

A

A,p,i

Skin

DAs

t
A,p(x = 0)

″
nAs
″
nA,p

A,s(x = 0) = K A,p(x = 0)

t

Patch

DAp

A,s,i

x′

x

Assumptions:
1.
2.
3.
4.

One-dimensional conditions with constant properties.
Semi-infinite patch and skin.
No chemical reactions.
Stationary media.
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Analysis:
1. The conservation of species equation applies to both the patch and skin. With
the foregoing assumptions, Equation 14.47b becomes
2A
1 A

2
DAB t
x
which is analogous to Equation 5.26. Moreover, the initial conditions
A(x  0, t  0)  A, p, i;

A(x  0, t  0)  A,s,i

boundary conditions
A,p(x l )  A, p, i;

A, s(x l )  A,s,i

(1a)

and interface condition
nA, x, p(x  0)  nA, x, s(x  0)

(1b)

are analogous to the situation in Figure 5.9 and Equation 5.61 where two semiinfinite solids are brought into thermal contact. In this problem, the partitioning
of the species must also be accounted for. That is,
A, s(x  0)  K  A, p(x  0)

(1c)

By analogy to Equation 5.62, we have
DAp(A, p(x  0)  A,p,i)
DApt



DAs (A,s(x  0)  A,s,i)
DAs t

which, after noting that A,s,i  0, may be solved to yield
DAp

D

A,s(x  0)  A,p,i

As

 DAp /K



(2)

The instantaneous flux of medication to the patient may be determined by noting the analogy with Equation 5.58:
nA (x  0,t) 

DAs A,s(x  0)

(3)

DAst

Substituting Equation 2 into Equation 3 yields
nA (x  0,t) 

A,p,i



DAs DAp

t DAs  DAp /K

The dosage, D, delivered to the patient from t  0 to a treatment time of tt may
be expressed as
tt

nA(x  0,t)dt

D  L2

t0

D

A, p, i L2





DAs DAp

2A, p, i L


t1/2dt

DAs  DAp /K t0

2



tt



DAs DAp
DAs  DAp /K

tt

(4)
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For a total treatment time of tt  7 days  24 h/day  3600 s/h  605  103 s,
the dosage is
D

2  100 kg/m3  (50  103 m)2



0.2  1012 m2/s  0.1  1012 m2/s
605  103 s
0.2  1012 m2/s  0.1  1012 m2/s/0.5

 29  106 kg  29 mg



2. The sensitivity of the dosage to the patch and skin mass diffusivities may be evaluated by solving Equation 4 for different combinations of DAp and DAs. Results are
shown in the following graphs for DAp  0.1  1012 m2/s and 0.01  1012 m2/s
and for DAs  0.1  1012 m2/s, 0.2  1012 m2/s, and 0.4  1012 m2/s. Note that
as either mass diffusivity is increased, the dosage increases.
20

40
DAs (m2/s)
0.4  1012
0.2  1012
0.1  1012

15
Dosage, mg

Dosage, mg

30

DAs (m2/s)
0.4  1012
0.2  1012
0.1  1012

20

10
5

10

DAp = 0.01  1012 (m2/s)

DAp = 0.1  1012 (m2/s)
0

0

1

2

3

4

5

6

7

0

0

1

2

Day

3

4

5

6

Day

Comments:
1. The function of the outer layer of the skin, the epidermis, is to protect the body
from external contamination. Transdermal drug delivery is feasible only for
medications characterized by extremely small molecules that can diffuse
through the relatively impenetrable epidermis. Mass transfer considerations
restrict the number of drugs that can be delivered transdermally. The skin diffusivity is variable from location to location on the body, and the patient is
instructed where to apply the patch.
2. It is desirable to desensitize the dosage to variations in the skin diffusivity,
since this parameter varies from patient to patient. Therefore, the host medium
of the patch (called the vehicle) is designed so that it is the rate-limiting factor
in controlling the dosage. The sensitivity of the dosage to the patient’s skin diffusivity is reduced by decreasing the mass diffusivity in the vehicle, as evident
by comparing the results of part 2 of the problem. In general, it is desirable to
design the vehicle so that DAp /DAs  1.
3. The patch is designed to deliver medication as though it is a semi-infinite
medium. The required patch thickness for this assumption to be valid may be
estimated by calculating the location where the density of the medication in the
vehicle is reduced to 95% of the difference between A,p,i and A,p(x  0) over
the treatment time. By analogy to Equation 5.57, the species penetration depth,
xS, associated with 5% depletion of the drug may be determined from
A, p(x)  A, p(x  0)
xS
 0.95  erf

A, p, i  A, p(x  0)
4DAp tt

7
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Evaluating this expression yields a species penetration depth of 690  106 m 
0.69 mm. The assumption of a semi-infinite patch is valid for a vehicle thickness
greater than 0.69 mm.
4. If the vehicle is much thinner than the species penetration depth calculated in
Comment 3, the actual dosage will fall below the desired dosage prior to the
end of the one-week treatment period. Therefore, a tradeoff in the design of the
patch involves (a) loading enough medication to assure semi-infinite behavior
and (b) minimizing the cost of the patch. In practice, more than 95% of the
medication remains in the vehicle after the treatment period, necessitating careful disposal of the patch after its use.

14.8
Summary
In this chapter we focused on the analysis of species transfer by diffusion. Although
transfer rates are generally small, particularly in liquids and solids, the process is
germane to many technologies, as well as to the environmental and life sciences.
You should test your understanding of fundamental issues by addressing the following questions.
• If a cube of sugar is placed in a cup of coffee, what is the driving potential for
dispersion of the sugar in the coffee? What is the physical mechanism responsible for dispersion if the coffee is stagnant? What is the physical mechanism
if the coffee is stirred?
• What is the relationship between the molar concentration and the mass density of a species in a mixture?
• How is the mass density of a mixture defined? The molar concentration of
the mixture?
• In using Fick’s law to determine the mass or molar flux of a species in a mixture, what specifically is being determined?
• Under what conditions does the species diffusion flux equal the absolute flux
associated with transport of the species?
• What is the stationary medium approximation?
• Is the species flux NA independent of location for a stationary medium within
which there is species transfer by diffusion and production (or consumption)
by a homogeneous chemical reaction?
• Under what conditions may a diffusion resistance be used to determine the
species flux from knowledge of the species concentrations at the inner and
outer surfaces of a medium?
• In heat transfer, equilibrium dictates equivalent temperatures on the gas and
liquid (or solid) sides of an interface between the two phases. Can the same
be said about the concentration of a chemical species present in the gas and
liquid (or solid) phases?
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• What is Henry’s constant? How does the concentration of a chemical species
in a liquid vary with the partial pressure of the species in an adjoining gas?
How does the concentration vary with the temperature of the liquid?
• What is the difference between a homogeneous and a heterogeneous chemical reaction?
• In heterogeneous catalysis, what is implied if the process is said to be reaction limited? What is implied if the process is said to be diffusion limited?
• What is a zero-order reaction? A first-order reaction?
• If convection mass transfer is associated with gas flow over a liquid or solid in
which the gas is transferred by diffusion, what can be said about the ratio of convection to diffusion resistances? How is the mass transfer Biot number defined?
• In a transient diffusion process, what can be said about the mass transfer Biot
number?
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Problems
mass fraction and the molecular weight of each of
the n species.

Mixture Composition
14.1

Assuming air to be composed exclusively of O2 and
N2, with their partial pressures in the ratio 0.21:0.79,
what are their mass fractions?

(b) In a mixture containing equal mole fractions of
O2, N2, and CO2, what is the mass fraction of each
species? In a mixture containing equal mass fractions of O2, N2, and CO2, what is the mole fraction of each species?

14.2 A mixture of CO2 and N2 is in a container at 25°C, with
each species having a partial pressure of 1 bar. Calculate the molar concentration, the mass density, the mole
fraction, and the mass fraction of each species.
14.3

14.4

A He-Xe mixture containing 0.75 mole fraction of
helium is used for cooling of electronics in an avionics
application. At a temperature of 300 K and atmospheric pressure, calculate the mass fraction of helium
and the mass density, molar concentration, and molecular weight of the mixture. If the cooling system
capacity is 10 liters, what is the mass of the coolant?
Consider an ideal gas mixture of n species.
(a) Derive an equation for determining the mass fraction of species i from knowledge of the mole fraction and the molecular weight of each of the n
species. Derive an equation for determining the
mole fraction of species i from knowledge of the

Fick’s Law and Mass Diffusivity
14.5

Consider air in a closed, cylindrical container with its
axis vertical and with opposite ends maintained at different temperatures. Assume that the total pressure of
the air is uniform throughout the container.
(a) If the bottom surface is colder than the top surface,
what is the nature of conditions within the container? For example, will there be vertical gradients
of the species (O2 and N2) concentrations? Is there
any motion of the air? Does mass transfer occur?
(b) What is the nature of conditions within the container if it is inverted (i.e., the warm surface is
now at the bottom)?
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14.6

Estimate values of the mass diffusivity DAB for binary
mixtures of the following gases at 350 K and 1 atm:
ammonia–air and hydrogen–air.

14.7

A 100-mm-long, hollow iron cylinder is exposed to a
1000°C carburizing gas (a mixture of CO and CO2) at
its inner and outer surfaces of radii 4.30 and 5.70 mm,
respectively. Consider steady-state conditions for
which carbon diffuses from the inner surface of the
iron wall to the outer surface and the total transport
amounts to 3.6  103 kg of carbon over 100 hours.
The variation of the carbon composition (weight %
carbon) with radius is tabulated for selected radii.

4.49 4.66 4.79 4.91 5.16 5.27 5.40 5.53
r (mm)
Wt.C (%) 1.42 1.32 1.20 1.09 0.82 0.65 0.46 0.28
(a) Beginning with Fick’s law and the assumption of
a constant diffusion coefficient, DC Fe , show that
d C /d (lnr) is a constant. Sketch the carbon mass
density,  C (r), as a function of lnr for such a diffusion process.
(b) The foregoing table corresponds to measured distributions of the carbon mass density. Is DC Fe a
constant for this diffusion process? If not, does
DC Fe increase or decrease with an increasing carbon concentration?

14.8

14.11 A spherical droplet of liquid A and radius ro evaporates into a stagnant layer of gas B. Derive an expression for the evaporation rate of species A in terms of
the saturation pressure of species A, pA(ro)  pA,sat, the
partial pressure of species A at an arbitrary radius r,
pA(r), the total pressure p, and other pertinent quantities. Assume the droplet and the mixture are at a uniform pressure p and temperature T.
14.12 The presence of a small amount of air may cause a significant reduction in the heat rate to a water-cooled
steam condenser surface. For a clean surface with pure
steam and the prescribed conditions, the condensate
rate is 0.020 kg/m2  s. With the presence of stagnant
air in the steam, the condensate surface temperature
drops from 28 to 24°C and the condensate rate is
reduced by a factor of 2.
28

T(°C)

918

Pure
steam

24
20

Condensate

Condensate

(c) Using the experimental data, calculate and tabulate DC Fe for selected carbon compositions.

For the air–steam mixture, determine the partial pressure
of air as a function of distance from the condensate film.

An old-fashioned glass apothecary jar contains a
patent medicine. The neck is closed with a rubber
stopper that is 20 mm tall, with a diameter of 10 mm at
the bottom end, widening to 20 mm at the top end. The
molar concentration of medicine vapor in the stopper
is 2  103 kmol/m3 at the bottom surface and is negligible at the top surface. If the mass diffusivity of
medicine vapor in rubber is 0.2  109 m2/s, find the
rate (kmol/s) at which vapor exits through the stopper.

14.13 A laboratory apparatus to measure the diffusion coefficient of vapor–gas mixtures consists of a vertical,
small-diameter column containing the liquid phase
that evaporates into the gas flowing over the mouth of
the column. The gas flow rate is sufficient to maintain
a negligible vapor concentration at the exit plane. The
column is 150 mm high, and the pressure and temperature in the chamber are maintained at 0.25 atm and
320 K, respectively.

Nonstationary Media: Column Evaporation

Thermostated chamber

Air (B)

14.9

Steam and
air

Consider the evaporation of liquid A into a column
containing a binary gas mixture of A and B. Species B
cannot be absorbed in liquid A and the boundary conditions are the same as in Section 14.2.2. Show how
the ratio of the molar-average velocity to the species
velocity of A, v*x /vA,x , varies with the mole fraction of
species A.

14.10 An open pan of diameter 0.2 m and height 80 mm
(above water at 27°C) is exposed to ambient air at 27°C
and 25% relative humidity. Determine the evaporation
rate, assuming that only mass diffusion occurs. Determine the evaporation rate, considering bulk motion.

p = 0.25 atm, T = 320 K

L
Water (A)

For calibration purposes, you’ve been asked to calculate the expected evaporation rate (kg/h  m2) for a test
with water and air under the foregoing conditions, using
the known value of DAB for the vapor–air mixture.
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Stationary Media: Conservation of Species
and Mass Diffusion Equation
14.14 Beginning with a differential control volume, derive
the diffusion equation, on a molar basis, for species A
in a three-dimensional (Cartesian coordinates), stationary medium, considering species generation with
constant properties. Compare your result with Equation 14.48b.
14.15 Consider the radial diffusion of a gaseous species (A)
through the wall of a plastic tube (B), and allow for
chemical reactions that provide for the depletion of A
at a rate ṄA (kmol/s  m3). Derive a differential equation that governs the molar concentration of species A
in the plastic.
14.16 Beginning with a differential control volume, derive
the diffusion equation, on a molar basis, for species A
in a one-dimensional, spherical, stationary medium,
considering species generation. Compare your result
with Equation 14.50.
14.17 Gaseous hydrogen at 10 bars and 27°C is stored in a
100-mm-diameter spherical tank having a steel wall
2 mm thick. The molar concentration of hydrogen in
the steel is 1.50 kmol/m3 at the inner surface and negligible at the outer surface, while the diffusion coefficient of hydrogen in steel is approximately 0.3 
1012 m2/s. What is the initial rate of mass loss of
hydrogen by diffusion through the tank wall? What is
the initial rate of pressure drop within the tank?
14.18 A thin plastic membrane is used to separate helium
from a gas stream. Under steady-state conditions the
concentration of helium in the membrane is known to
be 0.02 and 0.005 kmol/m3 at the inner and outer surfaces, respectively. If the membrane is 1 mm thick and
the binary diffusion coefficient of helium with respect
to the plastic is 109 m2/s, what is the diffusive flux?

Discontinuous Concentrations at Interfaces
14.19 Consider the interface between atmospheric air and a
body of water, both at 17C.
(a) What are the mole and mass fractions of water at
the air side of the interface? At the water side of
the interface?
(b) What are the mole and mass fractions of oxygen at
the air side of the interface? At the water side of the
interface? The atmospheric air may be assumed to
contain 20.5% oxygen by volume.
14.20 Oxygen gas is maintained at pressures of 2 bars and
1 bar on opposite sides of a rubber membrane that is

919
0.5 mm thick, and the entire system is at 25°C. What
is the molar diffusive flux of O2 through the membrane? What are the molar concentrations of O2 on
both sides of the membrane (outside the rubber)?
14.21 Insulation degrades (experiences an increase in thermal conductivity) if it is subjected to water vapor condensation. The problem may occur in home insulation
during cold periods, when vapor in a humidified
room diffuses through the dry wall (plaster board) and
condenses in the adjoining insulation. Estimate the
mass diffusion rate for a 3 m by 5 m wall, under conditions for which the vapor pressure is 0.03 bar in the
room air and 0.0 bar in the insulation. The dry wall is
10 mm thick, and the solubility of water vapor in the
wall material is approximately 5  103 kmol/m3 
bar. The binary diffusion coefficient for water vapor in
the dry wall is approximately 109 m2/s.
14.22 Helium gas at 25°C and 4 bars is contained in a glass
cylinder of 100-mm inside diameter and 5-mm thickness. What is the rate of mass loss per unit length of
the cylinder?
14.23 Helium gas at 25°C and 4 bars is stored in a spherical
Pyrex container of 200-mm inside diameter and
10-mm thickness. What is the rate of mass loss from
the container?
14.24 Hydrogen at a pressure of 2 atm flows within a tube of
diameter 40 mm and wall thickness 0.5 mm. The outer
surface is exposed to a gas stream for which the hydrogen partial pressure is 0.1 atm. The mass diffusivity
and solubility of hydrogen in the tube material are
1.8  1011 m2/s and 160 kmol/m3  atm, respectively.
When the system is at 500 K, what is the rate of hydrogen transfer through the tube per unit length (kg/s  m)?
14.25 Consider the blister packaging material of Example
14.3.
(a) Under the same conditions as in the example,
determine the solubility of the polymer material
(kmol/m3  bar) if the temperature is 295 K and the
relative humidity inside and outside the package is
2  0.1 and 1  0.9, respectively.
(b) By selecting a different packaging material, the diffusivity of the film may be changed. Determine the
total water vapor transfer rate associated with
reducing the diffusivity to 10% of its original value.
(c) The solubility of the material adjacent to its
exposed surface may be modified by coating it
with various thin films. Determine the water vapor
transfer rate after coating both sides of the original
polymer sheet and, in turn, reducing the solubility
near both surfaces to 10% of the original value.
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(d) Determine the water vapor transfer rate after coating the exterior of the original polymer sheet and
reducing its solubility by a factor of 9, while leaving the interior surface untreated.
14.26 An experiment is designed to measure the partition
coefficient, K, associated with the transfer of a pharmaceutical product through a polymer material. The
partition coefficient is defined as the ratio of the densities of the species of interest (the pharmaceutical) on
either side of an interface. In the experiment, liquid
pharmaceutical (p  1250 kg/m3) is injected into a
hollow polymer sphere of inner and outer diameters
Di  5 mm and Do  5.1 mm, respectively. The sphere
is exposed to convective conditions for which the density of the pharmaceutical at the outer surface is zero.
After one week, the sphere’s mass is reduced by M 
8.2 mg. What is the value of the partition coefficient if
the mass diffusivity is DAB  0.2  1011 m2/s?
14.27 Ultra-pure hydrogen is required in applications ranging from the manufacturing of semiconductors to powering fuel cells. The crystalline structure of palladium
allows only the transfer of atomic hydrogen (H)
through its thickness, and therefore palladium membranes are used to filter hydrogen from contaminated
streams containing mixtures of hydrogen and other
gases. Hydrogen molecules (H2) are first adsorbed
onto the palladium’s surface and are then dissociated
into atoms (H), which subsequently diffuse through
the metal. The H atoms recombine on the opposite side
of the membrane, forming pure H2. The surface concentration of H takes the form CH  Ks p 0.5
H2 , where Ks 
1.4 kmol/m3  bar0.5 is known as Sievert’s constant.
Consider an industrial hydrogen purifier consisting of
an array of palladium tubes with one tube end connected to a collector plenum and the other end closed.
The tube bank is inserted into a shell. Impure H2 at
T  600 K, p  15 bars, xH 2  0.85 is introduced into
the shell while pure H2 at p  6 bars, T  600 K is
extracted through the tubes. Determine the production
rate of pure hydrogen (kg/h) for N  100 tubes which
are of inside diameter Di  1.6 mm, wall thickness t 
75 m, and length L  80 mm. The mass diffusivity
of hydrogen (H) in palladium at 600 K is approximately DAB  7  109 m2/s.

Catalytic Surface Reactions
14.28 Nitric oxide (NO) emissions from automobile exhaust
can be reduced by using a catalytic converter, and the
following reaction occurs at the catalytic surface:
NO  CO →  N2  CO2

The concentration of NO is reduced by passing the
exhaust gases over the surface, and the rate of reduction at the catalyst is governed by a first-order reaction
of the form given by Equation 14.66. As a first approximation it may be assumed that NO reaches the
surface by one-dimensional diffusion through a thin
gas film of thickness L that adjoins the surface. Referring to Figure 14.7, consider a situation for which the
exhaust gas is at 500°C and 1.2 bars and the mole
fraction of NO is xA,L  0.15. If DAB  104 m2/s,
k1  0.05 m/s, and the film thickness is L  1 mm,
what is the mole fraction of NO at the catalytic surface
and what is the NO removal rate for a surface of area
A  200 cm2?
14.29 Pulverized coal pellets, which may be approximated as
carbon spheres of radius ro  1 mm, are burned in a
pure oxygen atmosphere at 1450 K and 1 atm. Oxygen
is transferred to the particle surface by diffusion,
where it is consumed in the reaction C  O2 → CO2.
The reaction rate is first order and of the form Ṅ O 2 
k1CO2(ro), where k1  0.1 m/s. Neglecting changes
in ro, determine the steady-state O2 molar consumption
rate in kmol/s. At 1450 K, the binary diffusion coefficient for O2 and CO2 is 1.71  104 m2/s.
14.30 To enhance the effective surface, and hence the
chemical reaction rate, catalytic surfaces often take
the form of porous solids. One such solid may be
visualized as consisting of a large number of cylindrical pores, each of diameter D and length L.

CA,0

Catalyst

D

A, B

L

Consider conditions involving a gaseous mixture of A
and B for which species A is chemically consumed at
the catalytic surface. The reaction is known to be first
order, and the rate at which it occurs per unit area of the
surface may be expressed as k1CA, where k1 (m/s) is the
reaction rate constant and CA (kmol/m3) is the local
molar concentration of species A. Under steady-state
conditions, flow over the porous solid is known to maintain a fixed value of the molar concentration CA,0 at the
pore mouth. Beginning from fundamentals, obtain the
differential equation that governs the variation of CA
with distance x along the pore. Applying appropriate
boundary conditions, solve the equation to obtain an
expression for CA(x).
14.31 A platinum catalytic reactor in an automobile is used
to convert carbon monoxide to carbon dioxide in an
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oxidation reaction of the form 2CO  O2 l 2CO2.
Species transfer between the catalytic surface and the
exhaust gases may be assumed to occur by diffusion in
a film of thickness L  10 mm. Consider an exhaust
gas that has a pressure of 1.2 bars, a temperature of
500C, and a CO mole fraction of 0.0012. If the
reaction rate constant of the catalyst is k1  0.005 m/s
and the diffusion coefficient of CO in the mixture is
104 m2/s, what is the molar concentration of CO at
the catalytic surface? What is the rate of removal of
CO per unit area of the catalyst? What is the removal
rate if k1 is adjusted to render the process diffusion
limited?
14.32 A novel process has been proposed to create a composite palladium tube for use as a hydrogen separation
membrane in order to produce high-purity hydrogen. To
fabricate the composite palladium tube, a gas containing
palladium (species A) flows through a porous-walled
tube, and the palladium deposits into the pores of the
tube wall. The gas mass flow rate is ṁ and the inlet
mass concentration of palladium is A,m,i. The mass
transfer coefficient for transfer of palladium between the
gas and the surface is hm, and the deposition rate is proportional to the mass concentration of palladium at the
tube surface, that is, nA,s  k1 A,s. The palladium is a
dilute species, so the total mass flow rate is approximately constant down the length of the tube.
(a) Building upon the convection mass transfer analysis presented in Section 8.9, derive an expression
for the variation of the mean species density of
palladium with distance from the tube entrance,
and determine an expression for the local deposition rate (kg/m2  s) for a tube of diameter D.
Neglect any leakage of gas through the porous
tube walls.
(b) If the tube is too long, the variation in deposit
thickness will be unacceptably large. What is the
ratio of the deposition rates at x  L and x  0?

Homogeneous Chemical Reactions:
Steady State
14.33 Consider combustion of hydrogen gas in a mixture of
hydrogen and oxygen adjacent to the metal wall of a
combustion chamber. Combustion occurs at constant
temperature and pressure according to the chemical
reaction 2H2  O2 → 2H2O. Measurements under
steady-state conditions at a distance of 10 mm from
the wall indicate that the molar concentrations of
hydrogen, oxygen, and water vapor are 0.10, 0.10, and
0.20 kmol/m3, respectively. The generation rate of
water vapor is 0.96  102 kmol/m3  s throughout the

region of interest. The binary diffusion coefficient for
each of the species (H2, O2, and H2O) in the remaining
species is 0.6  105 m2/s.
(a) Determine an expression for and make a qualitative plot of CH2 as a function of distance from the
wall.
(b) Determine the value of CH2 at the wall.
(c) On the same coordinates used in part (a), sketch
curves for the concentrations of oxygen and water
vapor.
(d) What is the molar flux of water vapor at x 
10 mm?
14.34 Consider a spherical organism of radius ro within
which respiration occurs at a uniform volumetric rate
of ṄA  k0. That is, oxygen (species A) consumption
is governed by a zero-order, homogeneous chemical
reaction.
(a) If a molar concentration of CA(ro)  CA,o is maintained at the surface of the organism, obtain an
expression for the radial distribution of oxygen,
CA(r), within the organism. From your solution,
can you discern any limits on applicability of the
result?
(b) Obtain an expression for the rate of oxygen consumption within the organism.
(c) Consider an organism of radius ro  0.10 mm
and a diffusion coefficient for oxygen transfer of
DAB  108 m2/s. If CA,o  5  105 kmol/m3 and
k0  1.2  104 kmol/s  m3, what is the molar concentration of O2 at the center of the organism?
14.35 Referring to Problem 14.34, a more representative
model of respiration in a spherical organism is one for
which oxygen consumption is governed by a firstorder reaction of the form ṄA  k1CA.
(a) If a molar concentration of CA(ro)  CA,o is maintained at the surface of the organism, obtain an
expression for the radial distribution of oxygen,
CA(r), within the organism. Hint: To simplify
solution of the species diffusion equation, invoke
the tranformation y  rCA.
(b) Obtain an expression for the rate of oxygen consumption within the organism.
(c) Consider an organism of radius ro  0.10 mm and a
diffusion coefficient of DAB  108 m2/s. If CA,o 
5  105 kmol/m3 and k1  20 s1, estimate the
corresponding value of the molar concentration at
the center of the organism. What is the rate of oxygen consumption by the organism?
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14.36 Consider the problem of oxygen transfer from the interior lung cavity, across the lung tissue, to the network
of blood vessels on the opposite side. The lung tissue
(species B) may be approximated as a plane wall of
thickness L. The inhalation process may be assumed to
maintain a constant molar concentration CA(0) of oxygen (species A) in the tissue at its inner surface (x  0),
and assimilation of oxygen by the blood may be
assumed to maintain a constant molar concentration
CA(L) of oxygen in the tissue at its outer surface (x  L).
There is oxygen consumption in the tissue due to
metabolic processes, and the reaction is zero order,
with ṄA  k0. Obtain expressions for the distribution
of the oxygen concentration in the tissue and for the
rate of assimilation of oxygen by the blood per unit
tissue surface area.
14.37 As an employee of the Los Angeles Air Quality Commission, you have been asked to develop a model for
computing the distribution of NO2 in the atmosphere.
The molar flux of NO2 at ground level, N A,0, is presumed known. This flux is attributed to automobile
and smoke stack emissions. It is also known that the
concentration of NO2 at a distance well above ground
level is zero and that NO2 reacts chemically in the
atmosphere. In particular, NO2 reacts with unburned
hydrocarbons (in a process that is activated by sunlight) to produce PAN (peroxyacetylnitrate), the final
product of photochemical smog. The reaction is first
order, and the local rate at which it occurs may be
expressed as ṄA  k1CA.
(a) Assuming steady-state conditions and a stagnant
atmosphere, obtain an expression for the vertical
distribution CA(x) of the molar concentration of
NO2 in the atmosphere.
(b) If an NO2 partial pressure of pA  2  106 bar is
sufficient to cause pulmonary damage, what is the
value of the ground level molar flux for which you
would issue a smog alert? You may assume an
isothermal atmosphere at T  300 K, a reaction
coefficient of k1  0.03 s1, and an NO2–air diffusion coefficient of DAB  0.15  104 m2/s.

Transient Diffusion: Introductory
14.38 In Problem 14.37, NO2 transport by diffusion in a stagnant atmosphere was considered for steady-state conditions. However, the problem is actually time dependent,
and a more realistic approach would account for transient effects. Consider the ground level emission of NO2
to begin in the early morning (at t  0), when the NO2
concentration in the atmosphere is everywhere zero.
Emission occurs throughout the day at a constant flux

NA,0, and the NO2 again experiences a first-order photochemical reaction in the atmosphere (ṄA  k1CA).
(a) For a differential element in the atmosphere, derive
a differential equation that could be used to determine the molar concentration CA(x, t). State appropriate initial and boundary conditions.
(b) Obtain an expression for CA(x, t) under the special condition for which photochemical reactions
may be neglected. For this condition what are the
molar concentrations of NO2 at ground level and
at 100-m elevation 3 h after the start of the emissions, if NA,0  3  1011 kmol/s  m2 and DAB 
0.15  104 m2/s?
14.39 A large sheet of material 40 mm thick contains dissolved hydrogen (H2) having a uniform concentration of
3 kmol/m3. The sheet is exposed to a fluid stream that
causes the concentration of the dissolved hydrogen to be
reduced suddenly to zero at both surfaces. This surface
condition is maintained constant thereafter. If the mass
diffusivity of hydrogen is 9  107 m2/s, how much
time is required to bring the density of dissolved hydrogen to a value of 1.2 kg/m3 at the center of the sheet?
14.40 A common procedure for increasing the moisture content of air is to bubble it through a column of water.
Assume the air bubbles to be spheres of radius
ro  1 mm and to be in thermal equilibrium with the
water at 25°C. How long should the bubbles remain in
the water to achieve a vapor concentration at the center that is 99% of the maximum possible (saturated)
concentration? The air is dry when it enters the water.
14.41 Steel is carburized in a high-temperature process that
depends on the transfer of carbon by diffusion. The
value of the diffusion coefficient is strongly temperature dependent and may be approximated as DC S
(m2/s) 2  105 exp [17,000/T (K)]. If the process
is effected at 1000°C and a carbon mole fraction of
0.02 is maintained at the surface of the steel, how
much time is required to elevate the carbon content of
the steel from an initial value of 0.1% to a value of
1.0% at a depth of 1 mm?
14.42 A thick plate of pure iron at 1000°C is subjected to a
carburization process in which the surface of the plate
is suddenly exposed to a gas that induces a carbon
concentration CC,s at one surface. The average diffusion coefficient for carbon and iron at this temperature
is DCFe  3  1011 m2/s. Use the correspondence
between heat and mass transfer variables in addressing
the following questions.
(a) Consider the heat transfer analog to the carburization problem. Sketch the mass and heat transfer
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systems. Show and explain the correspondence
between variables. Provide the analytical solutions
to the heat and mass transfer problems.
(b) Determine the carbon concentration ratio,
CC (x, t)/CC,s, at a depth of 10 mm after 1 hour of
carburization.
(c) From the analogy, show that the time dependence
of the mass flux of carbon into the plate may be
expressed as nC  C, s(DCFe /t)1/2. Also, obtain
an expression for the mass of carbon per unit area
entering the iron plate over the time period t.
(d) Consider conditions for which the plate has a uniform carbon concentration of CC,o and the surface
concentration is suddenly reduced to a smaller
value, CC,s. Write an expression for the subsequent
variation of the concentration with distance and
time, CC(x, t).
14.43 A solar pond operates on the principle that heat losses
from a shallow layer of water, which acts as a solar
absorber, may be minimized by establishing a stable
vertical salinity gradient in the water. In practice such a
condition may be achieved by applying a layer of pure
salt to the bottom and adding an overlying layer of pure
water. The salt enters into solution at the bottom and
is transferred through the water layer by diffusion,
thereby establishing salt-stratified conditions.

L

14.44 If an amount of energy Qo (J/m2) is released instantaneously, as, for example, from a pulsed laser, and it is
absorbed by the surface of a semi-infinite medium, with
no attendant losses to the surroundings, the subsequent
temperature distribution in the medium is
T(x, t)  Ti 

Salt

exp(x 2/4t)

where Ti is the initial, uniform temperature of the
medium. Consider an analogous mass transfer process
involving deposition of a thin layer of phosphorous
(P) on a silicon (Si) wafer at room temperature. If the
wafer is placed in a furnace, the diffusion of P into Si
is significantly enhanced by the high-temperature
environment.
T(x,0) = Ti
ρ , c, k

T(x,t)

Limit q"o•∆t = Q"o
(∆t → 0)

t
Ti

x

x

A Si wafer with 1-m-thick P film is suddenly placed
in a furnace at 1000C, and the resulting distribution
of P is characterized by an expression of the form
CP(x, t) 

Water
(Quiescent)

Qo
c(t)1/2


MP,o
(DPSi t)1/2

exp(x 2/4DPSi t)

 is the molar area density (kmol/m2) of P
where MP,o
associated with the film of concentration CP and thickness do.

As a first approximation, the total mass density  and
the diffusion coefficient for salt in water (DAB) may be
assumed to be constant, with DAB  1.2  109 m2/s.

(a) Explain the correspondence between variables
in the analogous temperature and concentration
distributions.

(a) If a saturated density of A,s is maintained for salt
in solution at the bottom of the water layer of
thickness L  1 m, how long will it take for the
mass density of salt at the top of the layer to reach
25% of saturation?

(b) Determine the mole fraction of P at a depth of 0.1
m in the Si after 30 s. The diffusion coefficient
is DPSi  1.2  1017 m2/s. The mass densities of
P and Si are 2000 and 2300 kg/m3, respectively,
and their molecular weights are 30.97 and 28.09
kg/kmol.

(b) In the time required to achieve 25% of saturation
at the top of the layer, how much salt is transferred from the bottom into the water per unit surface area (kg/m2)? The saturation density of salt
in solution is A,s  380 kg/m3.
(c) If the bottom is depleted of salt at the time that the
salt density reaches 25% of saturation at the top,
what is the final (steady-state) density of the salt at
the bottom? What is the final density of the salt at
the top?

Transient Diffusion: Advanced
14.45 The presence of CO2 in solution is essential to the
growth of aquatic plant life, with CO2 used as a reactant
in the photosynthesis. Consider a stagnant body of water
in which the concentration of CO2 (A) is everywhere
zero. At time t  0, the water is exposed to a source of
CO2, which maintains the surface (x  0) concentration
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at a fixed value A,0. For time t 0, CO2 will begin to
accumulate in the water, but the accumulation is inhibited by CO2 consumption due to photosynthesis. The
time rate at which this consumption occurs per unit volume is equal to the product of a reaction rate constant k1
and the local CO2 concentration A(x, t).
(a) Write (do not derive) a differential equation that
could be used to determine A(x, t) in the water.
What does each term in the equation represent
physically?
(b) Write appropriate boundary conditions that could
be used to obtain a particular solution, assuming a
“deep” body of water. What would be the form of
this solution for the special case of negligible CO2
consumption (k1 0)?
14.46 Hydrogen gas is used in a process to manufacture a
sheet material of 6-mm thickness. At the end of the
process, H2 remains in solution in the material with a
uniform concentration of 320 kmol/m3. To remove H2
from the material, both surfaces of the sheet are
exposed to an air stream at 500 K and a total pressure
of 3 atm. Due to contamination, the hydrogen partial
pressure is 0.1 atm in the air stream, which provides a
convection mass transfer coefficient of 1.5 m/h. The
mass diffusivity and solubility of hydrogen (A) in
the sheet material (B) are DAB  2.6  108 m2/s and
SAB  160 kmol/m3atm, respectively.
Air + H2(A)

T∞ = 555 K
p = 3 atm
pA,∞ = 0.1 atm

L = 3 mm
x

Material (B)
CA(x,0) = CA,0 = 320 kmol/m3
DAB = 2.6 × 10–8 m2/s
SAB = 160 kmol/m3•atm

hm = 1.5 m/h

(a) If the sheet material is left exposed to the air
stream for a long time, determine the final content
of hydrogen in the material (kg/m3).
(b) Identify and evaluate the parameter that can be
used to determine whether the transient mass diffusion process in the sheet can be assumed to be
characterized by a uniform concentration at any
time during the process. Hint: This situation is
analogous to that used to determine the validity of
the lumped-capacitance method for a transient heat
transfer analysis.
(c) Determine the time required to reduce the hydrogen mass density at the center of the sheet to twice
the limiting value calculated in part (a).

14.47 Consider the hydrogen-removal process described in
Problem 14.46, but under conditions for which the
mass diffusivity of the hydrogen gas (A) in the sheet
material (B) is DAB  1.8  1011 m2/s (instead of
2.6  108 m2/s). With the smaller value of DAB, a uniform concentration may no longer be assumed to exist
in the material during the removal process.
(a) If the sheet material is left exposed to the air
stream for a very long time, what is the final content of hydrogen in the material (kg/m3)?
(b) Identify and evaluate the parameters that describe
the transient mass diffusion process in the sheet.
Hint: The situation is analogous to that of transient heat conduction in a plane wall.
(c) Determine the time required to reduce the hydrogen mass density at the center of the sheet to twice
the limiting value calculated in part (a).
(d) Assuming a uniform concentration at any time
during the removal process, calculate the time
required to reach twice the limiting density calculated in part (a). Compare the result with that
obtained from part (c), and explain the differences.
14.48 A 1-mm-thick square (100 mm  100 mm) sheet of
polymer is suspended from a precision scale in a
chamber characterized by a temperature and relative
humidity of T  300 K and   0, respectively. Suddenly, at time t  0, the chamber’s relative humidity is
raised to   0.95. The measured mass of the sheet
increases by 0.012 mg over 24 hours and by 0.016 mg
over 48 hours. Determine the solubility and mass diffusivity of water vapor in the polymer. Preliminary
experiments have indicated that the mass diffusivity is
greater than 7  1013 m2/s.
14.49 Consider a DVD similar to that of Problem 5.86.
To protect sensitive information within the storage
medium, a very thin film of reactive polymer is embedded within the polycarbonate at a distance d  0.5 mm
from the surface. The thin film can undergo a chemical
reaction with oxygen during which it is converted from
a transparent material to an opaque material, rendering
the information unreadable. The chemical reaction
begins when the oxygen concentration at the reactive
polymer reaches Ccrit  5  105 kmol/m3. The DVD
is shipped in an oxygen-proof pouch; determine the
elapsed time after removal from the pouch before the
DVD self-destructs. The solubility and diffusivity of
oxygen in polycarbonate are S  8.9  103 kmol/m3 
bar and DAB  6.5  1012 m2/s, respectively.
14.50 Consider the DVD of Problem 14.49, except now the
reacting polymer is blended uniformly with the
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polycarbonate to reduce manufacturing costs. Assume
that a first-order homogeneous chemical reaction takes
place between the polymer and oxygen; the reaction
rate is proportional to the oxygen molar concentration.
(a) Write the governing equation, boundary conditions, and initial condition for the oxygen molar
concentration after the DVD is removed from the
oxygen-proof pouch, for a DVD of thickness 2L.
Do not solve.
(b) The DVD will gradually become more opaque
over time as the reaction proceeds. The ability to
read the DVD will depend on how well the laser
light can penetrate through the thickness of the
DVD. Therefore, it is important to know the
volume-averaged molar concentration of product,
Cprod, as a function of time. Write an expression
for Cprod in terms of the oxygen molar concentration, assuming that every mole of oxygen that
reacts with the polymer results in p moles of
product.
14.51 A vitreous silica optical fiber of diameter 100 m is used
to send optical signals from a sensor placed deep inside a
hydrogen chamber. The hydrogen is at a pressure of 20
bars. The mass diffusivity and solubility of the hydrogen
in the glass fiber are DAB  2.88  1015 m2/s and S 
4.15  103 kmol/m3  bar, respectively. Hydrogen diffusion into the fiber is undesirable, since it changes the
spectral transmissivity and refractive index of the glass
and can lead to failure of the detection system.
(a) Determine the average hydrogen concentration in
an uncoated optical fiber, C, after 100 hours of
operation in the hydrogen environment. Determine the corresponding change in the refractive
index, n, of the fiber. For vitreous silica,
n  (1.6  103 m3/kmol)  C.
(b) Determine the average hydrogen concentration and
change in refractive index after 1 hour and 10 hours
of operation in the hydrogen environment.
14.52 The surface of glass quickly develops very small
microcracks when exposed to high humidity. Although

925
microcracks can be safely ignored in most applications,
they can significantly decrease the mechanical strength
of very small glass structures such as optical fibers.
Consider a glass optical fiber of diameter Di  125 m
that is coated with an acrylate polymer to form a coated
fiber of outer diameter Do  250 m. A telecommunications engineer insists that the optical fiber be stored
in a low-humidity environment prior to installation so
that it is sufficiently strong to withstand rough treatment by technicians in the field. If installation of a roll
of fiber requires several hot and humid days to complete, will careful storage beforehand prevent microcracking? The mass diffusivity of water vapor in the
acrylate is DAB  5.5  1013 m2/s while the glass can
be considered impermeable.
14.53 A person applies an insect repellent onto an exposed
area of A  0.5 m2 of their body. The mass of spray
used is M  10 grams, and the spray contains 25%
(by mass) active ingredient. The inactive ingredient
quickly evaporates from the skin surface.
(a) If the spray is applied uniformly and the density of
the dried active ingredient is   2000 kg/m3,
determine the initial thickness of the film of active
ingredient on the skin surface. The temperature,
molecular weight, and saturation pressure of the
active ingredient are 32 C, 152 kg/kmol, and
1.2  105 bars, respectively.
(b) If the convective mass transfer coefficient associated with sublimation of the active ingredient to
the air is hm  5  103 m/s, the partition coefficient associated with the ingredient–skin interface
is K  0.05, and the mass diffusivity of the active
ingredient in the skin is DAB  1  1013 m2/s,
determine how long the insect repellent remains
effective. The partition coefficient is the ratio of
the ingredient density in the skin to the ingredient
density outside the skin.
(c) If the spray is reformulated so that the partition
coefficient becomes very small, how long does the
insect repellent remain effective?
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Thermophysical
Properties of Matter

1

Table
A.1
A.2
A.3

A.4
A.5

A.6
A.7
A.8
A.9
A.10
1

Page
Thermophysical Properties of Selected Metallic Solids
Thermophysical Properties of Selected Nonmetallic Solids
Thermophysical Properties of Common Materials
Structural Building Materials
Insulating Materials and Systems
Industrial Insulation
Other Materials
Thermophysical Properties of Gases at Atmospheric Pressure
Thermophysical Properties of Saturated Fluids
Saturated Liquids
Saturated Liquid–Vapor, 1 atm
Thermophysical Properties of Saturated Water
Thermophysical Properties of Liquid Metals
Binary Diffusion Coefficients at One Atmosphere
Henry’s Constant for Selected Gases in Water at Moderate
Pressure
The Solubility of Selected Gases and Solids

929
933
935
935
936
937
939
941
946
946
948
949
951
952
953
953

The convention used to present numerical values of the properties is illustrated by this example:
T
(K)

  107
(m2/s)

k  103
(W/m  K)

300

0.349

521

where  = 0.349  107 m2/s and k  521  103  0.521 W/m  K at 300 K.
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Total, Normal (n) or Hemispherical (h) Emissivity of
Selected Surfaces
Metallic Solids and Their Oxides
Nonmetallic Substances
Solar Radiative Properties for Selected Materials
References

954
954
955
956
957

8920
5360

1493
1211

8933

8530

1358

Copper
Pure

8862

1188

1769

Cobalt

7160

8780

2118

Chromium

8650

1104

594

Cadmium

2500

8800

2573

Boron

9780

322

384

380

355

420

385

421

449

231

1107

122

59.9

23

110

54

52

401

99.2

93.7

96.8

27.0

7.86

200

168

177

237

k
(W/m  K)
302
482
65
473

100
237
798
163
787

200
240
949
186
925

400
231
1033
186
1042

600
218
1146

800

1000

k (W/m  K) /cp (J/kg  K)
1200

1500

2000

34.7

6.71

33.9

17

14

117

17
237
232
190

75

482
252

413
356
42
785
41
—
95
360
19
362
96.8
290

43.2
337

393
397
52
460
65
—
137
395

27.3
348

379
417
59
545
74
—
149
425

19.8
357

366
433

17.4
375

352
451

17.4
395

339
480

174
185
—
—
59.2 990
301
161
126
106
90.8
78.7
203
1114
2191
2604
2823
3018
3227
3519
6.59 16.5
9.69
7.04
112
120
127
9.76 190
55.5
16.8
10.6
9.60
9.85
128
600
1463
1892
2160
2338
48.4 203
99.3
94.7
198
222
242
29.1 159
111
90.9
80.7
71.3
65.4
61.9
57.2 49.4
192
384
484
542
581
616
682
779
937
26.6 167
122
85.4
67.4
58.2
52.1
49.3
42.5
236
379
450
503
550
628
733
674

68.2

73.0

97.1

  10
(m2/s)
6

2500



1293

545

Bismuth

1825

883

2790
1850

875

903

cp
(J/kg  K)

2770

2702


(kg/m3)

Properties at 300 K

Properties at Various Temperatures (K)

Appendix A

Commercial bronze
(90% Cu, 10% Al)
Phosphor gear bronze
(89% Cu, 11% Sn)
Cartridge brass
(70% Cu, 30% Zn)
Constantan
(55% Cu, 45% Ni)
Germanium

1550

775

933

Melting
Point
(K)

Thermophysical Properties of Selected Metallic Solidsa

Alloy 2024-T6
(4.5% Cu, 1.5% Mg,
0.6% Mn)
Alloy 195, Cast
(4.5% Cu)
Beryllium

Aluminum
Pure

Composition

TABLE A.1
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929

2720

1810

Iridium

Iron
Pure

Carbon–silicon
(Mn  1%,
0.1%  Si  0.6%)
Carbon–manganese–
silicon
(1%  Mn  1.65%,
0.1%  Si  0.6%)
Chromium (low) steels
 Cr– Mo–Si
(0.18% C, 0.65% Cr,
0.23% Mo, 0.6% Si)
1 Cr– Mo
(0.16% C, 1% Cr,
0.54% Mo, 0.39% Si)
1 Cr–V
(0.2% C, 1.02% Cr,
0.15% V)

446
434

444
442
443

8131

7822
7858
7836

434

7832
7817

434

7854

48.9

42.3

37.7

41.0

51.9

63.9

60.5

72.7

80.2

147

317

k
(W/m  K)

14.1

12.2

10.9

11.6

14.9

18.8

17.7

20.7

23.1

50.3

127

  106
(m2/s)

95.6
215

134
216

327
109
172
90

100

80.6
384

94.0
384

323
124
153
122

200

46.8
492

42.0
492

38.2
492

42.2
487

58.7
487
49.8
501

56.7
487

65.7
490

69.5
490

311
131
144
133

400

42.1
575

39.1
575

36.7
575

39.7
559

48.8
559
44.0
582

48.0
559

53.1
574

54.7
574

298
135
138
138

600

36.3
688

34.5
688

33.3
688

35.0
685

39.2
685
37.4
699

39.2
685

42.2
680

43.3
680

284
140
132
144

800

28.2
969

27.4
969

26.9
969

27.6
1090

31.3
1168
29.3
971

30.0
1169

32.3
975

32.8
975

270
145
126
153

1000

28.7
609

28.3
609

255
155
120
161

1200

31.4
654

32.1
654

111
172

1500

2000

2500



Carbon steels
Plain carbon
(Mn  1%,
Si  0.1%)
AISI 1010

447

447

130

129

cp
(J/kg  K)

k (W/m  K)/cp (J/kg  K)

Appendix A

7870

7870

22500

19300


(kg/m3)

Properties at 300 K

Properties at Various Temperatures (K)

930

Armco
(99.75% pure)

1336

Melting
Point
(K)

Continued

Gold

Composition

TABLE A.1
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8570

2741
1827

2045

Palladium

Platinum
Pure

21100

3453
2236
1685
1235
3269
2023
505

Rhodium

Silicon

Silver

Tantalum

Thorium

Tin

7310

227

118

140

235

712

243

136

162

133

244

265

439

420

444

251

1024

66.6

54.0

57.5

429

148

150

47.9

47

71.6

71.8

53.7

11.7

12

90.7

138

156

35.3

40.1

39.1

24.7

174

89.2

49.6

16.7

17.4

25.1

24.5

23.6

3.1

3.4

23.0

53.7

87.6

24.1

3.71

3.48

3.95

3.91

58.9
97
186
147
884
259
444
187
59.2
110
59.8
99
85.2
188

77.5
100

55.2
188
76.5
168

8.7
—

164
232

39.7
118
169
649
179
141

9.2
272

51.0
127
154
220
264
556
430
225
57.5
133
54.6
112
73.3
215

72.6
125

52.6
249
71.6
227

10.3
372

107
383

36.7
125
159
934
143
224

12.6
402

71.8
136
52
—
46.1
139
146
253
98.9
790
425
239
57.8
144
54.5
124
62.2
243

55.2
274
73.6
251

80.2
485
14
480
13.5
473

17.3
512
16.6
515
15.2
504
15.8
513
34.0
132
153
1074
134
261

73.2
141
59
—
44.2
145
136
274
61.9
867
412
250
58.6
146
55.8
134

58.2
283
79.7
261

65.6
592
16
525
17.0
510

75.6
146
65
—
44.1
151
127
293
42.2
913
396
262
59.4
149
56.9
145

61.3
292
86.9
271

67.6
530
21
545
20.5
546

20.0
22.8
559
585
19.8
22.6
557
582
18.3
21.3
550
576
18.9
21.9
559
585
31.4
142
149
146
1170
1267
126
118
275
285

78.7
152
69
—
44.6
156
121
311
31.2
946
379
277
60.2
152
56.9
156

64.4
301
94.2
281

24.0
626

71.8
562

112
295

25.4
606
25.4
611
24.2
602
24.7
606

82.6
157
73
—
45.7
162
116
327
25.7
967
361
292
61.0
155
58.7
167

67.5
310
102
291

27.6
—

76.2
594

105
308

28.0
640

90
380

51.9
186
112
376

99.4
179

86
459

62.2 64.1 65.6
160
172 189

89.5
165
76
—
47.8
171
110
349
22.7
992

72.1 79.1
324
347
110
307

33.0
—

82.6
616

98
330

31.7
682

Thermophysical Properties of Matter

11700

16600

10500

2330

12450

16630

1800

Alloy 60Pt–40Rh
(60% Pt, 40% Rh)
Rhenium

21450

12020

8510

8900

1665

1728

Nickel
Pure

10240

8400

2894

Molybdenum

1740

129

14.2

13.4

14.9

15.1



1672

923

Magnesium

11340

480

468

477

480

Appendix A

Nichrome
(80% Ni, 20% Cr)
Inconel X-750
(73% Ni, 15% Cr,
6.7% Fe)
Niobium

601

7978

AISI 347

Lead

8238

AISI 316

7900

AISI 304

1670

8055

Stainless steels
AISI 302
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3660
1406
2192
693
2125

Tungsten

Uranium

Vanadium

Zinc

Zirconium

Adapted from References 1–7.

6570

278

22.7

116

30.7

27.6

12.4

41.8

10.3

12.5

68.3

9.32

  106
(m2/s)
30.5
300
208
87
21.7
94
35.8
258
117
297
33.2
205

100
24.5
465
186
122
25.1
108
31.3
430
118
367
25.2
264

200
20.4
551
159
137
29.6
125
31.3
515
111
402
21.6
300

400
19.4
591
137
142
34.0
146
33.3
540
103
436
20.7
322

600

21.6
342

19.7
633
125
145
38.8
176
35.7
563

800

23.7
362

20.7
675
118
148
43.9
180
38.2
597

1000

26.0
344

22.0
620
113
152
49.0
161
40.8
645

1200

2000

28.8 33.0
344
344

44.6 50.9
714
867

24.5
686
107
100
157
167

1500

95
176

2500



389

489

116

174

21.9

k
(W/m  K)

k (W/m  K) /cp (J/kg  K)

Appendix A

7140

6100

19070

132

522

4500
19300

cp
(J/kg  K)


(kg/m3)

Properties at 300 K

Properties at Various Temperatures (K)

932

a

1953

Melting
Point
(K)

Continued

Titanium

Composition

TABLE A.1
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3000

2080

1950

2725
2573
590

1500

Boron

Boron fiber epoxy
(30% vol) composite
k,  to fibers
k,  to fibers
cp
Carbon
Amorphous
3500
2210

1400

2600

—
2273

450

1623

935
808

709

509

3.98

0.87

11.1

1950
5.70

2300

1.60

2.29
0.59

27.6

272

36.0

46

0.67
—

2.10
0.37
364

190
—

450
—
133
—

0.46
337
5.25
—

5.7

4970
16.8
136

10,000
21

1.89

—

—

9.99

88.0

11.9

15.1

100
32.4
940
26.4
940
196
1350
18.7
1490

400

1540
853

1.89
—

2.19
—

18.9
1110
15.8
1110
111
1690
11.3
1880

600

2.37
—

13.0
1180
10.4
1180
70
1865
8.1
2135

800

1200

1500

2000

2.53
—

2.84
—

3.48
—

10.5
1225
7.85
6.55
5.66
6.00
1225
—
—
—
47
33
21.5
15
1975
2055
2145
2750
6.3
5.2
2350
2555

1000

13.0
0.68
1.1
642
1216
4.78
3.64
3.28
3.08
2.96
2.87
2.79
—
908
1038
1122
1197
1264
1498

8.7

3230
1390
892
667
534
448
357
262
9.23
4.09
2.68
2.01
1.60
1.34
1.08
0.81
411
992
1406
1650
1793
1890
1974
2043

4000
194

1.18
—

2.23
2.28
0.49
0.60
757
1431

52.5
—

82
—
55
—

200

k (W/m  K)/cp (J/kg  K)
2500



—

1122

1105

1030

765

765

  10
(m2/s)
6

Properties at Various Temperatures (K)

Appendix A

Diamond,
type IIa
insulator
Graphite, pyrolytic
k,  to layers
k,  to layers
cp
Graphite fiber
epoxy (25% vol)
composite
k, heat flow
 to fibers
k, heat flow
 to fibers
cp
Pyroceram,
Corning 9606

3970

2323

2500

3970

2323

Properties at 300 K
Melting
Point

cp
k
(K)
(kg/m3) (J/kg  K) (W/m  K)

Thermophysical Properties of Selected Nonmetallic Solidsa

Aluminum oxide,
sapphire
Aluminum oxide,
polycrystalline
Beryllium oxide

Composition

TABLE A.2
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933

4157

9110

Adapted from References 1, 2, 3, and 6.

2133

Titanium dioxide,
polycrystalline

a

3573

Thorium dioxide
710

235

708

691

8.4

13

0.206

16.0

1.38

39
20.8
—
0.69
—

16.4
9.5
—
1.14
—

—
1050

600
—
1135

800
87
1195

1000
58
1243

1200

6.6
274
5.02
880

11.3
937

30
1310

1500

2000

4.7
285
3.94
910

3.68
295
3.46
930

3.12
303
3.28
945

2.73
315

2.5
330

9.88
8.76
8.00
7.16
6.20
1063
1155
1226
1306
1377

7.6
5.0
4.2
4.70
3.4
3.1
885
1075
1250
1.51
1.75
2.17
2.87
4.00
905
1040
1105
1155
1195

—
880

400

—
—
13.9
—
578
778
0.141
0.165
0.185
403
606
6.1
10.2
255
2.8
7.01
805

9.65

0.834

230

200

2500



2070

2400

2173

745
745

10.4
6.21

490

100

Appendix A

392

2220

1883

675

  106
(m2/s)

k (W/m  K) /cp (J/kg  K)

Properties at Various Temperatures (K)

934

Sulfur

2650

1883

Silicon dioxide,
crystalline
(quartz)
k,  to c axis
k,  to c axis
cp
Silicon dioxide,
polycrystalline
(fused silica)
Silicon nitride

3160

3100

Properties at 300 K
Melting
k
Point

cp
(K)
(kg/m3) (J/kg  K) (W/m  K)

Continued

Silicon carbide

Composition

TABLE A.2
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Thermophysical Properties of Common Materialsa

Structural Building Materials
Typical Properties at 300 K

Description/Composition
Building Boards
Asbestos–cement board
Gypsum or plaster board
Plywood
Sheathing, regular density
Acoustic tile
Hardboard, siding
Hardboard, high density
Particle board, low density
Particle board, high density
Woods
Hardwoods (oak, maple)
Softwoods (fir, pine)
Masonry Materials
Cement mortar
Brick, common
Brick, face
Clay tile, hollow
1 cell deep, 10 cm thick
3 cells deep, 30 cm thick
Concrete block, 3 oval cores
Sand/gravel, 20 cm thick
Cinder aggregate, 20 cm thick
Concrete block, rectangular core
2 cores, 20 cm thick, 16 kg
Same with filled cores
Plastering Materials
Cement plaster, sand aggregate
Gypsum plaster, sand aggregate
Gypsum plaster, vermiculite
aggregate

Density,

(kg/m3)

Thermal
Conductivity, k
(W/m  K)

Specific
Heat, cp
(J/kg  K)

1920
800
545
290
290
640
1010
590
1000

0.58
0.17
0.12
0.055
0.058
0.094
0.15
0.078
0.170

—
—
1215
1300
1340
1170
1380
1300
1300

720
510

0.16
0.12

1255
1380

1860
1920
2083

0.72
0.72
1.3

780
835
—

—
—

0.52
0.69

—
—

—
—

1.0
0.67

—
—

—
—

1.1
0.60

—
—

1860
1680
720

0.72
0.22
0.25

—
1085
—
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Continued

Insulating Materials and Systems
Typical Properties at 300 K

Description/Composition
Blanket and Batt
Glass fiber, paper faced
Glass fiber, coated; duct liner
Board and Slab
Cellular glass
Glass fiber, organic bonded
Polystyrene, expanded
Extruded (R-12)
Molded beads
Mineral fiberboard; roofing
material
Wood, shredded/cemented
Cork
Loose Fill
Cork, granulated
Diatomaceous silica, coarse
Powder
Diatomaceous silica, fine powder
Glass fiber, poured or blown
Vermiculite, flakes
Formed/Foamed-in-Place
Mineral wool granules with
asbestos/inorganic binders,
sprayed
Polyvinyl acetate cork mastic;
sprayed or troweled
Urethane, two-part mixture;
rigid foam
Reflective
Aluminum foil separating fluffy
glass mats; 10–12 layers, evacuated;
for cryogenic applications (150 K)
Aluminum foil and glass paper
laminate; 75–150 layers; evacuated;
for cryogenic application (150 K)
Typical silica powder, evacuated

Density,

(kg/m3)

Thermal
Conductivity, k
(W/m  K)

Specific
Heat, cp
(J/kg  K)

16
28
40
32

0.046
0.038
0.035
0.038

—
—
—
835

145
105

0.058
0.036

1000
795

55
16
265

0.027
0.040
0.049

1210
1210
—

350
120

0.087
0.039

1590
1800

160
350
400
200
275
16
80
160

0.045
0.069
0.091
0.052
0.061
0.043
0.068
0.063

—
—
—
—
—
835
835
1000

190

0.046

—

—

0.100

—

70

0.026

1045

40

0.00016

—

120

0.000017

—

160

0.0017

—

Felt, semirigid;
organic bonded
Felt, laminated;
no binder
Blocks, Boards, and
Pipe Insulations
Asbestos paper,
laminated and
corrugated
4-ply
6-ply
8-ply
Magnesia, 85%
Calcium silicate

48
64
96
128
50–125
50
120

190
255
300
185
190

480
730
920

420
420
420
590
920

0.027

0.035
0.033
0.030
0.029
0.027

240

12
16
24
32
48

0.026

230

0.036

0.025

215

96–192
40–96
10

0.023

200

0.029

0.036
0.035
0.032
0.030
0.029

0.038

255

0.035
0.030

0.039
0.036
0.033
0.032
0.030

0.040

270

0.036
0.032

0.042
0.039
0.036
0.033
0.032

0.043

285

0.078
0.071
0.068

0.038
0.033

0.046
0.042
0.039
0.036
0.033

0.048

300

0.082
0.074
0.071
0.051
0.055

0.039
0.035

0.049
0.046
0.040
0.038
0.035

0.038
0.035
0.052

310

0.098
0.085
0.082
0.055
0.059

0.051
0.051

0.069
0.062
0.053
0.048
0.045

0.046
0.045
0.076

365

0.061
0.063

0.051

0.063
0.079

0.056
0.058

420

0.075

0.065

0.071
0.059
0.052
0.049

0.078
0.088

530

Typical Thermal Conductivity, k (W/m  K), at Various Temperatures (K)

0.089

0.087

0.105
0.087
0.076
0.068

645

0.104

0.150
0.125
0.100
0.091

750



1530

920
815
450

Typical
Density
(kg/m3)

Appendix A

Blanket, alumina–
silica fiber

Blankets
Blanket, mineral fiber,
metal reinforced
Blanket, mineral fiber,
glass; fine fiber,
organic bonded

Description/
Composition

Maximum
Service
Temperature (K)

Continued

Industrial Insulation

TABLE A.3
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937

Continued

Cellular glass
Diatomaceous
silica
Polystyrene, rigid
Extruded (R-12)
Extruded (R-12)
Molded beads
Rubber, rigid
foamed
Insulating Cement
Mineral fiber
(rock, slag or glass)
With clay binder
With hydraulic
setting binder
Loose Fill
Cellulose, wood
or paper pulp
Perlite, expanded
Vermiculite,
expanded

Description/
Composition
145
345
385
56
35
16
70

430
560

45
105
122
80

350
350
350
340

1255
922

—
—
—

Typical
Density
(kg/m3)

700
1145
1310

Maximum
Service
Temperature (K)

Industrial Insulation (Continued)

TABLE A.3

0.039

0.023
0.023
0.029

215

0.061
0.055

0.046

0.023
0.025
0.035

0.051

255

0.063
0.058

0.049

0.029

0.025
0.026
0.036

0.052

270

0.065
0.061

0.038
0.051

0.030

0.026
0.027
0.038

0.055

285

0.068
0.063

0.039
0.053

0.032

0.027
0.029
0.040

0.058

300

0.071
0.066

0.042
0.056

0.108

0.071

0.033

0.029

0.062

310

0.115

0.079

0.069

365

0.123

0.088

0.079

420

0.137

0.105

0.092
0.101

530

0.123

0.098
0.100

645

0.104
0.115

750



0.058
0.051

0.043

0.023
0.025
0.033

0.048

240

Appendix A

0.056
0.049

0.042

0.022
0.023
0.030

0.046

230

938

0.036

0.023
0.023
0.026

200

Typical Thermal Conductivity, k (W/m  K), at Various Temperatures (K)
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Continued

Other Materials
Description/
Composition
Asphalt
Bakelite
Brick, refractory
Carborundum
Chrome brick
Diatomaceous
silica, fired
Fire clay, burnt 1600 K
Fire clay, burnt 1725 K
Fire clay brick
Magnesite

Clay
Coal, anthracite
Concrete (stone mix)
Cotton
Foodstuffs
Banana (75.7%
water content)
Apple, red (75%
water content)
Cake, batter
Cake, fully baked
Chicken meat, white
(74.4% water content)

Glass
Plate (soda lime)
Pyrex

Temperature
(K)

Density,

(kg/m3)

Thermal
Conductivity, k
(W/m  K)

Specific
Heat, cp
(J/kg  K)

300
300

2115
1300

0.062
1.4

920
1465

872
1672
473
823
1173
478
1145
773
1073
1373
773
1073
1373
478
922
1478
478
922
1478
300
300
300
300

—
—
3010
—
—
2050
—
—
2325
2645
—
—
1460
1350
2300
80

18.5
11.0
2.3
2.5
2.0
0.25
0.30
1.0
1.1
1.1
1.3
1.4
1.4
1.0
1.5
1.8
3.8
2.8
1.9
1.3
0.26
1.4
0.06

—
—
835
—
960
960
960
1130

880
1260
880
1300

300

980

0.481

3350

300
300
300
198
233
253
263
273
283
293

840
720
280
—
—

0.513
0.223
0.121
1.60
1.49
1.35
1.20
0.476
0.480
0.489

3600
—
—
—

300
300

2500
2225

1.4
1.4

750
835

bapp01.qxd 3/6/06 10:07 AM Page 940

940

Appendix A



TABLE A.3

Thermophysical Properties of Matter

Continued

Other Materials (Continued)
Description/
Composition

Temperature
(K)

Density,

(kg/m3)

Thermal
Conductivity, k
(W/m  K)

Specific
Heat, cp
(J/kg  K)

273
253
300
300
300

920
—
998
930
900

1.88
2.03
0.159
0.180
0.240

2040
1945
—
1340
2890

300
300
300
300
300

2630
2320
2680
2640
2150

2.79
2.15
2.80
5.38
2.90

775
810
830
1105
745

300
300
300
300
273

1100
1190
1515
2050
110
500
2200

0.13
0.16
0.27
0.52
0.049
0.190
0.35
0.45

2010
—
800
1840
—
—
—
—

Ice
Leather (sole)
Paper
Paraffin
Rock
Granite, Barre
Limestone, Salem
Marble, Halston
Quartzite, Sioux
Sandstone, Berea
Rubber, vulcanized
Soft
Hard
Sand
Soil
Snow
Teflon
Tissue, human
Skin
Fat layer (adipose)
Muscle
Wood, cross grain
Balsa
Cypress
Fir
Oak
Yellow pine
White pine
Wood, radial
Oak
Fir
a

Adapted from References 1 and 8–13.

300
400
300
300
300

—
—
—

0.37
0.2
0.5

—
—
—

300
300
300
300
300
300

140
465
415
545
640
435

0.055
0.097
0.11
0.17
0.15
0.11

—
—
2720
2385
2805
—

300
300

545
420

0.19
0.14

2385
2720
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TABLE A.4 Thermophysical Properties
of Gases at Atmospheric Pressurea
T
(K)


(kg/m3)

cp
(kJ/kg  K)

  107
(N  s/m2)

  106
(m2/s)

k  103
(W/m  K)

Air
100
150
200
250
300

3.5562
2.3364
1.7458
1.3947
1.1614

1.032
1.012
1.007
1.006
1.007

71.1
103.4
132.5
159.6
184.6

2.00
4.426
7.590
11.44
15.89

9.34
13.8
18.1
22.3
26.3

2.54
5.84
10.3
15.9
22.5

0.786
0.758
0.737
0.720
0.707

350
400
450
500
550

0.9950
0.8711
0.7740
0.6964
0.6329

1.009
1.014
1.021
1.030
1.040

208.2
230.1
250.7
270.1
288.4

20.92
26.41
32.39
38.79
45.57

30.0
33.8
37.3
40.7
43.9

29.9
38.3
47.2
56.7
66.7

0.700
0.690
0.686
0.684
0.683

600
650
700
750
800

0.5804
0.5356
0.4975
0.4643
0.4354

1.051
1.063
1.075
1.087
1.099

305.8
322.5
338.8
354.6
369.8

52.69
60.21
68.10
76.37
84.93

46.9
49.7
52.4
54.9
57.3

76.9
87.3
98.0
109
120

0.685
0.690
0.695
0.702
0.709

850
900
950
1000
1100

0.4097
0.3868
0.3666
0.3482
0.3166

1.110
1.121
1.131
1.141
1.159

384.3
398.1
411.3
424.4
449.0

93.80
102.9
112.2
121.9
141.8

59.6
62.0
64.3
66.7
71.5

131
143
155
168
195

0.716
0.720
0.723
0.726
0.728

1200
1300
1400
1500
1600

0.2902
0.2679
0.2488
0.2322
0.2177

1.175
1.189
1.207
1.230
1.248

473.0
496.0
530
557
584

162.9
185.1
213
240
268

76.3
82
91
100
106

224
238
303
350
390

0.728
0.719
0.703
0.685
0.688

1700
1800
1900
2000
2100

0.2049
0.1935
0.1833
0.1741
0.1658

1.267
1.286
1.307
1.337
1.372

611
637
663
689
715

298
329
362
396
431

113
120
128
137
147

435
482
534
589
646

0.685
0.683
0.677
0.672
0.667

2200
2300
2400
2500
3000

0.1582
0.1513
0.1448
0.1389
0.1135

1.417
1.478
1.558
1.665
2.726

740
766
792
818
955

468
506
547
589
841

160
175
196
222
486

714
783
869
960
1570

0.655
0.647
0.630
0.613
0.536

2.158
2.170
2.192
2.221
2.254

101.5
109
116.5
124
131

Ammonia (NH3)
300
0.6894
320
0.6448
340
0.6059
360
0.5716
380
0.5410

14.7
16.9
19.2
21.7
24.2

24.7
27.2
29.3
31.6
34.0

  106
(m2/s)

16.6
19.4
22.1
24.9
27.9

Pr

0.887
0.870
0.872
0.872
0.869
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TABLE A.4
T
(K)


(kg/m3)

Continued
cp
(kJ/kg  K)

Ammonia (NH3) (continued)
0.5136
2.287
400
420
0.4888
2.322
440
0.4664
2.357
460
0.4460
2.393
480
0.4273
2.430
500
520
540
560
580

0.4101
0.3942
0.3795
0.3708
0.3533

2.467
2.504
2.540
2.577
2.613

Carbon Dioxide (CO2)
280
1.9022
0.830
300
1.7730
0.851
320
1.6609
0.872
340
1.5618
0.891
360
1.4743
0.908

  107
(N  s/m2)

  106
(m2/s)

k  103
(W/m  K)

  106
(m2/s)

Pr

138
145
152.5
159
166.5

26.9
29.7
32.7
35.7
39.0

37.0
40.4
43.5
46.3
49.2

31.5
35.6
39.6
43.4
47.4

0.853
0.833
0.826
0.822
0.822

173
180
186.5
193
199.5

42.2
45.7
49.1
52.0
56.5

52.5
54.5
57.5
60.6
63.8

51.9
55.2
59.7
63.4
69.1

0.813
0.827
0.824
0.827
0.817

140
149
156
165
173

7.36
8.40
9.39
10.6
11.7

15.20
16.55
18.05
19.70
21.2

9.63
11.0
12.5
14.2
15.8

0.765
0.766
0.754
0.746
0.741

380
400
450
500
550

1.3961
1.3257
1.1782
1.0594
0.9625

0.926
0.942
0.981
1.02
1.05

181
190
210
231
251

13.0
14.3
17.8
21.8
26.1

22.75
24.3
28.3
32.5
36.6

17.6
19.5
24.5
30.1
36.2

0.737
0.737
0.728
0.725
0.721

600
650
700
750
800

0.8826
0.8143
0.7564
0.7057
0.6614

1.08
1.10
1.13
1.15
1.17

270
288
305
321
337

30.6
35.4
40.3
45.5
51.0

40.7
44.5
48.1
51.7
55.1

42.7
49.7
56.3
63.7
71.2

0.717
0.712
0.717
0.714
0.716

127
137
147
157
166

7.52
8.93
10.5
12.1
13.8

17.0
19.0
20.6
22.1
23.6

9.63
11.9
14.1
16.3
18.8

0.781
0.753
0.744
0.741
0.733

Carbon Monoxide (CO)
200
1.6888
1.045
220
1.5341
1.044
240
1.4055
1.043
260
1.2967
1.043
280
1.2038
1.042
300
320
340
360
380

1.1233
1.0529
0.9909
0.9357
0.8864

1.043
1.043
1.044
1.045
1.047

175
184
193
202
210

15.6
17.5
19.5
21.6
23.7

25.0
26.3
27.8
29.1
30.5

21.3
23.9
26.9
29.8
32.9

0.730
0.730
0.725
0.725
0.729

400
450
500
550
600

0.8421
0.7483
0.67352
0.61226
0.56126

1.049
1.055
1.065
1.076
1.088

218
237
254
271
286

25.9
31.7
37.7
44.3
51.0

31.8
35.0
38.1
41.1
44.0

36.0
44.3
53.1
62.4
72.1

0.719
0.714
0.710
0.710
0.707
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T
(K)


(kg/m3)
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Continued
cp
(kJ/kg  K)

  107
(N  s/m2)

Carbon Monoxide (CO) (continued)
0.51806
1.101
301
650
700
0.48102
1.114
315
750
0.44899
1.127
329
800
0.42095
1.140
343

  106
(m2/s)

k  103
(W/m  K)

  106
(m2/s)

Pr

58.1
65.5
73.3
81.5

47.0
50.0
52.8
55.5

82.4
93.3
104
116

0.705
0.702
0.702
0.705

28.9
38.8
50.2
—
76.2

0.686
0.679
0.676
—
0.673

Helium (He)
100
120
140
160
180

0.4871
0.4060
0.3481
—
0.2708

5.193
5.193
5.193
5.193
5.193

96.3
107
118
129
139

19.8
26.4
33.9
—
51.3

73.0
81.9
90.7
99.2
107.2

200
220
240
260
280

—
0.2216
—
0.1875
—

5.193
5.193
5.193
5.193
5.193

150
160
170
180
190

—
72.2
—
96.0
—

115.1
123.1
130
137
145

—
107
—
141
—

—
0.675
—
0.682
—

300
350
400
450
500

0.1625
—
0.1219
—
0.09754

5.193
5.193
5.193
5.193
5.193

199
221
243
263
283

122
—
199
—
290

152
170
187
204
220

180
—
295
—
434

0.680
—
0.675
—
0.668

550
600
650
700
750

—
—
—
0.06969
—

5.193
5.193
5.193
5.193
5.193

—
320
332
350
364

—
—
—
502
—

—
252
264
278
291

—
—
—
768
—

—
—
—
0.654
—

800
900
1000

—
—
0.04879

5.193
5.193
5.193

382
414
446

—
—
914

304
330
354

—
—
1400

—
—
0.654

17.4
34.7
56.2
81.4
111

67.0
101
131
157
183

24.6
49.6
79.9
115
158

0.707
0.699
0.704
0.707
0.701

143
179
218
261
305

204
226
247
266
285

204
258
316
378
445

0.700
0.695
0.689
0.691
0.685

Hydrogen (H2 )
0.24255
100
150
0.16156
200
0.12115
250
0.09693
300
0.08078
350
400
450
500
550

0.06924
0.06059
0.05386
0.04848
0.04407

11.23
12.60
13.54
14.06
14.31

42.1
56.0
68.1
78.9
89.6

14.43
14.48
14.50
14.52
14.53

98.8
108.2
117.2
126.4
134.3
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TABLE A.4
T
(K)


(kg/m3)

Continued
cp
(kJ/kg  K)

  107
(N  s/m2)

  106
(m2/s)

k  103
(W/m  K)

  106
(m2/s)

Pr

Hydrogen (H2 ) (continued)
600
700
800
900
1000

0.04040
0.03463
0.03030
0.02694
0.02424

14.55
14.61
14.70
14.83
14.99

142.4
157.8
172.4
186.5
201.3

352
456
569
692
830

305
342
378
412
448

519
676
849
1030
1230

0.678
0.675
0.670
0.671
0.673

1100
1200
1300
1400
1500

0.02204
0.02020
0.01865
0.01732
0.01616

15.17
15.37
15.59
15.81
16.02

213.0
226.2
238.5
250.7
262.7

966
1120
1279
1447
1626

488
528
568
610
655

1460
1700
1955
2230
2530

0.662
0.659
0.655
0.650
0.643

1600
1700
1800
1900
2000

0.0152
0.0143
0.0135
0.0128
0.0121

16.28
16.58
16.96
17.49
18.25

273.7
284.9
296.1
307.2
318.2

1801
1992
2193
2400
2630

697
742
786
835
878

2815
3130
3435
3730
3975

0.639
0.637
0.639
0.643
0.661

Nitrogen (N2 )
100
150
200
250
300

3.4388
2.2594
1.6883
1.3488
1.1233

1.070
1.050
1.043
1.042
1.041

68.8
100.6
129.2
154.9
178.2

2.00
4.45
7.65
11.48
15.86

9.58
13.9
18.3
22.2
25.9

2.60
5.86
10.4
15.8
22.1

0.768
0.759
0.736
0.727
0.716

350
400
450
500
550

0.9625
0.8425
0.7485
0.6739
0.6124

1.042
1.045
1.050
1.056
1.065

200.0
220.4
239.6
257.7
274.7

20.78
26.16
32.01
38.24
44.86

29.3
32.7
35.8
38.9
41.7

29.2
37.1
45.6
54.7
63.9

0.711
0.704
0.703
0.700
0.702

600
700
800
900
1000

0.5615
0.4812
0.4211
0.3743
0.3368

1.075
1.098
1.22
1.146
1.167

290.8
321.0
349.1
375.3
399.9

51.79
66.71
82.90
100.3
118.7

44.6
49.9
54.8
59.7
64.7

73.9
94.4
116
139
165

0.701
0.706
0.715
0.721
0.721

1100
1200
1300

0.3062
0.2807
0.2591

1.187
1.204
1.219

423.2
445.3
466.2

138.2
158.6
179.9

70.0
75.8
81.0

193
224
256

0.718
0.707
0.701

0.962
0.921
0.915
0.915
0.920

76.4
114.8
147.5
178.6
207.2

Oxygen (O2 )
100
150
200
250
300

3.945
2.585
1.930
1.542
1.284

1.94
4.44
7.64
11.58
16.14

9.25
13.8
18.3
22.6
26.8

2.44
5.80
10.4
16.0
22.7

0.796
0.766
0.737
0.723
0.711
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T
(K)


(kg/m3)
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Thermophysical Properties of Matter

Continued
cp
(kJ/kg  K)

  107
(N  s/m2)

  106
(m2/s)

k  103
(W/m  K)

  106
(m2/s)

Pr

Oxygen (O2 ) (continued)
350
400
450
500
550

1.100
0.9620
0.8554
0.7698
0.6998

0.929
0.942
0.956
0.972
0.988

233.5
258.2
281.4
303.3
324.0

21.23
26.84
32.90
39.40
46.30

29.6
33.0
36.3
41.2
44.1

29.0
36.4
44.4
55.1
63.8

0.733
0.737
0.741
0.716
0.726

600
700
800
900
1000

0.6414
0.5498
0.4810
0.4275
0.3848

1.003
1.031
1.054
1.074
1.090

343.7
380.8
415.2
447.2
477.0

53.59
69.26
86.32
104.6
124.0

47.3
52.8
58.9
64.9
71.0

73.5
93.1
116
141
169

0.729
0.744
0.743
0.740
0.733

1100
1200
1300

0.3498
0.3206
0.2960

1.103
1.115
1.125

505.5
532.5
588.4

144.5
166.1
188.6

75.8
81.9
87.1

196
229
262

0.736
0.725
0.721

Water Vapor (Steam)
380
0.5863
2.060
400
0.5542
2.014
450
0.4902
1.980
500
0.4405
1.985
550
0.4005
1.997

127.1
134.4
152.5
170.4
188.4

21.68
24.25
31.11
38.68
47.04

24.6
26.1
29.9
33.9
37.9

20.4
23.4
30.8
38.8
47.4

1.06
1.04
1.01
0.998
0.993

206.7
224.7
242.6
260.4
278.6
296.9

56.60
66.48
77.26
88.84
101.7
115.1

42.2
46.4
50.5
54.9
59.2
63.7

57.0
66.8
77.1
88.4
100
113

0.993
0.996
1.00
1.00
1.01
1.02

600
650
700
750
800
850
a

0.3652
0.3380
0.3140
0.2931
0.2739
0.2579

2.026
2.056
2.085
2.119
2.152
2.186

Adapted from References 8, 14, and 15.
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Thermophysical Properties of Saturated Fluidsa

Saturated Liquids
cp
(kJ/kg  K)

  102
(N  s/m2)

  107
(m2/s)

Pr

Engine Oil (Unused)
273
899.1
280
895.3
290
890.0
300
884.1
310
877.9
320
871.8
330
865.8
340
859.9

1.796
1.827
1.868
1.909
1.951
1.993
2.035
2.076

385
217
99.9
48.6
25.3
14.1
8.36
5.31

4280
2430
1120
550
288
161
96.6
61.7

147
144
145
145
145
143
141
139

0.910
0.880
0.872
0.859
0.847
0.823
0.800
0.779

47,000
27,500
12,900
6400
3400
1965
1205
793

0.70
0.70
0.70
0.70
0.70
0.70
0.70
0.70

350
360
370
380
390

853.9
847.8
841.8
836.0
830.6

2.118
2.161
2.206
2.250
2.294

3.56
2.52
1.86
1.41
1.10

41.7
29.7
22.0
16.9
13.3

138
138
137
136
135

0.763
0.753
0.738
0.723
0.709

546
395
300
233
187

0.70
0.70
0.70
0.70
0.70

400
410
420
430

825.1
818.9
812.1
806.5

2.337
2.381
2.427
2.471

0.874
0.698
0.564
0.470

10.6
8.52
6.94
5.83

134
133
133
132

0.695
0.682
0.675
0.662

152
125
103
88

0.70
0.70
0.70
0.70

Ethylene Glycol [C 2H4(OH)2]
1130.8
2.294
273
280
1125.8
2.323
290
1118.8
2.368

6.51
4.20
2.47

57.6
37.3
22.1

242
244
248

0.933
0.933
0.936

617
400
236

0.65
0.65
0.65

300
310
320
330
340

1114.4
1103.7
1096.2
1089.5
1083.8

2.415
2.460
2.505
2.549
2.592

1.57
1.07
0.757
0.561
0.431

14.1
9.65
6.91
5.15
3.98

252
255
258
260
261

0.939
0.939
0.940
0.936
0.929

151
103
73.5
55.0
42.8

0.65
0.65
0.65
0.65
0.65

350
360
370
373

1079.0
1074.0
1066.7
1058.5

2.637
2.682
2.728
2.742

0.342
0.278
0.228
0.215

3.17
2.59
2.14
2.03

261
261
262
263

0.917
0.906
0.900
0.906

34.6
28.6
23.7
22.4

0.65
0.65
0.65
0.65

282
284
286
286
286
287

0.977
0.972
0.955
0.935
0.916
0.897

T
(K)


(kg/m3)

Glycerin [C3H5(OH)3]
273
1276.0
280
1271.9
290
1265.8
300
1259.9
310
1253.9
320
1247.2

2.261
2.298
2.367
2.427
2.490
2.564

1060
534
185
79.9
35.2
21.0

  106
(m2/s)

8310
4200
1460
634
281
168

k  103
(W/m  K)

85,000
43,200
15,300
6780
3060
1870

  103
(K1)

0.47
0.47
0.48
0.48
0.49
0.50
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Continued

Saturated Liquids (Continued)
T
(K)


(kg/m3)

cp
(kJ/kg  K)

  102
(N  s/m2)

  106
(m2/s)

k  103
(W/m  K)

  107
(m2/s)

Pr

  103
(K1)

Refrigerant-134a (C2H2F4)
230
1426.8
1.249
240
1397.7
1.267
250
1367.9
1.287
260
1337.1
1.308
270
1305.1
1.333
280
1271.8
1.361
290
1236.8
1.393
300
1199.7
1.432
310
1159.9
1.481
320
1116.8
1.543
330
1069.1
1.627
340
1015.0
1.751
350
951.3
1.961
360
870.1
2.437
370
740.3
5.105

0.04912
0.04202
0.03633
0.03166
0.02775
0.02443
0.02156
0.01905
0.01680
0.01478
0.01292
0.01118
0.00951
0.00781
0.00580

0.3443
0.3006
0.2656
0.2368
0.2127
0.1921
0.1744
0.1588
0.1449
0.1323
0.1209
0.1102
0.1000
0.0898
0.0783

112.1
107.3
102.5
97.9
93.4
89.0
84.6
80.3
76.1
71.8
67.5
63.1
58.6
54.1
51.8

0.629
0.606
0.583
0.560
0.537
0.514
0.491
0.468
0.443
0.417
0.388
0.355
0.314
0.255
0.137

5.5
5.0
4.6
4.2
4.0
3.7
3.5
3.4
3.3
3.2
3.1
3.1
3.2
3.5
5.7

2.02
2.11
2.23
2.36
2.53
2.73
2.98
3.30
3.73
4.33
5.19
6.57
9.10
15.39
55.24

Refrigerant-22 (CHClF2)
230
1416.0
1.087
240
1386.6
1.100
250
1356.3
1.117
260
1324.9
1.137
270
1292.1
1.161
280
1257.9
1.189
290
1221.7
1.223
300
1183.4
1.265
310
1142.2
1.319
320
1097.4
1.391
330
1047.5
1.495
340
990.1
1.665
350
920.1
1.997
360
823.4
3.001

0.03558
0.03145
0.02796
0.02497
0.02235
0.02005
0.01798
0.01610
0.01438
0.01278
0.01127
0.00980
0.00831
0.00668

0.2513
0.2268
0.2062
0.1884
0.1730
0.1594
0.1472
0.1361
0.1259
0.1165
0.1075
0.0989
0.0904
0.0811

114.5
109.8
105.2
100.7
96.2
91.7
87.2
82.6
78.1
73.4
68.6
63.6
58.3
53.1

0.744
0.720
0.695
0.668
0.641
0.613
0.583
0.552
0.518
0.481
0.438
0.386
0.317
0.215

3.4
3.2
3.0
2.8
2.7
2.6
2.5
2.5
2.4
2.4
2.5
2.6
2.8
3.8

2.05
2.16
2.29
2.45
2.63
2.86
3.15
3.51
4.00
4.69
5.75
7.56
11.35
23.88

Mercury (Hg)
273
13,595
300
13,529
350
13,407
400
13,287
450
13,167
500
13,048
550
12,929
12,809
600

0.1688
0.1523
0.1309
0.1171
0.1075
0.1007
0.0953
0.0911

0.1240
0.1125
0.0976
0.0882
0.0816
0.0771
0.0737
0.0711

0.1404
0.1393
0.1377
0.1365
0.1357
0.1353
0.1352
0.1355

8180
8540
9180
9800
10,400
10,950
11,450
11,950

42.85
45.30
49.75
54.05
58.10
61.90
65.55
68.80

0.0290
0.0248
0.0196
0.0163
0.0140
0.0125
0.0112
0.0103

0.181
0.181
0.181
0.181
0.181
0.182
0.184
0.187
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Continued

Saturated Liquid–Vapor, 1 atmb
Fluid

Tsat
(K)

hƒg
(kJ/kg)

ƒ
(kg/m3)

g
(kg/m3)

  103
(N/m)

Ethanol
Ethylene glycol
Glycerin
Mercury
Refrigerant R-134a
Refrigerant R-22

351
470
563
630
247
232

846
812
974
301
217
234

757
1111c
1260c
12,740
1377
1409

1.44
—
—
3.90
5.26
4.70

17.7
32.7
63.0c
417
15.4
18.1

a

Adapted from References 15–19.
Adapted from References 8, 20, and 21.
c
Property value corresponding to 300 K.
b

1.000
1.000
1.000
1.000
1.001

0.00611
0.00697
0.00990
0.01387
0.01917

0.02617
0.03531
0.04712
0.06221
0.08132

0.1053
0.1351
0.1719
0.2167
0.2713

0.3372
0.4163
0.5100
0.6209
0.7514

0.9040
1.0133
1.0815
1.2869
1.5233

1.794
2.455
3.302
4.370
5.699

273.15
275
280
285
290

295
300
305
310
315

320
325
330
335
340

345
350
355
360
365

370
373.15
375
380
385

390
400
410
420
430

0.980
0.731
0.553
0.425
0.331

1.861
1.679
1.574
1.337
1.142

4.683
3.846
3.180
2.645
2.212

2212
2183
2153
2123
2091

2265
2257
2252
2239
2225

2329
2317
2304
2291
2278

4.239
4.256
4.278
4.302
4.331

4.214
4.217
4.220
4.226
4.232

4.191
4.195
4.199
4.203
4.209

4.180
4.182
4.184
4.186
4.188

4.181
4.179
4.178
4.178
4.179

4.217
4.211
4.198
4.189
4.184

2.104
2.158
2.221
2.291
2.369

2.017
2.029
2.036
2.057
2.080

1.941
1.954
1.968
1.983
1.999

1.895
1.903
1.911
1.920
1.930

1.868
1.872
1.877
1.882
1.888

1.854
1.855
1.858
1.861
1.864

cp, g

237
217
200
185
173

289
279
274
260
248

389
365
343
324
306

577
528
489
453
420

959
855
769
695
631

1750
1652
1422
1225
1080

ƒ  106

12.69
13.05
13.42
13.79
14.14

11.89
12.02
12.09
12.29
12.49

10.89
11.09
11.29
11.49
11.69

9.89
10.09
10.29
10.49
10.69

8.89
9.09
9.29
9.49
9.69

8.02
8.09
8.29
8.49
8.69

g  106

Viscosity
(N  s/m2)

686
688
688
688
685

679
680
681
683
685

668
668
671
674
677

640
645
650
656
660

606
613
620
628
634

569
574
582
590
598

kƒ  103

26.3
27.2
28.2
29.8
30.4

24.5
24.8
24.9
25.4
25.8

22.6
23.0
23.3
23.7
24.1

21.0
21.3
21.7
22.0
22.3

19.5
19.6
20.1
20.4
20.7

18.2
18.3
18.6
18.9
19.3

kg  103

Thermal
Conductivity
(W/m  K)

1.47
1.34
1.24
1.16
1.09

1.80
1.76
1.70
1.61
1.53

2.45
2.29
2.14
2.02
1.91

3.77
3.42
3.15
2.88
2.66

6.62
5.83
5.20
4.62
4.16

12.99
12.22
10.26
8.81
7.56

Prƒ

1.013
1.033
1.054
1.075
1.10

0.978
0.984
0.987
0.999
1.004

0.933
0.942
0.951
0.960
0.969

0.894
0.901
0.908
0.916
0.925

0.849
0.857
0.865
0.873
0.883

0.815
0.817
0.825
0.833
0.841

Prg

Prandtl
Number

55.6
53.6
51.5
49.4
47.2

59.5
58.9
58.6
57.6
56.6

64.1
63.2
62.3
61.4
60.5

68.3
67.5
66.6
65.8
64.9

72.7
71.7
70.9
70.0
69.2

75.5
75.3
74.8
74.3
73.7

Surface
Tension,
ƒ  103
(N/m)

841
896
952
1010

728.7
750.1
761
788
814

595.4
624.2
652.3
697.9
707.1

436.7
471.2
504.0
535.5
566.0

390
400
410
420
430

370
373.15
375
380
385

345
350
355
360
365

320
325
330
335
340

295
300
305
310
315

273.15
275
280
285
290

68.05
32.74
46.04
114.1
174.0
227.5
276.1
320.6
361.9
400.4

Temperature,
T (K)

Expansion
Coefficient,
ƒ  106
(K1)

Thermophysical Properties of Matter

1.058
1.067
1.077
1.088
1.099

1.041
1.044
1.045
1.049
1.053

1.024
1.027
1.030
1.034
1.038

2390
2378
2366
2354
2342

2449
2438
2426
2414
2402

2502
2497
2485
2473
2461

cp,ƒ

Specific
Heat
(kJ/kg  K)



13.98
11.06
8.82
7.09
5.74

51.94
39.13
29.74
22.93
17.82

206.3
181.7
130.4
99.4
69.7

vg

Heat of
Vaporization,
hƒg
(kJ/ kg)

Appendix A

1.011
1.013
1.016
1.018
1.021

1.002
1.003
1.005
1.007
1.009

vƒ  10 3

Specific
Volume
(m3/kg)

Thermophysical Properties of Saturated Watera

Pressure,
p (bars)b

Temperature, T
(K)

TABLE A.6
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21.83
26.40
31.66
37.70
44.58

52.38
61.19
71.08
82.16
94.51

108.3
123.5
137.3
159.1
169.1

179.7
190.9
202.7
215.2
221.2

490
500
510
520
530

540
550
560
570
580

590
600
610
620
625

630
635
640
645
647.3c

Adapted from Reference 22.
1 bar  105 N/m2.
c
Critical temperature.

b

1.856
1.935
2.075
2.351
3.170

1.482
1.541
1.612
1.705
1.778
0.0075
0.0066
0.0057
0.0045
0.0032

0.0163
0.0137
0.0115
0.0094
0.0085

0.0375
0.0317
0.0269
0.0228
0.0193

781
683
560
361
0

1274
1176
1068
941
858

1622
1564
1499
1429
1353

1870
1825
1779
1730
1679

2059
2024
1989
1951
1912

12.6
16.4
26
90


6.41
7.00
7.85
9.35
10.6

5.08
5.24
5.43
5.68
6.00

4.59
4.66
4.74
4.84
4.95

4.36
4.40
4.44
4.48
4.53

22.1
27.6
42
—


7.35
8.75
11.1
15.4
18.3

4.27
4.64
5.09
5.67
6.40

3.10
3.27
3.47
3.70
3.96

2.46
2.56
2.68
2.79
2.94

cp,g

67
64
59
54
45

84
81
77
72
70

101
97
94
91
88

124
118
113
108
104

162
152
143
136
129

ƒ  106

28.0
30.0
32.0
37.0
45.0

21.5
22.7
24.1
25.9
27.0

18.1
18.6
19.1
19.7
20.4

16.23
16.59
16.95
17.33
17.72

14.50
14.85
15.19
15.54
15.88

g  106

Viscosity
(N  s/m2)

412
392
367
331
238

513
497
467
444
430

594
580
563
548
528

651
642
631
621
608

682
678
673
667
660

kƒ  103

130
141
155
178
238

84.1
92.9
103
114
121

54.0
58.3
63.7
76.7
76.7

40.1
42.3
44.7
47.5
50.6

31.7
33.1
34.6
36.3
38.1

kg  103

Thermal
Conductivity
(W/m  K)

2.0
2.7
4.2
12


1.05
1.14
1.30
1.52
1.65

0.86
0.87
0.90
0.94
0.99

0.87
0.86
0.85
0.84
0.85

1.04
0.99
0.95
0.92
0.89

Prƒ

4.8
6.0
9.6
26


1.84
2.15
2.60
3.46
4.20

1.43
1.47
1.52
1.59
1.68

1.25
1.28
1.31
1.35
1.39

1.12
1.14
1.17
1.20
1.23

Prg

Prandtl
Number

2.6
1.5
0.8
0.1
0.0

10.5
8.4
6.3
4.5
3.5

22.1
19.7
17.3
15.0
12.8

33.9
31.6
29.3
26.9
24.5

45.1
42.9
40.7
38.5
36.2

Surface
Tension,
ƒ  103
(N/m)

—
—
—
—
—

—
—
—
—
—

—
—
—
—
—

—
—
—
—
—

Expansion
Coefficient,
ƒ  106
(K1)

630
635
640
645
647.3c

590
600
610
620
625

540
550
560
570
580

490
500
510
520
530

440
450
460
470
480

Temperature,
T (K)



1.294
1.323
1.355
1.392
1.433

0.0922
0.0766
0.0631
0.0525
0.0445

0.261
0.208
0.167
0.136
0.111

cp,ƒ

Specific
Heat
(kJ/kg  K)

Appendix A

a

1.110
1.123
1.137
1.152
1.167

7.333
9.319
11.71
14.55
17.90

440
450
460
470
480

vg

Heat of
Vaporization,
hƒg
(kJ/kg)

950

1.184
1.203
1.222
1.244
1.268

vƒ  103

Pressure,
p (bars)b

Specific
Volume
(m3/kg)

Continued

Temperature, T
(K)

TABLE A.6
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TABLE A.7

Composition

951

Thermophysical Properties of Matter

Thermophysical Properties of Liquid Metalsa
Melting
Point
(K)

Bismuth

544

Lead

600

Potassium

337

Sodium

371

NaK,
(45%/55%)

292

NaK,
(22%/78%)

262

PbBi,
(44.5%/55.5%)

398

Mercury

234

a



Adapted from Reference 23.

T
(K)


(kg/m3)

589
811
1033
644
755
977
422
700
977
366
644
977
366
644
977
366
672
1033
422
644
922

10,011
9739
9467
10,540
10,412
10,140
807.3
741.7
674.4
929.1
860.2
778.5
887.4
821.7
740.1
849.0
775.3
690.4
10,524
10,236
9835

cp
(kJ/kg  K)
0.1444
0.1545
0.1645
0.159
0.155
—
0.80
0.75
0.75
1.38
1.30
1.26
1.130
1.055
1.043
0.946
0.879
0.883
0.147
0.147
—
See Table A.5

  107
(m2/s)

k
(W/m  K)

  105
(m2/s)

Pr

1.617
1.133
0.8343
2.276
1.849
1.347
4.608
2.397
1.905
7.516
3.270
2.285
6.522
2.871
2.174
5.797
2.666
2.118
—
1.496
1.171

16.4
15.6
15.6
16.1
15.6
14.9
45.0
39.5
33.1
86.2
72.3
59.7
25.6
27.5
28.9
24.4
26.7
—
9.05
11.86
—

0.138
1.035
1.001
1.084
1.223
—
6.99
7.07
6.55
6.71
6.48
6.12
2.552
3.17
3.74
3.05
3.92
—
0.586
0.790
—

0.0142
0.0110
0.0083
0.024
0.017
—
0.0066
0.0034
0.0029
0.011
0.0051
0.0037
0.026
0.0091
0.0058
0.019
0.0068
—
—
0.189
—
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TABLE A.8
Substance A

Thermophysical Properties of Matter

Binary Diffusion Coefficients at One Atmospherea,b
Substance B

T
(K)

DAB
(m2/s)

Gases
NH3
H2O
CO2
H2
O2
Acetone
Benzene
Naphthalene
Ar
H2
H2
H2
CO2
CO2
O2

Air
Air
Air
Air
Air
Air
Air
Air
N2
O2
N2
CO2
N2
O2
N2

298
298
298
298
298
273
298
300
293
273
273
273
293
273
273

0.28  104
0.26  104
0.16  104
0.41  104
0.21  104
0.11  104
0.88  105
0.62  105
0.19  104
0.70  104
0.68  104
0.55  104
0.16  104
0.14  104
0.18  104

Dilute Solutions
Caffeine
Ethanol
Glucose
Glycerol
Acetone
CO2
O2
H2
N2

H2O
H2O
H2O
H2O
H2O
H2O
H2O
H2O
H2O

298
298
298
298
298
298
298
298
298

0.63  109
0.12  108
0.69  109
0.94  109
0.13  108
0.20  108
0.24  108
0.63  108
0.26  108

Solids
O2
N2
CO2
He
H2
Cd
Al

Rubber
Rubber
Rubber
SiO2
Fe
Cu
Cu

298
298
298
293
293
293
293

0.21  109
0.15  109
0.11  109
0.4  1013
0.26  1012
0.27  1018
0.13  1033

a

Adapted with permission from References 24, 25, and 26.
Assuming ideal gas behavior, the pressure and temperature dependence of the diffusion coefficient for a
binary mixture of gases may be estimated from the relation
b

DAB  p1T 3/2
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Thermophysical Properties of Matter

Henry’s Constant for Selected Gases in Water at Moderate Pressurea
H  pA,i /xA,i (bars)

T
(K)

NH3

Cl2

H2S

SO2

CO2

CH4

O2

H2

273
280
290
300
310
320
323

21
23
26
30
—
—
—

265
365
480
615
755
860
890

260
335
450
570
700
835
870

165
210
315
440
600
800
850

710
960
1300
1730
2175
2650
2870

22,880
27,800
35,200
42,800
50,000
56,300
58,000

25,500
30,500
37,600
45,700
52,500
56,800
58,000

58,000
61,500
66,500
71,600
76,000
78,600
79,000

a

Adapted with permission from Reference 27.

TABLE A.10 The Solubility of
Selected Gases and Solidsa
Gas

Solid

T
(K)

S  CA, i /pA, i
(kmol/m3  bar)

O2
N2
CO2
He
H2

Rubber
Rubber
Rubber
SiO2
Ni

298
298
298
293
358

3.12  103
1.56  103
40.15  103
0.45  103
9.01  103

a

Adapted with permission from Reference 26.

Aluminum
Highly polished, film
Foil, bright
Anodized
Chromium
Polished or plated
Copper
Highly polished
Stably oxidized
Gold
Highly polished or film
Foil, bright
Molybdenum
Polished
Shot-blasted, rough
Stably oxidized
Nickel
Polished
Stably oxidized
Platinum
Polished
Silver
Polished
Stainless steels
Typical, polished
Typical, cleaned
Typical, lightly oxidized
Typical, highly oxidized
AISI 347, stably oxidized
Tantalum
Polished
Tungsten
Polished

Description/Composition

0.18

0.13
0.10

0.76
0.90

(h)

0.30
0.35
0.40
0.70
0.89

0.18

0.15
0.42

1500

0.17

0.23
0.28
0.33
0.67
0.88

0.15

0.17

0.12
0.35

1200

0.11

0.87

0.19
0.24

0.08

0.13

0.14
0.57

0.10
0.31

0.06

0.04
0.80

1000

(h)

0.17
0.22

0.17
0.22

(n)
(n)
(n)
(n)
(n)

0.03

0.05

0.02

0.02

(h)

0.11
0.49
0.10

0.09
0.40

(h)
(h)

0.08
0.28
0.82

0.05

0.04
0.58

800

(h)

0.06
0.25
0.80

0.04

0.04
0.50

0.14

0.06

600

0.25

0.23

0.21

2000

0.29

0.28

0.26

2500



0.03

0.03

0.12

0.76

0.05

400

Appendix A

(h)
(h)
(h)

0.02
0.07

0.03
0.07

0.01
0.06

0.10

(h)
(h)

0.07

0.04
0.07
0.82

300

0.03

0.05

(n)

0.03
0.06

200

Emissivity, n or h, at Various Temperatures (K)

954

(h)
(h)

0.02
0.06

100
(h)
(h)
(h)

Metallic Solids and Their Oxidesa

TABLE A.11 Total, Normal (n) or Hemispherical (h) Emissivity of Selected Surfaces
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TABLE A.11 Continued
Nonmetallic Substancesb
Description /Composition

Temperature
(K)

Emissivity

0.69
0.55
0.41
0.85–0.93

Aluminum oxide

(n)

Asphalt pavement
Building materials
Asbestos sheet
Brick, red
Gypsum or plaster board
Wood
Cloth
Concrete
Glass, window
Ice
Paints
Black (Parsons)
White, acrylic
White, zinc oxide
Paper, white
Pyrex

(h)

600
1000
1500
300

(h)
(h)
(h)
(h)
(h)
(h)
(h)
(h)

300
300
300
300
300
300
300
273

0.93–0.96
0.93–0.96
0.90–0.92
0.82–0.92
0.75–0.90
0.88–0.93
0.90–0.95
0.95–0.98

(h)
(h)
(h)
(h)
(n)

Pyroceram

(n)

300
300
300
300
300
600
1000
1200
300
600
1000
1500

0.98
0.90
0.92
0.92–0.97
0.82
0.80
0.71
0.62
0.85
0.78
0.69
0.57

Refractories (furnace liners)
Alumina brick

(n)

800
1000
1400
1600
800
1000
1400
1600
800
1200
1400
1600
300
600
1000
1500
300
273

0.40
0.33
0.28
0.33
0.45
0.36
0.31
0.40
0.70
0.57
0.47
0.53
0.90
0.87
0.87
0.85
0.95
0.82–0.90

Magnesia brick

(n)

Kaolin insulating brick

(n)

Sand
Silicon carbide

(h)
(n)

Skin
Snow

(h)
(h)
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TABLE A.11 Continued
Nonmetallic Substancesb
Description /Composition
Soil
Rocks
Teflon

(h)
(h)
(h)

Vegetation
Water

(h)
(h)

Temperature
(K)

Emissivity


300
300
300
400
500
300
300

0.93–0.96
0.88–0.95
0.85
0.87
0.92
0.92–0.96
0.96

a

Adapted from Reference 1.
Adapted from References 1, 9, 28, and 29.

b

TABLE A.12 Solar Radiative Properties for Selected Materialsa
Description /Composition
Aluminum
Polished
Anodized
Quartz overcoated
Foil
Brick, red (Purdue)
Concrete
Galvanized sheet metal
Clean, new
Oxidized, weathered
Glass, 3.2-mm thickness
Float or tempered
Low iron oxide type
Metal, plated
Black sulfide
Black cobalt oxide
Black nickel oxide
Black chrome
Mylar, 0.13-mm thickness
Paints
Black (Parsons)
White, acrylic
White, zinc oxide
Plexiglas, 3.2-mm thickness
Snow
Fine particles, fresh
Ice granules
Tedlar, 0.10-mm thickness
Teflon, 0.13-mm thickness
a

S

b

S/

0.09
0.14
0.11
0.15
0.63
0.60

0.03
0.84
0.37
0.05
0.93
0.88

3.0
0.17
0.30
3.0
0.68
0.68

0.65
0.80

0.13
0.28

5.0
2.9
0.79
0.88

0.92
0.93
0.92
0.87

0.10
0.30
0.08
0.09

9.2
3.1
11
9.7
0.87

0.98
0.26
0.16

0.98
0.90
0.93

1.0
0.29
0.17
0.90

0.13
0.33

0.82
0.89

0.16
0.37

Adapted with permission from Reference 29.
The emissivity values in this table correspond to a surface temperature of approximately 300 K.

b

S

0.92
0.92
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Mathematical Relations and Functions

B.1
Hyperbolic Functions1
x

sinh x

cosh x

tanh x

x

0.00
0.10
0.20
0.30
0.40

0.0000
0.1002
0.2013
0.3045
0.4108

1.0000
1.0050
1.0201
1.0453
1.0811

0.00000
0.09967
0.19738
0.29131
0.37995

2.00
2.10
2.20
2.30
2.40

3.6269
4.0219
4.4571
4.9370
5.4662

3.7622
4.1443
4.5679
5.0372
5.5569

0.96403
0.97045
0.97574
0.98010
0.98367

0.50
0.60
0.70
0.80
0.90

0.5211
0.6367
0.7586
0.8881
1.0265

1.1276
1.1855
1.2552
1.3374
1.4331

0.46212
0.53705
0.60437
0.66404
0.71630

2.50
2.60
2.70
2.80
2.90

6.0502
6.6947
7.4063
8.1919
9.0596

6.1323
6.7690
7.4735
8.2527
9.1146

0.98661
0.98903
0.99101
0.99263
0.99396

1.00
1.10
1.20
1.30
1.40

1.1752
1.3356
1.5095
1.6984
1.9043

1.5431
1.6685
1.8107
1.9709
2.1509

0.76159
0.80050
0.83365
0.86172
0.88535

3.00
3.50
4.00
4.50
5.00

1.50
1.60
1.70
1.80
1.90

2.1293
2.3756
2.6456
2.9422
3.2682

2.3524
2.5775
2.8283
3.1075
3.4177

0.90515
0.92167
0.93541
0.94681
0.95624

6.00
7.00
8.00
9.00
10.000

1

sinh x

cosh x

10.018
16.543
27.290
45.003
74.203

10.068
16.573
27.308
45.014
74.210

201.71
548.32
1490.5
4051.5
11013

201.72
548.32
1490.5
4051.5
11013

tanh x

0.99505
0.99818
0.99933
0.99975
0.99991
0.99999
1.0000
1.0000
1.0000
1.0000

The hyperbolic functions are defined as
sinh x 

1
2

(e x  ex )

cosh x 

1
2

(e x  ex )

tanh x 

e x  ex sinh x

e x  ex cosh x

The derivatives of the hyperbolic functions of the variable u are given as
d
du
(sinh u)  (cosh u)
dx
dx

d
du
(cosh u)  (sinh u)
dx
dx





d
du
1
(tanh u) 
dx
cosh 2 u dx
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B.2
Gaussian Error Function1
w

erf w

w

erf w

w

erf w

0.00
0.02
0.04
0.06
0.08
0.10
0.12
0.14
0.16
0.18
0.20
0.22
0.24
0.26
0.28
0.30
0.32
0.34

0.00000
0.02256
0.04511
0.06762
0.09008
0.11246
0.13476
0.15695
0.17901
0.20094
0.22270
0.24430
0.26570
0.28690
0.30788
0.32863
0.34913
0.36936

0.36
0.38
0.40
0.44
0.48
0.52
0.56
0.60
0.64
0.68
0.72
0.76
0.80
0.84
0.88
0.92
0.96
1.00

0.38933
0.40901
0.42839
0.46622
0.50275
0.53790
0.57162
0.60386
0.63459
0.66378
0.69143
0.71754
0.74210
0.76514
0.78669
0.80677
0.82542
0.84270

1.04
1.08
1.12
1.16
1.20
1.30
1.40
1.50
1.60
1.70
1.80
1.90
2.00
2.20
2.40
2.60
2.80
3.00

0.85865
0.87333
0.88679
0.89910
0.91031
0.93401
0.95228
0.96611
0.97635
0.98379
0.98909
0.99279
0.99532
0.99814
0.99931
0.99976
0.99992
0.99998

1

The Gaussian error function is defined as
erf w 

2




w

ev dv
2

0

The complementary error function is defined as
erfc w  1  erf w
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B.3
The First Four Roots of the Transcendental
Equation, n tan n  Bi, for Transient
Conduction in a Plane Wall
hL
k

Bi  

1

2

3

4

0
0.001
0.002
0.004
0.006
0.008
0.01
0.02
0.04
0.06
0.08
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
1.5
2.0
3.0
4.0
5.0
6.0
7.0
8.0
9.0
10.0
15.0
20.0
30.0
40.0
50.0
60.0
80.0
100.0


0
0.0316
0.0447
0.0632
0.0774
0.0893
0.0998
0.1410
0.1987
0.2425
0.2791
0.3111
0.4328
0.5218
0.5932
0.6533
0.7051
0.7506
0.7910
0.8274
0.8603
0.9882
1.0769
1.1925
1.2646
1.3138
1.3496
1.3766
1.3978
1.4149
1.4289
1.4729
1.4961
1.5202
1.5325
1.5400
1.5451
1.5514
1.5552
1.5708

3.1416
3.1419
3.1422
3.1429
3.1435
3.1441
3.1448
3.1479
3.1543
3.1606
3.1668
3.1731
3.2039
3.2341
3.2636
3.2923
3.3204
3.3477
3.3744
3.4003
3.4256
3.5422
3.6436
3.8088
3.9352
4.0336
4.1116
4.1746
4.2264
4.2694
4.3058
4.4255
4.4915
4.5615
4.5979
4.6202
4.6353
4.6543
4.6658
4.7124

6.2832
6.2833
6.2835
6.2838
6.2841
6.2845
6.2848
6.2864
6.2895
6.2927
6.2959
6.2991
6.3148
6.3305
6.3461
6.3616
6.3770
6.3923
6.4074
6.4224
6.4373
6.5097
6.5783
6.7040
6.8140
6.9096
6.9924
7.0640
7.1263
7.1806
7.2281
7.3959
7.4954
7.6057
7.6647
7.7012
7.7259
7.7573
7.7764
7.8540

9.4248
9.4249
9.4250
9.4252
9.4254
9.4256
9.4258
9.4269
9.4290
9.4311
9.4333
9.4354
9.4459
9.4565
9.4670
9.4775
9.4879
9.4983
9.5087
9.5190
9.5293
9.5801
9.6296
9.7240
9.8119
9.8928
9.9667
10.0339
10.0949
10.1502
10.2003
10.3898
10.5117
10.6543
10.7334
10.7832
10.8172
10.8606
10.8871
10.9956
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B.4
Bessel Functions of the First Kind
x

J0(x)

J1(x)

0.0
0.1
0.2
0.3
0.4

1.0000
0.9975
0.9900
0.9776
0.9604

0.0000
0.0499
0.0995
0.1483
0.1960

0.5
0.6
0.7
0.8
0.9

0.9385
0.9120
0.8812
0.8463
0.8075

0.2423
0.2867
0.3290
0.3688
0.4059

1.0
1.1
1.2
1.3
1.4

0.7652
0.7196
0.6711
0.6201
0.5669

0.4400
0.4709
0.4983
0.5220
0.5419

1.5
1.6
1.7
1.8
1.9

0.5118
0.4554
0.3980
0.3400
0.2818

0.5579
0.5699
0.5778
0.5815
0.5812

2.0
2.1
2.2
2.3
2.4

0.2239
0.1666
0.1104
0.0555
0.0025

0.5767
0.5683
0.5560
0.5399
0.5202

963
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B.5
Modified Bessel Functions1 of
the First and Second Kinds
x

exI0(x)

exI1(x)

exK0(x)

exK1(x)

0.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4
1.6
1.8
2.0
2.2
2.4
2.6
2.8
3.0
3.2
3.4
3.6
3.8
4.0
4.2
4.4
4.6
4.8
5.0
5.2
5.4
5.6
5.8
6.0
6.4
6.8
7.2
7.6
8.0
8.4
8.8
9.2
9.6
10.0

1.0000
0.8269
0.6974
0.5993
0.5241
0.4657
0.4198
0.3831
0.3533
0.3289
0.3085
0.2913
0.2766
0.2639
0.2528
0.2430
0.2343
0.2264
0.2193
0.2129
0.2070
0.2016
0.1966
0.1919
0.1876
0.1835
0.1797
0.1762
0.1728
0.1696
0.1666
0.1611
0.1561
0.1515
0.1473
0.1434
0.1398
0.1365
0.1334
0.1305
0.1278

0.0000
0.0823
0.1368
0.1722
0.1945
0.2079
0.2152
0.2185
0.2190
0.2177
0.2153
0.2121
0.2085
0.2046
0.2007
0.1968
0.1930
0.1892
0.1856
0.1821
0.1787
0.1755
0.1724
0.1695
0.1667
0.1640
0.1614
0.1589
0.1565
0.1542
0.1520
0.1479
0.1441
0.1405
0.1372
0.1341
0.1312
0.1285
0.1260
0.1235
0.1213


2.1407
1.6627
1.4167
1.2582
1.1445
1.0575
0.9881
0.9309
0.8828
0.8416
0.8056
0.7740
0.7459
0.7206
0.6978
0.6770
0.6579
0.6404
0.6243
0.6093
0.5953
0.5823
0.5701
0.5586
0.5478
0.5376
0.5279
0.5188
0.5101
0.5019
0.4865
0.4724
0.4595
0.4476
0.4366
0.4264
0.4168
0.4079
0.3995
0.3916


5.8334
3.2587
2.3739
1.9179
1.6361
1.4429
1.3010
1.1919
1.1048
1.0335
0.9738
0.9229
0.8790
0.8405
0.8066
0.7763
0.7491
0.7245
0.7021
0.6816
0.6627
0.6453
0.6292
0.6142
0.6003
0.5872
0.5749
0.5633
0.5525
0.5422
0.5232
0.5060
0.4905
0.4762
0.4631
0.4511
0.4399
0.4295
0.4198
0.4108

1

In1(x)  In1(x)  (2n/x)In(x)
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In Section 3.5 the problem of conduction with thermal energy generation is considered for one-dimensional, steady-state conditions. The form of the heat equation
differs, according to whether the system is a plane wall, a cylindrical shell, or a
spherical shell (Figure C.1). In each case, there are several options for the boundary
condition at each surface, and hence a greater number of possibilities for specific
forms of the temperature distribution and heat rate (or heat flux).
An alternative to solving the heat equation for each possible combination of
boundary conditions involves obtaining a solution by prescribing boundary conditions of the first kind, Equation 2.24, at both surfaces and then applying an
energy balance to each surface at which the temperature is unknown. For the geometries of Figure C.1, with uniform temperatures Ts,1 and Ts,2 prescribed at each surface,
solutions to appropriate forms of the heat equation are readily obtained and are summarized in Table C.1. The temperature distributions may be used with Fourier’s law
to obtain corresponding distributions for the heat flux and heat rate. If Ts,1 and Ts,2 are
both known for a particular problem, the expressions of Table C.1 provide all that is
needed to completely determine related thermal conditions. If Ts,1 and/or Ts,2 are not
known, the results may still be used with surface energy balances to determine the
desired thermal conditions.

Plane Wall

x

–L

Ts,1

+L

q•

Ts,2

Cylindrical Wall

r1

q•

Ts,1

L
Ts,2
r2
Spherical Wall

Ts,1

q•

r2

Ts,2
r1

FIGURE C.1
One-dimensional conduction
systems with uniform thermal
energy generation: a plane wall
with asymmetric surface conditions,
a cylindrical shell, and a spherical
shell.
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TABLE C.1 One-Dimensional, Steady-State Solutions to the
Heat Equation for Plane, Cylindrical, and Spherical Walls
with Uniform Generation and Asymmetrical Surface Conditions
Temperature Distribution
Ts,2  Ts,1 x Ts,1  Ts,2
q̇L2
x2
1 2 

L
2
2
2k
L



Plane Wall

T(x) 

Cylindrical Wall

T(r)  Ts,2 

Spherical Wall

T(r)  Ts,2 



q̇r 22
4k

(C.1)

 1  rr   q̇r4k  1  rr   (T
2
2

2

2
1
2
2

2
2

  



s,2

 Ts,1)

ln(r /r)
 ln(r
/r )

(C.2)



(C.3)

2

2



1

q̇r 22
q̇r 22
r 21
(1/r)  (1/r2)
r2
1 2 
1  2  (Ts,2  Ts,1)
(1/r1)  (1/r2)
6k
6k
r2
r2
Heat Flux

Plane Wall

Cylindrical Wall

Spherical Wall

q(x)  q̇x 

q(r) 

q̇r

2

q̇r
q(r)  
3

k
(T  Ts,1)
2L s,2

 

(C.4)





q̇r 22
r 21
1  2  (Ts,2  Ts,1)
4k
r2

k

(C.5)

r ln (r2/r1)

q̇r6k  1  rr   (T
2
2

k

2
1
2
2

s,2



 Ts,1)

(C.6)

r 2[(1/r1)  (1/r2)]
Heat Rate



q(x)  q̇x 

Cylindrical Wall

q(r)  q̇Lr 2 

Spherical Wall

q(r) 



k
(T  Ts,1) Ax
2L s,2

Plane Wall

q̇4r3

3

(C.7)

 





q̇r 22
r 21
2Lk

1  2  (Ts,2  Ts,1)
ln(r2/r1)
4k
r2
4k

 





q̇r 22
r 21
1  2  (Ts,2  Ts,1)
6k
r2
(1/r1)  (1/r2)

(C.8)

(C.9)

Alternative surface conditions could involve specification of a uniform surface
heat flux (boundary condition of the second kind, Equation 2.25 or 2.26) or a convection condition (boundary condition of the third kind, Equation 2.27). In each
case, the surface temperature would not be known but could be determined by
applying a surface energy balance. The forms that such balances may take are summarized in Table C.2. Note that, to accommodate situations for which a surface of
interest may adjoin a composite wall in which there is no generation, the boundary
condition of the third kind has been applied by using the overall heat transfer coefficient U in lieu of the convection coefficient h.
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TABLE C.2 Alternative Surface Conditions and Energy Balances for
One-Dimensional, Steady-State Solutions to the Heat Equation for
Plane, Cylindrical, and Spherical Walls with Uniform Generation
Plane Wall
Uniform Surface Heat Flux
x  L:

  q̇L 
qs,1

k
(T  Ts,1)
2L s,2

(C.10)

k
(T  Ts,1)
2L s,2
Prescribed Transport Coefficient and Ambient Temperature
k
U1(T,1  Ts,1)  q̇L 
(T  Ts,1)
x  L:
2L s,2
k
x  L:
U2(Ts,2  T,2)  q̇L 
(T  Ts,1)
2L s,2
x  L:

  q̇L 
qs,2

(C.11)

(C.12)
(C.13)

Cylindrical Wall
Uniform Surface Heat Flux

r  r1:

r  r2:

 
qs,1

 
qs,2

q̇r1

2
q̇r2

2

 





q̇r 22
r 21
1  2  (Ts,2  Ts,1)
4k
r2

k

(C.14)

r1 ln(r2/r1)

 q̇r4k 1  rr   (T
2
2

k

2
1
2
2

s,2



 Ts,1)

(C.15)

r2 ln(r2/r1)

Prescribed Transport Coefficient and Ambient Temperature

r  r1:

r  r2:

U1(T,1  Ts,1) 

q̇r1

2

q̇r2
U2(Ts,2  T,2) 

2

k

 





q̇r 22
r 21
1  2  (Ts,2  Ts,1)
4k
r2
r1 ln(r2/r1)

 q̇r4k 1  rr   (T
2
2

k

2
1
2
2

s,2

r2 ln(r2 /r1)



(C.16)

 Ts,1)

(C.17)

Spherical Wall
Uniform Surface Heat Flux

r  r1:

r  r2:

 
qs,1

 
qs,2

q̇r1

3

q̇r2

3

 





q̇r 22
r 21
1  2  (Ts,2  Ts,1)
6k
r2

k

r 21[(1/r1)

 

k

 (1/r2)]





q̇r 22
r 21
1  2  (Ts,2  Ts,1)
6k
r2
r 22[(1/r1)

 (1/r2)]

(C.18)

(C.19)
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Continued

Prescribed Transport Coefficient and Ambient Temperature

r  r1:

U1(T,1  Ts,1) 

r  r2:

U2(Ts,2  T,2) 

q̇r1

3

q̇r2

3

 





q̇r 22
r 21
1  2  (Ts,2  Ts,1)
6k
r2

k

r 21[(1/r1)

 (1/r2)]

 q̇r6k 1  rr   (T
2
2

k

2
1
2
2

s,2



(C.20)

 Ts,1)

r 22[(1/r1)  (1/r2)]

(C.21)

As an example, consider a plane wall for which a uniform (known) surface temperature Ts,1 is prescribed at x  L and a uniform heat flux qs,2 is prescribed at
x  L. Equation C.11 may be used to evaluate Ts,2, and Equations C.1, C.4, and
C.7 may then be used to determine the temperature, heat flux, and heat rate distributions, respectively.
Special cases of the foregoing configurations involve a plane wall with one adiabatic surface, a solid cylinder (a circular rod), and a sphere (Figure C.2). Subject to
the requirements that dT/dxx0  0 and dT/drr0  0, the corresponding forms of
the heat equation may be solved to obtain Equations C.22 through C.24 of Table C.3.

Plane Wall

x

L
q•
Ts

Solid cylinder

ro

Ts

q•

ro

Solid sphere

q•

Ts

FIGURE C.2
One-dimensional conduction systems with uniform thermal energy
generation: a plane wall with one
adiabatic surface, a cylindrical rod,
and a sphere.
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TABLE C.3 One-Dimensional, Steady-State Solutions to the Heat
Equation for Uniform Generation in a Plane Wall with One
Adiabatic Surface, a Solid Cylinder, and a Solid Sphere
Temperature Distribution





(C.22)





(C.23)





(C.24)

Plane Wall

T(x) 

q̇L2
x2
1  2  Ts
2k
L

Circular Rod

T(r) 

q̇r 2o
r2
1  2  Ts
4k
ro

Sphere

T(r) 

q̇r 2o
r2
1  2  Ts
6k
ro

Plane Wall

q(x)  q̇x

(C.25)

Circular Rod

q(r) 

q̇r
2

(C.26)

Sphere

q(r) 

q̇r
3

(C.27)

Heat Flux

Heat Rate
Plane Wall

q(x)  q̇xAx

Circular Rod

q(r)  q̇Lr

2

q̇4r
3

3

q(r) 

Sphere

(C.28)
(C.29)
(C.30)

TABLE C.4 Alternative Surface Conditions and
Energy Balances for One-Dimensional,
Steady-State Solutions to the Heat Equation
for Uniform Generation in a Plane Wall
with One Adiabatic Surface, a Solid
Cylinder, and a Solid Sphere
Prescribed Transport Coefficient and Ambient Temperature
Plane Wall
x  L:

q̇L  U(Ts  T)

(C.31)

Circular Rod
r  ro:

q̇ro
 U(Ts  T)
2

(C.32)

q̇ro
 U(Ts  T)
3

(C.33)

Sphere
r  ro:
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The solutions are based on prescribing a uniform temperature Ts at x  L and r  ro.
Using Fourier’s law with the temperature distributions, the heat flux (Equations
C.25 through C.27) and heat rate (Equations C.28 through C.30) distributions may
also be obtained. If Ts is not known, it may be determined by applying a surface
energy balance, appropriate forms of which are summarized in Table C.4.
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 These equations are
derived in Section 6S.1.

In Chapter 2 we considered a stationary substance in which heat is transferred by
conduction and developed means for determining the temperature distribution
within the substance. We did so by applying conservation of energy to a differential
control volume (Figure 2.11) and deriving a differential equation that was termed
the heat equation. For a prescribed geometry and boundary conditions, the equation
may be solved to determine the corresponding temperature distribution.
If the substance is not stationary, conditions become more complex. For example,
if conservation of energy is applied to a differential control volume in a moving fluid,
the effects of fluid motion (advection) on energy transfer across the surfaces of the
control volume must be considered, along with those of conduction. The resulting differential equation, which provides the basis for predicting the temperature distribution,
now requires knowledge of the velocity equations derived by applying conservation of
mass and Newton’s second law of motion to a differential control volume.
In this appendix we consider conditions involving flow of a viscous fluid in
which there is concurrent heat and mass transfer. We restrict our attention to the
steady, two-dimensional flow of an incompressible fluid with constant properties in
the x and y directions of a Cartesian coordinate system, and present the differential
equations that may be used to predict velocity, temperature, and species concentration fields within the fluid. These equations can be derived by applying Newton’s
second law of motion and conservation of mass, energy, and species to a differential
control volume in the fluid.



The Convection Transfer Equations

D.1
Conservation of Mass
One conservation law that is pertinent to the flow of a viscous fluid is that matter
can be neither created nor destroyed. For steady flow, this law requires that the net
rate at which mass enters a control volume (inflow  outflow) must equal zero.
Applying this law to a differential control volume in the flow yields
u v
 0
x y

(D.1)

where u and v are the x and y components of the mass average velocity.
Equation D.1, the continuity equation, is a general expression of the overall
mass conservation requirement, and it must be satisfied at every point in the fluid.
The equation applies for a single species fluid, as well as for mixtures in which
species diffusion and chemical reactions may be occurring, provided that the fluid
can be approximated as incompressible, that is, constant density.

D.2
Newton’s Second Law of Motion
The second fundamental law that is pertinent to the flow of a viscous fluid is
Newton’s second law of motion. For a differential control volume in the fluid, under
steady conditions, this requirement states that the sum of all forces acting on the

bapp04.qxd 3/6/06 10:08 AM Page 975

Appendix D



975

The Convection Transfer Equations

control volume must equal the net rate at which momentum leaves the control volume (outflow  inflow).
Two kinds of forces may act on the fluid: body forces, which are proportional
to the volume, and surface forces, which are proportional to area. Gravitational,
centrifugal, magnetic, and/or electric fields may contribute to the total body force,
and we designate the x and y components of this force per unit volume of fluid as X
and Y, respectively. The surface forces are due to the fluid static pressure as well as
to viscous stresses.
Applying Newton’s second law of motion (in the x- and y-directions) to a differential control volume in the fluid, accounting for body and surface forces, yields

 ux  v uy  px  x u  yu  X
p
v
v
v v
 u  v      

Y
x
y
y
x
y 
2

 u

2

2

2

2

(D.2)

2

(D.3)

2

2

where p is the pressure and  is the fluid viscosity.
We should not lose sight of the physics represented by Equations D.2 and D.3.
The two terms on the left-hand side of each equation represent the net rate of
momentum flow from the control volume. The terms on the right-hand side, taken
in order, account for the net pressure force, the net viscous forces, and the body
force. These equations must be satisfied at each point in the fluid, and with Equation
D.1 they may be solved for the velocity field.

D.3
Conservation of Energy
As mentioned at the beginning of this Appendix, in Chapter 2 we considered a stationary substance in which heat is transferred by conduction and applied conservation of energy to a differential control volume (Figure 2.11) to derive the heat
equation. When conservation of energy is applied to a differential control volume in
a moving fluid under steady conditions, it expresses that the net rate at which energy
enters the control volume, plus the rate at which heat is added, minus the rate at
which work is done by the fluid in the control volume, is equal to zero. After much
manipulation, the result can be rewritten as a thermal energy equation. For steady,
two-dimensional flow of an incompressible fluid with constant properties, the
resulting differential equation is

 Tx  vTy   k  xT  yT    q̇
2

cp u

2

2

2

(D.4)

where T is the temperature, cp is the specific heat at constant pressure, k is the thermal conductivity, q̇ is the volumetric rate of thermal energy generation, and , the
viscous dissipation, is defined as
  



u v

y x

     
2

2

u
x

2



v
y

2

(D.5)

bapp04.qxd 3/6/06 10:08 AM Page 976

976

Appendix D



The Convection Transfer Equations

The same form of the thermal energy equation, Equation D.4, also applies to an
ideal gas with negligible pressure variation.
In Equation D.4, the terms on the left-hand side account for the net rate at
which thermal energy leaves the control volume due to bulk fluid motion (advection), while the terms on the right-hand side account for net inflow of energy due to
conduction, viscous dissipation, and generation. Viscous dissipation represents the
net rate at which mechanical work is irreversibly converted to thermal energy due to
viscous effects in the fluid. The generation term characterizes conversion from other
forms of energy (such as chemical, electrical, electromagnetic, or nuclear) to thermal energy.

D.4
Conservation of Species
If the viscous fluid consists of a binary mixture in which there are species concentration gradients, there will be relative transport of the species, and species conservation must be satisfied at each point in the fluid. For steady flow, this law requires
that the net rate at which species A enters a control volume (inflow  outflow) plus
the rate at which species A is produced in the control volume (by chemical reactions) must equal zero. Applying this law to a differential control volume in the
flow yields the following differential equation, which has been expressed on a
molar basis:
u
An example problem
involving the solution
of the convection
transfer equations
is included in
Section 6S.1.





CA
CA
2CA 2CA
v
 DAB

 ṄA
x
y
x 2
y2

(D.6)

where CA is the molar concentration of species A, DAB is the binary diffusion coefficient, and ṄA is the molar rate of production of species A per unit volume. Again,
this equation has been derived assuming an incompressible fluid with constant
properties. Terms on the left-hand side account for net transport of species A due to
bulk fluid motion (advection), while terms on the right-hand side account for net
inflow due to diffusion and production due to chemical reactions.
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Boundary Layer Equations for Turbulent Flow

It has been noted in Section 6.3 that turbulent flow is inherently unsteady. This
behavior is shown in Figure E.1, where the variation of an arbitrary flow property P
is plotted as a function of time at some location in a turbulent boundary layer. The
property P could be a velocity component, the fluid temperature, or a species concentration, and at any instant it may be represented as the sum of a time-mean value
P and a fluctuating component P. The average is taken over a time that is large
compared with the period of a typical fluctuation, and if P is independent of time,
the time-mean flow is said to be steady.
Since engineers are typically concerned with the time-mean properties, P, the
difficulty of solving the time-dependent governing equations is often eliminated by
averaging the equations over time. For steady (in the mean), incompressible, constant property, boundary layer flow with negligible viscous dissipation, using wellestablished time-averaging procedures [1], the following forms of the continuity,
x-momentum, energy, and species conservation equations may be obtained:
u v
 0
x y
u

(E.1)





dp 1 
u
u
u
 v  1

  uv
x
y
y y
dx


C
C

u
v
 D
x
y
y
u


C
 vC  
y

T
T
 T
v
 1
k  cp vT
x
y cp y y
A

A

A

AB

A

(E.2)
(E.3)
(E.4)

The equations are like those for the laminar boundary layer, Equations 6.27 through
6.30 (after neglecting viscous dissipation), except for the presence of additional
terms of the form ab. These terms account for the effect of the turbulent fluctuations on momentum, energy, and species transport.
On the basis of the foregoing results, it is customary to speak of a total shear
stress and total heat and species fluxes, which are defined as

 uy  uv
T
q  k  c vT
y
C
 vC  
N   D
y
tot  

tot

p

A

A, tot

AB

A

(E.5)
(E.6)
(E.7)

P

P'

P

Time, t

FIGURE E.1
Property variation with time
at some point in a turbulent
boundary layer.
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and consist of contributions due to molecular diffusion and turbulent mixing. From
the form of these equations we see how momentum, energy, and species transfer
rates are enhanced by the existence of turbulence. The term uv appearing in
Equation E.5 represents the momentum flux due to the turbulent fluctuations, and it
is often termed the Reynolds stress. The terms cpvT and vCA in Equations E.6
and E.7, respectively, represent the heat and species fluxes due to the turbulent
fluctuations. Unfortunately, these new terms introduced by the time-averaging
process are additional unknowns, so that the number of unknowns exceeds the number of equations. Resolving this problem is the subject of the field of turbulence
modeling [2].
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Integral Laminar Boundary Layer Solution

An alternative approach to solving the boundary layer equations involves the use of
an approximate integral method. The approach was originally proposed by von
Kárman [1] in 1921 and first applied by Pohlhausen [2]. It is without the mathematical complications inherent in the exact (similarity) method of Section 7.2.1; yet it can
be used to obtain reasonably accurate results for the key boundary layer parameters
(, t, c, Cƒ, h, and hm). Although the method has been used with some success for a
variety of flow conditions, we restrict our attention to parallel flow over a flat plate,
subject to the same restrictions enumerated in Section 7.2.1, that is, incompressible
laminar flow with constant fluid properties and negligible viscous dissipation.
To use the method, the boundary layer equations, Equations 7.4 through 7.7, must
be cast in integral form. These forms are obtained by integrating the equations in the y
direction across the boundary layer. For example, integrating Equation 7.4, we obtain

 ux dy   vy dy  0




0

(F.1)

0

or, since v  0 at y  0,
v(y  )  

 ux dy


(F.2)

0

Similarly, from Equation 7.5, we obtain

 u ux dy   v uy dy    y uy dy




0



0

0

or, integrating the second term on the left-hand side by parts,

 u ux dy  uv    u vy dy   uy 




0

0





0

0

Substituting from Equations 7.4 and F.2, we obtain

 u ux dy  u  ux dy   u ux dy    uy 






0

or



0

 ux dy   2u ux dy   uy 


u

y0

0



0

y0

0

Therefore

 x (u




0

 u  u  u) dy  

Rearranging, we then obtain
d
dx

 (u


0





 u)u dy  



u
y

u
y

y0



(F.3)

y0

Equation F.3 is the integral form of the boundary layer momentum equation. In a
similar fashion, the following integral forms of the boundary layer energy and
species continuity equations may be obtained:
d
dx



t

0



(T  T )u dy  

T
y



y0

(F.4)
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d
dx



c



(A,  A)u dy  DAB

0

A
y



(F.5)

y0

Equations F.3 through F.5 satisfy the x momentum, the energy, and the species
conservation requirements in an integral (or average) fashion over the entire boundary layer. In contrast, the original conservation equations, (7.5) through (7.7), satisfy
the conservation requirements locally, that is, at each point in the boundary layer.
The integral equations can be used to obtain approximate boundary layer solutions. The procedure involves first assuming reasonable functional forms for the
unknowns u, T, and A in terms of the corresponding (unknown) boundary layer
thicknesses. The assumed forms must satisfy appropriate boundary conditions. Substituting these forms into the integral equations, expressions for the boundary layer
thicknesses may be determined and the assumed functional forms may then be completely specified. Although this method is approximate, it frequently leads to accurate results for the surface parameters.
Consider the hydrodynamic boundary layer, for which appropriate boundary
conditions are
u(y  0) 

u
y



0

u(y  )  u

and

y

From Equation 7.5 it also follows that, since u  v  0 at y  0,
2u
y2



0
y0

With the foregoing conditions, we could approximate the velocity profile as a thirddegree polynomial of the form





y
y
u
u  a1  a2   a3 

2

 a4


y


3

and apply the conditions to determine the coefficients a1 to a4. It is easily verified
that a1  a3  0, a2   and a4  , in which case



3y 1 y
u
u  2   2 

3

(F.6)

The velocity profile is then specified in terms of the unknown boundary layer thickness . This unknown may be determined by substituting Equation F.6 into F.3 and
integrating over y to obtain





3 u
d 39 2
u  
2 
dx 280 
Separating variables and integrating over x, we obtain
2 140 x

 constant
2
13 u
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However, since   0 at the leading edge of the plate (x  0), the integration constant must be zero and

 

x
  4.64 u


1/2



4.64x
Re1/2
x

(F.7)

Substituting Equation F.7 into Equation F.6 and evaluating s  (u/y)s, we also
obtain
s
0.646
Cf,x  2  1/2
(F.8)
u/2 Rex
Despite the approximate nature of the foregoing procedure, Equations F.7 and F.8
compare quite well with results obtained from the exact solution, Equations 7.19
and 7.20.
In a similar fashion one could assume a temperature profile of the form
T* 



   b y 

T  Ts
y
y
 b1  b2
 b3
T  Ts
t
t

2

3

4

t

and determine the coefficients from the conditions
T*
y
T * (y  t)  1
T*(y  0) 

as well as



0

yt



2T *
0
y2 y0
which is inferred from the energy equation (7.6). We then obtain
T* 



3y 1 y

2 t 2 t

3

(F.9)

Substituting Equations F.6 and F.9 into Equation F.4, we obtain, after some manipulation and assuming Pr  1,
t Pr1/3

(F.10)
 1.026
This result is in good agreement with that obtained from the exact solution, Equation 7.24. Moreover, the heat transfer coefficient may be then computed from
h

k T/yy0 3 k

Ts  T
2 t

Substituting from Equations F.7 and F.10, we obtain
Nux 

hx
1/3
 0.332Re1/2
x Pr
k

(F.11)

This result agrees precisely with that obtained from the exact solution, Equation 7.23.
Using the same procedures, analogous results may be obtained for the concentration
boundary layer.
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A
Absolute species flux, 886, 893
Absolute temperature, 9
Absorption, 777
gaseous, 843–847
volumetric, 843
Absorptivity, 10, 754–755, 777
Adiabats, 202, W1
Adiabatic surfaces, 78
Advection, 6, 14, 886, 974, W26
American Society of
Mechanical Engineers
(ASME), 36
Analogy:
conduction and diffusive mass
transfer, 893
heat and mass transfer, to boundary
layers, 377–381
Reynolds, 384–385
Anemometer, hot-wire, 43
Annular fins, 140, 150–151
ASME (American Society of Mechanical
Engineers), 36
Azimuth angle, 728
B
Band emission, 739–744
Base units, 35
Beds, external flow through packed,
452– 453
Beer’s law, 843
Bessel equations, modified, 151
Bessel functions:
of the first kind (table), 963
modified, of the first and second kinds
(table), 964

Binary diffusion coefficients, 883
for one atmosphere (table), 952
Bioheat equation, 162–166
Biot number, 260–261, 376
Blackbodies, 9, 10, 777
Blackbody radiation, 736–752
and band emission, 739–752
and emissivity, 744–752
exchange, blackbody radiation,
830–831
and Planck distribution, 737
and Stefan–Boltzmann law, 738–739
and Wien’s displacement law,
737–738
Body forces, 975, W22
Boiling, 7, 8, 16, 620–640.
See also Condensation
definition of, 621
dimensionless parameters in, 620–621
forced convection, 636–640
defined, 636
external flow, 637
in microchannels, 640
two-phase flow, 637–640
pool, 622–636
and boiling curve, 622–626
defined, 622
film boiling, 626–626, 630–631
free convection boiling, 624–625
minimum heat flux for, 629–630
nucleate boiling, 625, 627–629
parametric effects on, 631–632
transition boiling, 625, 629–630
process of, 621
subcooled vs. saturated, 622
Bond number, 376
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Boundary conditions, 77–78
discontinuous, 900
mass diffusion, 900–907
catalytic surface reactions, 905–907
evaporation, 901
solubility of gases in liquids, 901–905
solubility of gases in solids, 901–905
sublimation, 901
of the second kind, 134
of the third kind, 134
Boundary layer(s), 348–374
approximations, boundary layer, 365
concentration boundary layer, 350–352
dimensionless parameters, physical
significance of, 374 –377
equations, 364–367, 977–979
and evaporative cooling, 381–384
external flow
cylinder in cross flow, 423–425
mixed boundary layer conditions,
411–412
heat and mass transfer analogy to,
377–381
hydrodynamic, 6
laminar boundary layers, 359–364
mixed boundary layer conditions,
external flow with, 411–412
normalized equations, 367–374
similarity parameters, boundary layer,
368–372
solutions, function form of, 368–372
and Reynolds number, 360–361
significance of, 352
thermal, 6, 349–350
transition, laminar–turbulent flow,
359–361
turbulence, effects of, 361–364,
978–979
turbulent boundary layers, 359
velocity boundary layer, 348–349
Boussinesq approximation, 564
British thermal unit (Btu), 36
Bubble diameter, 627
Bulk (macroscopic) motion, 3, 6
Bulk temperature, 492
Buoyancy forces, 8, 560–562
Buoyant jets, 561
C
Carbon nanotube, 109
Catalytic surface reactions, 905–907
Celsius, 37
Characteristic length, 208, 261, 290, 368

Chemical component of internal
energy, 14
Chemical reactions, 905–910
heterogeneous, 905–907
homogeneous, 908–910
first order, 908
zero order, 908
Chilton–Colburn analogies, 385
Circular fins, 152
Circular tubes, see Tubes
Closed systems, 13
Coefficient matrix, 222
Coefficient of friction, 349, 376
Coherent structures, 360
Coiled tubes, 521–524
Colburn factor, 376, 385
Cold plates, 80
Column, evaporation in, 888–893
Column vectors, 223
Compact heat exchangers, 671–672,
683–686, 700–705
Complementary error function, 286
Composite walls, conduction with, 99–101
Concentration boundary layer, 350–352
Concentration gradient, 880
Concentric cylinders, free convection with,
590–591
Concentric spheres, free convection with,
591–592
Concentric tube annulus, 518–521
Concentric tube heat exchangers, 670
Condensation, 7, 8, 16, 642–655. See also
Boiling
dimensionless parameters in, 620–621
dropwise, 641–642, 655
film
defined, 641
in horizontal tubes, 654
laminar, 643–646
on radial systems, 651–654
turbulent, 646–651
Conduction, 2–5, 58–82
and boundary/initial conditions, 77, 78
and Fourier’s law, 58–60
with generation of thermal energy, see
Thermal energy generation,
conduction with
and heat diffusion equation, 70–77
microscale effects, 77
mechanisms of, 3–5
one-dimensional steady-state, see Onedimensional steady-state
conduction
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shape factors, conduction, 207–212,
W3–W5
and thermal properties of matter, 60–69
transient, see Transient conduction
two-dimensional steady-state, see Twodimensional steady-state
conduction
Conduction rate equation (Fourier’s law),
58–60
Conservation of energy, 13–29, 975–976,
W26–W28
for control volume, 13–25
internal flow, 497–504
general considerations related to,
497–498
surface heat flux, constant, 498–501
surface temperature, constant,
501–504
and methodology for application of
conservation laws, 29
and surface energy balance, 25–28
Conservation of mass, 974, W21–W22
Conservation of species, 894–897, 976,
W28–W29
for control volume, 894, W28
and mass diffusion equation, 895–897,
W29
Contact resistance, thermal, 101–103
Continuity equation, W22
Control surface, 14
Control volumes:
conservation of energy for, 13–25
differential, 29, 70
Convection, 2, 6–9, 348–387. See also
External flow; Internal flow
boundary layers.
approximations, boundary
layer, 365
concentration boundary layer,
350–352
dimensionless parameters, physical
significance of, 374–377
equations, 364–367, 977–979
and evaporative cooling, 381–384
heat and mass transfer analogy to,
377–381
laminar boundary layers, 359–364
normalized equations, 367–374
and Reynolds number, 360–361
significance of, 352
thermal boundary layer, 349–350
turbulence, effects of, 361–364,
978–979

turbulent boundary layers, 359
velocity boundary layer, 348–349
coefficients, convection, 352–355, 385
forced, 7–8, 402
free, see Free convection
mass transfer by, 528–530
mechanisms of, 6–9
mixed, 7, 8, 593–594
problem of, 355
Reynolds analogy to, 384–385
Confinement number, 629, 640
Convection coefficients, 352–355, 385
Convection heat transfer coefficient, 8
Convection mass transfer coefficient,
353–354
Cooling:
evaporative, 381–384
Newton’s law of, 8, 350
Cooling curve, 623
Counterflow heat exchangers, 679
Creeping flow, 433
Critical film thickness for conduction, 63
Critical heat flux, 625, 629
Cross-flow heat exchangers, 671, 680, 692,
W38–W39
Curvilinear squares, W1–W2
Cylinder(s):
in cross flow, 423–433
flow considerations, 423–425
and heat and mass transfer, 425–433
free convection with
concentric cylinders, 590–591
long horizontal cylinder, 579–582
graphical representation of transient
conduction in, W10–W11
one-dimensional steady-state conduction
in, 116–121
D
Darcy friction factor, 490
Density gradients, 560
Derived units, 37–38
Differential control volumes, 29, 70
Diffuse emitters, 730
Diffusion:
of energy, 3, 4
mass, see Mass diffusion
Diffusion-limited processes, 907
Diffusive species flux, 886–888, 893
Dilute gas or liquid, 893
Dimensions, 35
Dimensionless conduction heat rate,
207–212
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Dimensionless parameters, 376–377
boiling, 620–621
boundary layers, 374–377
condensation, 620–621h
free convection, 565
Direct radiation, 772
Dirichlet conditions, 78
Discontinuous boundary conditions, 900
Discretization of heat equation:
explicit method of, 302–310
implicit method of, 310–317
Dittus–Boelter equation, 514
Double-pipe heat exchangers, 670
Drag coefficient, 425
Dropwise condensation, 641–642, 655
E
Eckert number, 376–377
Effectiveness–NTU method, 686–699
Electrical energy, conversion to thermal
energy from, 126
Electromagnetic spectrum, 725, 726
Electromagnetic waves, 725
Elements (of coefficient matrix), 222
Emission:
band, 739–744
definition of, 777
gaseous, 843–847
and radiation intensity, 728–733
Emissive power, 9, 729, 777
Emissivity, 10, 744–752
of selected solids (table), 954–956
Empirical correlations, 404
Enclosed fluids, free convection with,
587–593
cylinders, concentric, 590–591
rectangular cavities, 587–590
spheres, concentric, 591–592
Energy, diffusion of, 3, 4
Energy balance method, 215–222
Energy carriers, 61
Energy changes, 14
Energy generation, 15
Energy sinks, 71
Energy sources, 71
Energy storage, 71
English system of units, 35–38
Enhancement surfaces, 632
Enhancement devices, 521–524
Entry region, 512–513
Environmental radiation, 770–776
Equilibrium states, 12–13
Error function, 961

Evaporation, 16
in column, 888–893
process of, 901
Excess temperature, 621
Extended surfaces, heat transfer from:
and fin effectiveness, 147–149
general conduction analysis for,
139–141
nonuniform cross-sectional area, fins of,
150–153
and overall surface efficiency, 153–158
uniform cross-sectional area, fins of,
141–147
External flow, 402–457
across banks of tubes, 436–447
cylinder in cross flow, 423–433
flow considerations, 423–425
and heat and mass transfer, 425–433
empirical approach to, 403–404,
415–420
flat plate in parallel flow, 405–414
laminar flow, 405–410
with mixed boundary layer
conditions, 411–412
applied heat flux conditions, 413–414
unheated starting length, 412–413
turbulent flow, 410–411
forced convection boiling, 636–640
free convection, 571–584
cylinder, long horizontal, 579–582
inclined/horizontal plates, 574–579
spheres, 583–584
methodology for calculation of,
414–415
over a sphere, 433–436
parallel flow, flat plate in, see subhead:
flat plate in parallel flow
through impinging jets, 447–452
considerations with, 447–449
and heat and mass transfer, 449–452
through packed beds, 452–453
F
Fanning friction factor, 490
Fiber-type insulations, 66
Fick’s law, 882–883
Film boiling, 625–626, 630–631
Film condensation:
defined, 641
in horizontal tubes, 654
laminar, 643–646
on radial systems, 651–654
turbulent, 646–651
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Film temperature, 404
Finite control volumes, 29
Finite-difference methods:
transient conduction, 302–317
explicit method of discretization of
heat equation, 302–310
implicit method of discretization of
heat equation, 310–317
two-dimensional steady-state
conduction, 212–234
and energy balance method, 215–222
and Gauss–Seidel iteration, 223–229
heat equation, finite-difference form
of, 214–215
and matrix inversion method,
222–223
nodal points, selection of, 214
temperature distribution,
determination of, 222
verification of numerical solutions,
229–230
Fins, 137–139
annular, 140, 150–151
circular, 152
evaluating performance of,
147–150
of nonuniform cross-sectional area,
150–153
overall surface efficiency of, 150–158
parabolic, 152–153
pin, 140, 152
straight, 140, 152
triangular, 140, 152
of uniform cross-sectional area,
141–147
First law of thermodynamics, 13
First order chemical reaction, 908
Flake-type insulations, 66
Flat plate, parallel flow over, 405–414
integral laminar boundary layer,
solution for, 982–984
laminar flow, 405–410
with mixed boundary layer conditions,
411–412
applied heat flux conditions, 413–414
unheated starting length, 412–413
turbulent flow, 410–411
Flow, see External flow; Internal flow
Flow work, 16
Fluids, thermal conductivity of, 64–65
Fluidized beds, 453
Flux plots, 203, W1–W2
Foamed systems, 66

989
Forced convection, 7–8, 402
combined free and, 593–594
Forced convection boiling, 636–640
defined, 636
external flow, 637
two-phase flow phenomena, 637–640
Form drag, 424
Fourier number, 376
Fourier’s law, 4, 58–60
Free convection, 7–8, 560–597
boiling, free convection, 624–625
buoyancy forces in, 560–562
combined forced and free, 593–594
dimensionless parameters governing,
565
with enclosed fluids, 587–593
cylinders, concentric, 590–591
rectangular cavities, 587–590
spheres, concentric, 591–592
equations governing, 563–564
external flows, 571–584
cylinder, long horizontal, 579–582
inclined/horizontal plates, 574–579
spheres, 583–584
laminar free convection on vertical
surface, 566–568
and mass transfer, 594–595
with parallel plate channels, 584–587
inclined channels, 587
vertical channels, 585–587
physical considerations with, 560–562
turbulence, effects of, 568–570
vertical surface, laminar free convection
on, 566–568
Free convection boiling, 624–625
Free jets, 448
Freezing, 16
Friction coefficient, 349, 376, 490
Friction drag, 424
Froude number, 639
Fully developed regions, 488–491
G
Gas(es):
conduction in, 3–4
solubility of (table), 953
thermophysical properties of, at
atmospheric pressure, 941–945
Gaseous radiation, 842–847
emission and absorption, gaseous,
843–847
volumetric absorption, 843
Gaussian error function (table), 961
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Gauss–Seidel iteration, 223–229
Generation of thermal energy, conduction
with, see Thermal energy
generation, conduction with
Graphical method (two-dimensional
steady-state conduction), W1–W6
and conduction shape factors, W3–W5
flux plot, construction of, W1–W2
heat transfer rate, determination of,
W2–W3
Grashof number, 376, 565
Gray surfaces, 10
radiation exchange between diffuse, in
enclosure, 822–839
black surfaces, 830–831
reradiating surfaces, 835–839
shields, radiation, 832–835
at surface, net radiation exchange,
823–824
between surfaces, net radiation
exchange, 824–830
two-surface enclosures, 831–832
radiation from, 764–770
H
Heat capacity, volumetric, 67
Heat diffusion equation (heat equation),
70–77
discretization of
explicit method of, 302–310
implicit method of, 310–317
finite-difference form of, 214–215
microscale effects, 77
Heat exchangers, 670–706
compact, 671–672, 683–686, 700–705
concentric tube, 670
design problems, 694–695
effectiveness–NTU method for
analysis of, 680–699
effectiveness of, 687
log mean temperature difference for
analysis of, 675–686
counterflow heat
exchangers, 679
multipass and cross-flow heat
exchangers, W37–W41
parallel-flow heat exchangers,
676–678
special conditions, operation under,
679–680
overall heat transfer coefficient for,
673–675
performance problems, 694–695

shell-and-tube, 670–672
types of, 670–672
Heat flow lines, 202
Heat flux, 4–5, 8, 59, 353
critical, 625, 629
pool boiling, 627–634
Heating curve, 622–623
Heat rate, 5, 59
Heat sinks, 33
Heat transfer:
and convection heat transfer
coefficient, 8
definition of, 2
determining rate of (two dimensional
steady-state conduction), W2–W3
enhancement of, with internal flows,
521–524
from extended surfaces
and fin effectiveness, 147–149
general conduction analysis for,
139–141
nonuniform cross-sectional area, fins
of, 150–153
and overall surface efficiency,
153–158
uniform cross-sectional area, fins of,
141–147
multimode, 839–841
physical mechanisms of, 3–11
practical relevance of, 32–35
problems, methodology for analysis of,
29–30
and radiation heat transfer
coefficient, 10
thermodynamics vs., 12–13
Hemispherical emissive power, 729
Henry’s constant, 902
for selected gases in water at moderate
pressure (table), 953
Heterogeneous chemical reactions,
905–907
Homogeneous chemical reactions,
908–910
Host medium, 893
Hot-wire anemometer, 43
Hydraulic diameter, 518
Hydrodynamic boundary layer, 6
Hydrodynamic factors:
with impinging jets, 447–449
with internal flow, 486–491
flow conditions, 486–487
friction factor, 490–491
in fully developed regions, 488–491
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mean velocity, 487–488
velocity profile, 488–490
Hyperbolic functions (table), 960
I
Ideal gas, 17
Impingement zone, 448
Impinging jets, 447–452
convection heat and mass transfer with,
449–452
hydrodynamic/geometric considerations
with, 447–449
Incident radiation, 10
Incompressible liquids, 18
Initial conditions, 77–78
Insulation systems, thermal conductivity
of, 66–67
Integral laminar boundary layer solution,
981–984
Intensity, 777
Internal energy, 14
Internal flow, 486–534
circular tubes
laminar flow in, 505–513
turbulent flow in, 514–518
coiled tubes, 521–524
energy balance in, 497–504
general considerations related to,
497–498
surface heat flux, constant, 498–501
surface temperature, constant,
501–504
heat transfer enhancement in, 521–524
hydrodynamic considerations with,
486–491
flow conditions, 486–487
friction factor, 490–491
in fully developed regions, 488–491
mean velocity, 487–488
velocity profile, 488–490
mass transfer by convection in, 528–530
microscale effects in, 524–528
hydrodynamic conditions, 524
thermal conditions, 525
thermal considerations in, 491–497
with fully developed conditions,
493–497
mean temperature, 492–493
Newton’s law of cooling, 493
Irradiation, 10, 733–735, 752–753, 777
Isotherms, 59, 202
Isothermal surfaces, 59
Isotropic media, 60

J
Jakob number, 376
Jets:
buoyant, 561
impinging, see Impinging jets
Joule heating, 126
K
Kelvin, 37
Kilogram-mol, 37
Kirchhoff’s law, 762–763, 777
L
Laminar boundary layers, 359–364
Laminar film condensation, 636–646
Laminar flow:
in circular tubes, 505–513
entry region, 511–513
fully developed region, 505–511
flat plate, parallel flow over,
405–410
Latent component of internal energy, 15
Latent heat, 620
Latent heat exchange, 8
Latent heat of fusion, 24
Lattice waves, 4
Leidenfrost point, 625
Length, 35
Lewis number, 375–376
Liquids:
conduction in, 4
incompressible, 18
Liquid metals, 410
thermophysical properties of, 951
LMTD method, see Log mean temperature
difference method
Local heat flux, 350
Log mean temperature difference (LMTD)
method, 675–686
counterflow heat exchangers, 679
multipass and cross-flow heat
exchangers, W37–W41
parallel-flow heat exchangers,
676–678
special conditions, operation under,
679–680
Longitudinal pitch, 437
Lumped capacitance method, 256–270
assumption of, 256–257
and general lumped capacitance
analysis, 263–270
theoretical basis of, 256–257
validity of, 259–263
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M
Macroscopic (bulk) motion, 3, 6
Mass, 35
Mass diffusion, 880–917
boundary conditions and discontinuous
concentrations, 900–907
catalytic surface reactions, 905–907
evaporation, 901
solubility of gases in liquids, 901–905
solubility of gases in solids, 901–905
sublimation, 901
homogenous chemical reactions, 908–910
in nonstationary media, 885–893
absolute species flux, 886
diffusive species flux, 886
evaporation in a column, 888–893
mass-average velocity, 887
molar-average velocity, 887
in stationary media
conservation of species, 894–897
for control volume, 894
mass diffusion equation,
894–897
with specified surface concentrations,
897–900
physical mechanisms of, 880–881
Fick’s law, 882–883
mass diffusivity, 883
mixture composition, 881–882
stationary medium approximation, 893
transient diffusion, 911–916
analogy to heat transfer, 911
Mass diffusion equation, 894–897
Mass diffusivity, 883
Mass flow rate, 17
Mass transfer, 860. See also
Mass diffusion
and boundary layers, 350–352
by convection, 528–530, 594–595
with external flow
cylinder in cross flow, 425–433
through impinging jets, 449–452
Matrix inversion method, 222–223
Mean free path, 61
Mean temperature, 492–493
Mean velocity (internal flow), 487–488
Melting, 16
Metabolic heat generation, 162
Metals, thermophysical properties of
liquid, 951
Metallic solids:
emissivity of, 959
thermophysical properties of, 929–932

Micro- and nanoscale effects in
conduction, 62–67
fluid state thermal conductivity, 65–66
heat diffusion equation, 77
insulation, 67
solid state thermal conductivity, 62–64
Microscale effects in convection, 524–528
hydrodynamic conditions, 524
thermal conditions, 525
Mie scattering, 772
Mixed boundary layer conditions,
external flow with, 411–412
Mixed convection, 7, 8, 593–594
Mixtures, composition of, 881–882
Mode(s) of heat transfer, 2
Modified Bessel equations, 151
Molar concentration, 881
Mole, 37
Molecular weight, 37
Moody diagrams, 491
Moody friction factor, 490
Multipass heat exchangers, 680, 689–691,
W37–W38
N
Nano- and microscale effects in
conduction, 62–67
fluid state thermal conductivity, 65–66
heat diffusion equation, 77
insulation, 67
solid state thermal conductivity, 62–64
Nanoshell, 293
Nanospring, 193
Nanostructured materials, 63
Nanotube, carbon, 109
Nanowire, 190
Natural convection, see Free convection
Neumann conditions, 78
Newton’s law of cooling, 8, 493
Newton’s second law of motion, 974,
W22–W26
Nodal networks, 213–214
Nodal points (nodes), 213–214
Noncircular tubes, 518–519
Nonmetallic solids:
emissivity of, 955–956
thermophysical properties of,
933–934
Nonparticipating medium, 842
Nonstationary media, 885–893
absolute species flux, 886
diffusive species flux, 886
evaporation in a column, 888–893
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mass-average velocity, 887
molar-average velocity, 887
Nuclear component of internal energy, 15
Nucleate boiling, 625, 627–629
Nusselt numbers, 371, 376
O
Ohmic heating, 126
One-dimensional steady-state conduction,
96–168
alternative approach, 112–116
bioheat equation, 162–168
extended surfaces, heat transfer from,
137–162
applicability, 137
and fin effectiveness, 147–149
general conduction analysis for,
139–141
nonuniform cross-sectional area, fins
of, 150–153
and overall surface efficiency,
153–158
uniform cross-sectional area, fins of,
141–147
in plane wall systems, 96–116
composite walls, 99–101
and contact resistance, 101–103
standard approach, 96–112
temperature distribution,
determination of, 96–99
thermal energy generation,
conduction with, 126–132
thermal resistance, determination of,
98–99
in radial systems, 116–125
cylinder, 116–121
sphere, 121–125
thermal energy generation,
conduction with, 132–137
thermal energy generation, conduction
with, 126–137
plane wall systems, 126–132
in radial systems, 132–137
uniform energy generation, thermal
conditions associated with,
966–971
Opaque surfaces, 10
Open systems, 14–18
Ordinary diffusion, 883
P
Packed beds, external flow through,
452–453

993
Parabolic fins, 152–153
Parallel-flow heat exchangers, 676–678
Parallel flow over flat plate, see Flat plate,
parallel flow over
Parallel plate channels, free convection
with, 584–587
inclined channels, 587
vertical channels, 585–587
Parameter sensitivity study, 28
Partition coefficient, 913
Peclet number, 237, 376
Penetration depth, thermal, 299
Pennes equation, 162
Perfusion, 162
Phase changes, 15–16
Phonons, 61
Photons, 725
Physical mechanisms of heat transfer, 3–12
Pin fins, 140–152
Pitch, 437, 523
Planck distribution, 737
Planck’s law, 777
Plane wall systems:
one-dimensional steady-state conduction
in, 96–116
composite walls, 99–101
and contact resistance, 101–103
standard approach, 96–112
temperature distribution,
determination of, 96–99
thermal energy generation,
conduction with, 126–132
thermal resistance, determination of,
98–99
transient conduction in, 272–275
approximate solution, 273–274
exact solution, 272–273
graphical representation of, W8–W9
roots of transcendental equation for
(table), 962
and total energy transfer, 274–275
Plumes, 561
Pool boiling, 622–636
and boiling curve, 622–636
defined, 622
film boiling, 625–626, 630–631
free convection boiling, 624–625
minimum heat flux for, 629–630
nucleate boiling, 625, 627–629
parametric effects on, 631–632
transition boiling, 625, 629–630
Porosity, 453
Powder-type insulations, 66
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Power-controlled heating, 622
Prandtl number, 368, 369, 371, 376
Pressure drag, 424
Problems, methodology for analysis
of, 29–30
Q
Quality of fluid, 638
Quanta, 61, 701
Quenching, 256
Quiescent fluid, 561
R
Radial systems:
film condensation in, 651–654
one-dimensional steady-state conduction
in, 116–125
cylinder, 116–121
sphere, 121–125
thermal energy generation,
conduction with, 132–137
transient conduction in, 276–283
approximate solutions, 277–278
exact solutions, 276
and total energy transfer, 277–278
Radiation, 724–780. See also Radiation
exchange
and absorptivity, 754–755
blackbody, 736–752
and band emission, 739–744
and emissivity, 744–752
and Planck distribution, 737
and Stefan–Boltzmann law, 738–739
and Wien’s displacement law,
737–738
concepts related to, 724–726
direct, 772
environmental, 770–776
gaseous, 842–847
emission and absorption, gaseous,
843–847
volumetric absorption, 843
with gray surfaces, 764–770
incident, 10
intensity of, 727–735
defined, 728–729
and emission, 728–733
and irradiation, 733–735
and radiosity, 735
and Kirchhoff’s law, 762–763
and reflectivity, 755–756
surfaces, special consideration with,
757–758

thermal, see Thermal radiation
and transmissivity, 756–757
Radiation exchange, 812–849
Beer’s law, 843
between diffuse gray surfaces in
enclosure, 822–839
blackbody, 830–831
reradiating surfaces, 835–839
shields, radiation, 832–835
at surface, net radiation exchange,
823–824
between surfaces, net radiation
exchange, 824–830
two-surface enclosures, 831–832
gaseous radiation, 842–847
emission and absorption, gaseous,
843–847
volumetric absorption, 843
and multimode heat transfer, 839–842
and view factor, 812–822
integral, view factor, 812–813
relations, view factor, 813–822
Radiation heat transfer coefficient, 10
Radiosity, 735, 777
Random motion, 4
Raoult’s law, 901
Rate basis, 13
Rate equations, 4
Rayleigh number, 569
Rayleigh scattering, 772
Reaction-limited processes, 907
Reciprocity relation, 813
Rectangular cavities, 587–590
Reflection, 10, 777
Reflective insulations, 66
Reflectivity, 755–756, 777
Relative species flux, 886
Reradiating surfaces, 832–835
Resistance:
contact, 101–103
thermal, 98–99
Resistance heating, 126
Reynolds analogy, 384–385
Reynolds number, 360–361, 368, 377
Reynolds stress, 979
Right-hand side vectors, 223
S
Saturated boiling, 622
Schmidt number, 368, 369, 372, 377
Semi-infinite solid, transient conduction in,
283–290, 292
Semitransparent media, 55
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Semitransparent surfaces, 10
Sensible energy, 8
Sensitivity study, parameter, 28
Separation of variables, method of,
203–207
Shape factors, conduction, 207–212,
W3–W5
Shell-and-tube heat exchangers, 670–672,
W37–W38
Sherwood number, 371–372, 377
Shields, radiation, 832–835
Similarity solutions, 406
Similarity variables, 406
Sinks, energy, 71
SI system, 36–37
Solar radiation, 812–814
Solar radiative properties of selected
materials (table), 956
Solids:
emissivity of selected, 954–955
solubility of (table), 953
thermal conductivity of, 60–64
thermophysical properties of metallic,
929–932
thermophysical properties of
nonmetallic, 933–934
Solidification, 16
Solubility, 901–905
Solution vectors, 223
Sources, energy, 71
Species, 880
Species flux, absolute, 886, 893
Species flux, diffusive, 886
Species flux, relative, 886
Specific heat, 17
Spectral absorptivity, 754–755
Spectral distribution, 778
Spectral emissive power, 730
Spectral irradiation, 733, 752
Spectral radiosity, 735
Sphere(s):
external flow over a
forced convection, 433–436
free convection, 583–584
free convection with
concentric spheres, 591–592
external flows, 583–584
graphical representation of transient
conduction in, W11–W12
one-dimensional steady-state conduction
in, 121–125
Spines, 139
Stagnation point, 450

995
Stagnation zone, 448
Stanton number, 377, 384–385
Stationary media
conservation of species, 894–897
for control volume, 894
mass diffusion equation, 894–897
with specified surface concentrations,
897–900
Stationary medium approximation, 893
Steady-state conditions, 4, 15
Stefan–Boltzmann law, 9, 738–739, 778
Stefan–Boltzmann constant, 9
Straight fins, 140
Streaks, 360
Stress(es):
Reynolds, 979
tensile, W23
viscous, W22
Subcooled boiling, 622
Sublimation, 901
Summation rule, 814
Surface(s):
conservation of energy at, 25–26
enhancement, 632
net radiation exchange at, 823–824
opaque, 10
radiation exchange between,
824–830
reradiating, 835–839
semitransparent, 10
Surface forces, W22
Surface phenomena, 16
Surface tension, 620
Surroundings, 10
T
Temperature, 35, 37
and conduction, 3–4
excess, 621
film, 404
mean, 492–493
Temperature distribution, 70
one-dimensional steady-state
conduction, 96–98
two-dimensional steady-state
conduction, 207, 212
Temperature field, 70
Temperature gradient, 4, 59
Tensile stresses, W23
Thermal boundary layer, 6, 349–350
Thermal capacitance, 258
Thermal component of internal energy,
14–15
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Thermal conductivity, 4, 60–67
bulk, 62
definition of, 60
effective, 66
of fluids, 64–66
micro- and nanoscale effects, 65–66
of insulation systems, 66–67
of isotropic materials, 60
of solids, 60–64
micro- and nanoscale effects, 62–64
and state of matter, 60
Thermal contact resistance, 101–103
Thermal diffusivity, 68, 72
Thermal energy generation, conduction
with, 126–137
plane wall systems, 126–132
in radial systems, 132–137
Thermal expansion (volumetric)
coefficient, 563
Thermal penetration depth, 299
Thermal radiation, 3, 726, 778
mechanisms of, 9
Thermal resistance for conduction (plane
wall), 98–99
Thermodynamics, 2
heat transfer vs., 12–13
Thermodynamic properties, 67
Thermophysical properties, 67
of common materials, 935–940
of gases at atmospheric pressure,
941–945
of liquid metals, 951
of metallic solids, 929–932
of nonmetallic solids, 933–934
of saturated fluids, 946–948
of saturated water, 949–950
Thermoregulation, 26
Thin film, 63
Time, 35
Time instant, 14
Time interval, 14
Total emissive power, 730
Total irradiation, 733, 752
Transient conduction, 256–319
finite-difference methods with, 302–317
explicit method of discretization of
heat equation, 302–310
implicit method of discretization of
heat equation, 310–314
graphical representation of onedimensional, W8–W12
lumped capacitance method with,
256–270

assumption of, 256, 257
general lumped capacitance analysis,
263–270
theoretical basis of, 256–257
validity, method, 259–263
multidimensional effects with,
W13–W18
plane wall approximation with,
272–275
approximate solution, 273–274
exact solution, 272–273
roots of transcendental equation for
(table), 962
objects with constant surface heat flux,
292–294
approximate solutions, 293–294
exterior heat transfer, 293
interior heat transfer, 292–293
semi-infinite solid, 292
objects with constant surface
temperature, 290–292, 293, 295
approximate solutions, 293, 295
exterior heat transfer, 291–292
interior heat transfer, 291
semi-infinite solid, 290–291
periodic heating, 299–301
and total energy transfer, 274–275
with radial systems, 276–283
approximate solutions, 277–278
exact solutions, 276
and total energy transfer, 277–278
with semi-infinite solid, 283–292
spatial effects with, W13–W18
Transient diffusion, 911–916
analogy to heat transfer, 911
Transition boiling, 625, 629–630
Transition, laminar–turbulent flow,
359–361
Transmission, 10, 778
Transmissivity, 756–757, 778
Transport properties, 67
Transverse pitch, 437
Triangular fins, 152–153
Tubes:
aligned vs. staggered arrangement of,
437
coiled, 522–524
concentric, 519–521
external flow across banks of, 436–447
film condensation in horizontal, 654
heat exchangers, shell-and-tube,
670–672, W37–W38
laminar flow in circular, 505–513
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entry region, 511–513
fully developed region, 505–511
noncircular, 518–519
turbulent flow in circular, 511–518
Turbulence:
effects of, on boundary layers, 359–364
and free convection, 568–570
modeling, 979
Turbulent boundary layers, 359
Turbulent film condensation, 646–651
Turbulent flow:
in circular tubes, 511–518
flat plate, parallel flow over, 410–411
Two-dimensional steady-state conduction,
202–235
alternative approaches with, 202–203
conduction shape factor, 207–212
dimensionless conduction heat rate,
207–212
finite-difference, method with, 212–235
and energy balance method, 215–222
and Gauss–Seidel iteration, 223–229
heat equation, finite-difference form
of, 214–215
and matrix inversion method, 222–223
nodal points, selection of, 214
temperature distribution,
determination of, 207, 212
verification of numerical solutions,
229–230
graphical method with, W1–W6
and conduction shape factors,
W3–W5
flux plot, construction of, W1–W2
heat transfer rate, determination of,
W2–W3
separation of variables method with,
203–207

Two-phase flow, 637–640
in microchannels, 640
U
Unheated starting length, 412–413
Units, 35–38
derived, 37, 38
English system of, 35–38
SI system, 35–38
Unit mass, 17
V
Vapor blanket, 625
Vaporization, 16
Velocity boundary layer, 348–349
Velocity profile (internal flow),
488–490
View factor (radiation exchange),
812–822
integral, view factor, 812–813
relations, view factor, 813–822
Viscous dissipation, 18
Viscous stresses, W22
Void fraction, 453
Volumetric absorption, 843
Volumetric flow rate, 18
Volumetric heat capacity, 67
Volumetric phenomena, 16
Volumetric thermal expansion coefficient,
563
W
Weber number, 377
Wien’s displacement law, 737–738, 778
Z
Zenith angle, 728, 771
Zero order chemical reaction, 908
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Conversion Factors
Acceleration
Area

1 m/s2
1 m2

Density
Energy
Force
Heat transfer rate
Heat flux
Heat generation rate
Heat transfer
coefficient
Kinematic viscosity
and diffusivities
Latent heat
Length

1 kg/m3
1 J (0.2388 cal)
1N
1W
1 W/m2
1 W/m3
1 W/m2 • K

 4.2520  107 ft/h2
 1550.0 in.2
 10.764 ft2
 0.06243 lbm/ft3
 9.4782  104 Btu
 0.22481 lbf
 3.4121 Btu/h
 0.3170 Btu/h • ft2
 0.09662 Btu/h • ft3
 0.17611 Btu/h • ft2 • °F

1 m2/s

 3.875  104 ft2/h

1 J/kg
1m

 4.2992  104 Btu/lbm
 39.370 in.
 3.2808 ft
 0.62137 mile
 2.2046 lbm
 0.06243 lbm/ft3
 7936.6 lbm/h
 1.1811  104 ft/h

Mass
Mass density
Mass flow rate
Mass transfer
coefficient
Power

1 km
1 kg
1 kg/m3
1 kg/s
1 m/s
1 kW

Pressure and stress1

1 N/m2 (1 Pa)

Specific heat
Temperature

1.0133  105 N/m2
1  105 N/m2
1 kJ/kg • K
K

Temperature difference

1K

Thermal conductivity
Thermal resistance
Viscosity (dynamic)2

1 W/m • K
1 K/W
1 N • s/m2

Volume

1 m3

Volume flow rate

1 m3/s

1
2

 3412.1 Btu/h
 1.341 hp
 0.020885 lbf /ft2
 1.4504  104 lbf /in.2
 4.015  103 in. water
 2.953  104 in. Hg
 1 standard atmosphere
 1 bar
 0.2388 Btu/lbm • °F
 (5/9)°R
 (5/9)(°F  459.67)
 °C  273.15
 1°C
 (9/5)°R  (9/5)°F
 0.57779 Btu/h • ft • °F
 0.52753 °F/h • Btu
 2419.1 lbm/ft • h
 5.8015  106 lbf • h/ft2
 6.1023  104 in.3
 35.315 ft3
 264.17 gal (U.S.)
 1.2713  105 ft3/h
 2.1189  103 ft3/min
 1.5850  104 gal/min

The SI name for the quantity pressure is pascal (Pa) having units N/m2 or kg/m • s2.
Also expressed in equivalent units of kg/s • m.
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Physical Constants
Universal Gas Constant:
  8.205  102 m3 • atm/kmol • K
 8.314  102 m3 • bar/kmol • K
 8.315 kJ/kmol • K
 1545 ft • lbf /lbmole • °R
 1.986 Btu/lbmole • °R
Avogadro’s Number:
  6.024  1023 molecules/mol
Planck’s Constant:
h  6.626  1034 J • s
Boltzmann’s Constant:
k  1.381  1023 J/K
Speed of Light in Vacuum:
co  2.998  108 m/s
Stefan-Boltzmann Constant:
  5.670  108 W/m2 • K4
Blackbody Radiation Constants:
C1  3.742  108 W • m4/m2
C2  1.439  104 m • K
C3  2898 m • K
Gravitational Acceleration (Sea Level):
g  9.807 m/s2  32.174 ft/s2
Standard Atmospheric Pressure:
p  101,325 N/m2  101.3 kPa
Heat of Fusion of Water at Atmospheric Pressure:
hsf  333.7 kJ/kg
Heat of Vaporization of Water at Atmospheric Pressure:
hfg  2257 kJ/kg

